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1 Introduction

In 1928 the English mathematician Frank Plumpton Ramsey published his pa-
per On a problem of formal logic [13] in which he proved what would become
known as Ramsey’s Theorem. The paper has led to a large area of combina-
torics now known as Ramsey Theory. We shall explore some major results in
Ramsey Theory which all, broadly speaking, find some degree of order within
a large disordered set.

The field of Ramsey Theory has only relatively recently come together to
be viewed as one body and many seemingly basic results are still not known,
and there is no prospect of them being known in the near future.

In 1916 Issai Schur proved that in any finite colouring of the natural numbers
there must exist three monochromatic elements, x,y and z such that z +y = z.
This basic result was generalised by Richard Rado in 1933 to give a characteri-
sation of the homogeneous systems to which a monochromatic solution can be
found in any finite colouring of the natural numbers. We examine these results
in Chapter 4.

Between Schur proving this theorem in 1916 and Rado publishing his theo-
rem in 1933, Ramsey and Van der Waerden published theorems now considered
central to Ramsey Theory.

We shall begin by examining Ramsey’s Theorem, initially for graphs, and
then, more generally, for sets. For example Ramsey’s theorem for graphs states
that in any large enough finitely coloured complete graph there must exist some
large monochromatic substructure. Little is known about the actual orders that
these complete graphs must have to ensure that they contain some particular
monochromatic substructure.

Van der Waerden’s Theorem was proved in 1927, a year earlier than Ram-
sey’s. Van der Waerden proved that in any finite colouring of the natural
numbers there must exist some monochromatic arithmetic progression with &
terms. We shall give an elegant and short proof based on colour focussing.

Finally we shall turn to Hindman’s Theorem, the most recent theorem which
we shall examine, it was proved in 1974. Hindman’s Theorem states that, for
every finite colouring of the natural numbers there exists some infinite subset
S C N such that all the finite sums of the elements of S are monochromatic.
Although it is not hard to understand this theorem, it requires some powerful
mathematical tools in its proof. In Chapter 5 we shall build up these ideas
before finally proving the result.



2 Ramsey’s Theorem

A result relating to many problems in Ramsey Theory is the Pigeonhole prin-
ciple, we introduce it here.

2.1 The Pigeonhole principle

The pigeonhole principle, also known as the Dirichlet pigeonhole principle, sim-
ply states that if there exists n pigeonholes containing n + 1 pigeons, one of the
pigeonholes must contain at least two pigeons. This can be generalised to say
that if there are a finite number of pigeonholes containing an infinite number
of pigeons at least one of the pigeonholes must contain an infinite number of
pigeons.

2.2 Small Ramsey numbers

To understand Ramsey numbers and Ramsey’s Theorem we must first unders-
tand what is meant by a coloured graph.

Definition 2.2.1. A 2-coloured graph is a graph whose edges have been coloured
with 2 different colours.

Example. Three ways in which 'K, could be 2-coloured are given in Figures
1, 2 and 3.

Fig. 1 Fig. 2 Fig. 3

Ramsey’s Theorem assets that there exists a number R(s) such that that
any complete 2-coloured graph of order n > R(s) must contain a complete
monochromatic subgraph of order s. That is, in any 2-colouring of K, with the
colours red and blue there must exist either a red or a blue K. Equivalently,
every graph of order n > R(s) has either a complete or empty subgraph of
order s. These two statements are equivalent because, any graph, G, of order
n gives rise to a 2-colouring of K, since we may colour G with one colour and
its complement the other colour. Colouring a graph is simply a convenient way
of splitting it’s edges into separate subgraphs.

Definition 2.2.2. The Ramsey number, R(s,t), is the order of the smallest
complete graph which, when 2-coloured, must contain a red Ky or a blue K.

1K, denotes the complete graph of order z.



R(s,t) = R(t, s) since the colour of each edge can be swapped. Two simple
results are R(s,1) = 1 and R(s,2) = s. R(s,1) =1 is trivial since K; has no
edges and so no edges to colour, thus any colouring of K7 will always contain a
blue K. R(s,2) = s is also a simple result; if all the edges of K, are coloured
red, it will contain a red K, however if one edge is coloured blue it will contain
a blue Ko. The edges of any graph of order less that s could all be coloured
red in which case the graph would contain neither a red K or a blue Ks.

The values of these Ramsey numbers are, perhaps surprisingly, very difficult
to determine and only a small number of them are known, for example R(5,5)
is still unknown. The known non-trivial Ramsey numbers for two colours are
listed in the table below.

RGst) |3 ] 4567809
316 |9 [14]18]23[28]36
4 |9 1825

5 | 14|25

6 |18

7 |23

8 |28

9 |36

Given below are two examples which illustrate the methods by which Ram-
sey numbers may be found.

Example. R(3,3) =6.
We see first that R(3,3) > 5 from the colouring of K5 below. This colouring

shows K5 may be 2-coloured such that it does not contain a red or blue K3 as
a subgraph.

AN

It is then simple to see that R(3,3) < 6 and so R(3,3) = 6. Indeed, in any
colouring of K each vertex must be incident to at least three red or three blue
edges by the pigeonhole principle. We take a vertex, say x, which is incident to
at least three red edges. These edges are clearly incident to three other vertices.
If every edge between these three vertices is blue then we have a blue K3 and so
we assume that at least one of these edges is red. This red edge, together with
the two edges incident to z will form a red K3. If there does not exist a vertex
x which is incident to three red edges then every vertex must be incident to at
least three blue edges, causing a monochromatic K3 to arise in a similar way.

Example. R(4,3) =9.

We see first that R(4,3) > 8 from the colouring of Ky below. This colouring
shows Kg may be 2-coloured such that it does not contain a red K4 or a blue
K3 as a subgraph.



To show that R(4,3) < 9, we consider any 2-colouring of Ky. In any graph the
number of vertices with odd degree must be even. For this reason there cannot
exist a red 5-regular subgraph of Kg or a blue 3-regular subgraph of Kg. This
implies that in a complete 2-coloured graph of order nine there must be at least
one vertex which is incident to at least six red or at least four blue edges.

4

We already have that R(3,3) = 6 so taking a vertex, say x, which is incident to
six red edges, the six vertices connected to these red edges must induce a red
or blue K3. We are done if we have a blue K3 so we assume that we have a red
K3, this red K3 together with the edges connecting K3 to x must induce a red
K4, and we are done.

4

We now turn to the case where x is incident to four blue edges. Between two of
the vertices connected to x by blue edges there must exist either a blue edge or
all the edges must be red. If there exists a blue edge we have, together with the
edges incident to x, a blue K3, we call this case (i). Otherwise all four vertices
are connected by red edges and we have a red Ky, we call this case (ii).

X é() X (ii)

In either case there must exist a red K4 or a blue K3 and so in any 2-coloured
complete Ko there must exist either a red Ky or a blue K3 as a subgraph.



2.3 Ramsey’s Theorem for coloured graphs

Theorem 2.3.1. For any two natural numbers, s and t, there exists a natural
number, R(s,t) = n, such that any 2-coloured complete graph of order at least
n, coloured red and blue, must contain a monochromatic red K or blue K.

Proof. We prove that R(s,t) exists by proving it is bounded. We shall use
proof by induction first assuming that R(s —1,¢) and R(s,t — 1) exist. As was
shown earlier R(s,2) = R(2,s) = s and R(s,1) = R(1,s) = 1 are trivial results.
Claim. R(s,t) < R(s —1,t) + R(s,t —1).

We first take a 2-colouring of a complete graph with n = R(s—1,t)+ R(s,t—
1) vertices. We now pick one of the vertices in K,,, say x. We then produce
two sets, R, and B,, R, is the set of vertices adjacent to x such that every
edge connecting a vertex in R, to x is red. Similarly B, is the set of vertices
adjacent to x such that every edge connecting a vertex in B, to x is blue.

Since K, is a complete graph B, = [n]|\ (R,U{z}) and so |R;|+|B;| = n—1.
If |[R;| < R(s—1,t) and |B;| < R(s—1,t) then since n = R(s—1,t)+ R(s,t—1)
we must have |R;| + |By| < n — 2, a contradiction. So |B;| > R(s,t — 1) or
|R:| > R(s —1,1).

If |By| > R(s,t — 1) and B, induces a red K we are done. If B, induces a
blue K; 1 then K, must contain a blue K; since B, U {x} must induce a blue
K;. Indeed, each edge xt is blue for all ¢ € B, from the definition of B,. So
B, U{z} must induce a blue K, if B, contains a blue K;_1. The case for R, is
completely symmetric, that is, if R, induces a blue K; we are done and if R,
induces a red Ks_; then K, must contain a red K since R, U {x} must induce
ared K.

We have shown that a 2-coloured complete graph of order R(s — 1,t) +
R(s,t — 1) must contain a red Ky or a blue Ky, proving that R(s,t) < R(s —
1,t) + R(s,t — 1). This completes our induction. O

We now prove the infinite case of Ramsey’s Theorem for two colours.

Definition 2.3.2. Ky is the complete graph whose vertex set is countably in-
finite.

Theorem 2.3.3. FEvery 2-coloured Ky must contain a countably infinite mo-
nochromatic complete graph.

Proof. Fix a 2-colouring of the edges of the complete graph, Ky. We label
each vertex with an element from N and take the vertex, x, which we have
labeled 1, we now consider all the edges incident with x. Since the graph is
infinite, using the pigeonhole principle, there must be an infinite set of red (or
blue) edges incident with z. Define X to be the infinite set of vertices connected
to x by a red (or blue) edge. Now consider a vertex within X, say y > 1. Again
because the set X is infinite there must be an infinite set of blue (or red) edges
incident with y and some vertex in X. Define Y C X to be the infinite set
of vertices which are connected to y by a blue (or red) edge. Now consider a
vertex within Y say z, where z > y. Again because the set Y is infinite there
must be infinite number of red (or blue) edges connecting z to vertices in Y.



Define Z C Y to be the infinite set of vertices which are connected to z by a
red (or blue) edge.

Infinitely many
- blue edges
=Y

* Infinitely many
: ;(ed edges

Infinitely many
: red edges
- Z

We can continue picking successive vertices indefinitely since our graph is infi-
nite, this will result in a set of vertices V = {z,y,2,...} C Ky. We define F
to be the set of edges connecting the vertices in V, so E is {zy,zz,...,yz,...}.
From this definition of the set E it is clear that the colour of any edge in F is
determined by the smaller of its end vertices. That is, if we assume that the
colour of each edge in the set of edges {zZ |z € X}, is red, each edge in the
set of edges {yy |y € Y}, is blue and each edge in the set of edges {2z |z € Z},
is red. Then any edge zv for v € V must be red, any edge yv for v € V' \ {z}
must be blue and any edge zv for v € V' \ {z,y} must be red. We can now
produce a 2-colouring of V', we colour any vertex in V', say p, red if every edge
in {pp|p € P}, is coloured red, where P is defined in the same way that X,Y
and Z were. Similarly, we colour any vertex in V, say ¢, blue if every edge in
{qq|q € Q}, is coloured blue, where @ is defined in the same way that XY
and Z were. In our case the colouring of V' is {x,y, z,...}. Since V consists of
infinitely many vertices, coloured with only two colours, the pigeonhole prin-
ciple allows us to conclude there must be an infinite monochromatic set within
V', we call this set M. This infinite set of monochromatic vertices induces an
infinite monochromatic complete subgraph of Ky. Each vertex in M is adjacent
to every other vertex in M. Every vertex in M is the same colour, so every
edge in the graph induced by M must have the same colour. Thus the graph
induced by the vertex set M is a countably infinite monochromatic complete
graph. O

Definition 2.3.4. A graph is r-coloured if we colour each edge of the graph
with one of r colours.

Definition 2.3.5. The Ramsey Number, R.(s), is the order of the smallest
complete graph which, when r-coloured, must contain a monochromatic K.



r times

R, (s) can also be written R(m) Generally, as above, we write R(s)
for Ra(s) but we could also be write R(s,s). Any complete r-coloured graph of
order n > R,(s) must contain a complete monochromatic subgraph of order s.
We call Ramsey numbers of the form R(s,s,...,s) diagonal Ramsey numbers.
Other Ramsey numbers are of the form R(s,t,...,n).

We may now deduce Ramsey’s Theorem for a finite number of colours di-
rectly from Theorem 2.3.3.

Theorem 2.3.6. FEvery r-coloured Ky must contain a countably infinite mo-
nochromatic complete graph, where 1 < r < oo.

Proof. Suppose that Ky is coloured with r colours, say ki, ks,..., k.. We
may produce a graph K&I by changing the colouring of Ky. Each edge of KI%]
that was coloured with kq in Ky is coloured with [y in KI{]. Each edge that was
coloured with one of ko, k3, ..., k._1 or k, in Ky is coloured with Iy in KI{].

From Theorem 2.3.3, since KI{] is a complete countably infinite graph co-
loured using only two colours, /1 and I, KI%] must contain a countably infinite
monochromatic complete graph coloured with either [y or ls. If KI%] contains
a countably infinite monochromatic complete graph coloured with [; we are
done since Ky must then also contain this countably infinite monochromatic
complete graph. If KI%] contains a countably infinite monochromatic complete
graph coloured with o, then we produce the graph Ké.

We define KI% to be the countably infinite monochromatic complete graph
coloured with [y in KI%]. Each edge of KI% that was coloured with ko in Ky
is coloured with m; in KI%. Fach edge of KI% that was coloured with any of
ks, k4,...,k-_1 or k. in Ky is coloured with ms in KI%. From Theorem 2.3.3,
since KI% is a countably infinite complete graph coloured using only two colours,
mq and mo, KI% must contain a countably infinite monochromatic complete
graph coloured with either mi or meo. If Ké contains a countably infinite
monochromatic complete graph coloured with m; we are done since Ky must
then also contain this countably infinite monochromatic complete graph. If KI%
contains a countably infinite monochromatic complete graph coloured with mso,
then we produce the graph Kg}. We may define Kf{’] in exactly the same way we
defined K3 using K.

We may continue in this way, however, since Ky is only coloured with a
finite number of colours at some step we must find either a countably infinite
monochromatic complete graph coloured with one of ki, ks, ks3,...k._o or we
shall define Kf\}_l. Kf\}_l must be a complete infinite graph, coloured using only
kr—1 and k.. Again from Theorem 2.3.3 K{\’]_l contains a countably infinite
monochromatic complete graph coloured with either k,_1 or k,. Since both the
sets of edges coloured with k,._1 and k, in K&‘l are also in Ky we must have

that Ky contains some countably infinite monochromatic complete graph.
O

The second of the results, proved as a direct consequence of Theorem 2.3.3
is Theorem 2.3.1, we give a second proof here. We must first give a definition.



Definition 2.3.7. If we label the vertices of K, with the natural numbers,
1,2,3,...,n, then we may restrict a colouring of K, to a colouring of K,
where m < n. We restrict the colouring by only colouring the complete graph
on the first m wvertices in K,. In this restricted colouring K,, is coloured in
exactly the same way it was coloured in K, .

Second proof of Theorem 2.3.1. This is a proof by contradiction. We first
assume we can find a 2-colouring of K, which does not contain a red K or a
blue K; for every n € N. Let C,, be such a 2-colouring of K.

We first note that for every n € N there are a finite number, 2(3), ways
of 2-colouring K,. We take a subsequence of the colourings Cs,Cs,CYy, ...,
consisting only of the colourings which when restricted to K> colour it’s edge
in exactly the same way. K5 can only be coloured in two different ways with
two colours so, by the pigeonhole principle, there must be an infinite number
of the colourings, C; for ¢ € N and i > 2, which colour K in the same way.
We call this subsequence of colourings Co and define I such that C; € Cy only
if 1 € Io. We can then find a subset C3 C Cy, consisting only of the colourings
which when restricted to K3 colour all edges in exactly the same way. K3 can
only be coloured in eight different ways with two colours so, by the pigeonhole
principle, there must be an infinite number of the colourings, C; for i € I,
which colour K3 in the same way. We call this subset of colourings C3 and
define I3 such that C; € Cs only if ¢ € I3. We note that I3 C I5. We may
continue in this way indefinitely.

We now produce a 2-colouring, C', of Ky. We define C, as follows. For every
R € Nwith 2 < R < x we set C(Kg) = C;(Kgr) where C; € C,. This colouring
is well defined, if R < x < y then defining the colouring C'(Kgr) using C, or
C, will give equal results since C'(Kg) = C;(Kgr) = Cj(Kg) for C; € C, and
C; € Cy. This is clear since the subset of colourings C, consists of the colourings
C; such that 7 € I, C I, C IR, so they all colour Kg in the same way.

We now assume that there exists some natural number, n, such that under
the colouring C' the graph K, contains some red K, or blue K;. We can
see from the definition of C' that C(K,) = C;(K,) for some C; € C, where
n < v. However, by definition any colouring in C, colours any complete graph
of order n so that is does not contain a red K or a blue K;. So we have a
contradiction. Thus under the 2-colouring C' there does not exist a natural
number, n, such that C(K,,) contains some red Ky or blue K;. This is also a
contradiction, from Theorem 2.3.3, every 2-colouring of K contains a countably
infinite monochromatic complete graph. C' is a 2-colouring of Ky which does
not contain a red K or blue K; so certainly does not contain a countably
infinite monochromatic complete graph. So there must exist some n € N such
that in any 2-colouring of K, there exists a red K or a blue K. O

2.4 Ramsey’s Theorem for sets

Definition 2.4.1. For some set, A, and natural number, k, the subsets of A
of size k are called k-tuples. The set of all k-tuples in A is A%,

Example. The 4-tuples of the set A = {1,2,3,4,5} are the sets {1,2,3,4},



{1,2,3,5}, {1,2,4,5}, {1,3,4,5} and {2,3,4,5}. The set A® is {{1,2,3,4]},
{1,2,3,5},{1,2,4,5},{1,3,4,5},{2,3,4,5}}. A 3-colouring of A is
{{1,2,3,4},{1,2,3,5},{1,2,4,5},{1,3,4,5},{2,3,4,5}}.

