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An order type decomposition theorem
By RICHARD LAVER

Introduction

The work which has been done on countable linear order types (more
generally, the class 91 of countable unions of scattered types) has shown
that these order types, both individually and as a class, have properties
which are reminiscent of the ordinals and which imply the known facts about
ordinals as a special case. For example, consider the following properties of
ordinals:

(a) the class of nonzero ordinals is obtained by closing the set {1} under
sums indexed by regular nonzero ordinals,

(b) the class of ordinals is well ordered under embeddability,

(c) every ordinal is a finite sum of additively indecomposable ordinals
(an order type @ is said to be ALif @ = (¢, + P,) > @ < @, or @ < P,), and

(d) the AI ordinals are those of the form w*.

The ordinals may be viewed as being generated in a one-dimensional manner;
the generalization to order types comes when we allow other generating
operations (such as, in the case of scattered types, the operations of taking
converse well ordered sums). The theory needed to handle this wider situa-
tion depends on Nash-Williams’ theory of better-quasi-orderings, as developed
in his paper [10] on infinite trees. The results' which correspond to the above
properties of ordinals are:

(a) the class of nonzero members of 91 is obtained by closing the set {1}
under sums indexed by regular nonzero members of 91,

(b) 9N is better-quasi-ordered under embeddability,

(¢) every type in 9N is a finite sum of Al types, and

(d) the AI members of 91t are those types generated from {0, 1} by closure
under “regular unbounded” sums.

The additively indecomposable ordinals coincide of course with the ordi-
nals which are strongly indecomposable (an order type  is said to be SI if
® — (¢, ®)!, i.e., whenever tp(L) =@, L =L,U L, then ¢ < tp(L, or
® < tp(L,)). In this paper we will prove a decomposition theorem for the Al
members of 91 which can be viewed as the fact which corresponds to this

1 See [9]. Terminology is in Sections 2 and 3 below.
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AN ORDER TYPE DECOMPOSITION 97

property of AI ordinals. The theorem involves a representation of the AI
types in 91 by finite labelled trees. This tree representation gives each such
type, up to equivalence under embeddability, as a certain kind of shuffle of
a finite number of SI types.

Various properties of the order types in 91 are obtained as a corollary,
in particular the theorem has the following combinatorial consequence:

for each @ € 9N there exists an n < @ such that

P —> (q))1<wln ’

that is, for any partition of an ordered set of type ® into finitely many sub-
sets, the union of some =< n of the subsets contains a set of type .

This answers affirmatively a question of A. Hajnal as to whether for
every countable ¢, ¢ — [®]..!

A characterization, for each =, of the types @ € 91 such that @ — ()L,
can be read off of the tree representation of Al types; in particular the case
n = 1 is where @ is strongly indecomposable, and the SI types are charac-
terized by the theorem as the types which are equivalent under embeddability
to “hereditarily increasing” types, where, e.g., the class of hereditarily in-
creasing scattered types is the least class containing 0, 1, and closed under
sums

Ea<lz q)a ’ Ea<x*q)a ’

where £ is an infinite regular cardinal and a < 8— ®, < ®;. This charac-
terization answers affirmatively R. Fraissé’s Conjecture IV of [4].

In Section 1, a notion of many-one embedding is considered which is
weaker than the usual notion of homeomorphic embedding for trees, and a
combinatorial theorem is proved which shows that if @ is a well-quasi-ordered
set, then every set of finite @-labelled trees has a “bounded cover” under
this notion of embeddability.

In Sections 2 and 3, a class of order types having certain tree representa-
tions is defined. It is shown that these types are well behaved, and, using
the results in [9] and the tree theorem of Section 1, it is proved that every
Al type in 91 is equivalent to one of these types. The part of the theorem
which deals with the scattered types is singled out and proved in Section 2,
and in Section 3 it is indicated how to obtain the analogous results for types
in 91 and for Q-labelled types, @ better-quasi-ordered.

In Section 4 some combinatorial consequences of the results in Sections 2
and 3 will be proved. The idea is that in classical combinatorial theorems

1 T would like to express thanks to F. Galvin for bringing Hajnal’s question to my attention.
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98 RICHARD LAVER

about ordinals, the strong one-dimensional properties of ordinals are seldom
used; rather, weaker properties such as the ¢ — (9)L,,, relation above are
often seen to be what are really needed in the proofs'. This leads to the ex-
pectation that any partition, decomposition, or mapping theorem about ordi-
nals, suitably stated, will also be provable for the class 91t with the aid of
results in Sections 2 and 3. Section 4 has been written in the spirit of giving
a nonexhaustive set of examples of this. Included are a mapping property,
some partition relations which for ordinals are due to Erdos, Hajnal, and
Milner, and a method for piecing together order types using a notion of
reduced complement.

