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In this paper new proofs of the Canonical Ramsey Theorem, which originally has been proved
by Erdds and Rado, are given. These yield improvements over the known bounds for the arising
Erdés-Rado numbers ER(k;!), where the numbers ER(k;!) are defined as the least positive integer
n such that for every partition of the k-element subsets of a totally ordered n-element set X into
an arbitrary number of classes there exists an l-element subset Y of X, such that the set of k-
element subsets of Y is partitioned canonically (in the sense of Erd8s and Rado). In particular,
it is shown that

2 2
201'l < ER(%1) < 9¢g-1%logl

for every positive integer [ > 3, where c¢1,co are positive constants. Moreover, new bounds, lower
and upper, for the numbers ER(k;!) for arbitrary positive integers k, ! are given.

1. Introduction

In 1930 Ramsey proved his famous Theorem:

Theorem 1.1. [24] Let k,l,t be positive integers. Then there exists a least positive
integer n=Ry(k;l) such that for every coloring A:[{1,2,...,n}]F — {1,2,...,t} of
the k-element subsets of {1,2,...,n} with t colors there exists a monochromatic
l-element subset X C{1,2,...,n}, i.e. A(S)=A(T) for all 5,T e [X]’C

During the last few decades much interest has been drawn towards determining
the growth rate of the Ramsey numbers Ry(k;1). For k=2, it is known that 2¢1'4% <
Ry(2;1) < 202°bt108t for positive integers [ > 3 and ¢ > 2, where c1,co are positive
constants. For arbitrary positive integers k the numbers R;(k;l) grow like a tower
function.

For positive integers k,l let towy (1) denote the tower function of [ with base 2
and height k, i.e.
2t
towy (1) = 2%
with (k—1) twos in the tower.

Erdés, Hajnal and Rado determined the following lower and upper bounds for
the Ramsey numbers:
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Theorem 1.2. [14], [10], [9] Let k, t be positive integers with k>3 and t >2. Then
there exist positive constants cy4,cy , such that

Ry(k; 1) < towg(chy 1)

and
Ry(k;l) > towg(cps-1)  ift>4
Ra(k;1) > towg_1(cg,3 - % - logl)
Ro(k;1) > towp—1(cp g - 1),

provided [ > 1lp(k).

Moreover, in [6] it has been shown that the lower bounds given in Theorem 1.2
still hold for small values of [, i.e. t>3 and k<I<lp(k).

While in Ramsey’s Theorem 1.1 the number ¢ of colors is fixed, Erdés and Rado
considered the case of arbitrary colorings of k-element subsets of a set X. They
proved, that in this case, once | X| is large enough, one can always find a subset of
prescribed size, which is colored according to one of a few canonical patterns. In
order to make this precise, we use the following notation:

Notation 1.1. Let k be a positive integer and let I € {1,2,...,k} be a subset. Let
X ={x1,29,...,2k}< be a totally ordered set, i.e. £1<z2<...<Tf. ’
Then X :I denotes the I-subset of X, i.e.

X:I={z;|iell]

Theorem 1.3. [13] Let k, | be positive integers with I >k. Then there exists a least
positive integer n = ER(k;l) such that for every coloring A:[{1,2,...,n}]F — w
there exists a (possibly empty) subset I C{1,2,...,k} and there exists an l-element
subset X C{1,2,...,n} such that for all k-element subsets S,T € [X]* the following
is valid:

A(S)=A(T) ifandonlyif S:I=T:1I.

Thus for arbitrary colorings of the k-element subsets of a groundset X we still
obtain on a subset of X some form of regularity given by 2¥ canonical patterns.
None of these patterns can be omitted without violating the statement in Theo-
rem 1.3, as one can color just according to a missing pattern.

In this paper we will study the growth rate of the Erdés—Rado numbers
ER(k;l). For the simplest case of coloring singletons the value of ER(1;1) is folklore,
cf. also [18]:

Proposition 1.1. Let I be a positive integer. Then
ER(; D) =(1-1)2%+1.
For colorings of k-element subsets, k> 2, the situation is less clear. The original

proof of Erdés and Rado, as its simplification given by Rado in [23] uses Ramsey’s
Theorem for colorings of 2k-element sets. Quite often, such a strategy turns out
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to be fruitful in proving canonical Ramsey-type theorems. On the other hand,
this approach yields large upper bounds for the Erdés—Rado numbers ER(k;l). In
particular, the proof of Erdés and Rado as well as Rado’s simplified version imply
for the numbers ER(k;!) upper bounds, which are tower functions of height 2%.

Here we will give new proofs of the Erdés—Rado Theorem 1.3. Our approach
yields the following lower and upper bounds for the numbers ER(k;1):

Theorem 1.4. Let k bé a positive integer. Then there exist positive constants cy, c
such that for all positive integers [ with [ >lp(k) the following holds

92 < ER(2;1) < 2% "ol
2k—1

towg(c, 1%) < BR(k;1) < towg (¢} - 77

ifk > 3.

2. Coloring pairs

In this section we consider arbitrary colorings of two-element sets, focussing
our interest on the maximum size of canonically colored subsets. In particular, we
investigate the growth of the Erdés—Rado numbers FR(2;]).