Theorem 2.4.2. Let x be an r-colouring of A®) where 1 < k < oo and A is a
countably infinite set. Then A contains a monochromatic infinite set, M, that
is, M®) is monochromatic.

Proof. This proof is one of induction on k. The result for £k = 1 is trivial,
since the set is split into sets of size one, that is, we colour each element with
one of the r colours. Since these elements are coloured with a finite number
of colours and the set is infinite, by the pigeonhole principle, there must be a
monochromatic infinite set of these elements.

We assume that the theorem is true for subsets of size less than k. In
particular, for every r-colouring of A where A is a countably infinite set and
¢ is a natural number such that ¢ < k, A contains a monochromatic infinite
set. We first fix an r-colouring, x, of A%, We now set Ay = A and choose
an element ag € Ag. Let By = Ap \ {ap}. We then define an r-colouring,
X1, of the (k — 1)-tuples of By. The colouring of each (k — 1)-tuple, 7, in B
is defined by x1(7) = x(7 U {ap}). From our induction hypothesis, B; must
contain an infinite set, A;, all of whose (k — 1)-tuples are monochromatic. We
now take a; € A; and define By = A; \ {a1} and an r-colouring, x2, of the
(k — 1)-tuples of By. The colouring of each (k — 1)-tuple, 7, in By is defined by
x2(7) = x(7 U{a1}). Again by the induction hypothesis, B, must contain an
infinite set Ag all of whose (k—1)-tuples are monochromatic. This argument can
be continued indefinitely to obtain an infinite sequence of r-coloured elements
{ap,a1,as,...}. Each element, a;, of this sequence is given the same colour as
the infinite set of monochromatic (k — 1)-tuples, A;;1. An infinite sequence of
nested sets Ag D A1 D Ay D --- with a,, € A, is also produced since A; is an
infinite set in A;_1 \ {a;—1} and therefore contained in A;_;. All the k-tuples
in A whose only element outside A; is a;_1 must have the same colour because
of the way x; coloured the (k — 1)-tuples. Any k-tuple in {ag, a1, as, ...} which
contains a; and k — 1 elements from {a;;1,a;12,...} must be red if a; is red.
From the pigeonhole principle there must be infinitely many monochromatic
elements in {ag,a1,as,...}. Each k-tuple of this monochromatic infinite set
must be monochromatic. That is, if in {ag,a1,ase,...} there are an infinite
number of red elements then our infinite monochromatic set, M, would consist
of every red element a;. O

From Theorem 2.4.2, Ramsey’s Theorem for countably infinite sets sets,
we may deduce Theorem 2.4.3, Ramsey’s Theorem for finite sets. We will only
prove this theorem for two colours, however the proof can be simply generalised
for any finite colouring.

Theorem 2.4.3. Given natural numbers, s and k, there exists some natural
number n such that for any 2-colouring of [n](k) there is a monochromatic set,
S, of size s, such that S C [n].



Proof. This is a proof by contradiction. We first assume we can find a
2-colouring of [n]*) which does not contain a monochromatic set of size s for
every n € N. Let (), be such a 2-colouring.

We first note that for every n € N there are a finite number, 2(2), ways of
2-colouring [n](k). We take a subsequence of the colourings, Cy, Cri1,Craio, ...,
consisting only of the colourings which when restricted to [k]*) colour it in
exactly the same way. There are only 2(2) = 2 possible colourings of [k‘](k) S0,
by the pigeonhole principle, there must be an infinite number of the colourings,
Cy, for i € N and i > k, which colour [k]®®) in the same way. We call this subset
of colourings Ci and define I such that C; € C only if ¢ € I. We can then
find a subset Cr41 C Ci, consisting only of the colourings which when restricted
to [k 4 1] colour it in exactly the same way. [k + 1]%*) can only be coloured
in a finite number of ways with two colours so, by the pigeonhole principle,
there must be an infinite number of the colourings, C; for ¢ € I, which colour
[k+ 1](k) in the same way. We call this subset of colourings Cy11 and define I},
such that C; € Ciyq1 only if i € I 1. We note that I 1 C I;. We can continue
to produce subsets of the colourings in this way. A subset of colourings, C,,
each of which colour [z]*) in exactly the same way can be restricted to a subset
of colourings, Cy, each of which colour [y](k) in exactly the same way, whenever
Yy =T

We now produce a 2-colouring, C, of N®¥). We define the 2-colouring, C,
as follows. For every R € N with k < R < z we set C([R]®) = C;([R]®)
where C; € C,. This colouring is well defined, since if [R] C [z] C [y] then
defining the colouring C([R]*)) using C, or C, will give equal results since
C([R®) = Cy([R]™) = Cj([R]™)) for C; € C, and Cj € C,. This is clear
since the subset of colourings C, is just the set of colourings C; such that
i €1, C I, ClIg,so they all colour [R]*®) in the same way.

We now assume that there exists some natural number, n, such that C'([n]*))
contains a monochromatic set of size s. We can see from the definition of C' that
C([n]®)) = Ci([n)*)) for some C; € C,, where v > n. However, by definition
any colouring in C, colours [n](*) so that it does not contain a monochromatic
set of size s. So we have a contradiction. Thus under the colouring C' there
does not exist a natural number, n, such that C([n](*)) contains a monochro-
matic set of size s. This is is also a contradiction, from Theorem 2.4.2, every
2-colouring of N®) contains an infinite monochromatic set. C' is a 2-colouring
of N*) which does not contain a monochromatic set of size s, so certainly does
not contain an infinite monochromatic set. Therefore, we may conclude there
must exist some natural number, n, such that for any 2-colouring of [n]*) there
is a monochromatic set, S, of size s, such that S C [n]. O

10



3 Van der Waerden’s Theorem

In 1927, a year earlier than Ramsey published his theorem, the Dutch mathe-
matician Bartel Leendert van der Waerden published his paper Beweis einer
Baudetschen Vermutung [14] in which he proved what would become known as
Van der Waerden’s Theorem.

Van der Waerden’s Theorem states that for all positive integers, k and r,
there exists a natural number W (k,r) such that, if the set of natural numbers
{1,2,...,W(k,r)} is r-coloured, then it must contain at least one monochro-
matic k-term arithmetic progression.

3.1 Small Van der Waerden numbers

Van der Waerden numbers, similarly to Ramsey numbers, are not extensively

known. The known non-trivial Van der Waerden numbers are are listed in the
table below.

Wi(k,r) |r=2] 3 | 4

k=3 9 | 27|76

4 35

5 178

Trivially W(1,7) =1, W(2,r) =r+ 1 and W(k,1) = k.

Example. W (3,2) =9.

To find W (3,2) we find the set of natural numbers {1,2,..., W (3,2)} which
when 2-coloured must contain some monochromatic 3-term arithmetic progres-
sion. We can see W (3,2) > 8 from the 2-coloured set {1,2,3,4,5,6,7,8} which
does not contain a monochromatic 3-term arithmetic progression.

The proof that W (3,2) < 9 is simple since the 2-colourings of {1,...,9} can
be reduced to a small number of cases. We may 2-colour {1,2, 3,4} in sixteen
ways, half of which colour 1 red and half of which colour 1 blue. We may sim-
ply consider the eight cases where 1 is coloured blue, the other eight cases are
completely symmetric. We may also ignore the colourings of {1,2,3,4} which
contain a monochromatic 3-term arithmetic progression, so we are left with only
five cases. We take the first case, {1,2,3,4,5,6,7,8,9}, since 3 and 4 are red,
colouring 5 red would form a monochromatic 3-term arithmetic progression,
therefore we colour 5 blue. We must then colour 8 red since otherwise a blue
3-term arithmetic progression would be formed by 2,5 and 8. To avoid the red
3-term arithmetic progression in the terms 4,6 and 8 we colour 6 blue, however,
this then forces 7 to be coloured red to avoid producing a blue 3-term arith-
metic progression in the terms 5,6 and 7. For these reasons this colouring of
{1,2, 3,4} forces the colouring {1,2,3,4,5,6,7,8,9} where 9 cannot be coloured
without producing a monochromatic 3-term arithmetic progression. Similarly
{1,2,3,4,5,6,7,8,9} forces the colouring {1,2,3,4,5,6,7,8,9},
{1,2,3,4,5,6,7,8,9} forces the colouring {1,2,3,4,5,6,7,8,9},
{1,2,3,4,5,6,7,8,9} forces the colouring {1,2,3,4,5,6,7,8,9} and
{1,2,3,4,5,6,7,8,9} forces the colouring {1,2,3,4,5,6,7,8,9}. These colou-
rings show that it is impossible to 2-colour {1,2,...,9} without producing a mo-
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nochromatic 3-term arithmetic progression. We have shown 8 < W (3,2) <9,
so W(3,2) =9.

For larger Van der Waerden numbers the numerical method used above
becomes increasingly protracted. As with Ramsey numbers, while upper and
lower bounds for many Van der Waerden numbers have been found, their exact
values are still unknown and without a huge amount of computing or a mathe-
matical breakthrough will remain so. An example of how an upper bound for
one Van der Waerden number is found is given below. In Section 3.2 we will
generalise the method used in Proposition 3.1.1 to prove Van der Waerden’s
Theorem.

Proposition 3.1.1. W (3,2) < 325

Proof. The set of natural numbers, {1,2,...,325}, are first divided into 65
blocks, each of order five. That is, {1,2,...,325} = {1,...,5} U{6,...,10} U
... U{321,...,325}. We then label these block By, Ba, ..., Bs; where

By = {1,...,6},By = {6,...,10},...,Bgs = {321,...,325}. Each of these
blocks could be coloured in any one of 2° = 32 ways. We now label each
element of {1,2,...,325}, b,,, where x denotes the index of the block which
the element is in and y denotes its position within B,, for example 6 is labeled
by 1. Since there are only 32 ways in which any of the blocks may be 2-coloured,
by the pigeonhole principle, at least two of the first 33 blocks must be coloured
in the same way. We call these blocks B, and B, 4. Since each block is coloured
with only two colours, again by the pigeonhole principle, we can say that at
least two of the first three elements in each block must be monochromatic. We
call the two monochromatic elements in the first three elements of B, b, and
ba,a+s5- Since both these elements are in the first three terms of B, the difference
between b, o and b, 45 can only be one or two, so 6 = 1 or 6 = 2. There are
five elements in each block so the third term in the arithmetic progression,
ba,as ba,a+s, must be an element of By, namely b, o425. If by o425 has the same
colour as by and by o5 then we have a monochromatic 3-term arithmetic
progression. Therefore we assume b, o425 is not of the same colour as b, q,
and turn to the block B,124. bgn and bg4qq+s are monochromatic, since B,
and B4 are equally coloured. Therefore if b, 24 25 is of the same colour as
ba,o and b,y g a+s5 we have a monochromatic 3-term arithmetic progression and
we are done. Therefore, we assume by 24,0425 is a different colour to b, o and
batd,a+s- Since there are only two colours which any of the numbers can be
coloured with, b, 424,q+25 must be the same colour as b, o+2s5. Since B, and B4
are equally coloured by o425, batd,a+25 and by 240425 must be monochromatic,
so we have a monochromatic 3-term arithmetic progression. Thus we have
shown that no matter how {1,2,...,325} is 2-coloured there must always exist
some monochromatic 3-term arithmetic progression, so W(3,2) < 325. U

Example. We take the example when the two monochromatic blocks in
{1,2,...,165} are By; and Bs;. A colouring of By might be
B11 = {51,52,53,54,55} and since the colourings of Bj; and Bs; are equal
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B3y = {151,152,153,154,155}. We can see there is no monochromatic 3-
term arithmetic progression in these two sets. In this case we use By; to
find a monochromatic 3-term arithmetic progression. We arrive at the two
possible 2-colourings of Bs;. They are, Bs; = {251,252,253,254,255} and
Bs1 = {251,252,253, 254,255} where the uncoloured numbers may be red or
blue. In the first case we have the monochromatic 3-term arithmetic progres-
sion {51, 152,253}, and in the second we have {53,153, 253}.

3.2 Van der Waerden’s Theorem

To prove Van der Waerden’s Theorem for the general case we must first un-
derstand Colour focusing.

Definition 3.2.1. In some r-colouring of the natural numbers, t different k-
term arithmetic progressions are colour focused if

e cach k-term arithmetic progression is monochromatic,
e none of the t arithmetic progressions have the same colour,
o the (k+ 1) terms of each of the t arithmetic progressions are equal.

The (k+1)" terms of the t arithmetic progressions is called the colour focus of
those arithmetic progressions.

In a t-colouring the colour focus of the ¢ monochromatic k-term arithmetic
progressions must have the same colour as one of the ¢ progressions and so a
monochromatic (k + 1)-term arithmetic progression must be formed.

Example. A colour focus was used in the previous example. The colour focus
for the two monochromatic 2-term arithmetic progressions in the 2-colouring of
{1,2,...,325} was 253.

Example. In the 2-colouring {1,2,3,4,5,6,7,8,9,10,11,12,13}, where the
uncoloured numbers may be red or blue, 13 is a colour focus. Indeed, 13 is
the fourth term of both the monochromatic arithmetic progressions 1,5,9 and
4,7,10. Also, no matter whether 13 is coloured red or blue there must be a
monochromatic 4-term arithmetic progression in the set.

We now prove Van der Waerden’s Theorem.

Theorem 3.2.2. For all positive integers, k and r, there exists a natural num-
ber W (k,r) such that, if the set of natural numbers {1,2,..., W(k,r)} is r-
coloured, then this set must contain at least one monochromatic k-term arith-
metic progression.

Proof. We shall prove that W (k,r) exists by showing it is bounded. We use
a proof by induction, on k. We already have that we can find a natural number
W(1,r). We now assume that, for any ¢ < k and any [ we can find W (q,l). We
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now show that W (k + 1,r) exists for every r.
Claim. For any ¢, such that ¢ < r, there exists a natural number W (t, k,r)
such that whenever the set, {1,2,...,W(t,k,r)} is r-coloured, it must contain
either a monochromatic (k + 1)-term arithmetic progression or ¢ colour focused
monochromatic k-term arithmetic progressions together with their colour focus.

We prove this claim by induction, on ¢t. We have previously assumed that
we can find a natural number W (k,r). Since there exists one monochromatic
k-term arithmetic progression in {1,2,..., W (k,r)} it must be colour focused
and its focus must be its (k+ 1)"*-term. The arithmetic progression’s (k + 1)-
term must be less than or equal to 2W (k,r). Therefore {1,2,...,2W (k,r)}
must contain a colour focused monochromatic k-term arithmetic progression
together with its colour focus. So W(1,k,r) = 2W (k,r).

We now assume that W (t, k, r) exists and must prove the existence of W (t+
1,k,7).

We begin by taking the natural number, X = 2W (¢, k,r)W (k, "V (&R0,
We may then split the interval, [1, X], into blocks, each of order W (¢, k,r). We
label each block B; where i denotes the blocks position in [1, X]. So we have

[1,X] ={1,2,...,W(t,k,r)Y U{W(t,k,r) + 1L, Wt k) +2, ..., 2W (¢t k,7)}U
ULX — (Wt k) — 1), X — (W(t k1) —2),..., X},

=B1 U By U - U By pwt.kirr)—1 Y Bopy (o (15,0 -
We now consider an r-colouring of {1,2,...,X}. There are r'V{“57) ways in
which a set of order W (t, k,r) can be r-coloured, so each block, B;, must be
coloured in one of these rV(&E7) ways.

If, when the interval [1, X] is r-coloured, any of the blocks of order W (¢, k,r)
contain a monochromatic (k + 1)-term arithmetic progression we are done. So
we assume that each block contains t colour focused monochromatic k-term
arithmetic progressions.

From the definition of W (k, " ®*7)) the set of natural numbers {1,2, ...,
W (k, "W &R))Y must contain a monochromatic k-term arithmetic progression
when W ®F7)_coloured. Our r-colouring of {1,2, ..., W (t, k,7)W (k, W (&R}
induces an " (&R _colouring of the set of blocks, {By,Bo,... ,BW(W,W(t,k,r))},
since each block has size W (t,k,r) and thus is r-coloured in one of " (tF.r)
ways. Therefore, the first W (k, 7" (:%7)) blocks must contain a monochromatic
k-block arithmetic progression. That is, there must exist k identically coloured
blocks, Ba, Batds Bat2ds - - - s Bay(k—1)a, Whose indices form an arithmetic pro-
gression. Since each block is of order W (t, k,r) we may assume that they all
contain t colour focused monochromatic k-term arithmetic progressions toge-
ther with their colour focus, since otherwise one of the blocks must contain a
monochromatic (k + 1)-term arithmetic progression and we would be done.

