
���������
	��
��
��������������
���������
��������� ������	!�"��#!$

%'&)(+*+,.-0/"1�24365
798+:<;>=@?@AB8+CD?�EGFIHJEDA�:<KL?@8+=9MLN�OP8!C<N!8
QRCSOPTG8+=VU@OW?YXZEGF\[];>=VX_^`;>C6a
HJEG^P^P8!bG8dce;>=VfhgS[i7jg�k>l_m�n_k
oLprq6sLtvu<wvx\y{zGq�oJy|tDoDz

}0~d�G�L�S�e���

� =�;>:S�<OPN+;>^
A�ELaL8+^PU�?@=�;>OPCS8�a�K<U@O�CSb�AZ;��LO�A�KSA
^PO�fD8!^PO��<E_ELa�;G=@8J;9N�EDABA�EDC�?@EvED^GF�ED=):S=VEG�6;>�SOP^�O`U|?@O`N
OPCLF�8!=V8!C6N�8�E>F�AB;G=@bDO�C6;>^vaLOPU|?@=VOP�SKL?@OPEGC6U!�\�RE���8!TD8!=�g
?V�SOPU�;G:S:S=VED;DN��iU|KL�h8!=�U�aLO���N�KS^�?@OP8+U����S8+C]8+OW?V�S8!=
?V�S8�OPCLF�8+=@8+C<N�8�:S=@ELN!8+UVU�ED=I?@�<8�ABELaL8!^hO`UJ;G:S:S=VEr�v�
OPAZ;�?@8D�e��C�?V�SO`U�:<;>:�8!=�gv?@�S8�OPCLF�8!=V8!C6N�8�:S=VEvN!8+UVU�OPU
� =�U|?�aL8 � CS8+a�?@E��68�?@�<8�ABOPCSO�ABOP�+;>?@OPEGC�EGF);jN!EGCL�
TD8��BF�KSC<N�?@OPEGC'gLOPC<U@:SO�=V8+a��_X�F�=V8!8d8!CS8+=@bDX�;G:S:S=VEr�v�
OPAZ;�?@OPEGC6U!� �'8+;G=@C<O�CSb¡O`Uj?@�S8+C�aLEGC<8"aLOP=@8�N¢?V^�X�OPC
?V8!=VABU'E>Fv?@�S8e£S¤!¥�¦�§�¥¢¨Z©�ªh«V¤�EGFD?V�S8�OPCLF�8+=@8+C<N�8e:S=VE>�
N!8+UVUj;�?�KSCSOPTr;G=@O`;�?V8ZAZ;>=VbGOPC<;>^I:<=@8�aLOPN�?@OPEGC'�¡¬��S8
AZ;>OPCjC<E�TG8!^�?YX�OPU)?V�<;�?\?@�<OPU�O`U�;daLOP=@8�N¢?\ABO�CSOPABO���;��
?VO�EDC�E>Fv8!AB:SOP=@O`N!;G^>=@O`U@f�g����S8+=@8\?V�S8I=VOPU@fRAB8+;DU|KS=V8+U
?V�S8�;GN+N�KS=�;GN!XZE>F):<=@8�aLOPN�?@8�a"AZ;G=@bDO�C<;G^PU+�

­ ®D¯ �L�S°�±9²9���S³|° ¯

¬��SO`U´:<;G:68+=�N!EGC<N!8!=VC<U�?@�<8µ^P8+;>=VCSOPCSb¶;>C6a·O�CLF�8+=@8+C<N�8µE>F
AZ;>=VbGOPC<;>^�aLOPU|?@=VOP�SKL?@OPEGC6U!����C¸O�CSF�8!=V8!C<N!8Gg9U@EGAB8]TD8+N�?@EG=

yO`U�EG�<U@8!=VTG8�a¹g_;GC<a�?@�S8�bGE_;>^hO`U�?@EZ;>:S:<=@Er�LOPAB;>?@8�KSCSOPTr;G=@O`;�?V8
AZ;>=VbGOPC<;>^`U

p(xi|y)
F�EG=BU|EDAB8Z?@=VKS8�º�KSCSfvCSE���C�»�aLO`UY?V=@OP�SKL�

?@OPEGC
p
gh;>C<a¡U@EGAB8��SO`aSaL8+C'g¹aLO`U@N!=@8!?@8�TD8+N¢?VEG=

x
�d¼½?YXv:SO`N!;>^

;>:<:S=@E_;GN���?VE]?V�SOPU�:S=VEG�<^�8+A¾O`U�?@E � ?B?@�S8
:<;G=V;GA�8!?@8+=VUjE>F
;¿bG=�;>:S�SO`N!;G^JABELaL8+^�?@E4;>:S:<=@Er�LOPAB;>?@8

p(x|y)
��O�?@�ÀU|EDAB8

aLO`UY?V=@OP�SKL?VO�EDC
q(x|y)

