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Abstract A c-coloring of the grid Gy = [N] x [M] is a mapping of Gy u into [c]
such that no four corners forming a rectangle have the same color. In 2009 a chal-
lenge was proposed to find a 4-coloring of G17,17. Though a coloring was produced,
finding it proved to be difficult. This raises the question of whether there is some
complexity lower bound. Consider the following problem: given a partial c-coloring
of the Gy grid, can it be extended to a full c-coloring? We show that this problem
is NP-complete. We also give a Fixed Parameter Tractable algorithm for this problem
with parameter c.
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1 Introduction

Definition 1

1. If x € N then [x] denotes the set {1,...,x}. Gy u is the set [N] x [M].

Definition 2 Letn,m,c > 1.

1. A rectangle of Gy is a subset of the form
{(a,b),(a+d\,Db),(a+d\,b+d>),(a,b+dr)} C Gny

for some a,b,d;,d>» € N with dy,d>» > 1 Note that we are only looking at the four
corners of the rectangle—nothing else.
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2. Let x : Gyy — [c]. A monochromatic rectangle is a rectangle where all 4 ele-
ments of it are colored the same.

3. Let x : Gy .y — [c]. If there are no rectangles with all four corners the same color
then we call ¥ a c-coloring. If the c is understood we may just say a coloring. We
sometimes use the term proper c-coloring rather than c-coloring to stress the fact
that it has no monochromatic rectangles.

4. A grid Gy y is c-colorable if there is a c-coloring of it.

Fenner et al. [2] explored the following problem:
Which grids are c-colorable for a given fixed c?

2 History and Our Results

We state some of the results of Fenner et al. [2].

1. Forall ¢ > 2, GC+1 c(‘“)+1 is not c-colorable.
<\ 2

2. For all ¢ there exists a finite number of grids, denoted OBS,, such that Gy »
is c-colorable iff it doesn’t contain any element of OBS.. OBS stands for the
obstruction set.

3. OBS, = {G37,Gs5,G73}. This was obtained without the aid of a computer pro-
gram.

4. OBS3 ={G194,G165,G13,7,G11,10,G10,11,G7,13,G5.16, G4,19 } . A computer aided
search was used to find a 3-coloring of Gyg,10.

OBS4 = {Gu415,G31,6,G29.7,G259,G23,10,G2,11,G21,13,G19,17} U

{G17,19,G1321,G11,22,G10,23, G925, G729, G631, G5 41 }

The authors were stuck for a long time trying to find 4-colorings of G17,17, G17.13,
G318, G12,21, and Gyp 22 (we omit the symmetric cases which follow automati-
cally, i.e., if there is a 4-coloring of G»; 19 then there is one for and Gy¢2). They
believed these were all 4-colorable. William Gasarch put a bounty of 17> = 289
dollars for a 4-coloring of G7,17 and posted this challenge to ComplexityBlog [3].
Bernd Steinbach and Christian Posthoff found 4-colorings of G17,17, G131, and
G121 and received the reward. Brad Larsen found a 4-coloring of Gy, 19. Brad
Larsen posted the 4-coloring saying he used a SAT-solver but he did not elabo-
rate. Steinbach and Posthoff published their results and their methods. In brief,
they used a very deep analysis that allowed for a strong reduction of the problem,
and then used the Universal SAT-Solver clasp. See their articles [9—14] and a
book edited by Steinbach [8] that has several chapters explaining how they found
a 4-coloring of G221 in detail. These results completed the search for OBS4.
6. Finding OBSs seems to be beyond current technology.

The difficulty of 4-coloring G17,17 and pinning down OBSs5 raise the following
question: is the problem of grid coloring hard? In Section 3 we define the Grid Color-
ing Extension Problem. In Section 4 we show this problem is NP-complete. Does this
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Fig. 1 Example of a partial coloring of Gg 7

really indicate that 4-coloring is hard? In Section 5 we discuss the issue. In Section 6
we show that the grid coloring extension problem is Fixed Parameter Tractable with
parameter c. Does this really give a way to find extensions quickly? In Section 6.2
we discuss this issue. In Section 7 we present open problems.

3 Definition of the Grid Coloring Extension Problem

Definition 3 Let N,M,c € N.

1. Given a grid Gy, a cell is an element (i, j) € Gy -

2. A partial c-coloring ¥ of Gy um is a mapping of a subset of Gy y to [c] with no
monochromatic rectangle on the points where it is defined. See Figure 1 for an
example.

3. If x is a partial c-coloring of Gy then x’ is an extension of x if x' is a partial
c-coloring of Gy » which
(a) is defined on every cell that ¥ is defined,

(b) agrees with x on those cells,
(c) may be defined on more cells, and
(d) has no monochromatic rectangles.

4. A total mapping x of Gy u to [c] is a mapping of Gy  to [c]. This would normally

just be called a mapping, but we use the term total to distinguish it from a partial

mapping.

Definition 4 GCE is the following problem:

— Input N,M,c > 1 and ) a partial c-coloring of Gy ». The numbers N, M, ¢ are in
unary.

— Output YES if there is an extension of ¥ to a total c-coloring of Gy s, NO other-
wise.

GCE stands for Grid Coloring Extension.

We show that GCE is NP-complete. This result may explain why the original
17 x 17 challenge was so difficult. Then again—it may not. We discuss this further in
Section 5.
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4 GCE is NP-complete

Before showing that GCE is NP-complete we briefly discuss its status within NP. We
first state and prove an easy upper bound.

Theorem 1 GCE € NTIME(O(N>M?)) with certificate of size O(NMlogc).
Proof Here is a nondeterministic algorithm

1. Input (N,M,c,y).
2. Guess an extension ' of the c-coloring ¥ to a total mapping of Gy to [c]. Note
that /', the certificate, is of size O(NMlogc).
3. For all
{(a,b),(a+d1,b),(a+d1,b+dr),(a,b+dr)} C GNm

do the following
(a) Check if

X’(a,b) = ){’(a—l—d],b) ZX/(a—i-d],b—l—dz) = X/(Cl7b+d2>.