In Section 5 it is shown that for any infinite cardinal &, the partial order
of scattered types of power < £ has dimension £*.

Standard set theoretic notation is used. For Section 1 familiarity is
assumed with the basic methods and results of wqo theory (see [7], [8], [12]).
The results on bgo’s and order types which are used in the remaining sections
can be found in [6], [9], and [10].

1. Finite wqo-labelled trees

Q is always assumed to be an arbitrary set on which a quasi-order (transi-
tive, reflexive relation) < is defined. If q,, ¢, €@, define ¢, < ¢ —q, < .
and ¢; £ ¢, and ¢, = ¢, — ¢, < ¢, and ¢, < q,. Recall that @ is well-quasi-
ordered (wqo) just in case @ satisfies any of the following equivalent
conditions:

(i) for every f: w — @ there are v < j < w such that f(¢) < f(9),

(ii) for every f: w — @ thereis an infinite X Z w such thati, je€ X and
1< J—f0) < f(9),

(iii) @ is well founded under < and every set of mutually incomparable
elements of Q is finite,

(iv) every extension of the partial order Q/= to a linear order is a well
order.

Our aim in this section is to prove that any set of finite @Q-trees, @ wqo, has
a certain kind of “bounded cover”. We first give some definitions and lemmas.

If X, YCQ, recall that X <, Y (X <, Y) means that there is a 1-1
(many-one) f: X — Y such that for all x e X, x < f(x). Foraset 4, let $(4)
be the power set of A, and let [A]<“ be the set of finite subsets of A.

! In this regard A. Tarski has mentioned some theorems on Boolean algebras with well
ordered bases, due to him and A. Mostowski, which involve the a— (a)L,, principle for
ordinals a. For a summary of these results and related results on countable BA’s and BA’s
with scattered bases, see [14], pp. 364-369.
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AN ORDER TYPE DECOMPOSITION 99

THEOREM 1.1. [7]. If Q is wqo then [Q]<“ is wqo under <,, <,.
THEOREM 1.2. ([10], [12]). If Q is wqo then P(Q) is well founded under
iy Zome
A pair (T, 1) is a Q-tree if T is a tree (considered here to be a partially
ordered, rooted set such that foreach ze T, {y:y <,a} is well ordered) and
l: T— Q. Let (FJ), be the collection of finite @-trees. Define quasi-orders
on (FJ), by:
(T, 1) <, (T, 1,) —q thereis an f: T, — T,
such that © <, y — f(x) <,,f(¥), and L(2) < L(f(@®),
(T, 1) <, (T, l,) <4 in addition to the above,
fe Ny =f@ NSy foralle, yeT,,
where x A y is the greatest lower bound of 2 and y.
THEOREM 1.3. [8]. If Q is wqo then (FJ), is wqo under <,, <,,.

Note: We have added on the <,, version of Theorem 1.3 (it follows from

the <, version in [8]) because Theorem 1.6 below only goes through using
the weaker <, relation. The reader is reminded that the case of infinite
trees having no paths of length > @ was settled in [10] (see also [9], Theorem
2.2, for the extension to bgo labelled trees).

For qe @, let Q, ={re@: ¢ £ r}. We will use the following form of
wqo induction principle: a statement S(Q) is true for all wqo sets Q provided

that

@) S(@), and

) v wao Q(V g€ Q S(Q,) — S(Q)) .

X C @ is called a chain if X is linearly ordered under <, an antichain if the
members of X are pairwise incomparable. ¢, ¢, € @ are said to be compatible
ifige@ q,q <q.

LeMMA 1.4. If Q ts countable and has no infinite antichain then there is
an n < o and chains X; S Q, 1 < n such that ;<. X; =. Q-

Proof. @ has a well founded (and hence wqo) cofinal subset, so it suffices
to prove the theorem for countable wqo sets Q. Assume, by the wqo induction
hypothesis, that the lemma holds for @,, all g€ Q. Let @ = {¢;: ¢ < w}.

Casel. V4,5 3kq, q; < q,. Then build up in @ stages a chain X C Q,
X=,0Q.