K<U@O�C<b"?V�S8�AZ;��LOPAjKSAÁºÂN�EDC<aLO�?@OPEGC<;G^`»
^PO�fD8!^PO��SEvELaZN�=VO�?@8!=VOPEGC'��¬��S8!C'g_OPCZO�CLF�8+=@8+C<N�8Dg_;�AZ;G=@bDO�C<;G^�OP�+;>�
?@OPEGC¡;G^�bDEG=VOW?V�SA�OPU�K6U|8�a�?VEZN�EGAB:SKS?@8

q(xi|y)
�

¬��SO`Uj;G:S:S=VED;GN���O`U�EGFÃ?@8!C��J8+^�^���ÄYK6UY?VO � 8�a_Å¿bDO�TD8!C4;]N!EG=V=@8�N¢?
ABELaL8!^{g

q(x|y)
��OP^P^hN!EGCvTG8+=@bD8�?@E

p(x|y)
O�C�?@�S8��SOPbG�"a<;�?V;

^PO�ABO�?+���ÆF�8!�S;GN¢?"AB;G=@bDO�C6;>^PO���;�?@OPEGC0O`U�:�EDUVU@O��S^P8Gg�?V�S8]8�UY?VOW�
AZ;�?V8+U

q(xi|y)
��OP^�^�;>^`U|E�N!EGCvTG8+=@bD8J?VE�?@�<8�?@=VKS8RAZ;>=VbGOPC<;G^PU+�

�RE���8!TD8!=�g6OPC]:<=V;DN¢?@O`N�8j?@�S8+=@8B;>=V8jEGFÃ?@8+Ci?Y��E�AZ;�ÄYED=�:S=VEG�S�
^P8!AZU!�

Ç �9È�1�24É�&)*+ÊS*+,Â1�-�ÊSËeÌ�-h*!Í�ÊSÎG*+ÊLÏ\,ÂË.,�*�Ðe�I��C
bG8+CS8!=�;>^{gD8!�v�
;DN¢?¡O�CSF�8!=V8!C<N!8 O`UÑOPCD?V=V;DN¢?�;>�S^P8¿OPCÒbG=�;>:S�<OPN+;>^dA�ELaL8+^PU
��O�?@�i�<O�bD�Ñ?@=V8!8!��O`av?V�´ºÂU@K<N��i;GU�Ó|bG=VO`aSU�Ô|»¢g<F�EG=�N�OPCSbB?@�<8

K<U@8]EGF�;>:<:S=@Er�LOPAZ;�?@8¿;>^PbGEG=VO�?@�SAZU+��ÕSED="K<C<aLOP=@8�N¢?@8�a
ABELaL8!^`U+gR���S8!=V8]AZ;>�vOPAjK<AÁ^PO�fD8!^PO��<E_ELaÀ^P8+;G=@C<O�CSb�;>^��
bDEG=VOW?V�SAZU�=@8�ÖDK<O�=V8�=V8!:�8+;>?@8�a�OPCLF�8!=V8!C6N�8Gg<^�8�;>=VCSO�C<b���OP^�^
;G^PU@E¡�68�O�C_?@=�;GN�?V;G�S^�8D�¿º.[i;��LOPAjKSA×^�OPfG8+^�OP�SEvELa¿^P8+;G=@CS�
OPCSb�EGFe;�aLO�=V8+N�?@8�aÑA�ELaL8+^)O`URK6U|K<;G^�^PX"?@=�;GN¢?�;>�S^P8Gg68!TD8!C
���S8+C¿OPCLF�8+=@8+C<N�8BO`U�CSE>?�� »�ØITG8+C¿O�F�8��S;GN�?d^P8+;G=@CSOPCSb
OPU
F�8�;GU@O��S^P8GgeO�?BOPU�KSC<N!^�8�;>=�OWFR?V�S8
=@8�U|KS^�?VU�;>=V8�?V�S8"��8+U|?+g
KSC6aL8!=j©�£G£�¥V§!ÙDÚÃ¨B©>ÛÆ¤�OPCLF�8!=V8!C6N�8G�

kL��Ü¶1ÞÝ)5vËR/
5vß{5vÎG*+(D�dQ�U|K<;G^�^PX¡OPCi:S=�;GN¢?VOPN!8Gg�?@�<8�ABELaL8!^
O`U9C<E>?98!�L;DN¢?V^�XÑN�ED=@=V8+N�?+��ºÂ¬��6;�?9O`U!g6?@�<8�U@8�?�EGF�N�EDC<aLO��
?VO�EDC<;>^�OPC<aL8!:�8!C6aL8!C<N!O�8�UZ;GUVU|8+=|?V8+a��_X�?V�S8¡bG=�;>:<��;>=V8
CSEG?i8��S;GN�?@^PXÀ?@=VKS8Dg�EG=Ñ?@�<84:<;>=�;>AB8�?V=@OP�+;>?@OPEGCàE>FBO�CL�
aLOPTvOPaSK<;>^�FÂ;DN¢?@ED=VU
O`UÑO�AB:�8!=@F�8+N�?+�á»â¬��<OPUÑAB8+;GC<U
?@�<8
:<;G=V;GAB8�?@8+=VUZ«�©�ª6ª�§>Û�N!EGCvTG8+=@bD8j?VEÑ?@�S8�Ó�?V=@KS8Z:6;>=�;>A��
8!?@8!=�UYÔ�g�U@O�C6N�8�?@�<84?@=VKS8�aLO`U|?@=VO��SKS?@OPEGCÒOPU]CSE>?i=V8!:<=@8!�
U@8!C_?V;G�S^P8G���Æ?�O`U�f_C<E���C¡O�C¡?V�SO`U�N+;GU@8�?@�<;>?�AZ;��LOPAjKSA
^PO�fD8!^PO��<E_ELa¡^P8+;G=@C<O�CSbZ��OP^P^�N!EGCvTG8+=@bD8�?@E�=V8!:<=@8�U|8+CD?�;>�S^P8
aLO`U|?@=VO��SKS?@OPEGCÑ��OW?V�¡ABO�CSOPAjK<Aäã��'�ÆaLOPTG8+=@bD8!C<N!89?VEZ?@�<8
?V=@KS8�aSOPU|?@=VO��<KL?@OPEGC'�Ñ¬��SO`U�O`UjaLO��h8!=V8!C_?�F�=@EDAå?V�S8�aLO`UY�
?V=@OP�SKL?VO�EDC�?@�6;�?�bGOPTG8+U�?@�<8���8+U|?�:S=@8�aLO`N¢?@8�a�AZ;>=VbGOPC<;G^PU+g
8+TG8!CÑ;GUVU@KSABO�CSbB8!�L;DN¢?�OPCLF�8!=V8!C<N!8G�

¬��SO`U�:<;G:68+=jU@8!8!fLU�?VE];>AB8+^�OPEG=�;�?V8Z�6EG?@�4E>F�?V�S8�;>��E�TG8ZO`U|�
U@KS8+U+�¡¬��SOPU�O`UjaLEDCS8��vXGg � =�UY?�g � �vOPCSb¡?V�S8�OPCLF�8+=@8+C<N�8�U|?@8+:
?@E¿�68
;�ºÂ:S=@8�U|K<A�8�a ?@=�;GN�?V;>�<^�8r»�ABO�C<O�ABOP�+;�?VO�EDC´E>FR;¿N�EGCS�
TG8!��F�KSC<N�?@OPEGC'�e¬��S8�^P8+;G=@C<O�CSb�U|?@8+:B?@�S8+CBN!EGC<U@O`UY?�UeE>F � ?|?VO�C<b
?@�<8�:<;G=V;GAB8�?@8+=VU9E>Fe?V�<;�?dF�KSC<N�?@OPEGC¿U@K<N��¡?V�<;�?d?@�<8�£<¤�¥�¦�§>¥¢æ
¨Z©�ª�«�¤�§Y¦�Û�çS¤jÚÃª+¦�¤!¥@¤!ª�«�¤�£h¥@§�«V¤�è�è�;�?�AZ;>=VbGOPC<;>^h:S=V8+aLO`N¢?VO�EDC
O`U��68�UY?��ÑML:68�N�O � N!;G^�^PXGg)?@�SO`U�:6;>:�8!=jU@KSbGbD8+U|?VUd^P8+;>=VCSOPCSbÑ?@�<8
:<;G=V;GA�8!?@8+=VU9E>F�U@EGAB8jF�KSC<N¢?VO�EDC