(b) If yes then this branch stops and outputs NO.
(c) If no then (a) if this is the last rectangle to check then stop and output YES,
(b) if not then proceed to the next rectangle.

Each execution of the loop body takes O(1) time. To get a time bound we need an
upper bound on how often the loop is executed. This is upper bounded by the number
of rectangles.

The number of ways to pick a is N. The number of ways to pick b is M. The
number of ways to pick d; is < N. The number of ways to pick d» is < M. Hence the
number of rectangles is O(N>M?). Hence the runtime of any one branch is O(N>M?).
Hence the algorithm is in NTIME(O(N>M?)).

O

We obtain a better bound. Kreveld and De Berg [6] proved, in our notation, the
following lemma.

Lemma 1 There is an algorithm that will, given a set of cells P C Gy y, determine
if P contains a rectangle, in time O((NM)3/?).

From this result we show the following:
Theorem 2 GCE € NTIME(O(c(MN)3/?)).

Proof Given (N,M,c, ) the witness is a proposed extension x’ of ¥ to a c-coloring
of Gy u. The following algorithm tries to verifies that )’ is a coloring.

1. Input (N,M,c,x,x'). We assume the colors are {1,...,c}.
2. Verify that x’ is an extension of y. This takes O(NM) steps.
3. Foralll1 <i<c
(a) Let P be the set of cells colored i. It takes O(MN) time to identify P.
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(b) Use the algorithm from Lemma 1 to determine if P contains a rectangle. This
takes time O((NM)3/?). If the algorithm says P contains a rectangle then out-
put NO and stop. Otherwise proceed to the next i.
4. (If the algorithm got here then, for all 1 <i < ¢, there is no i-colored rectangle.)
Output YES and stop.

The time spent in the For-Loop dominates everything else. That time is clearly

O(c(NM)3/?).
O

We make one observation about GCE and SAT before our proof. It is an easy
exercise to express the question (N,M,c,x) € GCE as a SAT formula. (This was
the starting point for the work of Steinback and Posthoff with ) being the empty
function.) This shows that GCE reduces to SAT but not that SAT reduces to GCE.
Hence this reduction does not help us obtain a lower bound on the complexity of
GCE.

We now show GCE is NP-complete.

Theorem 3 GCE is NP-complete.

Proof By Theorem 2, GCE € NP.
We give a reduction of 3SAT to GCE. The input will be a 3CNF formula

¢(xl,...,xn)zcl/\.../\cm

with n free variables and m clauses. The output will be (N, M, c, x) where

- N,M,C S N»
— x is a partial c-coloring of Gy ys, and
- ¢ € 3SAT iff (N,M,c,x) € GCE.

We can assume that ¢ never has a clause that contains either (1) the same literal
twice, or (2) a variable and its negation. Condition (1) will be needed in Part III of
the construction. Condition (2) will be needed in the proof of Claim 4.

The reduction we show you does not quite work!; however, it has most of the
ideas needed. There is a problem with it that will be revealed when we try to prove
Claim 4. During that proof we will see what goes wrong and modify the construction
so that Claim 4 is true.

Visualize the full grid as a core subgrid with additional entries to the left and
below. These additional entries are there to enforce that some colors in the core grid
occur only once.
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Fig. 2 Cell (2,4) is colored (2,4). No other cell can be colored (2,4) in a proper coloring.

Conventions

1. Throughout this proof extension means an extension that uses the colors T,F on
some of the uncolored cells and does not have a monochromatic rectangle. It may
or may not extend to the entire grid.

2. In our figures we will have literals labeling some of the rows and clauses labeling
some of the columns. These are not part of the construction. The literals and
clauses are visual aids. We may refer to row x7 or column Cs.

3. In our figures we will have double lines to separate things. These lines are not
part of the construction. These are visual aids.

4. The colors will be T, F, and some of the (i, j) € Gy a. Many of the cells that are
in the core grid will be colored (i, j) where that is their position in the core grid.
In the figures we will denote the color by D for distinct. Part I of the construction
will make sure that no other cell in the core grid can have that color.

The reduction is in four parts. We will mainly construct a core grid which will be
2n+m by 2n+2m+ 1 (when we later modify the construction the core grid will be
bigger, though still linear in n,m).

In all figures the left bottom cell of the core grid is indexed (1,1).

Part I: Forcing a color to appear only once in the core grid.

For (i, j) in the core grid we will often set x (i, j) to (i, j) and then never reuse
(i, ) in the core grid. By doing this, we make having a monochromatic rectangle rare
and have control over when that happens.

We show how to color the cells that are not in the core grid to achieve this. Part
I will be the final step in the reduction since we need to know the size of the grid
before we can apply it; however, we show Part I first.

Say we want the cell (2,4) in the core grid to be colored (2,4) and we do not
want this color appearing anywhere else in the core grid. We can do the following:
add a column of (2,4)’s to the left end (with one exception) and a row of (2,4)’s at
the bottom. See Figure 2.

It is easy to see that in any extension of he coloring of the grid in Figure 2 the
only cells that can have the color (2,4) are those shown to already have that color. It
is also easy to see that the color 7 we have will not help to create any monochromatic
rectangles since there are no other 7”’s in its column. The 7" we are using is the same
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Fig. 3 (2,4) and (5,3) within a sub-grid

T that will later mean true. We could have used . We do not want to use new colors
since we would have no control over where else they could be used.

What if some other cell needs to have a unique color? Let’s say we also want to
color cell (5,3) in the core grid with (5,3) and do not want to color anything else in
the core grid (5,3). Then we use the grid in Figure 3.

It is easy to see that in any extension of the coloring of the grid in Figure 3 the
only cells that can have the color (2,4) or (5,3) are those shown to already have those
colors.

For the rest of the construction we will only show the core grid. If we denote a
color as D (short for Distinct) in the cell (i, j) then this means that

1. cell (i, j) is color (i, j), and
2. we have used the above gadget to make sure that (i, j) does not occur as a color
in any other cell of the core grid.

