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Abstract

We consider the problem of determining functions of an
image of an object that are insensitive to illumination
changes. We first show that for an object with Lam-
bertian reflectance there are no discriminative functions
that are invariant to illumination but differ for other
objects. This result leads us to adopt a probabilistic ap-
proach in which we determine a probability distribution
for image gradients as a function of the differential geo-
metric (i.e., curvature) and reflectance properties (i.e.,
bidirectional reflectance distribution function) of the ob-
ject’s surface. We then empirically constructed the dis-
tribution from more than 20 million samples of image
gradients in o database of 1,280 images of 20 inanimate
objects taken under varying lighting condition. This im-
age gradient distribution then serves as the basis for a
probabilistic illumination insensitive measure of image
comparison. Finally, we apply the developed illumina-
tion insensitive measure to the problem of face recogni-
tion and compare the results of our method to others on
a database of 450 images of human faces.

1 Introduction

Changes in viewpoint and illumination [1] can dramat-
ically alter the appearance of an object. We focus here
solely on changes in illumination and ask: Are there
discriminative illumination invariants? If not, are there
local image measurements that are at least insensitive to
illumination changes? (The geometric analogue of this
problem has been considered extensively [25, 10, 5, 6].)

We show that even for objects with Lambertian re-
flectance [20], there are no discriminative functions of
images of objects that are invariant to illumination but
distinguish different objects. This differs from earlier
findings in that we do not assume a homogeneous BRDF
[19, 4], coplanarity [27] or consider invariants based on
multiple images [34]. We show that for any two images
— whether or not they are of the same object — there is
always a family of surfaces, albedo patterns, and light
sources that could have produced them. Inter-reflection
destroy some of the compatibility of two arbitrary im-
ages. However, our computation shows its symmetry
breaking effect is negligible.

This result suggests that in comparing images for
recognition, alignment, or tracking, one must fall back
on probabilistic measures of comparison. (Of course,
if one has multiple training images of the object under
varying illumination, one could extract invariants [34] or
construct representations for modeling the illumination
variation [29, 14, 3, 12].) We take a step in this direction

Peter N. Belhumeur
Departments of EE and CS NEC Research Institute
Yale University

New Haven, CT 06520-8120 New Haven,CT 06520-8267
belhumeur@yale.edu

David W. Jacobs

Princeton, NJ 08540

dwj@research.nj.nec.com

by considering illumination to be a random function or
variable which gives rise to the apparent randomness in
local image measurements. Specifically, we consider a
patch of surface and show how the probability distribu-
tion of the image gradient of the patch is determined
by the differential geometric and reflectance properties
of the surface. Assuming spherically symmetric distri-
butions on light sources, the “sharpness,” or discrimi-
nating power of the image gradient distribution is gov-
erned by curvature of the patch and the rate of change of
the bidirectional reflectance distribution function. Us-
ing the image gradient distribution, we then develop a
probabilistic illumination insensitive measure of image
comparison.

Finally, we implement the theoretically set up prob-
ability scheme for image gradients by empirically con-
structing a distribution from a database of 1,280 images
of 20 objects taken under varying illumination direction.
Using our illumination insensitive measure, we conduct
a face recognition experiment on 450 images of 10 indi-
viduals and compare the performance to existing meth-
ods.

2 TIllumination Invariants?

Is it possible to determine whether two images were cre-
ated by the same or different objects? While this seems
obviously possible, we show in this section the contrary.

We analyze this question by studying the existence of
descriminative illumination invariants: functions of an
image which are invariant to illumination but vary with
the object identity. Formally, let O be some certain set
of rigid objects (including their surface reflectance prop-
erties), S some certain set of lighting conditions', and 7
the set of all images, defined to be the piecewise smooth
nonnegative functions, from calO under Z. Function
Q@ : 0O xS — T gives the image I € T of object 0 € O
under illumination s € S, i.e.,, I = Q(o, s).