F (y, {br(xr)})
�jÕ<EG=�;>CvX

EG�6U|8+=@T�;�?VO�EDC
y
g
F
AjK<U|?9��8jN�EDCvTG8��"E�TG8!=�?V�S8jU@8�?REGF\^PELN!;G^

Ó|:<U|8+K<aLEDAB;G=@bDO�C6;>^`U�Ô¢gDED=IÓY��8!^PO�8!FÂU�Ô
{br(xr)}

�
MvOPC<N�8

F
O`U�N�EDCvTG8���E�TG8!=

{br(xr)}
g�O�?�O`UZCSE>?V�SOPCSb4ABEG=V8

?@�6;>C4;>C�OPA�:<^�O`N�O�?jAZ;>:S:<O�CSbÑF�=VEGA×EG�<U@8!=VTG8�aiT�;>=VO`;>�S^P8+Ud?VE
��8!^PO�8!FÂU!�\¬��SEGK<bG�_?�EGF�;DU�;�AZ;>:S:<O�CSb6g�OW?eO`U\C<;�?VKS=�;>^D?@Ed?@�SOPCSf
?@�6;�?j?V�S8�:6;>=�;>AB8�?V8!=�U�E>F

F
N!EGKS^`a��68
;GarÄYK6UY?V8+a�?VE¿;>^POPbGC

?@�<8+U@89:S=V8+aLO`N¢?VO�EDC<UI��O�?@��?@=�;>OPCSOPCSbjaS;>?V;S�\�Æ?J?@KS=VC<UJEGKL?J?@�<;>?
?@�<OPU\O`U�?@=VKS8GgD;>C<a�ABEG=V8!E�TG8+=+g�?V�S8�;>bG=V8!8+AB8!C_?���8�?Y��8!8+C�:<=@8!�
aLO`N¢?VO�EDC<UR;>C6a
?@=VKS8�T�;>^PKS8+URN+;>C¡��8jÖ_K<;>C_?VO � 8�a
O�CÑ?V8!=VABURE>F
;"K<U|8+=|��U@:68�N�O � 8+a¡^PEDUVU9F�KSC<N¢?VO�EDC'�j¬��SO`UdOPU�?V�S8B=@8�;>^\;GaLT�;>CS�



?V;GbG8dE>F)?@�SO`U�;>:S:S=VED;DN��vÅ�OPC
^�8�;>=VCSO�C<b<gD?@�S8�:<;G=V;GA�8!?@8+=VU�;>=V8
aLOP=@8�N¢?V^�X � ?�?@E�bGOPTG8�bGEvELa�AZ;>=VbGOPC<;G^<:S=V8+aLO`N¢?VO�EDC<U+gv;DUJU@:�8+N¢�
O � 8+a¿�vX¡?@�S8B^PEDUVUdF�KSC<N�?@OPEGC'�B�RE���8!TD8!=�g';"N!EGC<U@8+Ö_KS8+C<N�8�OPU
?@�6;�?�EGCS^PX¡;]¨Z©V£D£�ÚÃª��iO`Ud^�8�;>=VCS8+a¹��¬��<8B;G:S:S=VED;DN��¡OPUdCSEG?
8+Ö_KSOPT�;>^P8!C_?d?@EÑ;>:S:S=VEr�LO�AZ;>?@OPCSb�?V�S8ZN�EGC6aLOW?VO�EDC<;>^\aLO`UY?V=@OP�SKL�
?@OPEGC

p(x|y)
���R8+TG8!=@?@�<8!^P8+UVU!g6:S=@8�aLO`N¢?@8�a¡AZ;>=VbGOPC<;>^`UR;G=@8�;G^�^

?@�6;�?�;>=V8jCS8+8+aL8�aiF�ED=�AZ;>CvX¡:S=VEG�<^�8+ABU+g¹;>C<a]8��L:�8!=VO�AB8!C_?�U
U@KSbGbD8+U|?¹?@�SO`U';>:<:S=@E_;GN���N!;GCdbDO�TD8ebGEvELad=@8�U|KS^�?VU'O�C�?V�SOPU)N!;DU|8D�

� ®D¯���� � �Þ¯ � �

¬��SO`Uj:6;>:�8!=jO`U��<;GU@8+a�EDC´ABO�CSOPABO��+O�C<b¿;]N!^P;DU@UjE>F9N!EGCvTG8!�
F�KSC<N�?@OPEGC<U

F
ABE>?@OPT�;�?V8+a¡�vX"F�=@8+8�8!CS8+=@bDX";G:S:S=VEr�vOPAZ;�?VO�EDC<U

ºÂU@8!8�Mv8�N¢?VO�EDC
nv»¢�

F =
∑

f∈F

∑

r∈R

∑

xr

wf (xr ,yr)f(br(xr))
º Ç »

F
OPUd;�U@8�?dE>F�N�EDCvTG8��
F�KSC<N�?@OPEGC<U�E>FI^PELN!;G^)��8!^PO�8!FÂU!��¼½?YXv:L�
O`N!;>^�8��S;GA�:<^�8
�JEDKS^`a4�68"?@�<8
O`aL8+CD?VOW?YX�F�K<C<N¢?VO�EDC�;>C6a4?@�<8
CS8+bD;�?VO�TD8�8+C_?@=VEG:vXBF�KSC<N�?@OPEGC�º�O{� 8D�

F = {b, b log b}
»��\�9E����

8!TD8!=�gDOPC�:S=VOPC<N�OP:S^P8GgL;>CvX�F�KSC<N¢?VO�EDC�?V�<;�?�OPU�N�EDCvTG8���E�TG8+=I?@�<8
OPCD?V8!=VT�;>^

(0, 1)
AZ;rX���8�K<U@8+a¹�

R
O`Ue;dU|8!?�EGF6=V8!bGOPEGC6U!�ÞÕ<EG=\8��S;GA�:<^�8DgGU|8!?�EGF6EGF<O�C6aLOPN!8+U\EGF

xOPC"?V�S8�=V8!bGOPEGC6UJABOPbG�_?��68�?V�S8�KSCSOPEGCÑEGFÞ?@�<8�U|8!?RE>F�N!^�O`Ö_KS8+U
C
;GC<a"?@�S8�U@8�?�E>F\OPC<aLO�TvO`aLK<;G^¹O�C<aSOPN!8+U

I 	 �
¬��S8�ÓY��8!OPbG�_?@OPCSb>ÔdF�KSC6N¢?@OPEGC6U

wf

aL8�?V8!=VA�OPCS8j?@�S8��68+�<;rTvO�ED=
E>F

F
�iÕ�O�?|?VO�CSb]?@�S8"ABEvaS8!^�N�EG=V=V8+U@:6EDC<aSU�?VE � ?|?VO�C<bi?@�<8+U@8

��8!OPbG�_?@OPCSb�F�KSC<N�?@OPEGC<U+�
� OPTG8!C�U@EGAB8eED�<U|8+=@T�;>?@OPEGC

y
g�?@�S8J�68+^�OP8�FÂU);>=V8ebGOPTG8+Cd�vXdABO�CL�

OPA�OP�!OPCSb
F
�

{b∗r(xr)} = arg min
{br(xr)}

F (y, {br(xr)})
º.kG»

¬��SO`URF�K<C<N¢?VO�EDC]CS8+8+aSU�?@E"�68�ABO�C<O�ABOP�!8+a¿U|K<�LÄY8+N�?9?@EÑU@EGAB8
N�EDC<U|?@=�;>OPCD?�U!�ä��C ?@�SO`U¡:<;G:68+=+gd?V�S84�68+^�OP8�FÂUi��O�^P^���8´N�EGCS�
U|?@=�;>OPCS8+a�?VEj��8�Ó|^�ELN!;G^�^PX�N!EGC<U@O`UY?V8!C_?YÔ¢�)�ÆFÞ;GbD;GO�CB?V�S89=V8!bDO�EDC<U
;>=V8�N�^POPÖ_KS8�U