Note that when we have D in the (2,4) cell and in the (5,3) cell, they denote
different colors.

Part II: Forcing (x,X) to be colored (7,F) or (F,T).

The first column of the core grid will have 2n blanks and then m D’s. We will use
the m D’s later. Figure 4 illustrates what we do in the n = 4 case.

We will arrange things so that the color of the blanks in Figure 4 will all be either
T or F. We refer to the color of the cell next to x; as the color of x;. Same for ;.

It is easy to see that in any extension of the coloring of Figure 4:

— If x; is colored T then X; is colored F.
— If x; is colored F then X; is colored T'.

We leave it to the reader to generalize Figure 4 to n variables.

We will call the left most column, which is mostly blank, the literal column.

This part is what will need to be adjusted. It will turn out that we need several
copies of each literal. During the proof of Claim 4 we will see why this is true and
how to achieve it.

Part I11: Forcing the coloring to satisfy a single clause
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D\D|\D|D\D|\D\D|D|D

D|\\D\D|D\D\|D|\D|D\D

D\D|\D|D\D|D\D|D|D

D|\\D\D|D\D\|D|D|D\D

x4| ||D|\D|\|D\D\D\D|\|T|F

x4| ||D|\D|\|D\D\D|\D|\|T |F

x3| ||D|D||D\D|T|F|D|D

x3| ||D|\D||D\D|\T|F|D|\D

X2| ||D\D|T|F|D|D|D|\D

x2| ||D\D||T|F\|D|D|D|\D

X1 T\F|\D\D|D|\D|D|\D

x1| ||T|F|D|D\D|D|D|\D

Fig. 4 Literal Gadget with four variables

LU L] IS CoCs|C5 [ CalCl
D||D\D\D\D|D\D\D\D|\|D|D|\|D|D|\|D|D\|T|T
D\\D\D\|D\D\D\D\D\D\|\D|\D|\|D|D||T|T|D|D
D||D\D\D\D\|\D\D\D\D|\D|D|\T|T|D|D|D|D
D||D\D\|\D\D|\D\D\D\D\|\T|T|D|D|D|D|\|D|D
x4| ||DID|D\D|D\D\|\TF||X|X||X|X|X|X||X|X
x4| ||DID|\D\D|D\D\|\TF|X|X||X|X||X|X|X|X
x3| ||[DID|D\D\|\T\F|\|DID|X|X||X|X|X|X|X|X
x3| ||DID|\D\D|T|\F|DD|X | X||X|X||X|X|X|X
x| ||DID|\T\F|DID|\DID|X|X||X|X|X|X|X|X
x2| ||DID|T\F|DID|\DD|X | X||X|X||X|X|X|X
X1 T\F\DD|DD|DID|X | X || X|X||X|X|X|X
X1 T\F\DD|DD|DID|X | X || X|X||X|X|X|X

Fig. 5 Clause setup

For each clause C = L; V L, V L3 we will use two columns. These columns will
be called clause columns.

Before saying what we put into the columns, Figure 5 is the initial setup in the
case of n =4 and m = 4. We leave it to the reader to generalize to n,m. The X’s in
Figure 5 will be replaced by T’s, F’s, or blanks in the next step.

Let C =LV L,V Ls. Figure 6 illustrates how we color, or leave blank, the cells
in the C-column.

Note that since we never have the same literal appearing twice in a clause, the
construction of the Clause Gadget can be carried out.

We redraw Figure 6 as Figure 7 for ease of use. We refer to the partial coloring in
Figure 7 as x.
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Fig. 6 The clause gadget

D|\T|\T
Ls D\F
L,

L F|\D

Fig. 7 The clause gadget—easier to work with

D|T|T
Li|[FDIF
L|[F
LI|[FIFD

Fig.8 Ly, Ly, L3 all setto F

Claim 1: Let y denote the partial coloring shown in Figure 7. If ' is an extension of
x then y' cannot have the Ly, L,, L3 cells all colored F.

Proof of Claim 1:

Assume, by way of contradiction, that L, L,, L3 are all colored F. Then we have
the partial coloring in Figure 8

The reader can verify that if the two blank cells of Figure 8 are colored TT, TF,
FT,or FF, there will be a monochromatic rectangle.
End of Proof of Claim 1
Claim 2: Let ¥’ be an extension of the coloring in Figure 7 that colors Ly, L,, L3 but

not the other two blank cells. Assume that ' colors Ly, L,, L3 anything except F, F, F.
Then ' can be extended to color the two blank cells.

Proof of Claim 2
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There are seven cases based on (Li,Lp,L3) being labeled FFT, FTF, FTT,
TFF, TFT,TTF,TTT. For each one we give a coloring of the remaining two blank
cells so that no monochromatic rectangle is formed.

Case 1

-

SN TNA

Ls
L,
Ly

NT T
iRl

Case 2

-

Sl = = NHO

L3
L
L

NS
M NT S

Case 3

-

Sl A

L,
L

&
SRR
RIS

Case 4

-

el ]IS

Ls

T mNT
il

Ly

Case 5

-

Sl = = NHO

L3
L
L

EEEE
RIS

Case 6
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-

Sl = = NO

Ly
L,
L

NND
il

Case 7

-

Slm A

L3
L,
L

S[S[8[S
RIS

End of Proof of Claim 2

Part IV: Putting it all together

Recall that ¢(xy,...,x,) = C; A--- ACy is a 3CNF formula. We first define the
core grid and later define the entire grid and N,M,c. The core grid will have 2n +
m rows and 2m + 2n+ 1 columns (when we later modify the construction the core
grid will be bigger though still linear in n,m) The 2n left-most columns are partially
colored, and labeled with literals, as described in Part II. The m top-most rows are
colored, and labeled with clauses, as described in Part III. The rest of the core grid is
colored as described in Part III.

The core grid is now complete. For every (i, j) that is colored (i, j), we perform
the method in Part I to make sure that (i, j) is the only cell with color (i, j). Let the
number of such (i, j) be E. The number of colors ¢ is E + 2. This will force everything
else to be colored T or F. Note that E = O (NM).

