
Advanced Numerical Linear Algebra Homework 5
AMSC/CMSC 763 Due December 7, 2017

Problem 1.
a. If the eigenvalues of a symmetric indefinite matrix A lie in two intervals
[−a,−b ] ∪ [c, d ], with positive constants a, b, c, and d, then the residuals gen-
erated by the unpreconditioned minres method satisfy
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Suppose that a = d and b = c so that the inclusion intervals are symmetrically
placed on either side of the origin. Show how the bound above simplifies in this
case.
b. Show that the eigenvalues of the symmetric positive-definite matrix ATA =
A2 lie in the interval [c2, d2]. Compare your bound from part (a) to the conver-
gence bound for the conjugate gradient method appled to A2x = Ab.

2. Let Ahu = f be a system of equations defined on a geometric grid of width h,
and let A2h denote the analogous matrix defined on a coarse grid of width 2h.
A2h could come directly from a discretization, or it could be defined as RAhP
where P is a grid-transfer operator mapping vectors on the coarse grid to those
on the fine grid, and R = PT . The two-grid algorithm with smoothing operator
M is:

Algorithm 2.5: Two-Grid Iteration
Choose u(0)

for i = 0 until convergence
for k steps u(i) ← (I −M−1A)u(i) + M−1f (presmoothing)
r = R(f −Au(i)) (restrict residual)
A2h c = r (solve for coarse grid correction)
u(i) ← u(i) + P c (prolong and update)
u(i) ← (I −M−1A)u(i) + M−1f (postsmoothing)
u(i+1) ← u(i) (update for next iteration)

end

Let e(i) = u− u(i). Show that

e(i+1) = (I −M−1A)k(A−1 − PA−1
2hR)A(I −M−1A)ke(i)

= (I −M−1A)k(A−1 − PA−1
2hR)(I −AM−1)kAe(i).

(1)

For this, you will need to show that A(I −M−1A)k = (I −AM−1)kA.
Assuming M is symmetric, use the second expression of (1) to show that e(i+1) =
(I −M−1

MGA)e(i) where MMG is symmetric. This means that one step of the
two-grid computation can be viewed as a preconditioning operator MMG.