C
;>C6a"OPC<aLOPTvOPaLK6;>^'OPC<aLO`N�8�U

I
gS?V�S8�N�EDC<UY?V=V;GO�C_?�U

;>=V8�


��
������������������! #"#��$�%�&(')%��*�!����%�',+
xr

��'#-
yr

-)$�')%���$�./���)$
0 �!1����� )��$2�3%�&

x

��'41�$�����%�'
r 5 +��!'�-�./���#$ 0 �!1����� )��$��3%!& y ��'61�$�����%�'

r 5 +71�$2��89$�:2��� 0 $��;�=<?>�%)+7&@%�1A$2B)��C48#��$D+���%DC4$E1�$��D��%�'�C4���D�=�F:�%�'��*�!��'%D')�;�G������')�D��$ 0 �H1����� #��$I%!&
x

+� #"��JC�")������8)��$ 0 �H1��K�! #��$��J%�&
y

<

∀c ∈ C, i ∈ c, xi,
∑

xc\i

bc(xc) = bi(xi)
º/L_»

∀c ∈ C,
∑

xc

bc(xc) = 1
º�n_»

∀i ∈ I,
∑

xi

bi(xi) = 1
ºNMG»

∀c ∈ C,xc, bc(xc) ≥ 0
º/OD»

∀i ∈ I, xi, bi(xi) ≥ 0
º{m>»

MvOPC<N�8�8�;GN��àF�KSC<N¢?VO�EDCàOPC
F
OPU¡;DU@U@KSAB8+a¸?@E0��8´N�EGCvTD8��¹g

F
��OP^�^I;G^PU@E���8Gg¹:<=@E�TvO`aL8+ai?@�<;>?�?V�S8B�J8+O�bD�D?VO�C<b�F�KSC<N�?@OPEGC<U

wf

;>=V8�:6E_U|O�?@OPTG8D�
º.¬��S8B�J8+O�bD�D?�U�F�EG=�?@�<8�^POPCS8+;G=�F�KSC<N¢?VO�EDC
f(b) = b

CS8+8+aÀCSEG?"��8 N!EGC<U|?@=�;>OPCS8�a<»¢��MvOPC<N!8]?V�S8¿N!EGCL�
U|?@=�;>OPCD?�UR;>=V8�;>^`U|E�N!EGCvTG8!�¹gv?@�SO`URO`UR;ZN�EDCvTG8��"EG:L?VO�ABOP�+;�?VO�EDC
:S=VEG�S^P8!AÑ�
�Æ?�O`UZ?YXv:SO`N!;G^�?@E�U@EG^PTG8Ñ:S=VEG�<^�8+ABU�^�OPfG8¡?V�SO`UZ?@�<=@EDKSbG� ?@�<8
K<U@8�E>FÞÓ|A�8�U@UV;>bD8�:6;GUVU|OPCSb�Ô�;>^PbGED=@O�?@�SAZU+���RE���8!TD8!=�gvO�CÑ?V�SOPU
:<;G:68+=+ge;iABED=@8�;G�<U|?@=�;GN¢?�=V8!:<=@8�U|8+CD?�;�?VO�EDC ��OP^P^���8"N!EGCvTG8!�
CSOP8!C_?+�QPJ=VOP8HR<XDgSOW?�OPU�C<E>?R�<;G=Va"?@E�U@8!8�?V�<;�?�OW?RO`U�:�EDUVU|OP�S^P8
?@E�?V=V;GC<UYF�ED=@A ?@�S8�:S=VEG�<^�8+A O�C_?VE�?V�S8�F�EG=VA

b∗ = arg min
b

∑

f∈F

wf (y)T f(b)
º/SD»

U|K6N���?V�<;�?
Ab = d

b ≥ 0.

�R8+=@8Dg'?V�S8�U@X_A��6ED^
b
O`U�=@8+K<U@8+a0º�OPC��6ED^PavFÂ;DN�8r»�?@EiaL8+CSE>?V8

;
TG8�N¢?@ED=�N�EGC_?�;>OPCSO�C<b
;G^�^e��8!^PO�8!FÂU
br(xr)

F�ED=�;>^P^e=@8+bGOPEGC<U
r;>C6a�N!EGC � bDKS=�;�?@OPEGC6U

xr

�IMvO�ABOP^P;G=@^PXGg
wf (y)

=@8+:S=@8�U|8+C_?VU)?@�S8
TG8�N¢?VEG=�EGF'�J8+O�bD�_?VU

wf (xr,yr)
F�EG=�;>^P^6=V8!bDO�EDC<UI;GC<a�N�EDC � bG�

KS=�;�?VO�EDC<U!�Ñ¬)E];rTGEDOPa�N�EDCLF�K<U@O�EDC'g��6ED^PavFÂ;DN�8]º
b
ED=

wf (y)
»