We adopt the following definitions:

Definition 1 A function p on I is invariant to illumi-
nation <= p(Q(o,s)) = u(Q(o,1)), Vs,l € S,0 € O.

Definition 2 An illumination invariant p is nondis-
criminative for object set O <= u(I) = u(J), VI # J,
I,JeT,.

This definition implies p does not depend on o for
nondiscriminative invariants.

IClearly we would like to restrict possible lighting conditions,
lest our claim be trivial: movie projectors can give rise to all
images!



Lemma 2.1 There are no discriminative illumination
invariants for O if for any two images I and J € I,
one can always find an object o € O which under two
lighting conditions in S could have produced both image
I and J.

Proof. The proof follows immediately from the above
definitions. O

For the case of purely specular surfaces, it is obvious
that there are no discriminative illumination invariants.
Yet, what is surpising is that this result holds for Lam-
bertian surfaces as well.

Theorem 2.1 Discounting interreflection, all illumi-
nation invariants for objects with Lambertian reflectance
under point light sources at infinity are nondiscrimina-
tive.

Proof. Let p be an illumination invariant. Given two
arbitrary images I,J € Z, by the Lemma 2.5 below,
there always exists a Lambertian surface of an object
o and two light sources at infinity s and [, such that I
and J are images of o under s and [, respectively, or
I =Qo,s) and J = Q(o,1). By Lemma 2.1, g must be
a nondiscriminative invariant. O

For the above proof we need to show that given any
two images I and J, there always exists a Lambertian
surface of an object o and a pair of lighting conditions
s,1 that could have produced I and J: I = (o, s) and
J = Q(o,1). To do this, we define S and Q as specified
by the Lambertian model of reflectance. We restrict
the lighting in each scene to be a point source at in-
finity. The contribution from any light source is then
represented by a single 3-vector in the opposite direc-
tion of the ray, with magnitude of the vector equal to
the power of the source. We have § = (s%,sY,s*) and
I'=(12,1v,17).

We assume that the object o is viewed from the di-
rection (0,0, 1), and that the surface of o can be written
as (z,y,z = f(z,y)). Since the surface of the object
has Lambertian reflectance, we write the equations for
image formation @) as

I(z,y) = oz,y) §-0(z,y), 1)
J(@y) = olz,y)l-n(z,y) (2)

where a(z,y) is the albedo of object o, © =
(—fz, —fy, 1) is a normal vector to the surface f of o,

7 is the unit vector of 77, and § and ["are chosen to be
linearly independent.

Our goal is to show that there always exists a solu-
tion to the partial differential equation (PDE) given in
Eq.’s 1 and 2. We should point out that the proof of
this fills in all of the details left out in the argument
presented in [17], yet, when completed we have a proof
of Theorem 2.1.
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To handle regions in the images that may be in
shadow or have albedo equal to 0, we divide the do-
main of interest into two parts: the region D;, where
both I and J are equal to 0, and the region D,, where
they do not vanish simultaneously.

Finding a solution to the PDE in region D; is simple.
There are two cases. For Case 1, a # 0 and Eq.’s 1 and
2 in turn become §-7 = I -7 = 0 which implies f is any
plane parallel to § and I. For Case 2, a =0 and f may
assume arbitrary values, provided that the surface casts
no shadow outside this subregion. Thus, in the region
D; where the images I and J are both 0, we have a
solution to the PDE.