We now label each element in {1,2,..., X}, b, ,, where « denotes the index
of the block the element is in and y denotes that elements position in B,. We
denote the t colour focused monochromatic k-term arithmetic progressions in
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Pa,l = ba,ou ba,a—i—&: ba,a+257 ceey ba,a+(k—1)57

Pa,2 = ba,ua ba,u—}—l/: ba,u+2u7 ceey ba,u—i—(k—l)w

Pat = ba,p, b, bagpt2gs - - - ba,gr (k—1)p-

These progressions each have their colour focus at b, . That is, by atrs =
bajytky = -+ = baptky = ba,y. Since all of the k blocks, By, Byyd, Bat2ds
-y Bay(k—1)d, are identically coloured there must exist monochromatic k-term
arithmetic progressions,

Pa,l = ba,om ba,a—i—&a ba,a+257 ceey ba,a—i—(k—l)&a
Potd) =batdas batdats batda+26s - s atdat(k—-1)8
Pa—}—(k—l)d,l = ba—}—(k—l)d,av ba-}—(k—l)d,a-‘rév ba+(k—l)d,a+267 SRR ba—l—(k—l)d,a-{—(k—l)é’
Pa,2 - ba,,u, ba,,u—l—z/a ba,,u—i—2l/7 SRR ba,,u—i—(k—l)m
Pa+(k—1)d,2 = ba—i—(k—l)d,,w ba—l—(k—l)d,u—l—w ba+(k—1)d,u+21/7 R ba—i—(k—l)d,p—i—(k—l)w
Pot(k—1)dt =bat(k—1)d,¢ Oat(k—1)d, 1 Oat- (k—1)d, 42005 - - + 3 Vart (k—1)dy o+ (k= 1) »
such that
X(Pa1) = X(Payar) = = X(Page—1)d,1);
X(Pa2) = X(Payaz) = -+ = X(Pay(k-1)d,2)5
X(Pa,t) = X(Pa—l—d,t) == X(Pa+(k—1)d,t)7

where x(F; ;) denotes the colour of the elements of the progression P; ;. To-
gether, each of the ¢ progressions in each of the k blocks produce ¢ + 1 colour
focused monochromatic k-term arithmetic progression. Indeed, consider the
following k-term arithmetic progressions,

F = ba,aa ba—l—d,a—}—éa ba+2d,o¢+26a SRR ba+(k—1)d,a+(k—1)57

Fy, = ba,;u ba—l—d,,u—i—uy ba+2d,u+21/7 ceey ba—i—(k—l)d,p—i—(k—l)w

Fy = ba,g, batd,ptps bat2d,o+2¢s - -+ bat (k—1)d, (k= 1) -

Since each of the terms in F; were taken from P;;, where j € {a,a+d,...,a+
(k—1)d}, each F; must be monochromatic. Clearly the (k+ 1) term of each of
these progressions is equal, that is by rd,a+ks = batkdptkr = *** = bastkd,p+ky-
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This element is in X since X = 2W (¢, k,7)W (k, 7"V &5 and each element we
have used so far we have taken from the first W (¢, k, 7)W (k, r"V (:5:7)) elements.
Thus each of the ¢ monochromatic k-term arithmetic progressions we have pro-
duced, F1, Fy, ..., Fy, have their colour focus at boird,atk6 = batkdputhy =+ =
batkd,¢+ke = batka,f- Clearly b; y must be the same colour in every block in the
monochromatic k-block arithmetic progression. Therefore the colour focuses of
the blocks, Ba, Batds - - s Bat(k—1)d, also form a monochromatic k-term arith-
metic progression. These terms, along with the other ¢ monochromatic k-term
arithmetic progressions, have their colour focus at bq4xq,r. The k-term arith-
metic progression, bq f,ba+d,fs- - bat(k—1)d,r» Must have a different colour to
each of Fi, Fy, ..., F}, since otherwise a monochromatic k + 1 term arithmetic
progression would have been formed in one of By, Batd,- -, Bat(k—1)d, from
the definition of a colour focus. Thus by 44, is the colour focus for ¢ + 1 mo-
nochromatic k-term arithmetic progressions. Therefore X = W (¢t + 1,k,r) and
our claim is proved.

Since we have that W (¢, k, r) must exist for all ¢ < r we have that W (r, k, )
must exist. That is, we can always find r colour focused k-term arithmetic
progressions or a monochromatic (k + 1)-term arithmetic progression in the
r-coloured set of natural numbers {1,2,..., W (r,k,r)}. If there exists a mo-
nochromatic (k + 1)-term arithmetic progression in this set we are done, so we
assume one does not exist. Since we have only used r colours to colour this set
of natural numbers, the colour focus of all the r arithmetic progressions must
be coloured with one of the r colours. Therefore the colour focus must have the
same colour as one of the r k-term arithmetic progression. Together with the
colour focus this arithmetic progression then forms a monochromatic (k + 1)-
term arithmetic progression . Therefore, by induction for all positive integers,
k and r, there exists a natural number W (k,r) so that, if the set of natural
numbers {1,2,...,W(k,r)} is r-coloured, there is at least one monochromatic
k-term arithmetic progression. O

Van der Waerden’s Theorem cannot be extended to the infinite case, that
is, there exists an r-colouring of N, for » > 1, under which there is no mo-
nochromatic infinite arithmetic progression. We give an example of one case
below.

Example. We can 2-colour the natural numbers and avoid an infinite mono-
chromatic arithmetic progression. We colour 1 red, 2,3 blue, 4,5,6 red, and so
on, ad infinitum. The colouring produced in this way is

{1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15, 16, 17, 18,19, 20,21,22,...}. We then
label these monochromatic blocks By, where k represents the block’s order and
position. For example, By = {7,8,9,10} is the fourth monochromatic block
and |By| = 4. We can now label each element of N, b, ,,, where = represents the
index of the block in which the number is and y represents the number’s posi-
tion in the block B,. We assume that we can find some monochromatic infinite
arithmetic progression, say P. We take two successive elements of P, say by, ,,

and b ,. The difference between by, ,,, and by, is (@ +n)— (w +m). The-

refore the difference between each term in P must be (@ +n)— (@ +m).

16



Since the size of successive blocks, B;, increase at a constant rate, there must
exist some block, By, such that h > (@ +n)— (@ + m), where By, is
coloured a different colour to P and h > k. There cannot exist a number in By,
which is also in P, but then there must exist two successive terms in P whose
difference is greater than (@ +n)— (@ +m), a contradiction. Since each
block is of finite size it is impossible that an infinite monochromatic arithmetic
progression can be contained inside one block. We have thus shown an infinite

monochromatic arithmetic progression cannot exist in this 2-colouring of N.
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4 Rado’s Theorem

In Richard Rado’s 1933 thesis, Studien zur Kombinatorik [15], he generalised
a basic result, proved by his supervisor Issai Schur to give Rado’s Theorem.
Schur’s Theorem, proved in 1916, in Uber die Kongruenz 2™ +y™ = 2™ mod p
[16], is the earliest result we will look at, and one of the earliest in Ramsey
Theory. Rado’s Theorem gives the properties which a system of linear homoge-
neous equations must have in order for them to have a monochromatic solution
in any r-colouring of the natural numbers, for » € N.

We shall first examine what is meant by a system being regular and satis-
fying the Columns condition, while doing this we will consider Schur’s Theorem.
We will then move on to generalise Schur’s Theorem to all single linear homo-
geneous equations. We shall then give the proof of Rado’s Theorem which
generalises this result even further.

Theorem 4.0.1. For a matriz C, the system Cx = 0 is reqular if and only if
C satisfies the Columns condition.

Theorem 4.0.1 is Rado’s Theorem, however, to understand it we must first
understand what it mean for a system to be regular and to satisfy the Columns
Condition.

4.1 Regular systems

In this section we will define what is meant by a regular system and give two
examples, one of a system which is regular and another of a system which is
not.

Definition 4.1.1. Let S = S(x1,...,x,) denote a system of linear homoge-
neous equations with variables x1,...,x,. S is r-reqular over A, the set on
which S is defined, if given any r-colouring of A there exists a monochromatic
set {x1,...,xn} € A so that S(x1,...,x,) holds. S is reqular over A if it is r-
reqular for all positive integers r. FEquivalently, a matriz C is said to be reqular
over A if the system Cx = 0 has a monochromatic solution, x, in every finite
colouring of A. Generally we will be looking at systems on N, for this reason if
a system s said to be regular we will mean that the system is reqular over N.

4.1.1 Two examples

An example of a simple regular system is given by Schur’s Theorem.

Theorem 4.1.2. For every r € N there exists some natural number, n, such
that in any r-colouring of [n] there must exist a monochromatic set z,y,z € [n]
such that x +y = z.

Proof. Take n such that 2R.(3) = n + 1, that is, if we r-colour a complete
graph of order n + 1, it must contain a monochromatic K3. We now fix an r-
colouring, say x, of [n], and define an r-colouring, say x*, of K1 by x*(i,7) =

2R, (3) is defined as in Ramsey’s Theorem.
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x(|i—j|). Since K, 11 is a complete graph on n+ 1 vertices, from the definition
of R,(3) it must contain a monochromatic K3, so there must exist a set of
vertices {7,7,k} where k < j < 4, such that x*(¢,5) = x*(j, k) = x*(k,1).
Setting x =i —j,y=j—kand z =i — k gives x(x) = x(y) = x(z) so we
have our monochromatic set {x,y, 2} where z + y = z. We must specify that
k < j <iso that z,y,z € [n]. O

Example. The system (1 -2)(3%) = () is not 2-regular. We can show this

by constructing a red-blue colouring of N in which there is no monochromatic
vector x = (71 ) such that

We define a colouring of N such that for every = € N, the numbers z and 2z
have different colours. We colour the odd natural numbers blue and the even
natural numbers the opposite colour to half their value. Thus N will be colou-
red {1,2,3,4,5,6,7,8,9,...}. This colouring does not contain a monochromatic

solution, (ﬁ ), to (1 —2) (ﬁ) = 0. Indeed, we would need a monochromatic

vector, (i; ), satisfying o1 = 2x9, so x1 must be even. We defined our colou-
ring so that any even term was coloured the opposite colour to half it’s value.

To = %azl and so x1 and x9 can never be monochromatic.

4.1.2 Basic properties of regular systems

We now develop our understanding of what it means to be regular over counta-
bly infinite sets, namely N, Z \ {0} and Q \ {0}. In Lemma 4.1.3 we will prove
that any system which is regular over N, Z\ {0} or Q \ {0} is also regular over
some finite subset of N, Z \ {0} or Q \ {0} respectively.

Lemma 4.1.3. Let S(x1,...,x,) = 0 be a regular system of linear homogeneous
equations.

1. For every r € N there exists an R € N such that any r-colouring of [R)
contains a monochromatic solution to the system, S.

2. For every r € N there exists a finite set R C Z \ {0} such that any -
colouring of R contains a monochromatic solution to the system, S.

3. For every r € N there exists a finite set R C Q \ {0} such that any
r-colouring of R contains a monochromatic solution to the system, S.

Proof. We shall first prove 1. The proofs of 2. and 3. follow.

This is a proof by contradiction. We first assume we can find an r-colouring
of [R] which does not contain a monochromatic solution to the system S for
every R € N. Let Cgr be such an r-colouring of [R].

We first note that for every R € N there are a finite number, r'*, ways
of r-colouring [R]. We take a subsequence of the colourings C1,C5,Cs,. ..,
consisting only of the colourings which colour [1] in exactly the same way. [1]

R
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can only be coloured in r ways with r colours so, by the pigeonhole principle,
there must be an infinite number of the colourings, C; for i € N, which colour
[1] in the same way. We call this subset of colourings C; and define I; such that
C; € Cq only if 7 € I;. We can then find a subset Co C Cq, consisting only of the
colourings which when restricted to [2] colour the interval in exactly the same
way. The set [2] can only be coloured in r? different ways with r colours so, by
the pigeonhole principle, there must be an infinite number of the colourings, C;
for i € I, which colour [2] in the same way. We call this subset of colourings
Cy and define Is such that C; € Cy only if ¢ € Is. We note that I, C I;. We
may continue in this way indefinitely.

We now produce an r-colouring, C, of N. We define C' as follows. For every
R € N with R < x we set C([R]) = C;(|R]) where C; € C,. This colouring is
well defined, if R < z < y then defining the colouring C'([R]) using C, or C,
will give equal results since C([R]) = Ci([R]) = C;([R)]) for all C; € C, and all
C; € Cy. This is clear since the subset of colourings C, consists of the colourings
C; such that i € I, C I, C I, so they all colour [R] in the same way.

We now assume that there exists some natural number, n, such that under
the colouring C' the set [n] contains a monochromatic solution to the system
S. We can see from the definition of C' that C'([n]) = C;([n]) for some C; € C,
where n < v. However, by definition any colouring in C, colours [n] such that
it does not contain a monochromatic solution to the system S. So we have a
contradiction. Thus under the r-colouring, C, there does not exist a natural
number, n, such that [n] contains a monochromatic solution to the system S.
This is a contradiction, since S(z1,...,z,) = 0 is a regular system it must have
a solution in every finite colouring of N from the definition of regularity. C' is
an r-colouring of N which does not contain a monochromatic solution to the
system S. Therefore we can conclude that for any finite number of colours, r,
we can find a natural number, R, such that any r-colouring of [R] contains a
monochromatic solution to the system S.

Since Z \ {0} and Q \ {0} are countably infinite the proof given above for
part 1. can be simply altered to prove parts 2. and 3. O

We are now able to prove that regularity over N, Z \ {0} and Q \ {0} are
equivalent.

Lemma 4.1.4. The system Cx = 0 is reqular over N if and only if Cx =0 is
regular over Z \ {0}.

Proof. Clearly if Cx = 0 is regular over N then Cx = 0 is regular over Z\ {0}.
Indeed, we may take any finite colouring of Z \ {0} and use it to define a finite
colouring of N. We simply define a finite colouring, x, of N by colouring each
natural number with the same colour it is coloured with in the finite colouring
of Z\ {0}. If Cx = 0 is regular over N then under the x colouring there must
exist some monochromatic solution, x € N", to the system Cx = 0. Since in
the x colouring each element of N was coloured with the same colour as in the
finite colouring of Z \ {0}, the monochromatic solution found in N” must also
be a monochromatic solution in (Z \ {0})". Therefore Cx = 0 is regular over

Z \ {0}.
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We now prove that if Cx = 0 is regular over Z\ {0} then Cx = 0 is regular
over N by contradiction. We assume that there exists a finite colouring, x, of
N in which there does not exist a monochromatic vector, x, such that Cx = 0.
We label the colours used to colour N, rq,...,7,, we then find a set of different

colours 7, ...,r),. We can then produce a colouring y of Z\ {0} in which —N is

r'nt
coloured in the same way as N but with the new set of colours, the colouring of
N is the same as under the y colouring. That is, if z is coloured using r; under
the colouring y then under the colouring y we use } to colour —x. We can see
that under the colouring y, of Z \ {0}, there is no monochromatic vector, x,

such that C'x = 0. This can be seen by considering any vector

T
T2

x'=| % | e@\{op"

Tn
such that
T 0
ci o c21 Cn1 1
9 0
C21 r3 | = |0
Cln o« e .« .. Cnn xn 0

From our definition of the colouring ¥, we can see that every vector, x’, with
only positive entries cannot be a monochromatic vector since y colours N in
the same way as y. However, there are also no monochromatic vectors, x’,
with only negative entries satisfying Cx’ = 0 under the Y colouring. Indeed, if
there existed a monochromatic vector, x’, with only negative entries satisfying
Cx’' = 0 under the x colouring of Z \ {0} then —x" would be a monochromatic
vector with entries only from N. This is a contradiction since under the x
colouring there are no monochromatic solutions to Cx = 0 in N. Therefore x’
cannot be a vector with only negative or only positive entries.

Under the i colouring we have coloured Z~ and Z* with two different set

of colours, namely rq,...,r, and 7},..., 7, so we cannot produce a monochro-

sy Imo
matic vector which contain both negative and positive entries. We have thus
shown that Cx = 0 is not regular over Z \ {0} and we have a contradiction.

Therefore if Cx = 0 is regular over Z\ {0} then C'x = 0 is regular over N. O

Lemma 4.1.5. The system Cx = 0 is regular over Z\{0} if and only if Cx = 0
is reqular over Q \ {0}.

Proof. Clearly if Cx = 0 is regular over Z \ {0} then Cx = 0 is regular
over Q\ {0}. Indeed, we may take any finite colouring of Q \ {0} and use it to
define a finite colouring of Z \ {0}. We simply define the finite colouring, x, of
Z\ {0} by colouring each element with the same colour it is coloured with in the
finite colouring of Q \ {0}. If Cx = 0 is regular over Z \ {0} then under the x
colouring there must exist some monochromatic solution, x € (Z\ {0})", to the
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system Cx = 0. Since in the x colouring each element of Z \ {0} was coloured
with the same colour as in the finite colouring of Q \ {0}, the monochromatic
solution found in Z \ {0} must also be a monochromatic solution in @ \ {0}.
Therefore Cx = 0 is regular over Q \ {0}.

It remains to prove that if Cx = 0 is regular over Q \ {0} then Cx = 0 is
regular over Z \ {0}.

Lemma 4.1.3 implies that since Cx = 0 is regular over Q \ {0}, for every
r € N there must exist some finite set, @ C Q \ {0}, such that in every r-
colouring of () there exists a monochromatic vector,

such that
T 0
11 €21t Cpl 1
. . T2 0
€21 B : z3 | = |0
cln PR PR Cnn xn 0

We now take some k € N such that kQ € Z \ {0}, this is possible since @ is
finite. For a given r-colouring of Z \ {0} we may now define an r-colouring of
Q). We colour each element of (), say ¢, with the colour given to kg under the
r-colouring of Z \ {0}. There must exist some monochromatic solution, say q,
to Cx =0 in Q". Therefore, since k(@ is coloured in exactly the same way as
@, there must also exist a monochromatic solution, kq € (kQ)" C (Z\ {0})".
Therefore, if Cx = 0 is regular over Q\ {0} then in any colouring of Z\ {0} there
must exist a monochromatic solution to Cx = 0, that is, Cx = 0 is regular over
Z\ {0}. O

4.2 The Columns condition

In this section we will define what is meant by a system satisfying the Columns
condition and consider the examples given in Section 4.1.1.