Recall that for colorings of two-element subsets there are exactly four canonical
coloring patterns: the monochromatic (I = @), the one-to-one (I = {1,2}), the
minimum- (I = {1}) and the maximum-coloring (I = {2}). As usual, a one-to-
one colored set [X]* or simply (by abuse of language) X will be called a totally
multicolored set.

By using probabilistic methods, Galvin, cf. [16, p.30], obtained the following
lower bound

ER(2;1) > (% + o(l))l.

On the other hand, the upper bounds following from the original proof of Erdds
and Rado [13] respective the proof of Rado [23] are three times exponential.
In [21] both bounds, lower and upper, have been improved:

Theorem 2.1. [21] There exist positive constants c,c’ >0 such that for every positive
integer | >3 the following holds
2 o 13
2°° < ER(2;1) < 22°7 .

Here we further improve the upper bound for ER(2;!) given in Theorem 2.1.
In particular, we give a new proof of Theorem 1.3 for colorings of two-element sets
without using a higher dimensional version of Ramsey’s Theorem.

Theorem 2.2. There exist positive constants c1,co such that for all positive integers
l with 1 >3 the following holds

90l < BR(2;1) < g™ logl

Proof. The lower bound was proved already in [21]. For completeness we include
the argument. '
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Claim 2.1.
1) ER(k;1) > Ry_p(k;1).

Proof. Put n = Rj_p(k;l)—1 and let A:[{1,2,...,n}]*¥ — {1,2,...,l—k} be a
coloring admitting no monochromatic l-element subset X C {1,2,...,n}. Then, as
there are only [ — k& colors available, there is no l-element subset X C {1,2,...,n}

and no subset 1 C{1,2,...,k}, I nonempty, such that for all S, T [X]* it is valid
that A(S)=A(T) if and only if S: I =T :1I as each of these canonical colorings
requires at least [ — k-1 colors. By choice of the coloring A, no l-element subset
X C{1,2,...,n} is monochromatic, which proves the Claim. |

As
(2) 263-l-t S Rt(2;l) S 2C4‘l-t-10gt
for all positive integers [ >3, where c3,cyq are positive constants {cf. [8], [17], [19])
we infer with (1) for k=2 that
| ER(2;1) > Bi_p(21) > 2%

for some positive constant cj.
Next we prove the upper bound. Let [ be a positive integer with [ >3. Let n

be a positive integer with
97 .16 2(1~2)%+1
= |(5)

and let A:[{1,2,...,n}]> —w be an arbitrary coloring.

Put with forsight ¢ = %. We define nonempty subsets VL(Z),V}(;),M ® ¢
{1,2,...,n} fori=0,1,...,s, where s is some nonnegative integer with s <2:(I-2)24+1,
as follows.

Set V]EO) = V}go) =0 and put M(© = {1,2,...,n}. Let j be a positive integer
and assume that for each 1 =0,1,...,7 — 1 pairwise disjoint sets VL(z),VI({),M OXa
{1,2,...,n} with VI v v =D cy® 1yO Ly i and M6 c G- as
well as numbers d; €w, are already defined such that

(@) for ve VNV and for all we M it is valid that v>w and A({w,v})=

(X ) ‘
(it) forve VI(%Z)\V}(;“I) and for all we M it is valid that v<w and A({v,w})=
d; and . ‘
(iif) |M )] [e- |ME-D]].
Next we construct the sets V(]),V(J),M(j), Let we MUY and dew. First
L R
define sets Xg(w),X%(w) (we omit the index j) as follows

X¢(w) = {ve MU=V | A({v,w}) =d and v < w}
X¢(w) ={ze MU=V | A({w,2}) = d and z > w}.
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First assume that for some we MU=1) and for some d €w we have |Xg(w)| >
[c-|MU-D[] or |X%(w)| > [c-|MU=D|]. Then put d; = d and take any subset
X with either X C X¢(w) or XcC X% (w), satistying |X| = [c-[MU=1]], and put
MW =X It X C X3 (w), put V(j) V(j—l)u{w} and V(j) }(g_l) and observe
that w > v for all v € V(j—'l). On the other hand, if X C X&(w), put V( 7) —

V(J 2 U{w} and V(J) V(J 1), and we have that w<wv for all v & V(J ~1. Then
We continue with step 5+ 1)

If for all w € MU™) and all d €w we have that |X§(w)| < [¢-|MU~1)|] and
also that | X¢(w)|< [c- |M=1)|], then the process stops.

Assume that this process continues until some step s, s<2- (I — 2)2+ 1, where
either [V |=(1~2)2+1 or [V |=(1-2)2+1.

Assume first that |VI€S)| =(1-2)%+1, where VI(JS) ={v1,v2,...,v0-2y241}<. For
i=1,2,...,(1~2)%+1 let r(i) be the unique integer j such that v; is an element of VI-Ej )

but not an element of VIEj _1). The corresponding sequence (d’"(i))1<'<(l 2241
_..z_— -

contains by Proposition 1.1 a subsequence (dT(z-j)) 1<j<i-1 such that
(1) either dr(ij) :dr(ij+1) for j=1,2,...,1-2
- (i) or dp(y;) #dp(i,,) for all integers j, m with 1<j<m<I-1.