Case 2. 31,5V kq; £ q, or q¢; £ q,. Then @ = @, U Q.- By the in-
duction hypothesis Q,,, qu are =, finite unions of chains, and thus @ is.
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100 RICHARD LAVER

We state without proof a more general proposition (observed by the
author for regular £, by Hajnal for singular «): if £ is an infinite cardinal,
Card @ = «, and @ has no infinite antichains (if £ = @ this may be weakened
to: there is no infinite set of mutually incompatible members of Q) then there
is a collection of fewer than « chains in @ whose union is =,, Q.

Convention. If R is a quasi-ordered space built up from @ by means of
the operations listed above (for instance, R = P([Q]<*), R = P(FT),), then
the <,, quasi-order on R is understood to be the ordering inherited from the
ordering on @ and the <,, orderings associated with the operations.

If X, YC[Q]*Y, YyeY 3xeX ycx, and Y =,X, then call Y a
cover for X. For n < w, say that X is n-coverable if there is a cover Y for
X such that ye Y — Card (y) < n.

LEMMA 1.5. If @ is wqo and X C [Q]< then for some n < w, X is n-
coverable.

Proof. Assume the lemma holds for Q,, all e Q. If XC[Q]<* is a
counterexample to the lemma then there is, for each ¢ < w, an ;¢ X such
that

veeX vyce Cardy =i—2 £,9);
we may as well assume then that
X={z:t<w}.
By Theorem 1.1 and Lemma 1.4, X is =,, a finite union of chains X, C X if

the lemma holds for each X, then it holds for X, so we may assume X itself
is a chain and that 7 < j—2; <, ;.

Casel. Yiijiqewx; z; <,{q}. Then, since X is a chain, X is 1-
coverable.

Case2. 3i1VjVqgex; x, £,.{q}. Let z, ={q,q., -+, ¢;}. By the as-
sumption, for each 5 < @w we can write

;=2 UxpU «+- Uy, where {¢,} £n2; , all r < k.

Apply version (ii) in the definition of wqo k times to obtain an infinite A C w
such that

Juj:€Aand j, =j,——forall »r <k x;,<,2, ,
where note {x;: je A} =, X. Let
X(r) ={x;: e A} .

We have that X(r) C[Q,,]°“, so, by applying the wqo induction hypothesis
to each X(r), an n, < w can be chosen so that for all » <k, X(r) is n,-
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AN ORDER TYPE DECOMPOSITION 101

coverable. But now, using the fact that each X(r) is a chain, it can be seen
that X is Ergk n,-coverable, which gives the lemma.

A subtree of a tree T is a rooted subset of T. If te T, then br(t) =
{t e T:t <,t'} is the branch of T with root ¢. A branch br(¢) of T is called
proper if t == the root of T. These definitions apply also to Q-trees, taking
the restricted labelling function. A treetop of T is a maximal node of T.

If W< (FT)g n<w, acover for Wisa W' < (FJ), such that (7", 1) e
W' — (T, 1) is a subtree of some (T,l)e W, and W =, W'. W is n-cover-
able if there is a cover W’ for W such that (7”,1) € W’— T" has < n treetops.

THEOREM 1.6. If Q is wqo and W C (FJ), then for some n < w, W 1is
n-coverable.

Proof. By Theorems 1.2 and 1.3, @((F9),) is well founded, so we may
suppose the theorem holds for all W’ <, W. Suppose the theorem is false
for W; then, as in the proof of Lemma 1.5, we may assume that W = {(T}, [,):
t < w}, where if j < @ and (T/,!;) is a subtree of (T}, ;) which has <7+
treetops then (T}, 1)) £, (T}, 1;). Using Lemma 1.4 we may reduce as in
Lemma 1.5 to the case where W is a chain and assume that

1<) —> (T, 1) <. (T;,1;), and each Card (T;) > 1.

Since now every infinite W C W is =, W, we may assume by Ramsey’s
theorem that either

@ Vi,7 (i <j— (T, 1)) is not <,, embeddable into any proper branch
of (T3, 1;)) or

(®) Vi,5 (¢ <j—(T,1) is <, embeddable into some proper branch
of (Tj,1,)).

First, suppose (a) is true. Let S; be the set of branches (br(x), ;) of
(T;, 1) such that x is an immediate successor of the root of T;. Applying
Lemma 1.5 to the wqo space (FJ), wemay find an S;C S;, all¢,and a k < w
such that

(1) each CardS; <k and vi3j S; <,S.