Definition 4.2.1. An m x n matriz C' = (c;;) is said to satisfy the Columns
condition if its columns can be partitioned as C1 U Cy U - -- U Cy, where each C;
is a set of column vectors from C, such that the following conditions hold. The
column vectors of the first partition set sum to zero, that is Zciecl c; =0, and
for all j > 1 the sum Eciecj c; can be written as a linear combination of vectors
from the set Cy U ---UC;_1.

We now look back to two examples given in Section 4.1.1, one of a matrix
which is regular and one of a matrix which is not. We will show that the regular
matrix satisfies the Columns condition and the matrix which is not regular does
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not satisfy the Columns condition. This will help us gain a better understanding
of what it means for a matrix to satisfy the Columns condition.

z1

Example. The system (1 —2)(1,2) = (8) does not satisfy the Columns
condition. Indeed, there is no partition under which the vectors in the first

partition set sum to give the zero vector. The equation in Schur’s Theorem
corresponds to the system (1 1 —1) <%§ = 0. This system does satisfy the
Columns condition. We can label the columns of the vector as ci,co,c3 and
produce the partition C; = {cy,c3} and Co = {c2}. Thus, ¢; + ¢c3 = 0 and

¢y = ¢1 so the Columns condition is satisfied.

4.3 Preliminary results

Although the results in this section do not appear to be immediately related to
Rado’s Theorem it will become clear that they are essential to it’s proof. They
are proved here in advance of the proof of Rado’s Theorem to aid the clarity of
the main proof. The following theorem is a strengthening of Van der Waerden’s
Theorem given in the last chapter. Along with a monochromatic arithmetic
progression we also prove that we can find some multiple of the difference of
the terms in the arithmetic progression which has the same colour.

Theorem 4.3.1. For all k,r,s € N there exists a natural number n = n(k,r,s)
such that, if [n] is r-coloured, there exist a,d € N so that

{a,a+d,a+2d,...,a+ (k—1)d} U{sd} (4.3.1)

is a monochromatic subset of [n].

Proof. We shall prove this result using a proof by induction on r, the number
of colours. First, suppose that » = 1. Trivially n(k, 1, s) = max{k,s}. Indeed,
we only colour [n(k, 1,s)] with one colour and so any series in [n(k, 1, s)] must
be monochromatic. For n(k,1,s) wetakea=1landd=1. lf s<a+(k—1)d =
14+ (k—1) =k we only need n = k. If s > a+ (k— 1)d = k we must take n = s
to ensure sd = s € [n(k, 1, s)].

We now assume that » > 1 and n(k,r — 1, s) exists. We must prove that
n(k,r,s) exists.

Claim. We may take n(k,r,s) = sW(kn(k,r —1,s),r).

Take some r-colouring of [n(k, 7, s)]. From the definition of 3W (k,r) we can
now find a monochromatic, say red, set {a +id |0 <14 < kn(k,r —1,s) — 1} in
the first W(kn(k,r — 1, s),r) natural numbers.

If there exists some 1 < j < n(k,r — 1,s) such that sd’j is red then setting
d = jd' we find {a,a+d,a+2d,. .., a+(k—1)d}U{sd} is red. Clearly we can find
ared set {a,a+d,a+2d,...,a+(k—1)d} since {a+id' |0 < i < kn(k,r—1,s)—1}
isred. Indeed, sd € [sW (kn(k,r—1,s),r)] sinced = d'j € [W(kn(k,r—1,s),r)].

If there does not exist some 1 < j < n(k,r — 1, s) such that sd’j is red then
{sd'j|1 < j <n(k,r—1,s)} is at most (r — 1)-coloured. From the definition

SW (k,r) is defined as in Van der Waerden’s Theorem.
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of n(k,r —1,s), which we already assumed to exist, we have the desired result.
Indeed, we may define an (r — 1)-colouring of [n(k,r — 1,s)] by giving every
number z in this set the colour of sd’z. There must exist a monochromatic
set, {a,a +d,...,a + (k — 1)d} U {sd} in [n(k,r — 1,s)] from the definition
of n(k,r — 1,s). From the definition of the colouring of [n(k,r — 1,s)], the set
{sd'a,sd'a+sd'd,..., sda+(k—1)sdd}U{s?’d'd} must be monochromatic since
{a,a+d,a+2d,...,a+ (k—1)d} U{sd} is monochromatic in [n(k,r — 1, s)].

]

We now turn to an example where we can describe the set {a,a + d,a +
2d,...,a+(k—1)d}U{sd} as the solution of a homogeneous system of equations,
thus showing that the corresponding matrix must be regular. The matrix also
satisfies the Columns condition.

Example. We take the matrix

-1 2 -1 0 0 0 0 0 0 O
0O -1 2 -1 0 O 0 0 0 0
o 0 -1 2 -1 0 0 0 0 O
C = 1 0 0 -1 2 -1 0 0 0 0
0 0O 0 0 0 -1 2 -1 0
-s s 0 0 0 O 0o 0 0 -1
The system, Cx = 0, corresponding to the matrix C' is
—x1 + 229 — X3 =0,
—x9 + 213 — T4 =0,
—x3+ 2x4 — x5 =0,
—x4 + 25 — T =0,
—Tp_3+2Tp_2 — Tp_1 =0,
—8x1 + ST9 —x, =0,
which could equally be written as
X3 — X2 = T2 — X1,
Ty — T3 = X3 — T2,
Tn—-1 —Tp-2 = Tp-2 — Tn-3,
Ty = s(xe — x1).
Thus any solution to the the system Cx =0 has the form z; = a,z0 =

a+d,rs = a+2d,...,x, = sd. We have now shown that this system is
equivalent to the set in Theorem 4.3.1. In Theorem 4.3.1 it was shown that in
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any finite colouring of N we can find a monochromatic set of this type, there-
fore the system, C'x = 0, is regular. We can also see that the matrix C' satisfies

the Column condition. Let ¢q,c,...,c, be the columns of C, we can take the
partitions to be C; = {ci,c9,¢3,...,¢,—1} and Cy = {c,,} then E?:_ll c, =0

and ¢, = %cl — Z?:_?)l %c, So C satisfies the Columns condition.

Corollary 4.3.2. For all k,r,s € N there exists a natural number n = n/(k,r, s)
such that, if [n] is r-coloured, there exists a,d € N such that

{a+ M| |\ < (k—1)}U{sd}
is a monochromatic subset of [n].

Proof. Using Theorem 4.3.1 and replacing (k — 1) by 2(k — 1) we can
find o’,d" € N such that {d’,a' + d',a’ +2d,...,d +2(k — 1)d'} U {sd'} is
monochromatic. This is clearly possible since k can be any natural number.
We can then define d = d’ and a = o’ + (k — 1)d’ so that the elements in
{a—(k-1)d,a—(k—2)d,...,a—d,a,a+d,...,a+(k—2)d,a+ (k—1)d} U{sd}
correspond to the elements in {a’,a’ +d',a +2d',...,d +2(k —1)d'} U {sd'}
which we found to be monochromatic. Therefore, since n(k,r, s) was proved to
exist in Theorem 4.3.1, for all k,r, s € N there must exists a natural number
n'(k,r,s). O

4.4 Rado’s Theorem for a single linear homogeneous constraint
We first define the N, colouring of the natural numbers.

Definition 4.4.1. For any n € N we may write out the p-expansion of n, that
is, we may write n = ng + nip + nop® + - - - + np® where n; € {0,1,...,p— 1}
for all i and p > 2. We define the N, colouring of N by setting Ny(z) = n;
where i is the smallest natural number such that n; # 0 for all z € N. The rank
of z under the N, colouring is i, where i is the smallest natural number such
that n; # 0.

Lemma 4.4.2. If N,(y) = Np(z) then Npy(p~™y) = Np(p~™ 2) where my is
the minimum of the rank of y and that of z.

Proof.  Since N,(y) = N,(2) we must have that y = ap™ + 1y, p"™ " +
co Ny, p™ and z = ap™* 4 ngy, PR A - A gy p™ for some 4, j, k1€ N.
Without loss of generality we may assume that m; < mj. Now,
p "My =p M ap™ 4 pT P A pT P
=a+ nmi+1pm1 + -+ nMjpmj7i7
and
p_miz — p_miapmk + p_mi nmkamkH 4+ p_minmlpm’,
_ apmk—i + nmk+1pmk+17i 4+t nmlpmzfi'
Therefore N,(p~™y) = a and N,(p~™z) = a, so Np(p~™y) = Np(p~™iz).
O
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We now use the N, colouring to prove Theorem 4.4.3, Rado’s Theorem for
a single linear homogeneous constraint.

Theorem 4.4.3. Let S(x1,...,x,) be the system given by the single linear
homogeneous constraint
cx1+ -+ cpry =0

for ¢; € Z\ {0} and z; € N. S is regular if and only if some non-empty subset
of the ¢; sums to zero.

Proof. We fix a finite colouring of N and reorder the coefficients if necessary
so that we can write ¢; + -+ + ¢, = 0 for some kK < n. If £ = n we can set
r1 = x;, for all 1 <7 < k, this set must be monochromatic since it is made up
of only one element. Since the coefficients sum to zero, we have

c1x1 +coxo + -+ cpry = 1y + cox + - + e,
:azl(cl—l—CQ—i—m—i—cn),
=0.

We now assume that k& < n. We define A = hef(ci,ca,...,c,) and B =
Cht1+ -+ cn. Weset s = m. Note that s € N. If B = 0 then, as before,
we can easily find a monochromatic solution. If B # 0, we can find some t € Z
so that At + Bs = 0, indeed, t = WEB)’ By the fundamental theorem of
arithmetic we can then then find A1, ..., A\ € Z such that c; A\ +... + cp A\, = At,
since A = hef(cy,ca,...,cx). We can now produce a parametric solution to

cxry+---+epx, =0, Set

sd if k<i<
Note that
k k
cila+d) =Y cia+ Y eihid =0+ Atd = Atd,
i=1 i=1 i=1
and
Z c;sd = ( Z CZ‘) sd = Bsd.
i=k+1 i=k+1
Therefore
k n
cry+ -t epxy, = Zci(a + N\id) + Z cisd,
i=1 i=k+1
= Atd + Bsd,
= (At + Bs)d,
= 0d,
=0.
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Because of the form of the parametric solution, by Corollary 4.3.2, we must
be able to find a,d € N such that {z;|1 < i < n} is monochromatic. Our
parametric solution lies in N, proving that S is regular over N.

This completes the proof that if some non-empty subset of the ¢; sums to
zero then S is reqular. To complete the proof of Theorem 4.4.3 we will prove
that if S is regular then some non-empty subset of the ¢; sums to zero.

We shall prove this using a proof by contradiction. We suppose that we can
find some prime, p, such that the sum of any non-empty subsets of {¢; |1 < i <
n} is indivisible by p. Therefore no subset of {¢; |1 < i < n} will sum to zero.
Claim. Under this condition cix1 + -+ + ¢,x, = 0 has no monochromatic
solution in N when coloured using N,,.

If our claim is true S is not regular over N. We will prove this claim by

contradiction, first we assume that we have a set x1,...,x, which, under the
Np colouring, forms a monochromatic solution to cyx1+- - -+ ¢z, = 0. We may
assume that p { x; for some 4 since Lemma 4.4.2 implies that p~*z,...,p~*x,

also forms a monochromatic solution to ¢yzy +- - -+ ¢,x, = 0 in which p t pFx;

for some 7, where k is the minimum of the ranks of all the ;. We can now
reorder the equation such that p{ z; for 1 <i < k and p | z; for k < i < n.
Now,

cx1+ -+ cpry, =0 mod p,

that is

n
E ¢;xt; = 0.
i=1

Clearly for k < i < n, 7; = 0. All the x; were defined to be monochromatic
integers, so from the definition of N, (z;) and since p { z; we see that for all
1<14,j <k, 1 =Z; = Zj. Therefore

n k k
Zéii‘i = Zéiji = (Z Ei):ﬁl =0.
=1 =1 ]

Since 71 # 0 we have Zle ¢; = 0 which implies that p divides the sum of a
non-empty subset of {¢;|1 < i < n}, contrary to the assumption. We have
proved the claim, ciz1 + - - - + ¢,z = 0 has no monochromatic solutions when
coloured using the N, colouring. This proves that for ¢; € Z, if S is regular
over N then some non-empty subset of the ¢; sums to zero. O

Example. To illustrate the proof of Theorem 4.4.3, consider the linear
homogeneous equation

1 + 929 + Hx3 — x4 — 225 + 336 — T27 = 0. (4.4.1)
We have, ¢ = 1,c0 =9,¢3 =5,¢4 = —1,¢5 = —2,¢6 = 3,¢7 = —7. Since
c1+ca+teg+ces+cr =0,
we can relabel the sum as

1+ 929 — 3 — 224 — 725 + Drg + 327 = 0.
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Now, k=5, A=hcf(1,9,-1,-2,-7) =1, B=5+3=8,s= e =1 =1

hef(1,8)

anciit = hC'f_§78) = _TS = —8. We then take A\ = 0,5 =0, \3 = LA=0,A=1
which satisfy ciA\1 + oo + c3A3 + cadq + es A5 = Atf, that is A + 9y — A3 —
2M4 — TA\5 = —1 — 7 = —8. Our monochromatic solution is then

T = a,

To = a,

T3 =a +d,

T4 = @,

r5 =a+d,

ze =d,

z7 =d,

and equation 4.4.1 can now be written

a+9(a) — (a+d) —2(a) —7(a+d) +5d +3d = 0.

4.5 Rado’s Theorem for regular homogeneous systems

We now extend Rado’s Theorem from one linear homogeneous equation to a sys-
tem of linear homogeneous equations. We begin by proving a result seemingly
unrelated to Rado’s Theorem.

Lemma 4.5.1. Leta,cq,...,c; € Z™. Suppose that a is not in the vector space
over Q generated by c;. Then for all but a finite number of primes p, a cannot
be expressed as a linear combination of the c; mod p. Moreover, for all but a
finite number of primes p, ap™ cannot be expressed as a linear combination of
the ¢; mod p™+! for any m > 0.

Proof.  We shall only prove that for all but a finite number of primes p,
ap™ cannot be expressed as a linear combination of the ¢; mod p™*! for any
m > 0. Clearly, setting m = 0 we will then have also proved that for all but a
finite number of primes p, a cannot be expressed as a linear combination of the
c; mod p.

We begin by noting that since a is not in the vector space generated by c;
we can find a vector, u € Q", such that u-c; =0, for 1 <i <k, but u-a# 0.
We can then easily multiply u by a suitable constant so that u € Z"™. We set
u-a=s. Since a € Z" and u € Z" we know s € Z \ {0}. Suppose that ap™
can be expressed as a linear combination of the ¢; mod p™*!, that is,

ap™ =ciz + - + ey, mod p™ L

Then multiplying by u gives,
k

u'ameE u-c;r; modp
i=1

m—+1
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However, we have already defined u-a = s and u-c; =0 so,

sp™ =0 mod pmtl.
This implies that p™+!|sp™ but then pls, that is pla-u. Clearly this is only
true for a finite number of primes. O

For our next result we must first define some terminology.

Definition 4.5.2. Given a matriz C with column vectors c1,ca, -+ ,C such
that c1+co+---+cx # 0, we define E(cy,ca,- -+ , k) to be the set of all primes,
p, for which ¢ +c3+--- 4+ ¢, =0 mod p.

Definition 4.5.3. Let cy,co,...,cr and a be vectors such that a is not a linear
combination of ci,ca,...,cp. We define E(cy,co,--- ,ci;a) to be the set of
all primes, p, for which ap™ = ci1x1 + caxy + -+ + ¢, mod p™ T for some
m € N.

Definition 4.5.4. FE is the union of E(cy,ca, - ,ck) and
E(cy,co,- - ,cp;a). The vectors used to find E will be clear from the context.

We may now begin to prove Rado’s Theorem for regular homogeneous sys-
tems.

Lemma 4.5.5. Take a matriz C. Let p be a prime such that p ¢ E. If
Cx = 0 has a monochromatic solution under the N, colouring then C satisfies
the Columns condition.

Proof. Let z1,...,2, be a monochromatic solution to Cx = 0 under the N,
colouring. We first order x1,...,x, by their rank, as given in Definition 4.4.1,
so that
mq if 1 < 7 < kl,
my if k1 <1 < ks,
rank(xz;) =
mg if ks <1<n.

We can assume that m; = 0 since Lemma 4.4.2 implies we can replace each z;
with z;p~™" and they will remain monochromatic. We take r to be the colour
by which all the x; are coloured, that is N,(z;) = r. From Definition 4.4.1 we
have that for all x; such that i < ki there must exist some z; € N such that
x; =1+ zp. Clearly p|a; for all ¢ > ky so there must exist some z; € N such
that z; = z;p. So the system of equations C'x = 0 can be written as

0 = Cx,
=C1T1 + -+ Cry,
=ci(r+z1p) + - 4 gy (r + 21, p) + Cpy 412810 + - F CrZap,
=cir+---+cpr mod p,
=(c1+ - -+ cg)r mod p.
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From the definition of the N, colouring we can see that r # 0 mod p since
0 <7 < p. Therefore ¢; + -+ + ¢k, =0 mod p but since p ¢ E and therefore
p ¢ E(cy,c2,- -+ ,Ck, ) we must have ¢; +ca+ -+ + ¢, = 0.