Finding a solution to the PDE for region D is some-
what more complicated. We recast the the PDE. First,
we multiply the left of Eq. 1 with the right of Eq. 2
and the right of Eq. 1 with the left of Eq. 2. Then, we
divide by a (a cannot be 0 by the definition of D) to
obtain the following first order linear partial differential
equation:

(IT=J3) -7 = 0. (3)
The characteristic curves 7(t) of Eq. 3 satisfy
-
— =1l—-Js. 4
g” 1—Js 4)

We focus our attention on Eq. 4 in region Dy. We
assume that I and J are continuous. (Note that this
assumption is not necessary to guarantee continuity of
f, but it does slightly simplify the argument.) We first
show in Lemma 2.2 the global existence of the charac-
teristic curves within Dy. We then show in Lemma 2.3
and Lemma 2.4 that the surface f is as smooth as I
and J, given smooth initial curves. Finally, we show in
Lemma 2.5 that the surface f does not cast a shadow
on itself for either light source s or I. All the proofs are
relegated to the Appendix.

We claim that for a vector field uniformly bounded
from below, there is a characteristic curve in the XY-
plane through each point in D with both ends lying on
the boundary dD5.

Lemma 2.2 Let Q be a closed subset of R? contained
in a circle of radius R, and I, J € C(Q)(C continuous
on Q), I,J >0, and |Il — J§| > ¢ for some ¢ > 0.
Let p' denote points in the XY-plane. Then through an
arbitrarily given point g in ), there exists ( € R a

characteristic curve p(t), t € [0,¢,] in Q@ homeomorphic
to [0,¢,], such that p(0), p((,) € OQ.

Lemma 2.3 Let the hypothesis of Lemma 2.2 be sat-
isfied. In addition, I,J € C*(Q) (are analytic). The
characteristic curve in the XY-plane passing through an
arbitray point is then unique. Moreover, the XY-plane
characteristic curve is C* (analytic) with respect to t
and its initial point.

Lemma 2.4 Let the hypothesis of Lemma 2.3 be satis-
fied, moreover I and J are (real) analytic in 2, and 9



is a piecewise analytic Jordan curve. There is an C* or
analytic surface f on Q satisfying Eq. 3.

We can select from amongst the smooth surfaces the
ones having no attached or cast shadows by choosing
the appropriate initial Cauchy data curve.

Lemma 2.5 Let the hypothesis of Lemma 2.4 be satis-
fied. Adopting the notations in the proof of Lemma 2.4,
there is, for a family of initial Cauchy data curves g, a
family of surfaces f that have no cast shadows.

3 A Probabilistic Approach

We have concluded previously that, at least for Lam-
bertian or purely specular surfaces, there are no dis-
criminative illumination invariants. In this section, we
take a modest step toward understanding how local im-
age measurements vary with changing illumination. Our
goal here is to understand how local variance in geome-
try and reflectance give rise to that in photometry.

A surface can be made up of materials that reflect
light differently at different points on the surface (non-
homogeous BRDF) and for different incident and outgo-
ing angles (non-Lambertian). We intend to do our anal-
ysis in the tangent plane of the surface, characterizing
the surface by its differential geometric and reflectance
properties.

We set up a perpendicular coordinate system on
the surface. Let (u,v) be coordinates on the sur-
face such that (z(u,-),y(u,-), f(z(u,),y(u,))) and
(z(-,v),y(-,v), f(z(,v),y(-,v))) are lines of curvature,
with u, v being the length of the lines. For later devel-
opment, let x, and &, be the principal curvatures of
the surface in principal directions 4 and 0, respectively.
We adopt the tangents of the lines of curvature along
with the surface normal as a local Cartesian coordinate
system; we call this the u-v-n coordinate system.

The BRDF « is function of (u,v) and the angles of
the incident and outgoing light in this local coordinate.
The radiance at a point on a piecewise C? surface in the
camera direction ¢ (in u-v-n coordinate system) is then

L(u,v,é):/a(u,v,§,é)ﬁ-§’d§:ﬁ-/a§'d§. (5)
Q Q

where (2 denotes the solid angle of light seen at the point
of concern and ¢.

