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Abstract

We usea Ramsg-theoetic argumentto obtain the first
lower boundsfor approximationsover Z,, by nonlinear
polynomials:

e A degree2 polynomial over Z,, (m odd) must
differ from the parity function on at least a
1/2 — 1/208m*® fraction of all points in the
Booleann-cube

e AdgyreeO(1) polynomialover Z,, (m odd) mustdif-
fer from the parity functionon at leasta 1/2 — o(1)
fractionof all pointsin theBooleann-cube

These nonappoximability results imply the first known
lowerboundsonthetopfaninofMAJ c MOD,,, o AND (4

circuits(i.e., circuitswith a singlemajority-gateat the out-
put node MOD,, -gatesat the middlelevel, and constant-
fanin AND-gatesat theinput level) that computeparity:

e MAJ o MOD,,, o AND> circuits that computeparity
musthavetop fanin 2oe ») "

e Parity cannotbecomputedyMAJ o MOD,;, © AND (1)
circuitswith top fanin O(1).

Similar resultshold for the MOD,, functionaswell.

1. Intr oduction

Obtaininglower boundsfor constant-deptltircuits in-
volving MOD,,, gateswhenm is compositejs afamously
difficulty problem. The prominenceof this problem is
mainly dueto Smolensl’sclassicpaper14], which shavs
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that constant-depthpolynomial-sizecircuits consistingof
AND, OR,andMOD,,» gateswherep is anoddprime,can-
notcomputeparity.

Numerousresearchefforts have concentrateen depth-
2 anddepth-3circuits with specifictypesof gatesallowed
at eachlevel [8, 13, 6, 1, 9, 10, 4]. Suchcircuits canbe
surprisinglypowerful. For example,quasipolynomial-size
SYM o ANDpo1y10g » CONtainsall of ACCJ15, 2].

ConsiderMAJ o MOD,,, circuitsfor m constant.Since
MAJ o MOD,,, is containedn TC} (i.e., depth-2TC°) [7],
MAJ o MOD,,, circuitscomputinginnerproduct-modp re-
quire size 2™ [10]. Goldmann[4] has establishedhe
following sharperresult: if ¢ is divisible by a prime p
that doesnot divide m, thenMAJ o MOD,,, circuits com-
puting MOD,, require size 2%(™.  Sincethen, this lower
boundhasbeengeneralizedy Krauseand Pudlak[9]: If
q is divisible by a prime p that doesnot divide m, then
MAJ o AND (1) o MOD,,, circuits computingMOD,, re-
quiresize2(m),

Goldmann and Hastad [8] hae shavn that

TCY o AND (1 _)1ogr Circuitscomputingthe generalized-

innerproduct function (GIP) require size 29,
Since MAJoMOD,, C TCS [7], it follows that
MAJ o MODy, © AND (1105, Circuits  computing

(GIP) requiresize2(™).

However, nolowerboundsareknown for computingpar
ity with MAJ o MOD,;, c AND(y) circuits, or even with
MAJ o MOD,,, o AND> circuits. We will adoptthe ap-
proachof [4]. Goldmannfirst proved a resultof indepen-
dentinterest: MOD,,, circuits cannotapproximateMOD,,.
Then he applied the “e-discriminator” lemma of Hajnal,
Maass,Pudik, Szegedy and Turan[7] to prove thatsmall
MAJ o MOD,,, circuitscannotcomputeMOD,.

Using Ramsg theory we will shonv that small
MOD,,, o AND(y) circuits cannot approximateMOD,.
Our approximatiorboundsufficesto provide lower bounds
on MAJ o MOD,, o AND (1 circuits wherethe top fanin
is small, but is not sharpenoughto provide lower bounds
for generalMAJ o MOD,,, o AND (1 circuits. It is still
an openproblemto prove lower boundsfor that classof
circuits.



2. Definitions and Background

We first define the circuit classesthat will occur in
this article. Note that the size of a circuit is the num-
ber of edgesit contains. In addition, unlessotherwise
indicated, all circuit classesallow gatesof unbounded
fanin and eachinput gate is labeled by an input vari-
able, its negation, or a constantO or 1. MOD,, gates
are definedby MOD,,,(z1,...,2,) = 1 if andonly if
>, x; =0 (mod m). Forall of theseclassesasubscript
d denoteghe subclas®f circuitswith depthexactly d.