In Figure 9 we present the core grid for the instance of GCE obtained if the
original formula is

(xl V x2 \/f3) AN (X1 V xo \/X4) V (32 VX3 \/X4).

Claim 3: Let ¢(xy,...,x,) be a 3CNF formula. Let (N,M,c, x) be the result of the
reduction described above. If (N, M, c,x) € GCE then ¢ € 3SAT.
Proof of Claim 3
Assume that (N,M,c,x) € GCE. According to the construction in Part II the first
column gives a valid truth assignment for xi,...,x, (and hence also for X,...,X,).
By Claim 1, for every clause C = L; V Ly V L3 this truth assignment cannot assign
L1,L, and L3 all to F. Hence this is a satisfying assignment, so ¢ € 3SAT.
End of Proof of Claim 3

We will now try to show that if ¢ € 3SAT then (N, M, ¢, x) € GCE. We will fail!
This will motivate us to modify our construction.
Claim 4 (which is false): Let ¢(xi,...,x,) be a 3CNF formula. Let (N,M,c, ) be
the result of the reduction described above. If ¢ € 3SAT then (N,M,c,x) € GCE.
Proof of Claim 4 (which will fail)
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1 01 oY -t Y [ ]
D|[DD[DD[DD|DD|D[D|[D|D|T|T
D|[DD|DD|DD|DD| DD T|[T|D|D
D||D|D|D|D|D|D|D|D| T T|[DD|[D|D
%| |D|D|D|D|D|D|T|F[D|D|D|D|D|D
x| ||D|D|D|D|D|D|T|F|D|D|D|F|D[F
%| |DID|DID|T|F|D|D|D|F|D|D|D|D
x| |[D|D|DID|T|F|D|D|[D|D|D|D
%,| |DID|T|F|DID[DID[D|D|D|D]|F|D
x| |[D|D|T|F|D|D|D|D DD
x| [|[T|F|DID|DID[DID[D[D|[D|D|D|D
x| |[T|F|D|D|D|D|D|D|F|D|F|D| DD

Fig. 9 Example with (x; Vxa VX3) A (x1 Vxa Vxg) A (X2 VX3 Vaxg)

ADIDI---1Cl---
R R REY 5] I
S TIEI T

Fig. 10 Case 2 of Claim 4

Assume ¢ € 3SAT. Let (by,...,b,) be a satisfying truth assignment where, for
1 <i<n,b; €{T,F}. We use this to obtain a coloring of Gy » that is an extension
of .

Color the literal column in the obvious way: the entry labeled with literal L is
labeled the truth assignment of L. We now show how we try to color the blank cells
in the clause columns.

Let C =L VLyVLsbe aclause. The part of the grid associated to it is in Figure 6.

The literal column we have already colored. Since the assignment was satisfying,
at least one of Li,L;,L3 was set to 7. We use Claim 2 to extend the coloring to the
blank cells. This forms a grid coloring. We try to prove this coloring is proper.

Assume, by way of contradiction, that there is a monochromatic rectangle which
we call R.

Case 1 There is a clause C such that R uses the two T’s associated to C. The only
way these T’s can be involved in a monochromatic rectangle is if the two blank cells
associated to C are colored T. By the 7 cases in Claim 2 this cannot occur.

Case 2 There is a variable x such that R uses the two 7T"’s or two F’s associated to x.
Figure 10 shows what this looks like (we only include the relevant parts). We assume
x is the first variable in C (the other cases are either similar or cannot occur).

No clause-column has two 7’s in it, so R must be colored F. The only way there
can be two F’s in the literal-column is if they are associated to a literal and its nega-
tion, as in Figure 10. However, the only way that configuration can happen is if x
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N [ I (e (9 <-4 [} (=Y ]
D|[D|D|DID|DID|DID[ D [D| D |D||T|T
D[|D|D|D|D|D|D|DID| D [D| T [T|D|D
D||D|D|D|D|DID|D|D| T [T | D [D| DD
%|T||D|D|D|D|D|D|T|F| D D] D D] D|D
x,|F||D|D|D|D|D|D|T|F| D [D| D [F|D|F
%|F||D|D|D|D|T|F|D|D| D |F| D |D||D|D
x| T||D|D|DID|T|F|D|D| D [D| D |D|T|F
%,[T|DID|T|F|DID[DID| D |[D| D |D|F|D
x,|F||D|D|T|F|D|D|D|D|F+T|F+T| DD
% |[F||T|F|DID|DID[DID| D [D| D [D||D|D
x,|T||T|F|D|D|D|D|D|D|F+|D|F+|D| DD

Fig. 11 Example with (x; Vxz VX3) A (x1 VX2 Vxg) A (X2 Vs V)

and x are in the same clause. This cannot happen since ¢ has no clauses with both a
variable and its negation in it.

Case 3 R uses the literal column and one of the clause columns. By Claim 2, R is not
monochromatic.

Case 4 The only case left is if R uses two clause columns. This can occur! This is
where the construction fails! We give an example. Recall that Figure 9 is the instance
of GCE from the formula

(x1 Vo VE3) A (x1 Vxa Vxa) A (X2 Vs Vag).
Lets say we take the satisfying truth assignment
x1=T,x=Fx3=T,x4=F.

If we put these in the literal column and use the proof of Claim 2 to color the
blank cells in the clause columns, the result is the coloring of the entire grid seen
in Figure 11. The boldfaced colors are the ones caused by the truth assignment. The
asterisks show a monochromatic rectangle. Hence the construction produces a non-
proper coloring and is incorrect.

End of the Proof of Claim 4 (that failed)

The way to avoid Case 4 is if we had several copies of each literal so that if
two clauses use the same literal, they will use different copies of it. How many? The
number of copies of literal L has to be at least the number of clauses that L appears in.
It will be convenient to have the number of copies of L and of L be the same. Hence
if x appears in m; clauses, and X appears in m; clauses, then we’ll add max{m,m;}
rows for each of these literals.