We analyze the influence of the differential geometric
and reflectance properties by examining the scene radi-
ance under a single light source at infinity. The scene
radiance in Eq. 5 becomes

L(u,v,¢) = a(é, §,7)3 - n. (6)

The discussion of the previous section indicates the
futility of focusing on individual pixels. However, if we
look at statistics of the interplay between neighboring
pixels, we start to see some statistical regularity. First,
let us consider a patch of a Lambertian surface with con-
stant albedo characterized it by its principal curvatures

k. and k,. If k, = k, = 0, the gradient of the scence ra-
diance is 0 regardless of the direction of the illuminant.
If |ky| > 0 and k, = 0, the gradient of the scene radi-
ance lies solely in the direction of the nonzero curvature
axis, although its magnitude changes with changes in
light source strength and direction. If |k,| # |k,| and
the direction of light sources are distributed uniformly,
the gradient of the scene radiance is most likely in the
direction in which the magnitude of the curvature is
maximal. Second, let us consider a planar patch of sur-
face with nonhomogeneous BRDF. For any BRDF, the
direction of the gradient of the scene radiance is always
in the direction of the spatial gradient of the BRDF.
These observations suggest that even if the light source
directions are distributed uniformly, the distribution of
the gradient of scene radiance is not.

We shall expound on these observations in two steps.
First, we derive the relation between the gradient of
the scene radiance VL and the local geometry and re-
flectance of the surface. Second, we impose a probability
distribution on the light source § and determine the re-
sulting distribution on the gradient of the scene radiance
VL. (Note that for simplicity we are doing our analy-
sis in the tangent plane of the surface, while the image
records the projection of scene radiance from the surface
down to the x-y plane. Thus, our analysis ignores the
effects of projection.)

In the following derivation, V is understood to be
taken in the tangent plane, or u-v plane, at a point on
the surface. The gradient of the scene radiance is given
by

VL = a(3- V)i + (Va)3- h. (7)

(Note that the algebraic steps have been skipped to get
to the above expression.) Equation 7 teases out two fac-
tors that determine the gradient of the scene radiance.
The first term (which we call the geometric gradient)
is the contribution from geometric changes; the second
term (which we call the reflectance gradient) is the con-
tribution from changes in the BRDF.

Consider the geometric gradient term: Let x, and &,
be the two principal curvatures, then

(8- V)i = Giky Sy + DKy Sy (8)

where s, and s, are the u and v components of the light
source in the u-v-n coordinate system.

Consider next the reflectance gradient term:

= Oa O«
Va_u%—#v% (9)
and
Oa - 0¢ = oc . o
- V@a-%—}—Vga-% i-Va
= /ﬁuﬁ-(ﬁéaxéﬁ-ﬁsast)ﬁ-ﬂ ﬁa,
g—j = nvﬁ-<§caxé+§gax§)+ﬁ Va



where V; is the gradient taken with respect to ¢ and Vs
is gradient taken with respect to 5.

We combine the geometric and reflectance gradients
to get an overall expression for VL:

-

VL = (G kySy + 0 KySy) +

geometric gradient

[(umuv—}—vfcv) (Vaxc—}—Vaxs)—}—Va] §-n.

~ >

reflectance gradient

(10)
(Note that 40 is a tensor product of the vectors; the
associative rule applies here; and the first term in the
square bracket, although classified as part of the re-
flectance gradient, is induced by the rotation of the u-v-n
coordinate system along the lines of curvature.) We can
simplify the above expression by assuming the underly-
ing BRDF is Lambertian:

VL = (@ kusu + 0 kysy) + (Va)F- . (11)
Q -~ /,
geometric reflectance

This simplification allows us to push through the cal-
culations for the probability distributions on VL. It is,
of course, possible to compute this for the most general
case, but space limitations prevent us.