Let 1 < j <s. Then

0=ciz1 4+ +cpzy, mod p™itl
ki1 kj
= Z c;r; + Z c;ip™r mod p™itth,
i=1 i=kj_1+1

We can then multiply by r—!, which must exist since mej+1 is a field, giving

k)j k‘j,1
g cip’i = — g cir tz; mod p™itth.
i=kj_1+1 i=1

This can be rewritten as
kj,1
ap™i = — E cir'x; mod pm™itt,
i=1

where a = Zfi k141 Ci- Again we note p ¢ E, from the above equation we

can see that ap™ = — 2%;11 c;r'x; mod p™it!. Thus from Definition 4.5.3
we can see that a is a linear combination of the vectors ¢y, ¢z, ..., ¢k, ;. Since
j was an arbitrary natural number such that 1 < j < s we see that the matrix
C must satisfy the Columns condition. O

Lemma 4.5.5 proves that if the system Cx = 0 is reqular over N then C
satisfies the Columns condition. We now go on to finish the proof of Rado’s
Theorem by proving that if C satisfies the Columns condition then the system
Cx = 0 is reqular over N.

We must first introduce families and their relation to the proof of Rado’s
Theorem.

Definition 4.5.6. A family, §, of finite subsets of N is called homogeneous if
for every set A € § and a € N we have that aA € §.

Example. The set of solutions to a homogeneous system is a homogeneous
family. That is, the sets of entries of the vectors, x, satisfying the system
Cx = 0 together form a family of solutions to Cx = 0. These solutions form a
homogeneous family since if we multiply a vector x by some natural number,
it remains a solution to the system.

Definition 4.5.7. A family, §, of finite subsets of N is called reqular if in every
finite colouring of N there exists a monochromatic set A € §.

Example. The set of solutions to a regular homogeneous system is a regular
homogenous family. For a regular homogeneous system we can find a mono-
chromatic vector, x € N, satisfying the system Cx = 0 in any finite colouring
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of the natural numbers. Therefore we may find a monochromatic set in the
family of solutions to the system Cx = 0 in any finite colouring of N.

We now prove two results involving families so that we may use them in the
proof of Rado’s Theorem.

Theorem 4.5.8. Let §, a family of finite subsets of N, be homogeneous and
reqular. Let M be a positive integer. If N is finitely coloured there exists A € §
and some positive integer d, such that

{a+Xd|a€ A, |\ <M}

is a monochromatic subset of N.

Proof. We first take an arbitrary number of colours, r say. Clearly the proof
of Lemma 4.1.3 may be simply modified to show that there exists some R € N
such that any r-colouring of [R] must contain a monochromatic set A’ € §.

Given an r-colouring, x, of N, we can define an rf-colouring, y* of N
by x*(a) = x*(B) if and only if x(ai) = x(8i) for 1 < ¢ < R. That is
two natural numbers, o and (3, are monochromatic under x* if and only if
x(a) = x(B),x(2a) = x(28),...,x(Ra) = x(RfB). We can see that x* is an
rf-colouring since there are r possible colourings of {a,2a,3a, ..., Ra} for
a € N under the x colouring.

We now set T = MR"!. By Van der Waerden’s Theorem we can find a
monochromatic arithmetic progression of length 27"+ 1 in the x* colouring of
N. Clearly Van der Waerden’s Theorem also implies that there exists g,e € N
such that the set {g + pe| || < T} is monochromatic and lies in N.

We may define a new r-colouring of [R] by colouring each element m € [R]
the same colour as gm € g[R|, where g[R] is coloured using the x colouring.
Since in the new r-colouring there must exist some monochromatic set A’ € §
such that A’ € [R], from the way in which [R] was coloured there must also
exist a monochromatic set gA’ € g[R]. Since A’ € § and § is a homogeneous
family we must have that gA’ € §. We label the elements of the finite set A’ =
{y1,92,...,yn} and therefore gA" = {gy1,9y2, ..., gyn}, we also set gA’ = A.

We now set a; = gy; and d = ey where y = lem(y1,...,y,). We will show
that A and d are as required in the statement of the Theorem, however, we first
note that

a; +Ad = gy; + Ney = y; [g + )\egl
2
for all |[A\| < M. We showed earlier that the set {g + pe||u| < T} is monochro-
matic under the x* colouring. We now note that [A()] < M R = T since
Al < M, y; € [R] and y = lem(ys, ..., yn) so [ L] < R"'. We can therefore,
say the set {g + /\(%)e| IA| < M,i =1,2,...,n} is monochromatic under the
x* colouring. That is,

vor= (o)) x (o)) == (o)
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for [A\| < M. From the definition of the colouring x* we can see

wn=x(ofp(2)])
wn=s{ofp ()

el (2)

We have already shown that a; + Ad = y;[g + Ae(;})] and so we can now write

xX(y19) = x(a1 + Ad),
X(y29) = x(az + Ad),

X(Ung) = x(an + Ad).

We previously stated that the set, {gy1,9y2 ... ,gyn} € § is monochromatic

under the x* colouring. So x*(gy1) = x*(9y2) = -+ = x*(gyn). This implies
that x(g9y1) = x(9y2) = -+ - = x(gyn) since if x*(a) = x*(6) then x( ) = x(8).
Now we may say that for |A\| < M, x(a1 + Ad) = x(as /\d) = x(an + Ad)
as desired. O

Corollary 4.5.9. Let §, a family of subsets of N, be homogeneous and reqular.
Let M and c be positive integers. In any finite colouring of N there must exist
some A € § and some positive integer, d, such that

{a+Xd|a€ A, |\ <M}U{cd}

is a monochromatic subset of N.

Proof. We first define 7' = T'(M,r,c) to be a natural number such that for
any r-colouring of [T] there must exist d € N and A € § such that the set
{a+ Ad|a € A, |\ < M} U {ed} is monochromatic. We shall prove the result
by proving that 7" exists for all » € N, using a proof by induction on the number
of colours, r. First, suppose that r = 1. Trivially 7 (M, 1, ¢) = max{mg+ M, c}
where mz = min{max{a € A} | A € §}. Indeed, we only colour [T'(M, 1, ¢)] with
one colour so any set in [T'(M, 1, ¢)] must be monochromatic. Therefore we can
take d = 1 and A € § such that mz = max{a € A}. If mz+M < c then we must
take T'(M,1,¢) = cto ensure cd = ¢ € [T'(M,1,c)]. If ¢ < mz+ M then we must
take T(M,1,¢c) =mgz+ M toensure a+ Add =a+ X <mgzg+ M € [T'(M,1,c)]
for all a € A.

We now assume that » > 1 and T' = T'(M,r — 1, ¢) exists. We must prove
that 77" = T'(M,r, c) exists.

By Theorem 4.5.8 in any r-colouring of N there exists A € §F and d’ > 0
such that

{a+XMd'|a€ A, |\ <TM}
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is monochromatic. If we can find some p < T such that {a + A\d'|a € A, |\| <
TM}U{pcd'} is monochromatic then, by setting d = ud’, we have a monochro-
matic set

{a+Xd|a €A, |\ <M}uU{cd}

of the desired form. However, if there is no such u then {ucd |p < T} is at
most (r — 1)-coloured. From the definition of T'(M,r — 1, s), which we already
assumed to exist, we have the desired result. Indeed, we may define a new
(r — 1)-colouring of [T'(M,r — 1, c)] by colouring every number z in this set the
same colour as zcd’. There must exist d € N and A € § such that the set,
{a+Ad|ac€ A, |\ < M}U{ed} C[T(M,r —1,c)] is monochromatic from the
definition of T'(M,r — 1, ¢). Therefore, from the definition of the new colouring
of [T(M,r — 1,c)], the set {a + Aed'd|a € cd' A, |\ < M} U {c*dd’'} must be
monochromatic in the old colouring. Since § is homogeneous we must have that
cd’A € §. Therefore we have the desired monochromatic set, where d is taken
to be cd'd and A is cd’ A in the statement of Corollary 4.5.9. O

To complete the proof of Rado’s Theorem we must introduce (m, p, c)-sets.
Definition 4.5.10.

Znpe={( A1, s Am41) € z(m+1) | some \; # 0, the first non-zero \; = c,
IAj| < p for all other A;}.

Definition 4.5.11. An (m,p,c)-set, generated by the set of positive integers,
{y1,92,.- -, Ym+1}, is a set S of the form

m+1
S = {Z AiYi
i—1

Example. A (1,2,2)-set generated by y; and y; is

2
S = {Z AiYi
=1

(>\17 s a)\m-l-l) S Zm,p,c}'

(A, A2) € Zy1 22 },

where
Z1,2,2 = {(27 0)7 (27 1)’ (2’ _1)’ (27 2)’ (27 _2)7 (0’ 2)}

That is, S = {2y1,2y1 + v2, 2y1 — Y2, 2y1 + 292, 2y1 — 242, 2y2 }.

Example. A (2,2,1)-set generated by y1,y2 and ys is

3
S = {Z AiYi

i=1

(A, A2, A3) € Z2,2,1},
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where

Z272,1 :{(1’ -2, _2)7 (17 -2, _1)’ (1’ -2, 0)7 (17 -2, 1)7 (1, -2, 2))

(1,-1,-2),(1,~1,-1),(1,-1,0),(1,-1,1), (1, ~1,2),
(1,0,-2),(1,0,-1),(1,0,0), (1,0,1),(1,0,2),
(1,1,-2),(1,1,-1),(1, 1,0),(1,1,1),(1,1,2),
(1,2,-2),(1,2,-1),(1,2,0),(1,2,1),(1,2,2),
(0,1,-2),(0,1,-1),(0,1,0), (0,1,1),(0,1,2),
(0,0,1)}.

If the generators, y1, %2, ..., Ym+1, of an (m,p, c)-set, S, satisfy y; > yo >

Theorem 4.5.12. Let m,p,c € N. If N is coloured with a finite number of
colours there exists a monochromatic (m,p,c)-set, S.

Proof. We will prove this theorem by induction on m.

For the case in which m = 1 we refer to Corollary 4.3.2. We first take an
r-colouring of N, say x. We now define an r-colouring of N, say y, in which we
colour x with the colour given to cxz under the x colouring, for all z € N. A
general (1,p,c)-set takes the form

S ={cyr.cyr +y2,cy1 — Y2, - -, cy1 + PY2, cy1 — PY2, Y2},

where
ZLP,C = {(Cv 0)7 (Cv 1)7 (Cv _1)’ SR (C,p), (Cv _p)v (07 C)}

Setting k = p+1 and s = ¢ in Corollary 4.3.2 we may deduce that under the y
colouring there exists a monochromatic set of the form {a+ Ad | |\| < p}U{ed}.
From the definition of our x colouring, the set {ca + Aed ||\ < p} U {c?d}
must also be monochromatic under the x colouring. We may now set a = y;
and cd = yy and we have shown that the monochromatic set {cy; + Ayz | |A| <
p} U{cya} can be found in any r-colouring of N. Since this set is a (1, p, ¢)-set
we have shown that in any r-colouring of N there must exist a monochromatic
(1,p,c)-set for any p,c € N.

We now assume that if N is coloured with a finite number of colours there
exists a monochromatic (m, p, ¢)-set and we must prove that an (m+ 1, p, ¢)-set
exists.

We may take § to be the family of (m,p,c)-sets. §F is regular from the
induction hypothesis. § is homogeneous since multiplying the elements of an
(m,p,c)-set by some a € N will produce an (m,p,c)-set. The generators of
the new (m,p,c)-set will be ayi,ays,...,aym+1, where previously they were
Y1, Y2, - - -y Ym+1- Lherefore, from Corollary 4.5.9 if N is coloured with a finite
number of colours there must exist a monochromatic (m + 1,p,c)-set S. In-
deed, we replace the M in Corollary 4.5.9 with p, d now becomes y,,+1 and A
represents our (m, p, ¢)-set. ]
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To complete the proof of Rado’s Theorem we now prove Theorem 4.5.13,
the converse of Lemma 4.5.5.

Theorem 4.5.13. If C satisfies the Columns condition then the system Cx = 0
1s reqular over N.

Proof.  We prove this theorem by producing a monochromatic parametric
solution to the system C'x = 0. We will produce a solution of the form

X = a1y +axy2 + -+ apYn,

where a; € Z™ and y; € Z*. We then will show that in any finite colouring
of N there exist y1,v2,...,yn € N such that x € N, and such that x is a
monochromatic solution to Cx = 0. We note that the matrix C satisfies the
Columns condition, and assume that C' has n partition sets. We now label
the columns of the matrix C as cj,ca,...,cg,, and the n partition sets as

Ci=A{ci,...,ci, }, Co ={cry41,---+Cky }y- -, Cn ={Cp,_y+1 + -+ +ck, }. That
is,

ci+---+c =0,
Chky+1 T+ + Cpy = Q1C1 + * -+ + Q; Cpy

Cky_141 1T+ Cky =71C1 + ** + Vi1 Chippy -

We now define the vectors x!, x2,...,x" € QF as follows,
111 11 1 1 1 \T
X = (X0, Thy s Ty g v s Thyy ooy Thy 415> Thy )
T
=(1,1,...,1,0,...,0,...,0,...,0),
2 2 2 2 2 2 2 2 \T
X7 = (27,03, o Thy s They a1+ 3 Thys oy Thy 415> Thy )
T
:(—al,—ag,...,—akl,l,...,1,...,0,...,0) 5
n no,.n n n n n n \T
X" = (T, 2, TR s Ty T s T )
T
:(—’Yl,—’}’Q,...7—’Yk1,—’}/k1+1,...,—’YkQ,...71,...71) .
Note that each of these vectors, x!,x?, ...,x", is a solution to the system
Cx = 0. We multiply these vectors by an appropriate ¢ € N, to produce n
integer solutions. We call these n solutions ay, as,...,a,. Thus
1 T
a;=cx =(¢,c¢...,c0,...,0,...,0,...,0)",
2 T
ag = x” =(—cay, —cag,...,—CQ,,Cy....Cy...,0,...,0)",
— T
A, = X" = (—CY1, —CY2y e ooy —CVhyy —CVhy 415+ o s —CVhgs-v-3CynveyC) .
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We are now able to produce our parametric solution to Cx = 0,

i) C —CQ1 —CY1
xI9 C —CQ9 —CY2
Lk C —CQ, —CYky

Lhi+1 0 C —CVky+1

X = : =l |nt : Y2+t : Yn-

Lo 0 c —CVks

Ly 0 0 C
Tk, 0 0 &

Indeed, x is a solution to Cx = 0, since it is a linear combination of the vectors
aj,as,...,a,, which are all solutions to Cx = 0.

Clearly the first non-zero coefficient of each of the parametric solutions will
be c. For example, zy, = cy2 + ... — ¢V, Yn, here the coefficient of y, is c.

To prove that we can find a monochromatic solution of this form in any finite
colouring of N we set p to be the largest modulus of an entry from the vectors
aj,as,...,a, and m = n — 1. From Theorem 4.5.12, for any finite colouring
of N we can find a monochromatic (m,p, ¢)-set, S ={> " Aivi|(A1,..., ) €
Zp—1pec}- S must contain the parametric solution. Indeed, the modulus of the
maximum coefficient of each y; in our parametric solution is at most p, there
are n terms y;, and every leading non-zero coefficient in the parametric solution
is ¢. Therefore the system Cx = 0 is regular over N. g

This completes the proof of Rado’s Theorem: a system Cx = 0 is reqular
over N if and only if C' satisfies the Columns condition.

We now give an example of how a particular parametric solution, used in
the proof of Theorem 4.5.13, is found.

Example. Take the system Cx = 0 where

2 =2 0 2 0 01
- 3 -2 -1 -9 12 0 4
St -1 0 -1 2 0 1}’
0 1 -1 —-10 10 2 0
giving the set of equations
2(51 — 2%2 + 21‘4 + 11‘7 :0,
3x1 —2x9 — lxg — 924 + 122 + 4x7 =0,
1 2 3 4 5 7 (4.5.1)

1z — 1o —1zy + 225 + 17 =0,
lxo — 1xz — 1024 + 1025 + 226 =0.
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We have

¢ = (2,3,1,0)7,

co = (—2,-2,-1,1)7T,
c3 = (0,—1,0,—1)7,
¢y = (2,-9,—1,-10)T,
cs = (0,12,2,10)7,

cs = (0,0,0,2)7,

cr = (1,4,1,0)T.

The matrix, C, satisfies the Columns condition. The partitions of C' are
{c1,co,c3}, {cq,c5} and {cg, c7}, since

ci+ca+c3=0,

Cc4 + c5 = Cy,

1 1 1
Cs +C7 = §C1 + §C3 + ZC5.

Therefore we have solutions to the system,

x! =(1,1,1,0,0,0,0)T,
x? = (-1,0,0,1,1,0,0)T,
1 1 1
3 T
= (—=.0,—=.0,—~,1,1)T.
X ( 27 bl 27 b 47 bl )

We multiply these solution by 4 so that they are all integer solutions, making
a] = (47 47 47 07 07 07 O)T7

(_47 07 07 47 47 07 0)T7

(_27 07 _27 07 _17 47 4)T7

a2

az

where ¢ = 4. So our parametric solution is

1 4 —4 -2
T2 4 0 0
3 4 0 -2
e | =|0|yi+ | 4 |y2+1| O |ys. (4.5.2)
Ts5 0 4 -1
Te 0 0 4
xT7 0 0 4

Since p is to be the largest modulus of an entry from the vectors aj,as,as
and m = n — 1 we have p = 4 and m = 2. In any finite colouring of N
there is a monochromatic (2,4,4)-set, S, and this must contain a solution
as in (4.5.2) and so a solution to the system (4.5.1). Indeed, S = {4y; —
dyo — 4ys, 4y1 — 4y2 — 3ys, . .. 4yr — 4y2 + 3ys, 4yr — 4y +4ys, .. 4y — 3y +
dys, ..., 4y + dyo + dys, dys — 4ys, ..., 4ys + 4ys, ..., 4ys}. In particular 4y; —
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dys — 2ys,4y1,4y1 — 2y3,4y2,4y2 — lys,4ys € S and since 4y; — 4ys — 2y3 =
r1,4y1 = x2,4y1 — 2y3 = x3,4y2 = w4,4y2 — lys = x5,4y3 = 16 = w7 we have
that x1, 9,3, T4, x5, 26, x7 € S. S is a monochromatic set so x is a monochro-
matic solution.

