Change of a Dollar
By William Gasarch

1. a, is the number of ways to make change of n cents using pennies. Clearly (Vn)[a, = 1].

We define ap = 1 and, (Vn < —1)[a,, = 0].

2. b, is the number of ways to make change of n cents using pennies and nickels. We take

bp = 1 and (Vn < —1)[a,, = 0]. Clearly (Vn)[b, = a,, + b,_5].

3. ¢, is the number of ways to make change of n cents using pennies, nickels, and dines. We

take ¢o = 1 and (Vn < —1)[¢,, = 0]. Clearly (Vn)[c, = b, + ¢n—10].

4. d,, is the number of ways to make change of n cents using pennies, nickels, dimes, and

quarters. We take dy = 1 and (Vn < —1)[d,, = 0]. Clearly (Vn)[d,, = ¢, + d;,_25)-
One can easily prove the following by induction on 7n:
Theorem 0.1 (Vn)[b, = | %] + 1].

We can now solve the change-for-a-dollar problem by hand. We need to compute d;o9. We use
the exact formula for b,, and the recurrences for ¢,, and d,,.

d10o = €100 + €75 + Cs0 + C25 + Co

co=1

Cos = bos + b5 +bs =6+4+2=12

Cs0 = bsg + bao 4+ bsg + b +bio+bo=114+9+7+5+3+1=36

Cr5 = brs + bgs + bss + bys +b3s +co5 =16+ 14+ 124104+ 8+ 12 =72

c100 = b1oo + bgo + bgo + bro + bep + c50 =21 + 19+ 17+ 154+ 13 + 36 = 121

Hence

dioo =1+ 12436 + 72 + 121 = 242.