Then for r=r(ij_1)=max;<;j<;_17(i;) the l-element set

{UT(il)’ Ur(iz) =+ > Yr(is_1) v} '
where v € M(") is arbitrary, is in case (i) monochromatic and in case (ii) it is
maximum-colored with respect to A.
The arguments for the second case, [V(S)[ = (1~2)%+41, are similar to those used

above. We obtain an l-element subset X C V( ), which is either monochromatic or
minimum-colored.

Now assume that the process stops at some step s, s <2-(1—-2)2+1. The

set Y = M) satisfies |Y| =m > ]' 1= 27 8. For y€Y and d € w let deg( 9~
[{weY|A({w,y})=d}|. As the process stops we have

(3) deg( ) <2c-m
and, clearly,
(4) > degl? = m

dew

for all y€Y and all dew.
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A three-element subset T € [Y]? is called a bad triple, if the set [T]% is not

totally multicolored with respect to A. Let b denote the number of bad triples in
[Y]3. Then

T Y (qeggd)).

y€Y dew

’ @,
The sum )¢, (degzy ) subject to (3) and (4) is maximal if all summands are
as large as possible, hence we infer that

Z deggd) < 2cm
2 2cm 2

dew

and therefore

® <L (7)-2(7)

YyeY

Let Z* be an [% -l*ﬁ-elemen‘c subset of ¥, picked uniformly at random among
all [ -13]-element subsets of Y. Let E denote the expected number of bad triples
in Z*. Using (5) and that c:%g we obtain that

E= 9=

m—3
b'((g.zs1_3)< b (3 3>3 27
4

B
—_— < -— [—
m 3
(fw) 4
and hence there exists a subset Z* € [y]f%'m having at most 1% bad triples.
Delete one vertex from each bad triple. Then the remaining subset Z C Z* contains
no bad triple anymore and has size |Z|> —%— .13, Thus for every three-element subset
T €[Z)3, the set [T]? is totally multicolored. In terms of graphs, every color class
in [Z)? is a matching.
We use the following result of Babai:

Lemma 2.1. [4] Let m be a positive integer. Let A:[{1,2,...,m}]> — w be a
coloring, where every color class is a matching.
Then there exists a totally multicolored subset X C{1,2,...,m} with

(6) 1X| > (2-m)3 .

We include the proof of this lemma for completeness.
Proof. Let M={1,2,...,m} and let A:[M]? —w be a coloring, where every color
class is a matching,. '

The proof uses a Greedy type argument. Let X be a maximal totally mul-
ticolored subset of M, and let D = {A({z,2*})|{z,2z*}€[X]?} be the set of the

occurring colors. By maximality of X, for every element y & M\ X there exists an
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element z € X such that A({z,y}) € D. Moreover, as different two-element sub-
sets of X, which are colored the same, cannot intersect nontrivially, we have the

following inequality
m-1x<ix1- ()

Hence, as [- (é)g % —1 for positive integers [ >2, it follows that
1
1X] > (2-m)3 . I
Now, the restriction of the coloring A to the set [Z]2 satisfies the assumptions

of Lemma 2.1, and by (6) there exists a totally multicolored subset X C Z, with
1 X|>(2- |Zl)% >1. This finishes the proof of Theorem 2.2. ]

The lower bound (6) was improved in [3] to

(7) X| > c-m3 - (logm)3,

where c is a positive constant. We remark that by using in the proof of Theorem 2.2
the inequality (7) instead of (6) we obtain a slight improvement on the upper bound

—2)2
of ER(2;1), namely from (c; ,l6)2(l 2741

¢y 16 2(1-2)%+1
((logl)2> ’

We have seen that
29 < ER(3;1) < 21 log]

for positive constants ¢y, eg > 0. Moreover, the corrésponding Ramsey numbers
R;_5(2;1), which we used in the lower bound satisfy by (2) that

@ - 2998 < Ry o(21) < 204V Lol

for some positive constants cg,cq > 0.

By (2), at least ER(2;1) < Rc..10g1(2;!) for some positive constant c>0. Notice,

that a totally multicolored I-element subset requires at least (é) colors. Possibly,

only c-1 colors, which occur ‘often’, are crucial for the occurence of canonically
(not totally multicolored) colored subsets and cause the growth of the Erds-Rado
numbers. Moreover, possibly the inequality ER(2;l) < R.;(2;!) holds. If true,
decreasing the gap between lower and upper bound in (8) (also asked for in [17])
could give more insight here.

By (1) we have ER(2;1) > R;_5(2;1). This lower bound can be a little improved:

Fact 2.1. Let | be a positive integer with [>4. Then

(9) BRG1) > Rio(2) +1.
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Proof. Let n=R;_o(2;1)—1. Let A:[{1,2,... ,n}]? —{1,2,...,l—2} be a coloring
admitting no monochromatic [-element subset, where A is such that among all
choices of such colorings color 1 is used as often as possible. We claim that
{1,2,...,n} contains an l-element ez-subset Y, by which we mean an [-element
subset, such that all, with the exception of one, two-element subsets of Y are
colored the same.

Namely, each two-element subset {z,y} of {1,2,...,n}, not colored in color 1,
can be extended to an l-element ex-set Y, where [Y]?\ {z,y} is monochromatic in
color 1, as otherwise the set {z,y} can be recolored by color 1, increasing the size
of color class 1.