MAJ denoteghe classof polynomial-sizecircuits con-
sistingof asinglelevel of majority gates.TheclasseAND,
OR andMOD,,, aredefinedsimilarly. A subscriptk used
with AND andOR denotesherestrictionto gatesof fanink.

Classeof circuitswhoselevels consistof varioustypes
of gatescanbe corvenientlydescribedasthe composition
of various classesof functions (see[11, 12]). If T and
A are classesof Booleanfunctions (not necessarilycir-
cuit classes)thenT o A denotesthe classof functions f
of the form f(z) = g(h(z)), whereg € T, h € A and
h has monotoneincreasingoutput length. For example,
MAJ o MOD,,, o AND s the classof functionscomputed
by depth-3polynomial-sizecircuits with majority gatesat
the output, MOD,,, gatesat level two, and AND gatesat
level one.In thecasewherel andA arebothcircuit classes,
thenwe will refer to the correspondingeircuits asT o A
circuits. Note thatthe conditionon the outputlengthof A
guaranteethatthe complexity of g, whichis measuredel-
ative to the outputlengthof h, is relatedto theinputlength
of f. Thisis importantin somecontexts but of no conse-
guencefor thecircuit classegonsideredn this article.

We will oftenabusenotationandusethe nameof a class
of polynomial-sizecircuitsto denotethe sameclassof cir-
cuits but with no implicit boundon the size. Thenwe will
specifysizerestrictionsexplicitly, e.g., “subexponentiakize
MOD, o ANDO(l) cannotcomputeMOD3."

Correlationis definedasfollows:

Corr(f, 9)
= Prlg(z) = 1|f(2) = 1] = Prg(z) = 1|f(z) = 0]

Upperboundson correlationimply lower boundson circuit
sizeby (a specialcaseof) the “e-discriminator”lemmaof
Hajnal,Maass Pudik, Szegedy andTuran,which states:

Lemma 1 (e-discriminator [7]). Let C' be a circuit con-
sisting of an unweightedthreshold gate over subcircuits
Cly...yCs,y ie.,

C(z) = 1iff Y ci(x) >t

for somefixednatural numbert. Then
s -max Corr(C,¢;) > 1.
K3
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Theorem2 ([4]). Let g be prime and let m be a number
sud thatq doesnotdividem. Letp bea linear polynomial
(notnecessarilysymmetric) Let

_ {1 ifp@,...,z,) #0 (mod m)
9(T1,. ., Tn) = { 0 otherwise.

ThenCorr(MOD,, g) < 2~%(™),

A multivariatepolynomialis calledsymmetridf it is in-
variantunderpermutation®f its variables.FredGreenhas
shawn (implicit in the proof of his Theoren?2.7)

Theorem 3 ([5]). Let ¢ be prime and let m be a number
sud that ¢ doesnot dividem. Letp bea symmetrianulti-
variate polynomialof degreelog®!) n. Let

_J 1 ifp(z,...,zs) #Z0 (mod m)
9(T1,. ., Tn) = { 0 otherwise

Q(1)

ThenCorr(MOD,, g) < 27"

Note: tight boundsfor the caseq = 2 are given by Cai,
GreenandThierauf[3].

Since z1,...,z, are Boolean variableswe may as-
sume,without loss of generality thatall polynomialsover
z1,- - -, 2, aremultilinear. Thisallows usto combineRam-
segy theory with Greens result in order to prove lower
boundsfor the caseof generalpolynomials(not necessar
ily symmetric).

3. Results

Previously nothing was known for generalpolynomi-
alsp, evenof degree2. We shav

Theorem4. Let g be prime and let m be a numbersuc
thatq doesnotdividem. Letp bea multivariatepolynomial
of degree2. Let

_ [ 1 itplay,...,m.) # 0 (mod m)
9(T1,. . Tn) = { 0 otherwise

ThenCorr(MOD,, g) < 2~ (log W™

Proof: Letp beadegree2 multivariatepolynomialin n
variables. Without loss of generality the coeficientsof p
belongto {0,...,m — 1}. Think of the polynomialp asa
graphwith oneedgefor eachdegree-2monomial,andcolor
eachedgewith the coeficient of thatmonomial. By Ram-
seg/’stheoremthereexistsanumbere € {0,...,m —1} and
a set (which we denoteafter renumbering{z1,. .., zn }
consistingof Q(logn) variablessuchthat every degree-2



monomialof p consistingonly of variablesn {z1,. ..,z }
hascoeficientc.