4.6 Consistency of finite linear systems

Definition 4.6.1. Consider two regular systems, Ax = 0 and By = 0. So
m any finite colouring of N there exists a monochromatic vector x such that
Ax = 0 and in every finite colouring of N there exists a monochromatic vector
y such that By = 0. These two systems are said to be consistent if in every
finite colouring of N there exist monochromatic vectors x and 'y, which have the
same colour, such that Ax =0 and By = 0.

Example. We can easily see that

1 -1 -2
A= 2 -2 —4
-3 3 6
and
0 1 -1 2
B=|1 0 -1 3
-1 2 -1 1

satisfy the Columns condition and so by Rado’s Theorem are regular. Therefore,
in any any finite colouring of N we can find a monochromatic vector x and
a monochromatic vector y such that Ax =0 and By = 0. However we can
only say these two systems are consistent if we can always find monochromatic
vectors x and y, which have the same colour, such that Ax = 0 and By = 0.
It is completely analogous to say the systems are consistent if we can find a
monochromatic vector z such that C'z = 0 where

0 0 0 O

A 00 0 0 1 -1 -2 0 0 0 0O
2 -2 —4 0 0 0 O
- o0 0 Oof _ [-3 3 6 0 0 0 O
0o 0 o0 10 0 0 0 1 -1 2
0 0 0 1 0 -1 3
0 0 0 B 0 0 0 —-12 -1 1

0 0 O

We can see C satisfies the Columns condition. Let cq,...,c7 be the columns

of C, we take the partitions to be C; = {c1,c2,cq,¢5,¢6} and Co = {c3,cr}.
Z?:l c; + Z?=4 c¢; = 0 and c3 + ¢c7 = 2¢9 + ¢4 — 2¢g so C satisfies the Columns
condition and by Rado’s Theorem is regular. Since C is regular we can certainly
find a monochromatic vector, z, in any r-colouring of N such that C'z = 0 and
so Ax = 0 and By = 0 are consistent.
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Using Rado’s Theorem we will now formally prove that finite linear systems
are always consistent.

Theorem 4.6.2. Any two finite reqular linear homogeneous systems are
consistent.

Proof. We take two regular linear homogeneous systems Ax = 0 and By = 0.
From Rado’s Theorem we can see that these matrices satisfy the Columns condi-
tion. Let A4, Ao, ..., A,, be the partition of the columns of A and By, B, ..., B,
the partition of the columns of B. Let the matrix C' be the diagonal sum of
A and B, that is C = (4 %). We can now define a partition of the columns
of C' which satisfies the Columns condition. The first partition set of C is
Cy = A1UBjy, the sum of the columns in this partition set must sum to zero since
the columns in A; and B; sum to zero. The remaining partition sets are defined
as Cy = A9,C3 = As,...,Cpy = A, Con1 = B2, Crnaa = Bs, ..., Crppn—1 = B,
It is clear that the sum of the vectors in each of these partitions sets can be
written as a linear combination of the vectors in the partitions sets of lower
index as they were in A and B. Therefore C' is regular and A and B are
consistent. O

4.7 The Finite Sums Theorem

The Finite Sums Theorem is also known as Folkman’s Theorem, Sanders’ Theo-
rem and the Folkman-Rado-Sanders Theorem. The reason for the differing
names is that various proofs, published and unpublished, have been produced
by Sanders, Rado and Folkman. Sanders’ proof was published in 1969 and
Rado’s in 1970.

To understand the Finite Sums Theorem Theorem we must first define a
sum-set.

Definition 4.7.1. Given a set S C N,

S(S) = {Zzss

seS

zs =0 or1 forall s € S and

zs = 1 for some non-zero finite number of s € S}.

We call S(S) the sum-set for the set S.

Example. If S = {2,4,6,8} then S(S) = {2,4,6,8,10,12, 14,16, 18,20}. If
S =1{2,4,5} then S(5) ={2,4,5,6,7,9,11}.

We state the Finite Sums Theorem below as Theorem 4.7.2.

Theorem 4.7.2. In any r-colouring of N there exists some k-element set, S,
such that S(S) is monochromatic.
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Proof. = We shall first prove that the monochromatic set, S(S), exists for
k = 4. We take the matrix

1100 -1 0o 0 O O O O O O O O
o110 0 -1 0 O O O O O o0 0 o0
1010 0 0 -1 0 O O O O O 0 O
1110 0 o O -1 0 O O O 0 0 O
1001 0 0 O O -1 0 O O O O O
¢c=10101 o0 o0 O O O -1 0 0 0 0 O
o011 0 o0 O O O O -1 0 0 o0 o0
1101 o0 o o0 O O O O -1 0o 0 O
o111 0 O O O o o o o -1 0 o0
1011 0 o0 O O O O O o0 o0 -1 o0
1111 0 o O O O O o o o0 0 -1
C satisfies the Columns condition, indeed, labeling C’s columns ¢y, co, ..., Ci5,
we see that cq4 + Zzlig ci =0, ci+c5+cyr+cg = —cg —cCi2 —Ci4 — Cy5,
C2+Cg = —C5 —Cg —C1g— C12 —C13 — C15 and €3 = — Z?:G Ci —Ci1 — Zililg C;.

That is, the partition sets of C' are C; = {cy4, cg, €10, €11, C12,C13,C14,C15}, Co =
{c1,¢5,¢7,¢c8}, C3 = {ca,¢c6} and Cy = {c3}. From Rado’s Theorem we may
deduce that since C satisfies the Columns condition it is a regular matrix. Since
C is regular there must exist some monochromatic vector, x, such that C'x = 0.
The sum-set, S(5), consist of all the elements of the vector x. Indeed, Cx = 0
may also be written

T1+ 22 = 5,
To + 23 = T,
z1 + 3 = @7,
1+ X2 + 3 = xs,
z1 + x4 = T,
2 + x4 = T10,

T3+ T4 = 211,

T+ T2 + 24 = 212,
To + X3 + T4 = 213,

T + 23 + T4 = 214,

T+ T2 + T3+ x4 = T15.

From this set of equations we can see that, since Cx = 0 is a regular system,
not only will the elements, x1, x2,x3 and x4 be monochromatic but also every
sum in the sum-set, S(z1, 2, x3,4).

The proof for a general k is clearly an extension of the example given here
for k = 4. We must simply produce the matrix which represents the sums in
the sum-set, these matrices will all have the Columns condition, since they will
be of the same form as C. O
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5 Hindman’s Theorem

In Neil Hindman’s paper, Finite sums from sequences within cells of a partition
of N [17], he proved the theorem which would later become known as Hindman’s
Theorem. Hindman’s theorem states that if N is coloured with some finite
number of colours there must exist some infinite set S C N such that S(S) is
monochromatic. S(S) is defined as in the Finite Sums Theorem, in Definition
4.7.1.

To prove Hindman’s Theorem we will use ultrafilters. Therefore, we will
begin by defining filters and ultrafilters and studying some of their properties.

Throughout this chapter we shall denote the complement of a set A by A.

5.1 Filters and ultrafilters
Definition 5.1.1. A filter on N is a collection F C P(N) such that

e )¢ F and N € F,
o if Ac F and A C B then B € F,

o if A,Bec F then ANB e F.

Example. Some examples of filters are given by {A C N|1 € A}, {A C
N|1,2 € A}, {A c N|B C A}, for some fixed B C N. Another example is
{A C N| A is finite }, this is called the cofinite filter and denoted by Fe.y.

Definition 5.1.2. An ultrafilter is a mazximal filter.

Lemma 5.1.3. Fvery filter is contained in some ultrafilter.

Proof. We shall prove that every filter is contained in a maximal filter using
Zorn’s Lemma. Zorn’s Lemma states that every partially ordered set, P, has a
maximal element if P has the Zorn Property. P has the the Zorn property if
for every chain C' in P there is an upper bound p € P of C.

For some filter F; we take F; C Fo C F3 C --- to be any chain of filters
containing F7, and must find an upper bound of the chain. We will show that
F =2, F; is an upper bound of the chain. We first check that F is a filter.
Clearly () ¢ F since ) ¢ F; for all i. Since N € F; for all i, N € | J72, F; = F.
If A€ Fand A C B then A € F; for some ¢, and since F; is a filter B € F;,
but then B € F. If A,B € F then A € F; for some ¢ and B € F; for some
j. If i = j we are done, since F; is a filter so AN B € F;. If i < j then since
Fi € F; we must have that A € F;, and again since F; is a filter AN B € F;.
If i > j then we must have that B € F;, and AN B € F;. Therefore F is a filter
since is satisfies the definition of a filter given in Definition 5.1.1. Therefore the
set of all filters containing /7 has a maximal element. A maximal filter is an
ultrafilter, so every filter is contained in some ultrafilter. O
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Lemma 5.1.4. U is an ultrafilter if and only if for all A C N either A € U or
AelU.

Proof. We shall prove this lemma using a proof by contradiction. For some
ultrafilter, U, we assume there exists a set A such that A, A ¢ Y. From the
maximality of U there must exist some set B € U such that BN A = () and
BNA = 0. It is then clear that BN (AUA) =0 and AU A = N but then
BN(AUA)=BNN=0so B =0and () €. This is a contradiction since the
empty set is defined not to be in any filter and U/ is a filter. So one of A and A
must be in /. We cannot have that both A and A are subsets of a filter since
if A, A € F then from the definition of a filter AN A = () € F. The empty set
is defined not to be in any filter. Therefore, either A €U or A € U.

We have shown that if ¢/ is an ultrafilter then for all A C N either A € U
or A € U. We must now show that if for all sets A C N either Ac U or A c U
then U is an ultrafilter.

We take some filter &/ which is not an ultrafilter and therefore is not a
maximal filter. We assume, for all A C N either A € U or A € U. Since U is not
a maximal filter there must exist some filter ¥V such that U/ ;Cé VY and so there
must exist some set, say B, such that B ¢ U but B € V. From our assumption
we have that if B ¢ U then B € U, however, Y & V so B € V. This is a
contradiction since both B and B cannot both be in V from our assumption.
Therefore U4 must be a maximal filter, an ultrafilter. O

Proposition 5.1.5. For every ultrafilter, U we have that Ay U Ay € U if and
only if Ay €U or Ay € U.

Proof. We assume that A; U As € U but Ay, Ay ¢ U. Since U is an ultrafilter
from Lemma 5.1.4 we must have Ay, Ay € U. Taking A3 = A; N Ay we have
that As € U but, using De Morgan’s laws, A3 = A; U Ay, and we already have
that A; U Ay € U so A3 € U. Since U is an filter, A3 and Az cannot both be in
U. We have a contradiction and so A1 € U or Ay € U. From the definition of
an ultrafilter we can see that if Ay € U or Ay € U then since Ay C A1 U Ay and
Ay C A1 U Ay we have A1 U Ay € U. ]

Lemma 5.1.6. Suppose that U is an ultrafilter and Ay, Ao, ..., A, are subsets
of N. Then the subsets of N, Ay, As,..., Ay, are all in U if and only if A1 N
Asn---NA, €U.

Proof. We shall prove the case for two sets, A1 and As, and then three sets,
Ay, Ay and As, the general case follows similarly.

From the definition of a filter we have, if A1, Ao € U then A1 N Ay e U. If
A1 N Ay € U then since A1 N Ay C A and A1 N Ay C Ay we may say, again
from the definition of a filter, Ay, As € U.

Again, from the definition of a filter we have, if A1, Ao, A3 € U then A1NAs €
U, but then (A N Az),As € U so we must have that A} N Ay N A3 € U.
If Ay N Ay N A3 € U then since A1 N Ay N A3 C A1, AiN Ay N A3 C Ay
and Ay N Ay N A3 C A3 we may say, again from the definition of a filter,
Ay, Ay, A3 € U. O
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Definition 5.1.7. = {A C N|n € A} is called the principal ultrafilter at n.
Example. The principal ultrafilter at 1is {A C N|1 € A}.

There is clearly a bijective mapping between the elements of N and the
principal ultrafilters. Under this mapping n € N is mapped to the principal
ultrafilter, n. This is a bijective mapping since any principal ultrafilter is map-
ped onto by exactly one element of N. This allows us, in some circumstances,
to use n and 7 interchangeably.

Proposition 5.1.8. If Ay,..., A, are subsets of N and U is an ultrafilter then
Ay U---UA, €U if and only if there exists some i € {1,2,...,n} such that
A, el.

Proof. Weset A = A1 U---UA, and assume that A € /. It is clear that
A=A U(A3U---UA,) € U and so Proposition 5.1.5 implies A; € U or
AyU---UA, elU. If Ay ¢ U then Ao U---UA, € U. We may now write
AsU---UA, = AU (A3U---UA,). Again, Proposition 5.1.5 implies that
Ay eU or A3U---UA, € U. We can continue in this way. Since A consists
of the union of a finite number of sets, A;, we know that at some stage there
must exist some ¢ € {1,...,n} such that A; € U.

If there exists some 7 € {1,...,n} such that A; € U then from the definition
of a filter, since A; C (A;U---UA,), we must have that A;U---UA, € U. O

Corollary 5.1.9. If U is an ultrafilter and A is a finite set such that A € U
then there exists some n € A such that U = n.

Proof. Since A = {ni,n9,...,n} = {n1}U{n2}U---U{ny}, from Proposition
5.1.8 we have that for some i € {1,2,...,n}, {n;} € U. However, since {n;} € U,
we must have, from the definition of a filter, that for every set B C N such that
n; € B, B € U. Moreover, if B C N and n; ¢ B then B ¢ U since otherwise,
from the definition of a filter, BN {n;} =0 € Y. Thus U = n,. O

Proposition 5.1.10. Any ultrafilter, U, containing the cofinite filter, Feof, is
non-principal.

Proof. = We assume U is a principal ultrafilter containing the F.,r. Then
n = U for some n € N and from the definition of 7, {n} € Y. The complement
of {n} is N\ {n}, an infinite set, so {n} ¢ Fror and N\{n} € Feor. Feor C U and
so N\ {n} e Y. U is a filter and thus {n} and its complement, N\ {n}, cannot
both be in U, since otherwise {n} NN\ {n} = € 4. We have a contradiction
and so U must be a non-principal ultrafilter. ]

Proposition 5.1.11. IfU is a non-principal ultrafilter then F.op CU.

Proof. We assume there exists some set A where A ¢ U and A is finite. Since
U is an ultrafilter Lemma 5.1.4 implies that A € I{. Since A is a finite set and
A € U, Proposition 5.1.9 implies that there exists some n € A such that 7 = U.
This is a contradiction since U is a non-principal ultrafilter. Therefore, A € U
for every set A whose complement, A, is finite. This is the definition of the
cofinite filter. So Fe,p C U. O
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Proposition 5.1.10 and Proposition 5.1.11 together imply that F.,; C U if
and only if ¢/ is a non-principal ultrafilter.

5.2 A topology on N

We must now produce a topological space on the set of all ultrafilters on N.
This will enable us to prove results concerning the set of all ultrafilters on N
which we will need in the proof of Hindman’s Theorem.

Definition 5.2.1. The set of all ultrafilters on N is called GN.

We define a topology on SN by taking basic open sets of the form Cy =
{U e BN|A e U} for A CN.

Lemma 5.2.2. Let A1, Ao, ..., A, be subsets of N. Then C4,NC4,N---NCy4, =
CA,nAsn--nA,,, a basic open set.

Proof. We shall prove the case for two basic open sets, C'4, and Cy,, and
then three basic open sets, C's,, Ca, and C4,, the general case follows similarly.

Cay,NCyy ={U € N|A; e U} N{U € BN |Ay e U} = {U € BN| A1 N
Ay € U} = Cyyna,- Indeed, this holds since from Lemma 5.1.6 we have that
Ay, Ay € U if and only if AjNAs € U. So the set of ultrafilters containing A; and
As is precisely the set of ultrafilters containing A;NAs. So Ca,NCa, = CanAa,-
Now, (Ca, NCyx,) N Cay = Cana, N Cag, since Ca,n4, is a basic open set we
may say Ca,na, N Ca; = Cajnasna,. Clearly we may generalise this proof for
any finite number of basic open sets. O

The union of a collection of basic open sets in the topology, Ca,,Ca,,C4, .. .,
is open since they are open sets. That is, Cy, UCy, UCy, ... is an open set for
any basic open sets C4,,Ca,,C4, .... The intersection of finitely many basic
open sets is a basic open itself. Therefore the open sets in SN are the basic
open sets and their unions.

Proposition 5.2.3. SN\ C4 = Cj;.

Proof. As proved in Proposition 5.1.4 for any set A C N, every ultrafilter
must contain A or A. So BN\ Ca, the set of all ultrafilters which do not contain
A, must be the set of all ultrafilters which do contain A, the set C. O

The complement of an open set is, by definition, a closed set and so our
basic open sets are clopen.