Assume wlo.g. that Y = {1,2,...,I} is an ex-set with, say, {1,I} colored
differently from the other two-element subsets. Let {n+1,n+2,...,n+(} be a copy
of Y. We extend the coloring A as follows. For i # j color all two-element sets
{j,n+1i} respective {n+i,n+j} by the color A({7,5}) and color all sets {7,n+i} by
a new color. Clearly, the resulting coloring yields no canonically colored l-element
subset.. |

A similar argument was (in slightly more developed form) applied in [21].

As for the exact values of the Ramsey numbers Ry(k;l), not much is known
about the precise values of the Erdés-Rado numbers ER(2;l) for small positive
integers [ >3. We only know the exact value of ER(2;3), namely:

Fact 2.2. ER(2;3)=4.

Proof. The coloring A:[{1,2,3}]2 — {1,2} with A({1,2}) = A({2,3}) #A({1,3})
gives the lower bound ER(2;3) >4. To see the upper bound, let A:[{1,2,3,4}]2 —
w be a coloring. Suppose that for some positive integers a,b,c with a <b< ¢ <
4 we have that A({a,b})# A({b,c}). Then, in any case, the set {a,b,c} is either
minimum- or maximum- or totally multicolored. Therefore, we can assume that

(10) A({a,b}) = A({b,c}) foralll<a<b<c<4,

in particular, A({1,2}) = A({2,3}) = A({3,4}). Moreover, by (10) we have
A({1,2})=A({2,4}), hence the set {2,3,4} is monochromatic. i

With (9) we obtain the lower bound ER(2;4) >22. A large upper bound (i.e.
272.327) follows by Theorem 2.2.

3. Matchings and Stars

In the proof of Theorem 2.2 we used Lemma 2.1, a so called anti-Ramsey theo-
rem. While in quantitative Ramsey-type theorems usually the size of a monochro-
matic subset is estimated, anti-Ramsey theorems are dealing with the size of a
largest totally multicolored subset, compare also [2], [12], [15], [22], [25].

As already mentioned above, the lower bound in Lemma 2.1 was improved
in [3]. Moreover, Babai also obtained an upper bound by using certain random
colorings:
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Theorem 3.1. [4], [3] Let n be a positive integer. Let A:[{1,2,...,n}]> — w be
a coloring, where every color class is a matching. Then there exists a totally
multicolored subset X C{1,2,...,n} with

Xl >c- (n~logn)%,

where ¢ is a positive constant.

Moreover, for n > ng, there exists a coloring A: [{1,2,...,7&}]2 — w, where
each color class is a matching, such that every totally multicolored subset X C
{1,2,...,n} satisfies

IX] < 8-(n-logn)%.

We remark, that Theorem 3.1 is related to a problem about the size of Sidon
sets in Abelian groups, cf. [4].

While Babai considered colorings of two-elements sets, where every color class
is a matching, we consider here a dual problem, namely colorings of the two-element
subsets of a set N, where every color class is a star.

Definition 3.1. Let N be a set. A subset SC[N]? is a star if and only if |V,cg 5| > 1.

Let A:[{1,2,...,n}]2 —w be a coloring, where every color class is a star, and
let I be a positive integer with [ > 3. Clearly, no l-element subset of {1,2,...,n} can
be monochromatic. On the other hand, it follows from the Erdés—Rado Theorem 1.3
that for n> ER(2;1) the following is valid:

(*) for every coloring A:[{1,2,...,n}]2 — w there exists an l-element subset X C
{1,2,...,n}, which is either minimum-colored or maximum-colored or totally mul-
ticolored.

Let S(2;1) denote the least positive integer n such that (*) is true. By the
observation above we have S(2;l) < ER(2;l). With Theorem 2.2 this gives an

upper bound of the order 2¢ 1logl for some positive constant ¢. Indeed, one can

get a much smaller upper bound. for §(2;1) of the order 2¢ *log! for some positive
constant ¢*, as the following result shows.

Theorem 3.2. There exist positive constants cy,cg such that for all positive integers
I with >3 the followmg holds

g1’ -I-logl < S(Z; l) < 2C2-l-logl.

In our arguments for proving the lower bound of S(2;1) we use the Erdés Lovisz
Local Lemma. Let dy,ds,...,4, be events in a probability space . A graph G on
{1,2,. ,n} is a dependency graph for 41,4s,...,d, if for every i=1,2,...,n the
event .,d is mutually independent of {4;|{,5} & E( )}, cf. [26].

Lemma 3.1. [11] Let .,dl,u&g, .,dn be events in a probability space Q0 with

Prob (4;) <p <1 for i =1,2,...,n and with a dependency graph of maximum
degree d.

If
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then
Prob (A_;d;) >0

Proof. Fix a positive integer [>3. Let n be a positive integer with

1 141 1 T‘Li
(11) nS—-(l—Z)T-(——) .
¢ e (3)

Put N={1,2,...,n}. For each element v€ N choose an (I~ 2)-element subset
Cy, Cw of colors, where CyNCyx =0 for each two distinct elements v,v* € N.

Deﬁne a random coloring A:[N]? — w as follows. For each pair {v*,v}
with v*,v € N and v* < v pick at random a color from C, with probability p =
-1_1—2 and color the set {v*,v} by this color. Then for this coloring every color
class is a star. Observe that due to the structure of the coloring classes every [-
element subset X of N is neither monochromatic nor minimum-colored nor totally
multicolored. For an I-element subset L € [N]! let {;, denote the event that [L]?

is maximum-colored. Thus if we prove that Prob (/\ Le[N]l‘J L) >0, we can infer

that there exists a coloring A:[N]2 — w such that every l-element subset L C N
is neither monochromatic, nor minimum-colored nor maximum-colored nor totally
multicolored.