Rather than give the general construction, we do an example with the case that
gave us trouble before:

()C] V X3 \/X3) A (x1 V xp \/X4) N (XZ VX3 \/)C4).
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C1|C1||G|G||GC
D|D\D\D\D\D\D\|\D\D\D\D\D\D\|D\D\|D\D\|D|D\|D\|\D|T|T
D||\D\D\D\D\D\D\D\D\D\D\D\D|D\D|\D\D|\D|D|T|T|D|D
D\D\D\D\D\D\D\D\DDD\D\D\DD|\DD\|\T\|\T|\|D|\D|D|D

X4 D\D\D\D\D\D|\D\D\D\D\D\D|\|D\D|\|\T\F||D|\D|D|D|D|D
X4 D\D\D\D\D\D|\D\D\D\DDD|\DD\|\T|\F|D|\D|D|F|D|F
X3 D\D\D\D\D\D|\D\D\D\D\D\D|\T|F|\|DD||D|F|\D|F|D|D
X3 D\D\D\D\D\D|\D\D\D\DD\D\|\T\F|\DD\|D|\D|D|D

X D\D\D\D\D\D|\D\D\D\D\T|F|\D\D||DD|D|\D|\|D|D|D|D
X2 D\D\D\D\D\D|\D\D|\T|\F|T|F|D|\D|D\D|D|D D|D
Xo D\D\D\D\D\D|\|\T |F|\T|F|D\D|\D\D|DD|D|\D|\|D|D|F|D
X2 D\D\D\D\D\D|\|T |F|D|D|D\D|D|\D|D|D D|D|D|D
X1 D\D\D\D\T|F||\D\D\D\D\D\D|\D\D|\|DD|D|\D|\|D|D|D|D
X1 DD\ T\F|\T\|\F\\DDDD\D\D\DD\|DD|D|D\|F|D|D|D
X1 T\F\T|F\D\D|DD|\D\DD|\D|DD|DD|\D|\D|\|D|D|D|D
X1 T|F\D\D\D\D||D\D\D\D\D\D\|\DD\|DD\|F |D|D|D|D|D

Fig. 12 Example with (x; Vxz VX3) A (x1 Vo Vxg) A (X2 Vs V)

in Figure 12. We prove that the literals x; and X; behave as they should. From the
example and the proof about x,%, the reader will be able to work out the general
construction.

Claim 5 Let )’ be a proper extension of the coloring in Figure 12 that colors all
entries of the literal column. Then the following three statements are true.

1. The x; cells all have the same color: T or F.
2. The x; cells all having the same color: T or F.
3. The color of x| and X; are different.

Proof of Claim 5
We coordinate the grid by having the bottom left cell be (1, 1) (which is blank),
the cell to the right has coordinate (2, 1) (which has T'), and the cell above it is (1,2)
(which is blank).
Assume x'(1,1) the case where y’

=T ( F is similar).
Since x'(1,1) T x'(2,1)=T,and x/(
(
(

T, we have x'(1,2)
F, we have x'(1,3)
T, we have yx'(1,4)

)

1,1) =
2,2)
5,3)
6,4)

)

Since x'(1,2) = x( 2)=F,and y’

Since ¥'(1,3) =T, x'(6,3) =T, and '
End of Proof of Clalm 5

From this the reader can work out the general construction.

F.
T.
F

Recap and the Actual Values of N, M, ¢
Our goal was to, given a 3CNF formula

O(x1,..., %) =C1 A ACyp,
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x1|||D\D|D\D\D\D\T |F|\T|F
x1||||D|D|D\D\D|D|\T |F |D|D
x1||||D\D|D\D\T |F|T |F|D|D
x1||||D\D|T\F|\T |F\D|\D|D|D
x1||||T|F|T|F|\D|D\D\D|D|\D
x1||||T |F|D\D\D|D\D|\D|D|D

Fig. 13 Three Occurrence of x|

with n free variables and m clauses, output an instance of GCE such that

¢ € 3SATiff (N, M, ¢, %) € GCE.

We have described the partial coloring y. For the sake of completeness we now
specify N, M, c. We first find the dimensions of the core grid.

Definition 5 o; is the maximum of the number of occurrence of x; and X;.
Lemma?2 Y! 0, <3m.

Proof Since o; is the number of times one of {x;,X;} occurs the sum is bounded by the
number of occurrence of variables. Since the formula is in 3CNF form, the number
of occurrence of variables is 3m.
O
We use Lemma 2 to get upper bounds on several quantities including N, M, c.

Number of rows in the core grid The literal column will have o; rows labeled x;
and o; rows labeled X;. Hence the literal column will have }'}" | 20; blank cells. Every
clause C induces a row. (The row has all D’s except for two 7’s under the columns
labeled C; however, we do no need that to count the number of rows.) Hence there
are m additional rows. Therefore the number of rows in the core grid is

n n
N :m—|—220i :m—|—220i <m-+3m=3m.
i=1 i=1
Number of columns in the core grid Each variable x; induces a rectangle of height
20; and width 40; — 2. See Figure 9 for an example with oy = 1, Figure 12 for an
example with o1 = 2, and Figure 13 for an example with o; = 3. Each clause adds 2
columns. Therefore the number of columns in the core grid is

n n
M =2m+Y (40;—2) =2m+4) 0; <2m+4x3m=14m < 14m.
i=1 i=1

Note that N, M’ are linear in n,m as promised earlier. However, the non-core part
of the grid will add an O(m?) term to the size of N, M.
The Number of Blank Cells, 7-Cells, F-Cells, and Colors
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The first column has Y. 20; blank cells. Each column labeled with a clause has
1 blank cell. Hence the number of blank cells is

B:eriZoi:erZioi.
i=1 i=1

Each column that is not labeled with a clause has one T and one F'. Each column
labeled with a clause has one T and one F. Hence the number of cells labeled with a
T oran F is

2M’

Every cell that is neither blank, 7', or F has a distinct color. Hence the number of

new colors that are not 7" or F is
E=NM —B-2M <N'M' < 42m.

and the total number of colors is

c=E+2<42m?+2.