Now that we have expressions for the gradient of the
scene radiance in terms of the differential geometric and
reflectance properties of the patch of surface, we deter-
mine the distribution for scene radiance by imposing a
distribution on light sources. We consider only light
sources seen by surface patch, i.e., s, > 0. A reason-
able assumption for distribution of lighting § would be
the direction of the source is symmetric in the upper
hemisphere. We felt it is important for this initial dis-
cussion to choose a distribution that does not favor any
particular direction on the hemisphere, even though it
may prove useful at some later point. Finally, let the
components of the source s,, s,, and s, be chosen in-
dependently. With these assumptions, it can be shown
that probability density for §is given by

ps(8) =

1 aha(eirsi+sld)

(Vomo)? ,  Sp €]0,00).

(12)
The expression for the resulting probability density

function on VI is complicated. We consider first two

special cases before moving to the general case.

Case I: Homogeneous Reflectance

If the surface patch has spatially homogeneous re-

flectance (constant albedo), then 42 = %2 = 0. In co-

ordlnate system u-v-n, probability den51ty function for

Ou,
VL is then
0\ 2
) +52) dsp,

(13)
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Note the level curves of this function are concentric el-
lipses. In polar coordinate systems, there is a ridge along
the direction of r = v/u? + v? whenever ‘I’::\l # 1. The
ridge grow sharper the more the ratio deviates from 1.
Case II: kK, =k, =0

For k, = k, = 0, the probability density function for

the gradient is simply
o0 2
V[ et (%)) sas
0 a
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= 2md(
V2 u

v
o a b

where s = /52 + s2,a= 22 b= a and ¢ is the Dirac
delta function and G) is theuHeav151de theta function.
General Case:

The geometry and reflectance factors are mixed. The
elliptical level curves in Case I are rotated and distorted
by the reflectance factor in Case II if the gradient of
albedo does not align with either axis. The distribution
in u-v coordinate is

@I@
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(14)

Puyw (U, V)
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From this density function we want to develop an
illumination insensitive measure of image comparison. If
we are given in advance the directions and magnitudes of
principal curvature along with the nature of the BRDF,
then we could use this density function to determine,
in a probabilistic sense, how faithful any image was to
the given values. The problem we our interested in is
slightly different: we want to compare two images and
determine the likelihood that they have been produced
by the same object. For this problem, the magnitudes
and direction of surface curvature and the BRDF are
unknown. We must then look at the joint density for
gradients of scene radiance as given in two images, (as
they are the only observables amongst the previously
introduced quantities) and integrate out the unknown
nonobservable quantities, i.e., magnitudes and direction
of principal curvature and reflectance properties.

The gradients are observed in a fixed x-y coordinate
system. Given the angle v between & and 4, the prin-
cipal curvatures denoted by x, and the albedo gradient
ﬁa, the probability density of observing a gradient with
magnitude r and angle ¢ from # is p,(r, |y, K, Va) =
T Puv)(rcos(p — v),rsin(p — v)). (The scaling of p



by r comes from the Jacobian from Cartesian to polar
coordinates.) Noticing the angular dependence is only
on the difference of the angles ¢ — v, we can also write
the density as p,(r, ¢ — 7|k, Va). Now, the joint proba-
bility density of observing two scene radiance gradients
(r1,¢1) and (72, p2) under two independent and identi-
cally distributed light sources is

P(T1,<P1,T2,<P2)
= /pr(n,sm — |8, B)pr(r2, 02 — 7|5, B)

dP(v,x, B),
and if azimuthal symmetry holds for P, p

K
= // pr(r1, (o1 — p2) — 7|k, V(g Q)
=—7
pT(r27 —’Y|KZ,,8) d’)’dp(lﬁ, /8)
where ﬁ = ﬁ(u’v)a, P(’y,m,ﬁ) is the probability mea-
sure on the nonobservable random variables, and the
integration is over the whole sample space. Azimuthal
symmetry is almost intrinsic for any set of reasonably
random image samples: the unrestrained relative rota-
tion of the objects and the camera along the optical axis
of the lens would almost surely render the azimuthal an-
gle indistinguishable.

Furthermore, Eq.16 implies the angular dependence
of p(r1,p1,72,92) is only upon the absolute value of
their difference ¢ = @2 — 1. We may therefore proceed
to rewrite p as p(r1,p,r2). It is an even function with
respect to .