Now

Prob (4r) = Hp

_ (%)(l?)'

Moreover, for each set L€ [N]' the event 47, is independent of all events d7«, L* €
[N}, if [ILNL*|<1. Define a dependency graph G for the events Ay, L& [N]}, with
vertex set [N]! and edges {L,L*} if |[LNL*| > 2. The maximum degree d of this

dependency graph G satisfies
l n— 2
< . — 1.
0(o)- (1)

For n as in (11), we obtain that
() 0 (73
n-e -2
(270 (22"

and hence, the assumptions of the Local Lemma 3.1 are satisfied.

Prob (.,Q’ZL) (d+1)-e<

l\D l\D

IAN A
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The proof of the upper bound is similar to the proof of Theorem 2.2. We only
sketch the arguments. Let [ be a positive integer with [ >3 and let n be a positive

integer with
27-l2 21-3
St

Let A:[{1,2,...,n}]2— w be a coloring, where every color class is a star. Put

c= #ﬁ As in the proof of Theorem 2.2 define nonempty subsets VL(l) , VI(;),M () C
{1,2,...,n} for i=0,1,...,s, where s is some nonnegative integer s with s <21 -3
as long as possible. Having done this, we distinguish similarily as above between
the following situations.

First assume that this process continues until step s, s < 2]/ — 3, where either

Vi =1-1or [V =1-1. 1 [V{?)| =11 holds, then we obtain an l-element
set, which is maximum-colored with respect to A. If IVI(%S)I =[—1, then we get an
[-element set; X, which is minimum-colored with respect to A.

Finally, if the process stops at some step s, s <2l -3, then the set Y =M (s)
satisfies |Y|=m > f%] > % -12. As in the proof of Theorem 2.2, by estimating the
number of bad triples in a random subset Z*CY with |Z*|= f%l], and then deleting

one point from each bad triple, we obtain a totally multicolored subset Z C Z* with
|Z|>1, as by assumption every color class is a star. |

4. Coloring k-sets
For colorings of three-element subsets the following bounds for the numbers
ER(3;1) are known.

Theorem 4.1. [20] There exist positive constants cy,cp such that for all positive
integers | with | >l the following holds

o1 g2 o 18
22" < ER(3;1) < 22

In this section we will generalize and improve this result, by considering color-
ings of k-element sets for arbitrary fixed values of k&:

Theorem 4.2. Let k> 3 be a positive integer. Then there exist positive constants
cg, ¢y, such that for all positive integers | with | >1o(k) it is valid that

2k—1
towg(c - 12) < ER(k; 1) < towpyy (c;; . ll l ) )
og

In analogy with the case for coloring pairs and supported by a result of
Baumgartner [5] in the infinite case the lower bound for ¥ > 3 should give the
correct order. The approach in [5], however, does not seem to be applicable in the
finite case.
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Proof. By Claim 2.1 we have that ER(k;l) > R;_g(k;l). Using the lower bound
Ri(2;1) > 2°%* from (2), where ¢ is a positive constant and [,£ > 2 are positive
integers, and applying the same techniques as used to prove Theorem 1.2 it follows
that Ry(k;l) > towg(c},-1-¢) for t >4, hence, ER(k;1) > Ry (k;1) > towy(cg - 1?) for
[ >1p(k) for some positive constant cg,.

In the following we will prove the upper bound. Let k,l be positive integers
with [ >1g(k). Set

j2k~1
n= B qyee k-Fl;C%'iggT ;

where Cy is a positive constant, which is large enough such that the following
computations are valid. We will show that ER(k;!) < n. By Theorem 1.2 this
implies that ER(k;1) <towgy(cf, -12k=1/10gl) for some positive constant cj.-

Let A:[{1,2,...,n}]°F — w be an arbitrary coloring. This coloring induces

another coloring A:[{1,2,...,n}]**! — & as follows: for (k+1)-element subsets
Z={z1,22,.. ., 2ky1t< of {1,2,...,n}, let

I ifA(S)=A(T)ifand only if §: I=T:1 for all §,T € [Z]*
A(Z)= 4 P if the above is not valid, and P is the set of all pairs
{(6,5) | 1 <4 <j < k+1} such that A(Z\ {z}) = A(Z\ {z}).

Essentially, A colors the (k + 1)-element sets according to the equivalence
relation on its k-element subsets induced by the coloring A. Let us point out
that all cases when A(Z)=1I can be described by some equivalence relation P on
pairs. It is however convenient for our purpose to consider “I-cases” separately.

Let us also note that for 1 C {1,2,...,k} the corresponding P-pattern can be
described as follows:

Proposition 4.1. Let Z = {z1,2,...,2p41}< and let A:[Z]F — w be a coloring.

Then the following statements are equivalent:

(a) There exists I={iy,i2,...,ip}< with IC{1,2,...,k} such that A(S)=A(T) if
and only if S:I=T:1I for all S, T€[Z].