The real values of N, M
We now deal with the non-core part of the grid. For every color that is not T or
we add one row and one column to the grid (see Part I of the construction). Hence

M =M +E < 14m+42m* = O(m?).

N=N'+E <3m+42m* = O(m?).
Note that M, N are polynomial in the length of ¢.

5 What the NP-Completeness Result Does and Does Not Tell Us

The motivation for this paper was

Why was finding if G17.17 is 4-colorable so hard?

Towards this goal we showed, in Theorem 3, that GCE is NP-complete. But does
this really capture the problem we want to study? We give several reasons why not.
These will point to further investigations.

1) The reduction in Theorem 3 takes a 3CNF formula

¢(x17"'axn) :Cl A/\Cm
and produces an instance (N, M, ¢, ) of GCE such that

¢ € 3SATiff (N, M, c,¢) € GCE.

In this instance ¢ = ® (NM). Hence our reduction only shows that GCE is hard if ¢ is
rather large. So what happens if ¢ is small? See next point.
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2) What happens if ¢ is small? In Section 6 we show that GCE is Fixed Parameter
Tractable. In particular, the problem is in time O(N>M?) + 20(¢*+loge) Thjs leads to
the following open problem: find a framework to show that some problems in FPT
are hard.

3) The 17 x 17 challenge can be rephrased as proving that (17,17,4, x ) € GCE where
X is the empty partial coloring. This is a special case of GCE since none of the cell
are pre-colored. It is possible that the case where x is the empty coloring is easy.
While we doubt this is true, we have not eliminated the possibility. How to deal with
this issue? We define the problem that is probably the one we really want to find the
complexity of.

Definition 6 GC is the following problem:

— Input M,N,c € N. The numbers N,M,c are in unary. So formally the input is
(1M 1N 1¢) where 1* means 1---1 (x times).
— Output YES if there is a total c-coloring of Gy 7, NO otherwise.

GC stands for Grid Coloring.
Clearly GC € NP. Is this problem NP-hard? Alas no (assuming P # NP).

Definition 7 A set X C {0, 1}* is sparse if there exists a polynomial p such that

(vn)[[X 0{0, 1}"] < p(n)]

Note that GC C 1* x 1* x 1* and hence is a sparse set.
We state a theorem that indicates sparse sets are not NP-hard.

Theorem 4

1. (Mahaney [7], see also [4] for an alternative proof). If there exists a sparse set
that is NP-hard by an m-reduction then P = NP.

2. (Karp-Lipton Theorem [5]) If there exists a sparse set that is NP-hard by a Turing-
reductions then XY = I15.

Hence GC is likely to not be NP-complete under either m-reductions or Turing-
Reductions.

If in the GC problem we express N, M in binary, then we cannot show that GC
is in NP since the obvious witness, the coloring, is exponential in the length of the
input. The formulation in binary does not get at the heart of the problem, since we
believe it is hard because the number of possible colorings is large, not because N, M
are large.

6 Fixed Parameter Tractability

Consider the problem where the number of colors is fixed at some c. We will see that
this problem is Fixed Parameter Tractable by presenting two FPT algorithms for it.
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The algorithms we present are not only FPT; they achieve this by means of a
polynomial kernel. We discuss this in a subsection after the algorithms.

How well does the algorithm do in practice? We discuss this in a second subsec-
tion after the algorithm. In particular we discuss how much time and space the algo-
rithm takes on one of our motivating problems: determining if there is a 4-coloring of
G17,17. The punchline will be that the algorithm takes too much time, and too much
space, to be practical. Even so, we present the algorithm in the hope that some clever
reader can come up with a way around these limitations, perhaps in practice if not in
theory.

Definition 8 Let ¢ € N. GCE., is the following problem:

— Input N;M > 1 and x a partial c-coloring of Gy . The numbers N,M are in
unary.

— Output YES if there is an extension of ¥ to a total c-coloring of Gy s, NO other-
wise. (The algorithm can easily be modified to also output the extension as well
as the YES.)

Clearly GCE, € DTIME(c?(¥M)). We will show that GCE, is in time O(N>M?) +

20(c*+loge) and then improve the algorithm to show that GCE, is in time O(N>M?) +
20(c4+10g ).

Lemma 3 Forallu>0, Y (*)2° =3"

Proof
u __ u __ . u N
3=(142) _SEO(S>2.

The last equality is by the binomial theorem.
O

Lemma 4 Assume that Gy y is partially c-colored by ). Let S be a set of cells that
are not colored by . Let |S| = s. Let x* be a (not necessarily proper) extension of X
that colors all of the cells of S. We can determine whether X is a proper c-coloring
in time O(NMs).

Proof Here is the algorithm.

For each (x,y) € S do the following.
Foreach 1 <x' <N and 1 <y <M determine if

X (xy) =20 y) = x"() =10 (y).
If the equality ever holds then output NO and stop.
(If you get here then the equality never happened.) Output YES and stop.

The first for-loop goes s iterations. The second for-loop goes NM iterations. The
body of the for-loop is O(1) time. Hence the run time is O(NMs).
O
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Lemma 5 Let N,M,c € N. Let ) be a partial c-coloring of Gy m. Let U be the un-
colored grid cells. Let |U| = u. There is an algorithm that takes O(cuNM3") time and
2%c space that will determine if ¥ can be extended to a full c-coloring.

Proof For SCU and 0 <i<clet

. YES if x can be extended to color S using only colors {1,...,i};
f(Sa l) = .
NO if not.

We assume throughout that the coloring y has already been applied.
We are interested in f(U,c); however, we use a dynamic program to compute
Sf(S,i) forall § C U and 0 < i < c¢. Note the base cases:

1. f(0,i) = YES.
2. If § # 0 then £(S,0) = NO.