Proposition 5.2.4. Let Ay, Ay, ..., A, be subsets of N. Then Cq, UCy,U---U
Ca, = Ca,ua,0--u4, and PN\ {Ca, UCy, U---UCy,} = Cﬁmﬁgﬂ---nﬁn'

Proof. Cy, UC4, U---UCy,, is the set of ultrafilters which contain at least
one of the sets Ay, Ao, ..., A,. From Proposition 5.1.8, an ultrafilter contains
A; for some i € {1,2,...,n} if and only if it contains Ay U Ay U --- U A,,.
Therefore the set of ultrafilters Cy, U Cy, U --- U Cy, is equal to the set of
ultrafilters C'4,u4,0..ua,- Therefore the set SN\ {Caq, UCy, U---UCy,} =
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BN\ Ca 04,004, We may set A = A3 UAsU---UA, and then from Pro-
position 5.2.3 we have SN\ Ca,u4,0.-04, = Cqogo0a,, but then, from De
Morgan’s Laws, we have that Ay UAsU---UA, = A NAyN---NA,. The-
refore Cronoua; = Candsn.na,, and so BN\ {Ca, UC4, U---UCy,} =
Candon-nA,- O

We note that Proposition 5.2.4 implies that a finite union of basic open sets
in also basic open set.

Definition 5.2.5. A subset, A, of a topological space, X, is dense if every
non-empty open subset of X intersects A.

Lemma 5.2.6. N is dense in ON.

Proof. We recall that every element of N may be identified with a principal
ultrafilter. Consider any basic open set, C4, where A # (), then for every
n € A, we have A € n and thus n € C4. Since n € C4 we have that Cy
intersects N. For any n € [ where I € {A;, As, As,...} we have n € CJ so
n € Ca, UCy, UCy, . ... Therefore the union of any basic open sets intersect
N. So the basic open sets in SN and the union of any number of those sets both
intersect N. So every non-empty open set in SN intersects N and N is dense in

OBN. 0

Definition 5.2.7. A neighbourhood of a point, x, in a topological space, X, is
any open set containing x.

Definition 5.2.8. An element, z, of a topological space, X, is said to be an
isolated point, if there exists a neighbourhood of z, say U, such that XNU = {z}.
That is, the one-point set {x} is open in X.

Lemma 5.2.9. Every point of N is isolated in SN.

Proof. For any element n € N we can take

= {ﬁ}v
where 7 is the principal ultrafilter at n. Cf,; is an open set and contains only

7, so the definition of an isolated point is satisfied. Since n was an arbitrary
element of N, every point in N must be isolated in GN. O

Lemma 5.2.10. For a topological space, X, and a collection of closed sets,
(E)iéla

ﬂ F; =0 < (U)ier s an open cover of X

el
where U; = X \ Fj.
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Proof. We first assume that ();c; F; = 0. By De Morgan’s laws we have
U\ By = X\ F.
iel icl
Now, since U; = X \ F; and (,c; F; =0
U(X\E) = X\ 0, and so
el
Yui=x.
el

Thus the collection of open sets, (U;)icr, is an open cover of X.
We now assume the collection of open sets, (U;)icr, is an open cover of X
and we must prove that (,.; F; = (). Again by De Morgan’s law,

U(X \F) =X\ ﬂ F; , therefore

iel il
Uui=x\F.
el el

Since (U;)ier is an open cover of X we must have (J;c;(U;) = X but then
X = X\ ;e Fi so we must have (,c; F; = 0. 0

Definition 5.2.11. A collection, (F;)icr, of closed sets of a topological space,
X, has the finite intersection property if the intersection of any finite number
of these sets is non-empty. That is, if for any finite J C I we have that

() E #0.

jed

Definition 5.2.12. A topological space, X, is compact if and only if every open
cover of X has a finite subcover.

Lemma 5.2.13. A topological space is compact if and only if for every collec-
tion of closed sets, (F})icr, satisfying the finite intersection property we have
Mier Fi # 0.

Proof.  For this proof we must show that our lemma is equivalent to the
definition of compactness given in Definition 5.2.12. We shall do this by proving
that for every collection of closed sets, (F;)icr, satisfying the finite intersection
property we have (,.; F; # 0 if and only if every open cover of X has a finite
subcover.

We first assume that for any collection of closed sets, (F;);er, satisfying the
finite intersection property we have (,c; F; # (). We now take an open cover
of X and assume that this open cover does not have a finite subcover. We take
(Ui)ier to be the collection of sets in the open cover of X. We may take any
finite subcollection of open sets from (U;)ier, say (Uj)jes where J C I. Since
this collection of open sets cannot be a cover of X we must have that there
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exists some element of X, say x, which is not in Uje ;Uj. But then, by De
Morgan’s laws, we have x € ﬂjeJ F;, where F; = X \ U;. This is true of any
finite subcollection of open sets from (U;)ier so ;e Fj # () for all finite J such
that J C I. Therefore (F;);cr has the finite intersection property, but then from
our assumption ﬂigFi # (), and Lemma 5.2.10 implies that (U;);c; is not an
open cover of X. We have a contradiction and so there must exist some finite
open subcover of X in every open cover of X.

This completes the proof that if, for every collection of closed sets, (F})icr,
satisfying the finite intersection property we have (1,.; F; # () then every open
cover of X has a finite subcover. We must now prove the converse of this
statements.

We now assume that every open cover of X has a finite subcover of X.
Considering any collection of closed set (F;);er, with the finite intersection
property, we assume that ﬂie Fi= (). Since our collection of closed set (F});cs
has the finite intersection property we have that ﬂje s Fj # 0 for all finite
J C 1. Since ;c; F; = 0, from Lemma 5.2.10 we have that (U;);e; forms an
open cover of X, where U; = X \ F;. However, again from Lemma 5.2.10, we
have that (U;);e.; does not form a finite open subcover of X for all finite J C I.
This is a contradiction since every open cover of X has a finite subcover of X.
Therefore (;c; F; # 0 for every collection of closed sets, (Fj)ier, satisfying the
finite intersection property in a compact topological space. O

Definition 5.2.14. Consider a topological space, X. If a and b are elements
of this topological space we call them separated by meighbourhoods if we can find
two neighbourhoods, A and B, of a and b respectively such that AN B = (.

Definition 5.2.15. We call a topological space, X, a Hausdorff space if any
two distinct points of X can be separated by neighborhoods.

We shall later prove results about general compact Hausdorff spaces. Using
Theorem 5.2.16 we will be able to use these results to deduce results about GN.

Theorem 5.2.16. 8N is a compact Hausdorff space.

Proof. First we take two distinct ultrafilters, &/ and V. Since U and V are
distinct there must exist some set A such that A € & and A ¢ V. V is an
ultrafilter and A ¢ V so Lemma 5.1.4 implies A € V. Since A € U we have
U e Cy and since A € V we have V € C 1. The two neighbourhoods, C'4 and
Cz, of U and V respectively are disjoint since no ultrafilter can contain both A
and A. So AN is a Hausdorff space.

We must now prove that SN is compact. To do this we must prove that for
every family of closed sets, say (F;)ier, with the finite intersection property we
have ﬂieIFi # (. We assume that each F; is basic, that is, F; = Cy4,. Recall
that Lemma 5.2.2 implies CAZ.1 OCAZ.2 ﬂCAl.3 N---NCy, = CAilﬂAigﬂAi3ﬁ"'mA
for all i1,49,...,1, € I.

We define a filter,

in

f:{ACN|Ai1ﬂAhﬂAiSﬂ"'ﬂAinCA

for some iy,1i9,43...,1, € I and some n € N}.
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We now prove that F is indeed a filter. From our assumption, the family
of closed sets, (F5)ier = (Ca, )ier, has the finite intersection property so Ca, N
Ca, N CA¢3 N-NCya, = CAilﬂAizmAigﬂ,,nAin =+ () for any i1, 149,43 ...,0, € I.
Since Ca,, nA;,nA;, NN A, # () we must have that A;; N A;, NA;;N---NA;, #0
and since A; N A;, N A, N---NA;, CAclearly A# 0 and ) ¢ F. A; C N for
every i € I so from the definition of F, N € F.

If Ae Fand A C B then 4;, NA;, N A, N---NA4;, C A for some
i1,19,13...,1, € I thus Ail ﬂAiQ ﬂAiS ﬂ"'ﬂAin C Band so B € F.

If A,B € F then A;, N A;,N---NA;, C A for some i,i2...,%4, € [ and
Aj NA;,N---NA; C B for some ji,jo...,5, € I. Since A;; N A;, N---N
A, NA; NA,N---NA;, CANB and i1,%2...,1,,J1,J2--.,Jn € I we have
ANBeF.

We have shown that ) ¢ F and Ne F,if A€ F and A C B then B € F
and if A, B € F then AN B € F. Therefore F is a filter since is satisfies the
definition of a filter given in Definition 5.1.1.

From Lemma 5.1.3 we may take W, an ultrafilter extending F. Since 4; € F
foralli e I and F C W we have A; € Wforallie I so W e Cy, forallie I.
Therefore W € (;c; Ca, and (;c; Ca, # 0 so Lemma 5.2.13 implies that 3N is
compact. ]

In order to prove Hindman’s Theorem we must define U/ + V for two ultra-
filters U and V. Therefore we turn our attention to ultrafilter quantifiers which
will enable us to manage the notation more easily.

5.3 Ultrafilter quantifiers

Definition 5.3.1. (Vyx)p(x) if and only if {x € N|p(x)} € U where p(z) is
some statement with variable x.

The following lemma demonstrates that (Vi) and (Vyy) are not always
commutative.

Lemma 5.3.2. For two non-principal ultrafilters U and V

(Vuz)(Vyy)z <y # (Yvy)(Vur)z < y.

Proof.  First we note (Vyz)(Vyy)r < y if and only if {z € N|(Vyy)z <
y} € U if and only if {x € N|[{y € N|z < y} € V} € U. Comparatively
(Vvy)(Vyx)r < y if and only if {y € N|(Vyx)z < y} € V if and only if
{yeN[{z eN|z <y} e} €V. So to prove that

(Vuz)(Vyy)r <y # (Yvy)(Vur)z <y
we must show
{reN|{yeNjlz<yteVieU#{yeN|{zeNjz <y} elU} eV,

when U and V are non-principal ultrafilters. For any natural number there
exists an infinite number of larger natural numbers. Therefore, if we choose
any element, say x € N, then the set {y € N|z < y} € V since the complement
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of this set is {z € N|x > z}, which is clearly finite. Since z was an arbitrary
natural number we must have that {z € N|{y € N|z < y} € V} = N. There-
fore {z € N|{y € N|z < y} € V} € U. Conversely, if we choose any element,
say y € N, then the set {r € N|x < y} ¢ U. Indeed, any set in U must be
infinite, and the set {x € N|x < y} is clearly finite. Since y was an arbitrary
natural number we must have that {y € N|{z € N|z < y} € U} = (). However,
since V is an ultrafilter, 0 ¢ V so {y € N|{z € N|z <y} € U} ¢ V. Therefore
(Vyz)(Vyy)z < y is not equal to (Vyy)(Vyz)r < y. O

To be able to effectively use ultrafilter quantifiers we must first prove some
results about them.

Proposition 5.3.3. Take an ultrafilter, say U, and statements p(z) and q(x).
Then

1. (Vyz)(p(z) and q(z)) < ((Vyz)p(z) and (Vyx)q(z)),
2. (Vyz)(p(x) or q(x)) < ((Vuz)p(z) or (Vyz)q(x)),
3. If (Vyz)(p(z)) does not hold then (Vyx)(not p(x)).

Proof. Take A= {z € N|p(x)} and B = {z € N|q(x)}.

Part 1. now states that AN B € U if and only if A € Y and B € U. This
was proved in Lemma 5.1.6.

Part 2. now states that AUB € U if and only if A € U or B € U. This was
proved in Proposition 5.1.5.

Part 3. now states that if A ¢ U then A € Y. This was proved in Lemma
5.1.4. 0

Definition 5.3.4. ForU,V € BN we define an addition on the topological space
ON as
U+YV={ACN|(Vyx)Vyy)z +y € A}

We may also write i + V in a less elegant form,
U+YV={ACN|(Vyx)Yyy)z+y e A},
={ACN|{z eN|(Vyy)z+y e A} e U},
={ACN|{zeN|{yeN|z+yec A} €V} e U}.
Example. 345 =38.

3+5={AcCN|{zeN|{yeN|z+yc A} €5} € 3},
={ACN|{zeN|{yeN|jyc A—z}cb}ec3},
={AcCN|{zeN|A-xec5}c3},
={AcCN|3c{reN|A—2zec5}}
={ACN|A-3¢e5},
={ACN|5e€ A-3},
={ACN|8 ¢ 4},
= 8.
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We may generalise this example for the addition of any two principal ultra-
filters.

Lemma 5.3.5. 1y + no = nq + no.

Proof.

ni+ny={ACN|{zeN[{yeN|z+ye A} € na} € n1},
={ACN|{zeN|{yeN|ye A—z} €na} € ny},
={ACN|{z eN|A -z eny} en},
={ACN|n €{zreN|A—2zenal}}
={ACNJ|A—n; € ng},
={ACN|ny e A—ny},
={ACN|n; +ng € A},

=ni + no.

Lemma 5.3.6. U + V is an ultrafilter.

Proof. To prove that {4V is an ultrafilter we must check it satisfies Definition
5.1.1, the definition of a filter, and that if A ¢ U +V then A € U +V for all
A C N. That is, we must check that &/ +V is a filter and satisfies the conditions
given in Lemma 5.1.4 for it to be an ultrafilter.

Since U and V are ultrafilters we have () ¢ U,V and N € U, V. We first show
DeUU+Vand Neld + V. If ) € U+ V then there must exist some z € U and
y € V such that z +y = (. No two natural numbers add together to give the
empty set so ) ¢ U +V. Ne U+ V since N € U, V. Indeed, for any x € N we
have {y e N|Jz+y e N} =N e V. Thus {r e N|{y e N[z +y € N} e V} =
NellandsoNelU + V.

We now write U + V in a different form,

U+V={ACN|{zeN|{yeN|jz+yec A} e V} e U},
={ACN|{zeN|{yeN|ye A—z} €V} €U},
={ACN|{zeN|A—-—zeV}eclU}.

We must now show that if A € Y+ )V and A C B then B € U+ V. For
ease of notation we define the sets Dg = {xr € N|A —x € V} and Dp = {x €
N|B — z € V}. From the above it is clear that for any A € U +V we have
Dy € U. We already have that A C B, therefore A —x C B — x. Since V is
a filter it follows that B — x € V whenever A —z € V. Thus D4 C Dp, and
since Dy € U and U is a filter we must have that Dg € U. We now have that
B eU+ YV, sowe have shown if Ac U/ +V and A C Bthen Bel + V.

We must now show that if A, B € Y +V then ANB € U+YV. We have
A, B eU+V so (Vyx)(Vyy)r +y € A and (Vyx)(Vyy)x +y € B, then from
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Proposition 5.3.3.1 we have (Vyz)(Vyy)(z +y € Aand x +y € B) so clearly
(Vyx)(Vyy)r+y€ ANB,and ANBel + V.

Finally, if A ¢ U+ V then (Vyx)(Vyy)r +y € A does not hold. From
Proposition 5.3.3.3 we have (Vyx)(Vyy)z +y ¢ A and so (Vyx)(Vyy)z +y € A.
This shows that if A ¢ U +V then A € U + V. O

Lemma 5.3.7. The operation + on SN is associative.

Proof.  For three ultrafilters ¢/, V and W we must prove (U + V) + W =
U+ (V+W). We first set By = {t € N|(Vw2)t + 2 € A}. Then

U+V)+W ={A C N|(Vypvt)(Ywz)t + z € A},
={ACN|{teN|(Vw2)t+z€ A} €U+ V},
={A C N|(Vyz)(Yyy)x +y € Ba},
= {A C N| (Vuz)(Vyy)(Ywz)x +y + 2z € A}.

On the other hand,
U+ V+W)={ACN|Vyz)Vyiws)x + s € A},
Vur)(Yyiws)s € A -},
H{seN|se A—z} e V+W},
JA—z eV + W},
)(Vvy) (Yw2)y + 2z € A -},
)(VWwy)(Vwz)z +y + 2 € A}

Therefore (U +V)+W =U+ (V+W). O

Definition 5.3.8. If x is a binary operation on a set S, then % is left-continuous
if f(z) =y*x is a continuous mapping for all y € S.

Lemma 5.3.9. Addition on BN is left continuous. That is for every fized V,

f: PN — N x gN
U—-u+v
18 a conlinuous mapping.
Proof. For the mapping to be continuous the preimage of any open set

in U +V must be an open set in U. Clearly, it is sufficient to consider any
basic open set C4 in U + V and show that f~!(C4) is an open set in . We
can see that f~1(C4) = {U € BN|A € U+V}. Now, A € U+ V if and
only if {z € N|(Vyy)r +y € A} € U. We can now define the set B =
{z € N|(VYyy)r +y € A}. Then A € U+V if and only if B € Y. Thus
Y (Cx) ={U € BN|B e U} = Cp. Cp is an open set in U, therefore for every
fixed V, f is a continuous mapping. O
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Definition 5.3.10. If x is a binary operation on a set S, an element, x, of S
18 an tdempotent for x if txx = x.

Before going on to prove Hindman’s Theorem we must use our knowledge
of ultrafilters and the topology on OGN to find an ultrafilter in SN which is
idempotent under addition. We shall first prove an idempotent element exists
for a general Hausdorff space, X, of the form of SN we may then apply this
result to SN. We do this using good subsets.

5.4 Good subsets

Throughout this section X is a non-empty compact Hausdorff space, and + :
X x X — X is an associative left-continuous binary operation on X.

Definition 5.4.1. A subset, M, of X is good if it is compact, non-empty and
satisfies M + M C M.

Lemma 5.4.2. There exists a minimal good subset of X.

Proof. We shall prove that a minimal good subset of X exists using Zorn’s
Lemma. Zorn’s Lemma states that every partially ordered set, P, has a maximal
element if P has the Zorn Property. P has the the Zorn property if for every
chain C in P there is an upper bound p € P of C. We are concerned with
finding a minimal element and so we take the reverse order of the set.