(b) P=UtlP, where Py =[{ij_y +1,6;_1 42, ..., ii}]?, and ig =0 and ipt1 =
k+1. (In other words, A(Z\{z;})=A(Z\{z;}), whenever (i,7) € P, for some
le{1,2,...,p+1}.)

Proof. This follows from the fact that for S,T'€[Z]*, we have S:I=T":1I, whenever
S=Z\{z}, T=2Z\{z} and (i,j)€P,. 1

By choice of n there exists a subset X C {1,2,...,n}, X ={z1,72,...,Zm} <,
with
l2k—1
| X|=m 2> Cj-

logl’

which is monochromatic with respect to the coloring A in some color C. According
to the value of C we distinguish two cases.
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Case 1: C=1  Assume first that I =0. Then for every (k+ 1)-element subset ¥’

of X the set [Y]* is monochromatic with respect to the coloring A. We claim that
the whole set X is monochromatic with respect to A. Namely, suppose not, and
let K ={z1,z3,...,71}. By assumption there exist subsets S, S’ with SCK, §'C
X\K and |SUS’|=k such that

A(K) # A(SUS)).

Assume that among all such choices of subsets SUS’ the set S has largest possible
cardinality. But then by maximality of |S|, for any element s€ K'\ S, the (k+1)-
element set SU{s}US’ is not monochromatic, as A(K)=A(SU{s}uS’\{s'}) #

A(SUS’) for every s’ ¢ §'. This contradicts our assumption, hence [X]* is
monochromatic.
We assume in the following that I #0. Let X*={z;.|1<i<m*}, where m*=

[—"i_TkﬂJ} Define a coloring A*:[X*]H| —w by
A*(S)=A(SUS’)  forsome S’ C X\ X* |S'|=k—|I|]and (SUS'):I=38S.
Claim 4.1. The coloring A* is well defined.

Proof. Suppose for contradiction that A* is not well defined. Then for some subset
Se[X*1 there exist two sets 51,55 C X \ X* which satisfy
lSUSll = ISUSzI =k
(SUSy):I=(SUSy):I=S8
A(SUSy) # A(S U Sy).

Let

SUSI :{y15y2,"'ayk}<
SUS2 :{Zl,ZQ,---,Zk}<

and let g be the first position where SU.S; and SU S5 differ, i.e. 3; =2z; for i =
1,2,...,9—1 and y4 # z4.. Among all such possible choices of pairs of different sets
S1 and S, let §1 and S be chosen such that g is maximal. Suppose w.l.o.g that
Yg<zg. As g¢I, we infer by considering the set T=SUS3U{y,} that

(T\{yg}) : 1= (T\{g}) : I,
hence, by definition of the coloring A, we obtain that

AT\ {yg}) = AT\ {z}).
This implies

A(SUS1) # A(S U {yg} U (S2\ {z})),
but the sets SUS; and SU{yg}U(S2\{zg})) do not differ on the first g positions,
which contradicts the maximality of g. [ |

Moreover, the coloring A* has the following property:
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Claim 4.2. Let Y € [X*]‘I|+1 be a set with Y:{yl,yg,...,yl1‘+1}<. Then for every
positive integer j <|I| it is valid that

A*Y\ {y;}) # AV \ {yj1})-

Proof. Let j be a positive integer with j<|I|. Let '€ [X]k_”| be a subset, which
satisfies S'NY =0, (Y \{y;}US"): I=Y \{y;}, (Y \{yj+1}US5"): I=Y \{y 41} and
S'n{y;,y;+1,...,u5411=0. As A(YuS =1, it follows from Y \{y;}U8):T#
(Y \{yj41}US"): I that AY' \{y;}US)#AY \{y;41}US’). By definition of A*,
this implies A*(Y'\{y;}) #A* (Y \{yj+1})- |

Lemma 4.1. Let g be a positive integer and let X™* be a totally ordered set with
| X*|=m, m>mg(g). Let A:[X*]9— w be a coloring with the following property:
for every (g-+1)-element subset Y ={y1,12,...,Yg+1}< € [X*]9+1 and each positive
integer j, j <g, it is valid that

(12) AV \{y;}) # AV \{yj+1}).
Then there exists a totally multicolored subset Z C X*, with

1
121 > c(g) - (m - logm) 5T
for some positive constant c(g).

For the proof of Lemma 4.1 we will use the concept of uncrowded hypergraphs,
cf. [1], [3]. Let #=(V,8) be a hypergraph with vertex set V and edge set §. For
a vertex v € V, let dy(v) = |{E € § | v € F}| denote the degree of v. Let Dy =
max{dg(v) | v € V} be the maximum degree of #£. The hypergraph # is called k-
uniform if |E|=k for each edge E€&. A 2-cycle in # is given by two distinct edges
from &, which intersect in at least two vertices. The independence number a(¥) is
the maximum cardinality of a subset of V', which contains no edges from &.

In the proof of Lemma 4.1 we will use the following theorem, which is a
generalization of a deep result of Ajtai, Komlds, Pintz, Spencer and Szemerédi

[1}:
Theorem 4.3. [7] Let # = (V,8) be a k-uniform hypergraph with |V| = n and
maximum degree Dy, Stk‘l. If
(i) # contains no 2-cycles, and
(i) t>k,
then

(13) a#t) 2 - 7 (l0gt) 7T,

where ¢, is a positive constant.