Claim 1 Let S C U and 1 <i < c¢. Assume that, for all §’ such that |S| < |S], for all
0<i<e, f(5,i) is known. Also assume that f(S,i— 1) is known. Let |S| = s. Then
S(S,i) can be determined in time O(NMs2*).
Proof of Claim 1

If f(S,i—1) = YES then clearly f(S,i) = YES. If not then here is our plan: We
want to find (or show there is no such) nonempty 7" C S such that the following holds:

— f(S—T,i— 1) = YES. Hence there is a proper extension of )y which uses colors
{1,...,i—1} on S—T. Let x* be that coloring. Note that, for all nonempty 7 C §
the value f(S—T7,i—1) is known since |S—T| < [S].

— The extension of } obtained by coloring all cells in 7 with i is a proper coloring.

If we find such a T then clearly f(S,i) = YES by using x* to color S — T with
{1,...,i— 1} and then coloring all cells in 7 with i. The algorithm below tries to
find such a T. It will be clear that if the algorithm says YES then there is such a T
and hence f(S,i) = YES. We will need to prove that if the algorithm says NO then
f(S,i) =NO.

1. If f(S,i—1) = YES then output YES and stop.
2. For all nonempty 7 C S do the following (Note that there are 2° — 1 nonempty
sets T'.)
(a) Let ' be the extension of y that colors all cells in 7" with i.
(b) If %' is not a proper coloring then go to the next 7. Note that, by Lemma 4,
this takes O(NM|T|) = O(NMs) time.
(c) If f(S—T,i—1) =NO then go to the next T. Note that we know the value of
f(§—T,i—1) because |S—T| < |S]. This step takes O(1) time.
(d) If the algorithm got to this step then the following have happened:
i. x'is proper.
ii. f(S—T,i—1)=YES. Hence there is a proper extension of )y which uses
colors {1,...,i—1} on S—T. Let x* be that coloring.
The extensions x’ and x* can easily be combined to properly extend x to S
with colors {1,...,i}. Hence f(S,i) = YES and we have the coloring itself.
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3. If the algorithm got to this step then no 7 worked. We will show that in this case
f(S,i) =NO.

The algorithm just specified has 2° iterations that take O(NMs) each. Hence the
algorithm runs in time O(NMs2%).

Clearly if the above algorithm outputs YES then f(S,7) = YES. We need to show
if the output is NO then f(S,i) = NO.
Claim 2: If the above algorithm outputs NO then f(S,{) = NO.
Proof of Claim 2: If the above algorithm outputs NO then, for all nonempty 7 C S
at least one of the following cases holds:
Case 1: The extension of y to T formed by coloring cells of 7 with i is not proper.
Case 2: f(S—T,i—1) =NO.

Assume, by way of contradiction, that f(S,7) = YES. Let COL be a proper ex-
tension of  to S. Let T be the subset of S that is colored i.

Since COL is a proper extension of y, the extension of y to T formed by coloring
cells in T with i is proper. So Case 1 does not apply to 7.

Since COL is a proper extension of ) there is a proper extension of y to S—T
that only uses {1,...,i— 1}. So Case 2 does not apply to 7.

Neither case applies, which is a contradiction.
End of Proof of Claim 2
End of Proof of Claim 1

We use Claim 1 in the following dynamic program.

1. Input(M,N,c,)) such that x is a partial c-coloring of Gy u. Let U be the set of
cells that are not colored by x. Let |U| = u.
. Set up a 2 dimensional table indexed by SC U and 0 <i < c.
. Set f(0,i) = YES.
. If S # 0 then set £(S,0) = NO.
. For S C U (go in order of size)
For i = 1 to ¢ determine f(S,{) using Claim 1 which takes time O(NMs2*).

[ I SIS I )

Note that the amount of time taken in the inner loop, O(NMs2*) is independent
of c. That is why ¢ will only appear linearly in the run time.

The number of subsets of U that have s cells is (‘S‘) Hence the total time spent in
the loop is O-of the following:

< u “ (u
Y ) ( )SNMZS <cuNM'Y < )2S
i=15=0 \% s=0 \§
By Lemma 3, Y* (i‘) 25 =34, so we obtain O(cuNM3").
O
The following two theorems are easy; however, we include the proofs for com-
pleteness.

Lemma 6 Assume c+1 <N and c(c’gl) < M. Then Gy y is not c-colorable. Hence,
forany x, (N,M,x) ¢ GCE,.
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Proof Assume, by way of contradiction, that there is a c-coloring of Gy p. Since
every column has at least ¢ + 1 cells, each column must have two cells that have the
same color. Map every column to some ({i, j},a) such that the ith and the jth entry
in that column are both colored a. Since the number of ({i, j},a) is

N><‘< C+1><*<M
2) 7=\ 2 esM

two columns must map to the same ({7, j},a). This will create a monochromatic
rectangle, which is a contradiction.
O

Lemma 7 Assume N < ¢ and M € N. If x is a partial c-coloring of Gy .y then
(N,M,y) € GCE,.

Proof The partial c-coloring ) can be extended to a full c-coloring as follows: for
each column use a different color for each blank cell, making sure that all of the
new colors in that column are different from each other and from the already existing
colors given by ¥.

O

Theorem 5 GCE, can be computed in time O(N*>M?) + 20(+loge) gpg space O(CZC6 ).
Proof

1. Input (N,M,Y).

2. If N <corM < cthen test if y is a partial c-coloring of Gy y. If so then output
YES. If not then output NO. (This works by Lemma 7.) This takes time O(N>M?).
Henceforth we assume c+ 1 < N, M.

3. If c(cgl) <M or c(cgl) < N then output NO and stop. (This works by Lemma 6.)

4. The only case leftis c+1 < N,M < c(‘;l). We will apply Lemma 5. Note that
the number of uncolored cells, u, is

<NM<(C<C;I>)2<(CX (C+1)2)2:0(C6).

Hence the run time of this step is
O(cuNM3") = 0(cc5c83) = 20(*Hlogo),

Step 2 takes O(N?M?), and Step 4 takes time 20("+1°2¢), Hence the entire algo-
rithm takes time O(N2M?) + 20(¢"+loge)
O

Can we do better? Yes, but it will require a result from a paper by Fenner et al.
[2, Corollary 2.12].