Because p.(-,¢|7, -, ) depends only on the difference
(¢ — 7, using Cauchy-Schwartz inequality and the fact
that p often has no period less than 27, p(ry, ¢, 72) has
a maximum at ¢ = 0 for all fixed r; and 75 and the
maximum is unique. The sharpness of the ridge at ¢ =0
is determined by the narrowness of the peak in ¢ of

-

single distribution p,(7, k, 3), the polar coordinate form
of py,y in Eq. 15. More often than not, transition from
one material (reflectance) to another is accompanied by
sharp changes even edges in geometry. Geometry and
reflectance factors then reinforce each other and sharpen
the angular peak in the single distribution, and in turn
narrow the ridge at ¢ = 0 in the joint distribution.

Bear in mind that specifications on p, or what is the
same p,, , could be relaxed without endangering the ba-
sic features such as the ridge, and its uniqueness. Never-
theless, azimuthal symmetry of the probability measure
P is crucial to the existence of the ridge.

With this distribution in hand, we could construct
an illumination insensitive measure of image compari-
son. To do this, we could write down the joint prob-
ability of the scene radiance gradients at each pixel in
both images. Under this distribution, we would expect
high probability assigned to two images of the same ob-
ject (differing only in illumination, not viewpoint) and
low probability assigned to two image of different ob-
jects. Yet, we are hamstrung in that we do not know
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Figure 1: Empirical joint probability density of the two
image gradients p(ri,p,r2 = 50) under two random
lighting conditions, expressed as a function of the mag-
nitude of one gradient and the angle between the two,
with the other’s magnitude set to 50.

the probability distribution for the nonobservables and,
thus, cannot perform the integration in Eq. 16.

To get around this, in the next section we will con-
struct the distribution in Eq. 16 from real images of
object under varying illumination.

4 Empirical Joint Density

Using a geodesic dome with 64 photographic flashes,
we gathered a database of 1,280 images of 20 objects.
The 64 flashes are positioned on the dome to cover
slightly more than a hemisphere of directions. The ob-
jects included folded cloth, a computer keyboard, cups,
an umbrella, plants, a styrofoam mannequin, etc. (The
database is available for download.)

We are to find the joint probability density of two
image gradients for the same point on the surface. We
use empirically gathered image gradients to approxi-
mate the density p given in Eq. 16. We cannot perform
the summation (in lieu of integral, since the samples are
discrete) directly as in Eq. 16, since we do not know the
distribution of curvatures and reflectance gradient a pri-
ori. However the sample frequency by which the image
gradient at a prescribed value appears is an approxima-
tion of the true distribution. Therefore, we need only let
the summation run over the whole set of pixel positions.

A sglice of the joint probability density is shown in
Fig. 4. As expected from Sec. 3, there is a prominent
ridge at ¢ = 0 and it is the only global maximum on
the line r;,72 constant. For a given ri, the distribu-
tion peaks sharply at ro = r1,¢p = 0. We see that the
experimentally gathered database confirms the angular
symmetry (even-ness) of the distribution function p and
the existence of a unique prominent ridge along ¢ = 0.
This shows that the statistical regularity of scene ra-
diance gradient does reflect the intrinsic geometric and
reflectance properties of surfaces and this regularity can
be exploited. In section 5, we will demonstrate this on
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Figure 2: Each of the methods is trained on images with
near frontal illumination (Subsets 1 and 2). This graph
shows the error rates under more extreme light source
conditions.

the problem of face recognition under varying illumina-
tion.