Next we will give the proof of Lemma 4.1.
Proof. Let X* = {z1,79,...,Zm}< be given with z1 < z3 < ... < Zyp. Let
A:[X*]9 — w be a coloring, which satisfies (12) for every subset ¥ & [X*]9+!
and for every positive integer j < g. Let T={i €w | A71(5) # 0} be the set of all
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occuring colors. Fix a color t€T. Let S €[X*)97! with S= {s1,82,...,89-1}< be
arbitrary. Let j be a positive integer with j < g. By (12) there do not exist two
distinct elements z,z’ € X* with s;_1 <z,z’ <s; such that

ASU{z}) =AU {}) =t

Hence, for every color t € T' and for every (g — 1)-element subset S € [X*]9~}
there exist at most g elements =} € X*\S, t=1,2,..., f, with

(14) ASU{zi})=t fori=1,2,...,f with f<g

“and every subset G'€[X*]9 with A(G)=t arises from some set S €[X*]9~! in this
‘way.

Let j be a nonnegative integer and let {G,G*} be a two-element subset of
[X*]9. The (unordered) pair {G,G*} is called a j-pair if |GNG*|=7, and it is called
a bad pair if A(G)=A(G*).

For nonnegative integers j=0,1,...,g—1 fix a j-element subset J & [X*]?. For
nonnegative integers t€T put 7¢(J)=[{G € [X*]9|A(G)=t and JCG}|. Clearly,

(15) tez;rtu) - (’:: j)

Counting the number of pairs (R, S) with Re[X*]9, JCR, A(R)=t and S€
[R]9~1, JCS in two different ways, (14) implies

CURCEDETH (v !
hence,
(16) (7)< —J—. (gT;jJ)

For fixed J € [X*)7 let b;(J) denote the number of bad j-pairs {G,G*}, G,G* ¢
[X*]9, with J=GNG*. By (15) and (16) it follows that

SOHEDY (Ttg]))

teT

< B ()
e R P 2
(17) < 2_((_9_91W .m29-%-1

Now, for j=0,1,...,9—1 we form (2g— j)-uniform hypergraphs #;=(X*,8;)
with vertex set X* and edge set &; C[X*]297J as follows: the set &; consists of all
bad j-pairs, i.e. E€&; if and only if there exist G,G* € [X*]? with GUG*=FE and
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A(G) = A(G*). We will show in the following that there exists a subset Z of X*

1
of size c(g) - (m-logm)?s-1, which is independent for #g,#1,...,7#4_1. Then Z is
totally multicolored.
By (17) we have

— 9 52921 C m29—i—1
" |gl—Je§*]Jb(J (J) 2-((9— M2 s ”

for j=0,1,...,9—1 and positive constants c;‘

Next we will count the number of 2-cycles in #. Let 321(}(0) denote the
number of (2,4)-cycles in ¥, that is the number of unordered pairs {E, E*} with
E,E*€ &g and |[ENE*| =4. Fix an edge E € & and fix sets G,G* € [X*]9 with
A(G) =A(G*) and GUG* =E. Moreover, fix nonnegative integers ig,7;. We will
count the number A;, ;, (E) of unordered pairs {H, H*}, where H, H* € [X*]9, with
HNH*=0 and A(H)=A(H*) and |HNG|=14p and |[H*NG*|=11. There are at
most (z% )+( _10) possibilities to choose the set H. Having fixed H with say A(H)=
t, there are at most 3¢ (gxjiy 7¢(I) possibilities to choose H™*.

By (16) we infer for 0<i9<g and 0<i; <g—1 that

g m-—=g g g m—1i
A (E) < . . — .
ioin )—(z‘()) <g—io> (u> g—i1 <g—1—il>

For i=2,3,...,2g—1 set
Z Ajoi1 (B)-
jo+i1=t
Then for 0<ig<g and 0<i; <g-1 we have that

g m-—g g g m—i 2g—1—i
AA(E) < . . . . < ¢; +m 9
il )—.Z .(Zb) (g—io> <11) g—11 (9"1*1'1>—Cz ™ ,

20+11=1

where c; is a positive constant. With (18) this yields the following upper bound on
the number of (2,7)-cycles in #p:

(19) Sg,i(}fo) < Cg .m29-1-1, &0 < C; - mi9—2—t
for 1=2,3,...,29—1, where C; is a positive constant.
Now choose at random vertices from X* with probability

_2g-2
p=m 29— 1+e

where € is a positive constant with € < W, and the vertices are chosen

independently of each other.
Let Y be the corresponding random subset of X™. Then the expected values
E(-) satisfy:

(20) E(|Y]) =
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and by (18), for 7=1,2,...,9—1, we obtain that

E (|c9J n [Y]2g~j|) =p?977 185 < cipm - ( 2g—~j-1 .m2g-—j_2)

(21) = cipm - m BT Y _ (o)

1
for € < 3y @71
Next, we estimate the expected number E(s9 z) of (2,4)-cycles in the subhy-
pergraph of #p induced on Y. By (19), for i=2,3,...,29 -1, we have

B(s2:) = p™7™" - 524(%0) < Cipm.- (P4g_i—1 : m4g_3_i>

(22) — Cipm.- (m A telio—ic ”) — o(pm)

provided e< m.