Lemma8 Let1 <c¢ <c—1.

1. IfN>c+c and M > 5 (C“;C/) then Gy y is not c-colorable.

C/
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2. If N>2cand M > 2(220) then Gy p is not c-colorable. (This follows from a weak
version of the ¢ = ¢ — 1 case of Part I.)

Theorem 6 GCE, can be computed in time O(N>M?) +20(e*Hoge) gpg O(c2NM)
space.

Proof

1. Input (N,M, ). Let u = NM which is a bound on the number of cells that are not
colored.

2. If N <corM < cthen test if y is a partial c-coloring of Gy u. If so then output
YES. If not then output NO. (This works by Lemma 7.) This takes time O(N>M?).

3. Letd =N—cand " =M —c.

4. If ¢/ < ¢ —1 then do the following. Note that N = c+c¢ and M = ¢+ ¢”.
(@) IfM > < (C;C,), then output NO and stop. (This works by Lemma 8.)

J
bM< G (‘%) then do the following. By Lemma 5 we can determine if
can be extended to a total c-coloring in time O(cuNM3"). Since ¢ < N and

u < NM we have
O(cuNM3") = O(NNMNM3M) < O(N3M?3VM) < 2O0NM+log(NM))

Note that NM < (c+c)§ (CJ;C/). On the interval 1 < ¢/ < ¢ — 1 the function

(c+c)g (";C/) achieves its maximum when ¢’ = 1, where it is
(c+ 1)c(";]) < 0(c*). Hence O(NM +10og(NM)) < O(c* +logc). Therefore
the runtime is bounded by 20(<*+12¢)_ The space is O(c2VM).
() N> 5 (HZCN) ,orN< 5 (C"EC”) , then proceed similar to the last two steps.
5. (This is not code. This is commentary.) We have taken care of the cases where
N<c
N = ¢+ 1 (this is the ¢ = 1 case)
N = ¢+ 2 (this is the ¢/ = 2 case)

N =c+c—1(Thisis the ¢’ = ¢ — 1 case).
Hence we have taken care of all cases where N < 2¢ — 1. Similarly, we have taken
care of all cases where M < 2¢ — 1. Henceforth we assume 2¢c < N, M.

6. It M >2(%) or N > 2() then output NO and stop. (This works by Lemma 8.)

7. The only case leftis 2c < N,M < 2(220) = 0(c?). By Lemma 5 we can determine
if % can be extended in time O(cuNM3"). Since u = NM = O(c*) we have time

O(c(NM)23") = O(ccB3") = 20(* +oge),

Step 2 and Step 4 together take time O(N>M?) + 20(c*+loge)
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6.1 Polynomial Kernels

Definition 9 Let A be a set in FPT, with parameter c. A has a polynomial kernel if
there is a polynomial time (in the length of the input) algorithm that takes input P and
produces a new problem P’ such that

1. PeAiff P € A.
2. The size of P’ is bounded by a function of c.

Our algorithms for GCE, took the input and either solved the problem easily
or concluded that the problem had size bounded by a polynomial in c¢. Hence our
algorithms showed that GCE, has a polynomial kernel.

6.2 Time and Space in the Real World

We have shown that GCE, can be computed in time O(N2M?2) + 20(¢*+1og¢)_If the
partially-filled grid has u empty spaces then the space is O(c x 2"). Hence if the
algorithm is run on the empty grid, so u = NM, the space is O(c2VM).

We now look at what happens if N = M = 17, ¢ = 4, and we start with the empty
grid.

Time Even for small ¢ the additive term 20(c*+loge)

is the real time-sink. We gener-
ously assume the O-of term has constant 1 to get that the time is 24'+1og4 = 2258
1077. We generously assume that every step takes one nano-second. Note that one
nanosecond is 10~ seconds. Hence the time is 1077 x 10~ = 10® seconds. This is

over 2°% years.

Space We generously assume the O-of term has constant 1 to get that the space is
4 x 217X17 = 4 % 289 This is roughly 1087 which is larger than Eddington’s estimate
of the number of protons in the universe (1089,

A cleverer algorithm that reduces the time or space is desirable. By Theorem 3
the time cannot be made polynomial unless P=NP.

7 Open Problems

We reiterate briefly the open problems stated in Section 5 and add some new ones.

1. The problem we really want to study is the grid coloring extension problems
with the empty grid. As noted in Section 5 this problem is a sparse set, and such
sets cannot be NP-complete (unless P=NP). What is needed is a framework for
proving that some sparse sets are likely not in P.

2. In Theorem 6 we showed that GCE, can be computed in time O(N*>M?) + 20(c! Hloge)
Can this be improved? The last term cannot be a polynomial in ¢ (unless P=NP);
however, it is plausible that a smaller exponential will suffice. Is there a proof
that, under assumptions, the exponent cannot be lowered? What is needed is a
framework to prove some FPT problems are hard.
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3. Even without a theoretical improvement to our FPT algorithms, are there heuris-
tics one can use to speed them up in practice?

4. We have studied grid colorings that avoid monochromatic rectangles. One can
study avoiding monochromatic squares. The following is known:

(a) By a corollary to the Gallai-Witt theorem (itself a generalization of van der
Waerden’s theorem): for all ¢ there exists N = N(c) such that, for all c-
coloring of Gy y, there is a monochromatic square (all corners the same
color). The proof gives an enormous upper bound even for N(2); however,
in reality N(2) may be smaller, as we will see in the next few points.

(b) Bacher and Eliahou [1] showed the following:

i. There is a 2-coloring of G13 « that has no monochromatic squares.
ii. There is a 2-coloring of Gy4,14 that has no monochromatic squares.
iii. For any 2-coloring of Gy4,15, there is a monochromatic square.
iv. Hence the obstruction set is {G4,15,G15,14}-

With this in mind, we pose the following open question: is the following set NP-

complete:

{(N,M,c,x): x is extendable to a c-coloring of Gy »r with no monochromatic squares}.

5. One can also look at other shapes to avoid have monochromatic.
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