5 Application to Face
Recognition
Armed with the locally illumination insensitive joint dis-
tribution density function for two image gradients, we
venture to see what can be said globally.
Given a single arbitrary object o, the probability of
observing the gradients of two images I and J is assumed
to satisfy

and Object

PVIVY = ][] VI,V
i€EM
H p(ri(@), (i), r2(4))-

ieM

where, M is the set of pixel indices, r1 (i) = |VI;|, r2(i) =
|§Jz| and ¢ is the angle between the two gradient vec-
tors. Under this product form of probabilities of indi-
vidual gradients, we treat the points on the surface in-
dependently, ignoring constraints arise from the smooth
geometric and reflectance transition of closely spaced
points.

We now apply this scheme to face or object recogni-
tion. Given a testing image I of a face or an object, we
compute P(VI,VJ) for every training image using an
empirically collected probability database as described

Subset 1

Subset 2

Subset 4

Figure 3: Images of one of the 10 individuals under the
4 subsets of lighting.

in Sec. 4. The one training image having the highest
P value is deemed the likeliest to have come from the
same face or object as the testing image I. Fig. 2 shows
the result of one of the face recognition tests and com-
pares it to other methods. Images of 10 faces are taken
using the geodesic dome each under 45 different light-
ing conditions. The frontal images of each face is taken
as a training image. The recognition test is then per-
formed for the 440 images. The results are grouped into
4 subsets according to the lighting angle with respect to
the frontal or camera axis. The first two covers angles
0° — 25°, third 25° — 50°, and the fourth 50° — 77°. We
compared our method with those tested and reported in
[13]. The image gradient method clearly out performs
all other methods except for that of Cone Cast.

It should be pointed out that all the other methods
use all the images of Subset 1 and 2 for training, there-
fore they have almost by definition zero error rates for
Subset 1 and 2. Our method, on the contrary, is at a
disadvantage for using only one frontal image for each
individual. Yet, the result is still better. Also note
that Cone Cast is the Illumination Cone method in [12]
in which Subset 1 and 2 images are used to construct
a person specific illumination representations. In con-
trast, our method is much simpler using only local image
comparisons.

It is worthwhile noting that the probability database
used to perform the test is gathered from images of ob-
jects rather than human faces. The databases collected
from different categories of objects or faces are remark-
ably similar. It is expected from the analysis in Sec. 3.

6 Appendix

Proof of Lemma 2.2.

The following observation on the characteristic curve
Eq. 4 is crucial to the proofs of the lemmas.

Observation 6.1 Let g be an arbitrary point in R3, S,
the plane containing q parallel to I and 8, and 7, the



characteristic curve passing through q. It is clear that 7
— if it exists — remains in the plane Sy. Moreover, the
characteristic vector at every point resides in the planar
cone C = {af— b3, a,b > 0} generated by [ and -3
and the negative of C. Consequently the curve 7y is also
confined in the two-sided cone g+ CUq— C. Especially,
the projection p, of ¥, onto XY-plane is contained in a
cone Cp, the projection of C on the XY-plane.

Without loss of generality, we assume the given point
is at the origin. Since I and J are continuous on the
compact set {2, they are bounded. Recall that the char-
acteristic vectors in the XY-plane are confined in the
cone (), as noted in Observation 6.1. We denote by h
the vector bisecting the angle subtended by l_;, and —3§p
. Since the vector field is bounded from below by ¢, the
projection of the vector field on % is bounded from be-
low by ccosf, where 6 is half of the angle between l;,
and 5.

If & < %, any curve starting form the origin with

these velocity (or tangential) vectors which leave Q in
time T = —£ - If6 = I, Il, — J3, is on a straight line.
The leaving time is then simply bounded by T = %.

We recursively construct a sequence of functions
{Pn}2 : [0,T] — € using Picard iteration:

ﬁO = 0,

t
Fa®) = [ 1) = 1) a7

In the above process, once g reaches the boundary of €2,
it is set to stay at the same point until 7'.