We take M1 O My O M3 O --- to be the chain of good sets and must
find a lower bound of the chain. Under the reverse order this chain would be
My C My C M3 C --- and we would need to have a upper bound for Zorn’s
lemma to hold, it is completely equivalent to find a lower bound in our ordering.
Claim. M =(;2, M; is a lower bound of the chain.

X is defined to be a compact Hausdorff space. My, My, Ms, ... are all good
sets, and so are all compact in X. Compact subsets of Hausdorff spaces must
be closed so all the sets M;, for ¢ € N, are closed. Since M is the intersection of
these closed sets M is also closed. M is a closed subset of X, a compact space
and so M is compact.

Since each M; is a subset of M;_1 for i > 2, every element of M; must also
be in M;_1. Therefore any intersection of some finite collection of these sets
cannot be empty since it must contain at least all the elements of M; where
M; is the smallest set in the intersection. Thus the collection of closed sets,
(M;)ien, satisfies the finite intersection property and so, by Theorem 5.2.13,
the intersection of all the M; must be non-empty. We now have M # ().

Finally M + M = {m1 + ma|mi,me € ()52, M;} and any two points in
N2 M; must both be in every M;. So from the definition of a good set mj +mso
must also be in every M;, and therefore in (;2, M;. So M + M C M

Since M is compact, non-empty and M + M C M it is a good set, so M
is the lower bound. Therefore, by Zorn’s Lemma, there must exist a minimal
good set. O
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Lemma 5.4.3. Let M be a minimal good set (which must exist by Lemma
5.4.2) and take x € M. Then the set M + x is good.

Proof. M + x is the image of M under the continuous function,

f: X=X

m—m-+ x.

We already have that + is an associative left-continuous binary operation on X,
so f is a continuous mapping. The image of a compact space under a continuous
mapping is compact. Since M is compact and M + z is the image of M under
a continuous mapping, M + x is compact.

M + x is non-empty since M is non-empty. That is, there exists some
element, say a, in M. This element will map to an element of M + x, in
particular a will map to a + x, therefore M + x is non-empty.

From the definition of M we have M + M C M. But x € M and so
M +2 C M. We can now see that M + x satisfies (M +x) + (M +2) C M +x
since M +z)+ (M +z)=M+z+M)+xC(M+M)+zCM+zx.

This proves that the set M + x is good since it is compact, non-empty and
satisfies (M +z) + (M +x) C M + x. O

M is a good set and x € M so we have that M +x C M. We have now
shown that M + z is a good set, but M is the minimal good set so we must
have M +xz = M.

Theorem 5.4.4. There exists some x € X such that x +x = x. That is, there
exists an idempotent element of X.

Proof. Since M + x = M there must exist some element of M, say y, such
that y +x = z. We take aset Y = {y € M |y + = = x}. This set is the inverse
image of {z} under the function

g: X —-X
y—y+ax.

We already have that + is an associative left-continuous binary operation on
X, so g is a continuous mapping. Therefore, Y is closed, since it is the inverse
image of a singleton under a continuous function.

A closed subspace of a compact space is compact, therefore since X is a
compact Hausdorff space and Y is a closed subspace of X, Y is also compact.

For two elements in Y, say y; and y2, we have (y1+y2)+x =y1+ (y2+2) =
yi+x=z. Soyr+y2 €Y.

We now have that Y is compact, non-empty and Y +Y C Y, so Y is good.
We may now conclude that Y = M since M C Y as M is the minimal good set
and Y C M from the definition of Y. Since Y = M we must have that z € Y.
Thus we have an element z such that  + x = x, as required. O

93



We are now ready to prove Hindman’s Theorem. First we shall clarify
exactly what the results we have proved imply.

The results for the general compact Hausdorff space, X, may now be applied
to our compact Hausdorff space, GN. In particular Theorem 5.4.4 may be
applied to SN. In Lemma 5.3.7 and Lemma 5.3.9 we showed that + is an
associative left-continuous binary operation on GN. Therefore we may conclude
that there exists some idempotent element of SN, that is, there exists some U
in ON such that Y +U = U.

5.5 Hindman’s Theorem

Theorem 5.5.1. If N is coloured with some finite number of colours there must
exist some infinite set S C N such that S(S) is monochromatic.

Proof. As shown above there must exist an idempotent ultrafilter U in
ON. If U is the principal ultrafilter 7 we must have that n = 7 +n = 2n, a
contradiction. So U is a non-principal idempotent ultrafilter. We first show
that in a colouring of N with some finite number of colours, ry,r9,73,...,7y
there must exist some infinitely large monochromatic set Ay in Y. Indeed, if N
is n-coloured then Ry U Ry U---U R,, = N where R; is the set of all r; coloured
natural numbers. From Proposition 5.1.8 there must exist some i € {1,2,...,n}
such that R; € U since R{ URyU---UR,, =N € U. Since U is a non-principal
ultrafilter Proposition 5.1.9 implies that any set in ¢ cannot be finite. Therefore
the set R; in U, must be infinite, so we have our desired monochromatic infinite
set in U. We call this set A;. We may write U +U as

U+U={ACN|{zeN|{yeN|jz+yec A} eU} e U}
={ACN|{zeN|{yeN|lye A—z} cU} cU}
={ACN|{zeN|A-—zclU} clU}.

Since A1 € Y and U = U + U we must have that A; € U +U. Therefore
there must exist some x1 € A; such that A1 — 1 € U. Indeed, otherwise
{xr €N|A; —z €U} C A since A; UA; = N. That is, for any x € N such that
Ay —x € U we must have € A since x € A;. A contradiction, since then
Ay, Ay € U, which from the definition of a filter cannot happen. We now define
Ay = A1 N (A — 27), since A; € U and Ay — 21 € U, we must have from the
definition of a filter that Ay € . Therefore Ay € U +U. As with Ay, there must
exist some x9 € Ay such that Ay — 29 € U. We may continue in this fashion,
defining A3 = Ay N (Ay — x2). This produces an infinite sequence of nested
sets, A1 O Ay O A3z O -+ and elements, x; € A; such that A; — x; O A;11.
Therefore A; O A;j41 +x; and A; O Aj + x; for all j > i + 1. We have thus
found the monochromatic set S = {x;|i € N}. We will now show that S(S)
is monochromatic. To do this we consider a subset of S, the natural numbers
Ty Tigy v vy Tipy where i1 <19 < - <ip_q < ip.

Since A;, + x;, , € A;, , we have z;, +x;, , € A;,_,, but then since
A+, , €A, , wehave (x;, +x;, )+ i, , € A, ,. We may continue
in this way until we reach A;,, where we have x;, +x;, |, +x;, , + -+ i €
A;, € A;. This shows that S(S) is in A; and is therefore monochromatic. So
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we have shown that if N is coloured with some finite number of colours there
must exist some infinite set S C N such that S(S) is monochromatic. O
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6 Conclusion

We began by introducing Ramsey’s numbers and giving examples of ways in
which some of these smaller numbers may be found. We then went on to prove
Ramsey’s Theorem, initially for graphs, which we were able to prove in two
ways, and then, more generally, for sets. Next we proved Van der Waerden’s
Theorem. An interesting example enabled us to see that Van der Waerden’s
Theorem cannot be extended to infinite arithmetic progressions.

We then gave the proof of Rado’s Theorem which provided a characterisation
of the homogeneous systems to which a monochromatic solution can be found
in any finite colouring of the natural numbers. This result enabled us to prove
that any two finite regular linear homogeneous systems are consistent. We also
proved the Finite Sums Theorem using Rado’s Theorem.

Finally we proved Hindman’s Theorem which is a natural extension of the
Finite Sums Theorem. In order to prove this theorem we had to prove many
quite abstract results. After understanding ultrafilters and their quantifiers we
were able to prove results about a topology on the set of ultrafilters.

The origins of the theorems proved here are far from common. The inten-
sions of the mathematicians were, in general, not advancing the field of Ramsey
Theory. Ramsey himself came across the field which now bares his name while
attempting to solve problems of decidability in logic. Ramsey died aged only
twenty six in 1930. A year later it was proved that the problem which he
had been working on is in fact impossible to solve. So Ramsey is now famous
for proving a theorem he didn’t need while trying prove something which he
couldn’t prove. Schur was trying to solve Fermat’s last theorem over finite fields.
Van der Waerden became interested in his theorem when Baudet, a student at
Gottingen, asked if it could be proved. The academics at Gottingen had been
struggling to find a proof before Van der Waerden produced his.

Ramsey Theory began to expand in the second half of the twentieth century
and is now recognised as an interesting and expanding area of mathematics.
In 1983 Frank Harary [18] wrote about Ramsey Theory, unsolved problems
abound, and additional interesting open questions arise faster than solutions
to the existing problems. This remains true, indeed, there are many problems
which are natural and easy to understand but have not been solved.

An example of one of these open problems follows directly from Chapter 4.
We proved in Section 4.6 that any two finite regular linear homogeneous systems
are consistent. A characterisation of the infinite regular linear homogeneous
systems which are consistent has not been produced. There are results which
show that certain types of infinite matrices are consistent and certain other
types are inconsistent. The proofs of these results can be found in papers by
Leader and Russell, [8] and [9]. However, the characterisation in general is far
from complete.

Another open question is an extension of Schur’s Theorem. If N is 2-
coloured, does there always exists x,y € N such that x,y,x + y and xy are
all monochromatic?

Another problem are the bounds for the Ramsey, and Van der Waerden
numbers which are not generally known with any accuracy. These bounds are
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unlikely to be improved upon without some deeper mathematical understan-
ding. For example 43 < R(5,5) < 49, however to prove that R(5,5)’7$ 43 by

drawing every possible 2-colouring of K43 would require us to draw 2(423) = 2903
graphs. As we take larger Ramsey and Van der Waerden numbers the bounds
become less informative. Some of these open questions have prizes attached to
them. For example, in 1998 Ronald Graham offered $1000 to anyone who could
prove or disprove that W (k,2) < 2¥°.
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7 Sources

The book Ramsey Theory [1] has been my main source, however, in some chap-
ters I referred to other sources.

Throughout Chapter 2, Ramsey’s Theorem, I mainly referred to the book
Ramsey Theory [1], however, I also referred to Modern Graph Theory [2], A
Friendly Introduction to Graph Theory [3], Asymptotic Bounds for Classical
Ramsey Numbers [4] and Combinatorics: set systems, hypergraphs, families of
vectors and combinatorial probability [5].

In Chapter 3, Van der Waerden’s Theorem, I mainly referred to Ramsey
Theory [1], however, I have also referred to Three Pearls of Number Theory [7].

In Chapter 5, Hindman’s Theorem, I referred to Ramsey Theory [1]. Ho-
wever my main resource was Partition Regular Equations [8]. T also referred to
Topology [11] and Combinatorial Topology [12] in Chapter 5 for formal topolo-
gical definitions.

Rudiments of Ramsey Theory [6] and Ramsey Theory on the Integers [10]
provided some of the historical information which was included.
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Appendix

A Bounding W(3,3)

We give an example here of how the value of W(3,3) may be bounded. In
Proposition 3.1.1 we showed how the value for W (3,2) may be bounded, this
example uses an extension of the method used in that proposition.

Example. W(3,3) <7(2-37+1)(2-37@3™+1) 4 1)

The set of integers, {1,2,...,7(2-37 +1)(2-37@3"+1) £ 1)} are first divided
into 2 - 37237+ 4 1 blocks, each of order 7(2-37 4+ 1). That is, {1,2,...,7(2-
3T 1)(2-37@3 D L) ={1,...,7(2- 3T+ D}U{7(2-37+ 1)+ 1,...,14(2-
3T+ 1)UL U{7(2-37+1)(2-37@3 D) 1, 7(2-37 +1)(2-37@37THD) 1 1)},
We then label these blocks By, Bs, ..., B, 75741y, Where By = {1,...,7(2-
3T+ 1)}, By = {7(2-3" + 1)+ 1,...,14(2- 3"+ 1)}, ., By yraariny .y = {7(2-
374 1)(2-37@3 D) £ 1 7(2-37 +1)(2-37237+D) £ 1)}, Since there are only
37(2:37+1) ways in which any of the blocks may be 3-coloured, by the pigeonhole
principle, at least two of the first 37237+1) 4 1 blocks must be coloured in
the same way. We call these blocks B, and B,i4. Each block is of order
7(2-37 4+ 1) so we may split each into subblocks, SB; ;, each of order 7, where 4
denotes the block which the subblock is in and y denotes its position within that
block. For example, SB12 = {8,9,...,14}. Since each subblock is coloured
with only three colours there are only 37 ways in which a subblock may be
coloured. So again by the pigeonhole principle we must have that at least two
of the first 37 4+ 1 subblocks must be identically coloured. We call the two
identically coloured subblocks of B,, SBy . and SB, 4+s5. We now label each
clement of {1,2,...,7(2-37 +1)(2- 3723+ 1 1)}, byy,», Where x denotes the
block which the element is in, y denotes the subblock the element is in, in
the block B, and z denotes the elements position within SB, ,. For example
7(2-37 + 1) + 2 is labeled by12. Since each subblock is coloured with only
three colours, again by the pigeonhole principle, we can say that at least two
of the first four elements in each subblock must be monochromatic. We call
the two monochromatic elements of SBg o, ba,a,p and by a 4. The next term
in this arithmetic progression must be in SB, , since bga,, and bg oty are
both in its first four terms, we call the next term by o o424 If bg o2y is the
same colour as bg ., and by o 4y We would have our monochromatic 3-term
arithmetic progression, so we assume b, o 42y is a different colour. Since SB, o
and SB, s are identically coloured the elements by oo, ba,a,p+4) Da,a+6,, and
ba,a+5,p+y must be monochromatic. However this also means that by 420
and bg a46,,+2¢ must be monochromatic. We now turn to the next subblock
in the arithmetic progression of subblocks, SB, . and SB, o5, this subblock
must be in B, since SB, o and SB, 445 are both in the first 37 + 1 subblocks
of B,. We label this subblock SB, o125 and turn to the element b, o+425,0+2¢-
If bo,a, o120 ba,at6,0+2¢ and by 125,424 are monochromatic then we have a
monochromatic 3-term arithmetic progression, so we assume bg o426, ,+2¢ 15 a
different colour. Equally we must assume that by o425,,+2¢ is a different colour
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to ba,a,p and by o454 Otherwise, again, we have a monochromatic 3-term
arithmetic progression.

We noted earlier that there must exist a block, B,i4, coloured identi-
cally to B,. We can also see that since B, and B,i4 were both taken from
the first 37237+ 4 1 blocks, the next block in the arithmetic progression
of blocks, Byta4, is in the first 2 - 37(237+1) 4 1 blocks. Therefore we turn
to the element byy24a+4250+2¢- Dat2d,a426,0+2, must be the same colour as
one of bua,p baa,pt29 OF bgat2spt2y Since these are each coloured using
a different colour in our 3-colouring. Therefore we either have the mono-
chromatic 3-term arithmetic progression by a,p, batd,at6,0-+4s bat2d,a+25,0+2¢ OF
ba,o,0+205 Vatdato,p+20, Dat2d,a+26,p+2¢ OF
ba,a426,0+2¢> Datd,a+26,0+2¢» Dat2d,a+25,p+2¢- Since one of these monochromatic
3-term arithmetic progressions must exist in the set of integers, {1,2,...,7(2 -
3741)(2:37@3"+D 1)}, we must have that W (3,3) < 7(2-37+1)(2-37237+1) 41).

60



References

1]

2]
[3]

[4]

[10]

[11]

[12]

[17]

[18]

R. Graham, B. Rothschild and J. Spencer, Ramsey Theory, Wiley-
Interscience, New York. 1980.

B. Bollobés, Modern Graph Theory, Springer Science, New York. 1998.

F. Buckley and M. Lewinter, A Friendly Introduction to Graph Theory,
Pearson Education LTD., London. 2003, p. 297-304.

J. Winn, Asymptotic Bounds for Classical Ramsey Numbers, Polygonal,
Washington. 1988.

B. Bollobas, Combinatorics: set systems, hypergraphs, families of vectors
and combinatorial probability, Cambridge University Press, Cambridge.
1986, p. 155-159.

R. Graham, Rudiments of Ramsey Theory, Conference Board of Mathe-
matical Science. 45 (1983).

A. Khinchin, Three Pearls of Number Theory, Graylock Press, Rochester,
New York. 1948, p. 11-14

I. Leader, Partition Regular Equations, Surveys in Combinatorics. 307
(2003), p. 309-329.

I. Leader and P. Russell, Consistency for Partition Regular Equations,
submitted. (2003).

B. Landman and A. Robertson, Ramsey Theory on the Integers, STML
24, American Mathematical Society, Providence, Rhode Island. 2003.

J. Hocking and G. Young, Topology, Addison-Wesley Publishing Company,
Inc. Reading, Massachusetts. 1961.

P. Alexandrow, Combinatorial Topology, Dover Publications, Inc. Mineola,
New York. 1998.

F. Ramsey, On a Problem of Formal Logic, Proc. London Math. Soc. 30
(1928), p. 264-286.

B. van der Waerden, Beweis einer Baudetschen Vermutung, Nieuw Archief
voor Wiskunde 15 (1927), p. 212-216.

R. Rado, Studien zur Kombinatorik, Math Zeit 36 (1933), p. 242-280.

I. Schur, Uber die Kongruenz ™ +y™ = 2™ mod p, Jber. Deutsch. Math.-
Verlein. 25 (1916), p. 114-117.

N. Hindman, Finite sums from sequences within cells of a partition of N,
Journal of Combinatorial Theory, Ser. A. 17 (1974), p. 1-11.

F. Harary, A tribute to Frank P Ramsey, 1903-1930, J. Graph Theory 7
(1983), p. 1-7.

61