By (20), (21) and (22), using Chernoft’s and Markov’s inequality, we infer that
there exists a subset Y C X* with [Y|=(1—0(1))-pm, such that the subhypergraphs
of #;, j=1,2,...,9g—1, induced on Y have o(pm) edges and that |[Y]29N Eg| <
2-p?9-|89|. Moreover, the subhypergraph of g induced on Y has o(pm) (2,%)-
cycles for i =2,3,...,2g — 1, hence o(pm) 2-cycles. Deleting one vertex from each
edge in &;N[Y]%977 for j=1,2,...,g—1, and also from each 2-cycle of #; contained
in Y, we obtain a subset Y* CY with [Y*|=(1—o0(1))pm, which contains no edges
from & for j=1,2,...,g—1, with |[Y*]29n&y| <2-p?9-|&p| and the subhypergraph
H* of }fo lnduced on Y* contams no 2-cycles. By deleting all vertices of #£* of
degree bigger than Sgppmlé”ol we obtain a subset Y C Y* with [Y| > (1— o(1)) 5
such that the subhypergraph H' of #* induced on Y satiesfies the assumptions of
Theorem 4.3 with maximum degree Dy <t2971 =8¢% gng 1m29-2 by (18).

By (13) we infer that

a(#o) 2 a(#') > czg - pm(l/? o) <log ((8c g)%- 1pm§3u>>ﬁ

_9_
(8c39)?9-Tpm?2s

1
> c(g) - (m - logm)%e-1.
This implies the existence of a totally multicolored subset Z C X* with |Z| >
J
c(g)-(m-logm)2s-1, where c(g) is a positive constant. ]

We apply Claim 4.2 and Lemma 4.1 to X* and the coloring A*, where |I|=

Using
ot [m —-k+ 1J
k
, l2k—1

> —_—
2 Ck logl’
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where Cj, is by assumption sufficiently large, say Cj -c(g) >1 and C} > 1 for g=
1,2,...,k, and with

1
C! .2kl C! . 12k—1 2g—-1
(c(g) . klogl +log klogl =

for 1 > lg(k), we obtain an l-element subset Z C X*, which is totally multicolored
with respect to A*. By Claim 4.1 it follows

AS)=A(T) iff S:I=T:I

for all S,T€[Z]".

Case 2: C=P Let X be monochromatic with respect to the coloring A. We will
show that | X|<k+1. For contradiction, assume in the following that | X|>k+2.
First we derive some properties of the set P. Recall that (i,7) € P with ¢ <7 implies

that for every (k+4-1)-element subset Z ={z1,20,...,2k11}< € [X]¥*1 it is valid that
A(Z\{z})=A(Z\{z;}). As we are dealing with an equivalence relation, we have:

Claim 4.3. Let h,i,7 be positive integers with 1<h<i<j<k+1. Then
(h,4),(4,7) € P implies (h,j) e P
(h,i),(h,5) e P implies (i,7) € P
(h,5),(5,j) € P implies (h,7) € P.

Claim 4.4. Let 4,7 be positive integers with 1 <:<j<k+1. Then
(i,j) € P implies (t,i+1),(j—~1,5) € P.

Proof. We show that (i,i41) € P, the proof for (j—1,5) € P is similar. Let Z =
{21,22,-.+, 2642} < €[ X]F*2 be a (k+2)-element subset of X. As (i,5) € P, it follows

for the sets Z\{z;+1} and Z\{z;} that
A(Z\ {2z, 2zi41}) = A(Z \ {zi41, 2j41})
A(Z\{zi; zip1}) = A(Z \ {21, 241}),
hence
A(Z\{ziy1,2j41}) = A(Z \ {2, zj41})
implies (¢,i+1)€P. ]
Claim 4.5. Let i, be positive integers with 1<¢<j<k+1. Then

(i,j) € P implies  (:*,7*)€ P for all i <i* < j* < 7.

Proof. By Claim 4.4, (i,7) € P implies (¢,i+1),(j—1,7) € P. By Claim 4.3 this gives
(i+1,7),(¢,5 — 1) € P. By induction, it follows that (h,h+1)€ P for every positive
integer h with 1 <h < j*, and also (4,3*),(5%,7) € P, hence again by Claim 4.3 we
have (i*,j*) € P. I
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Claim 4.6. Let g,h,z,j be positive integers with g<h<i<j. Then
(g,z) (h,j) e P implies (9,7) € P.

Proof. By Claim 4.5, (g,%) € P implies (h,:) € P. With Claim 4.3 we infer from
(9,%),(h,3),(h,j) € P that (g,5) € P. ]

Define a partial ordering <p on P as follows: for pairs (4,7),(¢*,7*) € P with
1<j and i* <j* let

(i,7) <p (4%, 57) if and only if 7" < and j* > j.

Let Prnaz be the set of maximal elements of P (with respect to <p).

If (g,h),(3,7) are two different elements in Pmgz, then by Claim 4.6 either h <
ior j<g. Let J={i€{1,2,...,k}|there exists (j,7*) € Pmax with j<z'<j*}. Set
I={1,2,...,k}\ J.

By Proposn;lon 4.1 and the definition of the coloring A it follows that every
set X with |X| > k+ 2, which is monochromatic with respect to A cannot be
monochromatic in color P, i.e. it is monochromatic in some color I C{1,2,...,k}.
But then we are again in Case 1. This finishes the proof of Theorem 4.2.
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