Clearly 7,(0) =0, 7,(¢) € 99, Vn € N. We also ob-
serve f,(t) € Q, or {p}52, is uniformly bounded. Since

|Il — J3| < M for every point in € for some M > 0,
{P}2, is equicontinuous. There then exists a subse-
quence uniformly converging to a C1[0, ¢] function p{(t).
g can be shown to satisfy Eq. 3 projecting on XY-plane,
and p(0) =0, p(¢) € oN.

As for the other part of the curve, replace t with
—t, every step of the above argument carries through.
Re-parameterize the curve, so that the curve has the
required parameterization as in the Lemma. Note that
this proof of global existence is not the same of the clas-
sical one for local existence. O

Proof of Lemma 2.3. Obviously, I and J satisfy a
Lipschitz condition. The proof for these global proper-
ties is similar to that for the corresponding local ones
classic in many texts (e.g., [8]). O

Proof of Lemma 2.4. Denote I'" the subset of the
boundary having only field vectors that point strictly
inward of €2, not including those that are parallel to tan-
gents of the boundary. T' is composed of disjoint com-
ponents each of which is connected. Consider first the
characteristic curves in the XY plane. By Lemma 2.3,
there is a unique analytic characteristic curve emanating

from each boundary point in I". Because of the analytic-
ity of both the curves and (piecewise) of the boundary,
the number of the isolated intersections of the curves
and the boundary is finite. Thus the number of curves
having besides their initial and final points more than
two isolated intersection points with the boundary is
also finite. Denote the set of those curves by S. Those
intersection points then have no accumulation points.

Assign the initial point of each aforementioned curve
in S an arbitrary value and integrate the 3-d charac-
teristic curve. Then define g € C*(T') (analytic on T),
such that g connects ”C*-ly” (analyticaly) with the 3-d
characteristic curves on S.

Finally, integrate the rest of the 3-d characteristic
curves for the initial Cauchy data g, we obtain the de-
sired C* (analytic) surface f. O

Proof of Lemma 2.5. Construct C* or analytic g
such that there are no two points on its graph and no
tangent of its graph lie on the same lighting plane S as
defined in Observation 6.1.

Point a casts a shadow on point b if and only if a
is between one of the light sources and b. By the way
we construct g, it is then obvious from Observation 6.1
that there are no two 3-d characteristic curves which
lie on the same lighting plane S. a and b are either on
two different light planes as described in Observation 6.1
or on the same 3-d characteristic curve. For the former
situation, it is obvious the two points can cast no shadow
on each other. As for the latter, a and b stay in the cone
C described in Observation 6.1 and can cast no shadows
on each other — except when the curve between a and b
is a straight line parallel to one of the lighting direction,
however it is still not a cast shadow.

As for the attached shadow, parameterize the sur-
face by (s,t), where z(s,t) = f(z(s,t),y(s,t)) and
{(z(s,0),y(s,0)) : s} = T. We need to prove that the
dot product of the normal vector of the constructed pa-
rameterized surface and any of the light source vector do
not change sign as the point moves all over the surface.
By the hypothesis, no tangent of the graph of the initial
curve is parallel to the lighting plane S, i.e., g—j thus
does not lie in S, and certainly it will not be propor-
tional to g—?. A normal vector of the surface at a point 7

is thus g—: X ‘g—f . Since the 3-d characteristic curves stay
in their respective lighting planes S’s which are parallel

to each other, vector g—i will stay on the same side of S,

spanned by § and l_: as the curve evolves from the initial
point. Without loss of generality, let us assume

=7 8F(350)
—§x1- 55

> 0. (18)

Then the inequality also holds for positive ¢ or points in
the interior of 2, or

—&x1-

Or(s, t)
s > 0. (19)



Thus

or(s,t) 0r(s,t) , 0Of(s,t) (.
o5 ot °  0s (1= 75)

x§>0, (20)

since I(z,y) and J(x,y) are nonnegative. The expres-
sion in the parenthesis is Eq. 4. The equality holds if
and only if I = 0 for some (z,y). The same holds for

the inner product of the normal vector and I O
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