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Closure Properties
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Terminology: Reg Langs

Def A lang L is reg if there exists a DFA M such that L = L(M).

Since DFA’s and NFA's are equivalent.
Def A lang L is reg if there exists an NFA M such that L = L(M).
We use this definition of reg for this slide packet.

We prove closure properties (or say NO, not going to prove it) of
reg langs using NFA's.

We will keep track of number-of-states.
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How do you complement a reg lang (not a joke)?

Caution Swapping the final and non-final states DOES NOT
WORK for an NFA.

See next slide.



{a":n#0 (mod 6)}




Final and Non-final States Swapped
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Reg Langs Closed Under Complementation (cont)

Upshot It is not possible (or very clunky) to prove closure under
complementation using JUST NFA's.
Can Use NFA-DFA equivalence:

L recognized by an n-state NFA.

Convert to a 2"-state DFA.

Take the complement.

Now you have a 2" state DFA, and hence a 2"-state NFA for L.

Is there a more efficient proof?
No. There are langs L where:

» there is an NFA for L is size n.

» any NFA for L is of size ~ 2".
See next slide for this example.
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Example of a Blowup for Complementation

Example of a language L, such that
1. There is an NFA for L that is small.
2. Every NFA for L is large.
Let M, be the product of the first n primes.

L,={a":i#0 (mod M,)}.

L. There is an NFA for L, of size O(p1 + -+ + pn) = O(5y2)-
2. Any NFA for L, requires size Q(p1p2--- pn) = Q(e"'°8 ™).
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IF Ly, Ly are reg we want to show that L; U L is reg.

Informally Create an NFA that branches both ways with
e-transitions.

See next slide.
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Reg Langs Closed Under Union-Formally
Formally If L; is reg via NFA

(Q1, X, A1, 51, F1). We will take Q1| =y .
and L, is reg via NFA

(@2, %, 09,5, F2). We will take [@2| =y .
then L1 U Ly is reg via NFA

({S,} U Ql @] Qz, Z, A/,S/, F1 @] Fz).
where for i =1 or 2,
If g € Qi, 0 € XU {e} then A'(q,0) = Ai(q, o).
A'(s' e) ={s1,s}.
Note The number of states in NFA for L1 U Ly is n; + np + 1.

Note When we did closure using DFA's, we got nyno.
NOT a win: We get small NFA, not small DFA.
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Reg Langs Closed Under Intersection

IF L1, Ly are reg we want to show that L1 N Ly is reg.

Vote
1. Impossible or clunky to do with NFAs.
2. One CAN do this with NFAs but still gets nin, states.
3. One CAN do this with NFAs and we get < nin; states.

Answer Option 2: Can do with NFAs but gets nyn> states.
It is a cross product construction. Next Slide.
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Reg Langs Closed Under Intersection: Proof

Let Mj = (Ql,z,Al,Sl, Fl) be an NFA for L;
Let M, = (@2, X, Ay, 55, F2) be an NFA for L,
From My and M, construct an NFA M for L1 N L.

M = (Ql X Q2727A7 (51752)7 F1 x F2) where

A((q1, q2),0) =
{(p1,p2) : p1 € DA1(q1,0) A p2 € D2(q2,0)}
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Reg Langs Closed Under Concat-Intuitively

Have an e-transition from final state of M; to start state of M.
Generic picture on next slide.



Reg Langs Closed Under Concat-Picture

o]

O—




Reg Langs Closed Under Concat-Formally

Formally If Ly is reg via NFA

(Q1, %, A1, 51, F1). We will take |@1] = ny .



Reg Langs Closed Under Concat-Formally

Formally If L; is reg via NFA

(Q1, %, A1, 51, F1). We will take [@Q1] = ny .
and Ly is reg via NFA

(@, X, Ag, 5, F). We will take |Qo] = ns .



Reg Langs Closed Under Concat-Formally

Formally If L; is reg via NFA

(Q1, %, A1, 51, F1). We will take [@| = .
and Ly is reg via NFA

(@, X, Ag, 5, F). We will take |Qo] = ns .
then L1L, is reg via NFA

(LU Q, X, A 51, F)



Reg Langs Closed Under Concat-Formally

Formally If L; is reg via NFA

(Q1, %, A1, 51, F1). We will take [@| = .
and Ly is reg via NFA

(QQ,Z,AQ,SQ, F2). We will take ’Qg‘ =no .
then L1L, is reg via NFA
(QLUQ, X, A 51, )

AIIA1UA2U{A(f,e)I$22 fEFl}.



Reg Langs Closed Under Concat-Formally

Formally If L; is reg via NFA

(Q1, %, A1, 51, F1). We will take [@| = .
and Ly is reg via NFA

(QQ,Z,AQ,SQ, F2). We will take ’Qg| =ny .
then L1L, is reg via NFA
(QLUQ, X, A 51, )
A/IA1UA2U{A(f,e)I$22 fe Fl}

Number of states: ny + no.
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Reg Langs Closed Under *7?-READ ON YOUR OWN

The next few slides are on closure under .
These | leave to you to read on your own.

We skip to the end.
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Reg Langs Closed Under *?-Intuition-1st Try

Have an e-transition from final states of M to start state of M.
Next slide has a generic picture of this approach.
Spoiler Alert This will not work.



Reg Langs Closed Under *?-Picture-1st Try




What Goes Wrong with 1st Try?

What goes wrong?



What Goes Wrong with 1st Try?

What goes wrong?

We want e to be accepted.



What Goes Wrong with 1st Try?

What goes wrong?
We want e to be accepted.
Next slide has an NFA tht does work.
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Reg Langs Closed Under *?-Formally

Might be a HW or exam question.



Summary of Closure Properties and Proofs

X means can’t prove easily
n1 + n (and similar) is number of states in new machine if L; reg
via n;-state machine.

Closure Property | DFA NFA

L1 ULy niny | m+n+1

LinNLy niny niny

Ly-L> X n 4+ no
L n X

L* X n+1
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