Obtainann'-variatepolynomialp’ by assigningandom
Booleanvaluesto /41, . - ., Z, in p. Then

pl(wla---;xn’) = p”(wla"'axn’)+ Z CLi T
1<i<j<n’
1+ -+ Ty
- p“<x1,...,xn:)+c( ) )

wherep” is linear. Color the variableszy, . . ., z,,» accord-
ing to their coeficientsin p”, choosethe most frequent
color, and assignrandomBooleanvaluesto the variables
with ary othercolor.

We are then left with a symmetric polynomial in
Q(logn) variables. By Theorem3, the resulting polyno-
mial hascorrelation2=(e™) "™ with MOD,. Therefore

Corr(MOD,, g) = 2~ (o8 )2 i

We have thefollowing interestingspecialcase:

Corollary 5. A degree2 polynomial over Z,, (m
odd) must differ from the parity function on at least a

1/2 — 1/2008m ™ fraction of all pointsin the Boolean
n-cube

The following is immediatefrom the e-discriminator
Lemmaof [7] (our Lemmal):

Corollary 6. MAJ o MOD,,, o AND> circuits that com-
puteMOD,, musthavetop fanin 2(0s™ "

We now generalizeTheorem:

Theorem7. Let ¢ be prime and let m be a numbersuc
thatq doesnotdividem. Letp bea multivariatepolynomial
of degreeO(1). Let

_J 1 ifp(zs,...,zn) Z0 (mod m)
9(T1,...,Tn) = { 0 otherwise

ThenCorr(MOD,, g) = o(1).

Proof:

Induction hypothesis(induction on d): Let ¢ be prime
andlet m beanumbersuchthatg doesnotdividem. Letp
beamultivariatepolynomialof degreed in n variables.Let

s by a symmetricmultivariatepolynomialof degreeO(1).
Let

g(xla .. '7'Tn)

Lo

ThenCorr(MODy, g) = o(1).

if p(z1,...,2,) + s(x1,...,2,) Z 0 (mod m)
otherwise

Basecase: d = 0: Thenp is constant,sop + s is
symmetric.In this casethe claim follows from Theorem3.

Inductive case: Assumethatthe inductionhypothesids
truefor d — 1. Let p beadegreed multivariatepolynomial
in n variables Withoutlossof generalitythe coeficientsof
p belongto {0, ...,m — 1}. Think of the polynomialp as
a hypegraphwith one hyperedgedor eachmonomial,and
coloreachhyperedgevith the coeficientof thatmonomial.
By Ramsg’stheorentor hypegraphshereexistsanumber
¢ €{0,...,m—1} andaset(whichwe denoteafterrenum-
bering){z1,. .., z, } consistingof w(1) variablessuchthat
every degreed monomialof p consistingonly of variables
in{z1,...,zy } hascoeficientc.
Obtainann'-variatepolynomialp’ by assigningandom
Booleanvaluesto 41, . .., z, in p. Then

P(@1,.. . 70)
= p'(&1,..20) + Z CTiy T,
1<i1 < <ig<n’
T4 T
= p"(:cl,...,a:n/)+c( d n)

where p"” is a degree{d — 1) polynomial. Since
¢ F") is symmetric, we are now done by the
inductive hypothesis. |

Note: If p hasdegreed, thenin fact, Corr(MOD,, g) <
1/f 1(n), wheref is roughlythe (d + 2)nd level of Ack-
ermansfunction.

We have thefollowing interestingspecialcase:

Corollary 8. A degree-O(1) polynomialover Z,, (m odd)
mustdiffer fromtheparity functiononatleasta1/2 — o(1)
fractionof all pointsin theBooleann-cube

The following is immediate from the e-discriminator
of [7]:

Corollary 9. TheMOD, functioncannotbe computedoy
MAJ o MOD,,, ©« AND (1) circuitswith top fanin O(1).

4. OpenProblems

o If the degreeof g is fixed, is Corr(MOD,, g) maxi-
mizedwheng is symmetric?This would imply thatin
generalCorr(MOD,, g) = g—n

e IsCorr(MOD,, g) = 2-(")? 9o —w(l)y
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