��OP^�^�;>^P��;rXLU���8�K<U@8+a
���S8!C¡=V8�F�8+=@=VOPCSb�?@EZ?V�S8�F�EG=VAjK<^P;>?@OPEGC
OPCÀØ�Ö��TSSg����SOP^�8]CSEGCL�Æ��EG^`avFÂ;GN!8�º

br(xr)
ED=

wf (xr,yr)
»

���S8+C
=V8�F�8+=@=VOPCSbj?V�S8�?@�<8�EG=VO�bDO�C<;G^�F�EG=VAjKS^`;�?VO�EDC�OPC
ØJÖ6� Ç �
�Æ?)O`U)8+;GU@X�?@E�U@8!8I?@�<;>?�8�;GN���E>Fv?V�S8�?V�S=V8!8I^PO�C<8+;>=\N�EDC<U|?@=�;>OPCD?�U
º�ØJÖ_U+�UL<g6n6g�;GC<aVMG»9N!;>C¡��8j�6;>C<aL^P8+aÑ�vX¡U@8�?|?VO�C<b�EGCS8j=@E��
E>F

A
;>C<a
EDCS8�8!C_?@=VX�E>F

d
�

W XY� �\� ¯ ³ ¯�Z

¬��S8
�J8+O�bD�_?@OPCSbiF�KSC6N¢?@OPEGC6U
wf

g�;G=@8
;GUVU|KSAB8�a4?@E aL8!:�8!C6a
EGC¿U|EDA�8�:<;>=�;>AB8!?@8!=�U

θ
��¬��vK<U+g�^P8+;G=@C<O�CSb"N�EGC6U|O`UY?�U9EGF � ?|�

?@OPCSb
θ
�[�RE���gÞ;
^PEDUVU9F�K<C<N¢?VO�EDC C<8!8+a<Ud?@EÑ�68�U@:�8+N�O � 8�ai?VE

Ö_K<;>C_?VOWF�X¡?V�S8Z:�8!=@F�EG=VAB;GC<N�8�E>FJ?@�S8Z:<=@8�aLOPN�?@8�a]AZ;>=VbGOPC<;G^PU+�
¬�;>fG8�;�U@8�?�E>FJUV;>AB:S^P8+U

{(x̂, ŷ)}
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∑
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∑
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∂wf (xc,yc)

∂θ(f ′,x′
c,y′

c)
= δ(f = f ′,xc = x′

c,yc = y′
c),
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b∗ = arg minb f(b, θ)
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b∗ > 0
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p(x,y) =
1

Z
exp(

∑

c

E(xc,yc)),
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p(x|y) =
p(x,y)

p(y)
=

1

Z(y)
exp(

∑

c

E(xc,yc)),
º{k Ç »
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Z(y) =

∑

x exp(
∑

c E(xc,yc))
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b(x)
;>C<a

p(x|y)
�

b∗(x) =arg min
b

∑

x

b(x) log
b(x)

p(x|y)
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=arg min
b

∑

x

b(x) log b(x)
º.k�LD»

−
∑

x

∑

c

b(x)E(xc,yc) +
∑

x

b(x) log Z(y)

=arg min
b

∑

x

b(x) log b(x)
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−
∑

c

∑

xc

b(xc)E(xc,yc)
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b(x)
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∑

x

b(x) log b(x) ≈
∑

c∈C

nc

∑

xc

b(xc) log b(xc)

+
∑

i∈I

ni

∑

xi

b(xi) log b(xi),
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nc = 1
g



;>C6a
ni

O`U
1
ABO�CvK<U�?@�S8�CvKSAj��8!=�E>F'N�^PO`ÖDK<8+UJO�C����<OPN���C<EvaS8

i
O`URN!EGC_?V;GO�CS8�a¹gLO{� 8D�

ni = 1 − |{c : i ∈ c}|
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{br(xr)}
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E(xc,yc)
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{b∗r} = arg min
{br}

∑

c

∑

xc

−bc(xc)E(xc,yc) +
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∑

c

nc

∑

xc

bc(xc) log bc(xc) +
∑

i

ni

∑

xi

bi(xi) log b(xi).
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{b∗r} = argmin
{br}

∑

f∈F

∑

r∈R

∑

xr

wf (xr,yr)f(b(xr)).
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L(b, θ) = F (b, θ) + λ
T (Ab − d).
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