Setting S; = {(T%, L) -+« (Tu, L)}, we may cut down k times using the wqo
property (ii) and assume that:

@ vi<j (T, 1) <,.(T;,, 1) for each r < k and

) vi<yg l(root T)) < l;(root T).

From (a) and the fact that W is a chain, it follows that for each r < k the
set W, ={(T;,1): 1 <w}is <, W. We may apply the theorem, then, to
each W,, giving numbers %, < @ such that W, is n,-coverable. Using this
and (1), (2), and (3), the reader may now check that W is 3 _, m,-coverable
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102 RICHARD LAVER

(recall that the <,, embedding for members of (¥J), need not be 1-1), as
desired.

Suppose then that (b) is true. For each finite a € Q and (T, 1) e W,

split (T, ;) into an upper and lower part determined by a, by

Ua, T;) = {(or(®), L,): © € T}, li(x) > q for some gea,

and Vy <, l(y) # q forall gea},

L, T) = ({xe T Vy=<ro l(y) # q forall gea}, l,) .
Let

U(a, W) = U’i<w U(a) T’b) ’
and
L(a, W) = {L(a, T): t < w} .

Claim. For some a € Q, Ula, W) <,, W and for each ¢, if @ is a node of
L(a, T) then U{li@)}, W) =. W.

Proof of claim. We have U(®, W)= 0 <, W, and L(@, W)= W, so
if @ = @ fails to satisfy the claim there will be a ¢,€Q such that
Ul{go}, W) <, W. Suppose, continuing in this way, we have picked a set
{@0, @1, *++, g} such that

7: <j é k'—’q@ 5§ qJ’ and U({%’ ”',qk}, W) <'MW M
If @ =1{q, +*-, q:} doesn’t satisfy the claim then for some 7 < ® and node
HARS L({(Io, M) qk}’ Tz)’ U({lt(x)}’ W) <m W. Set
Qp1 = L) .
We have
r<k—q L Q1>
since &€ L({go ++-, ¢i}, T:). We have that
U({q()y °t qk+1}’ W) - (U({qo’ ) qk}y W) U U({qk+1}’ W)) .
Each of the two sets on the right hand side is <,, W by hypothesis, but W
is a chain, from which it follows that
(U({qm cee, W) u U({Qk+1}, W)) < W
and hence
U({qO’ ) qk+1}’ W) <m W ’

completing the induction step. Thus, for some k, a = {qo, * -+, ¢;} must satisfy
the claim lest an infinite sequence {q;: © < ®w} be obtained with ¢ < j—
¢; Z q;, which would contradict @ wqo.
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AN ORDER TYPE DECOMPOSITION 103

Given a C @ as in the claim, then, we want to build up an n-cover of Q,
for some n < w. As in the first part of the theorem, find by Lemma 1.5
a u<® and sets U'(a, T)) S U(a, T;) all of cardinality < w such that
{U'(a, T)): t < o} =,{U(a, T:); © < w}. Write

Ula, T;) = {(Tm L)y ==y (T, lo’)} ,

and cut down to an infinite A C w such that for each » < u, {(T},, l,): 7 € A}
isa <,-chain. Now, using the fact that U(a, W) <, W, pick n,: r < u such
that {(T},, L,): © < w} is m,-coverable.

To handle the set L(a, W), let Q(a) € @ be {i(x): x € L(a, T;), some ¢}.
If p,---, 0,€Q), 1< w, let

[pu cee, Dn s (T4, li)]

be the Q-tree which is for its first « levels a single chain «,, ---, 2,, where
x; is labelled by p;, and which above the chain is a copy of (T}, 1,).

Claim. Forall p, ---, p, € Q(a), 1 <, thereisa j <w with [p,, - -+, D,;
(T:, 1)] <u (T3 1y).

Proof of claim. By induction on n. The case » =1 is like the case
n > 1 considered here. By the induction hypothesis choose a j such that

[2s « <o, Dus (T3 1)) <u (T4, 1) -
By the assumption (b) above we may <,, embed (T}, I;) into a proper branch
of some (T}, l,). By the previous claim,
Ul{p}, W)=, W

so there will be a branch of some tree in W, having root node labelled > p,,
which is >, (T}, l;). This branch is >, [D;, Dy, *+, 2.5 (T, 1)] as desired,
giving the claim.

It now follows that W is ngu n,-coverable, as follows. Given (T;,1,) e W,
to cover it, enumerate L(a, T;) in a sequence x,, &,, - -+, %, compatible with
the order on T;. Now consider the tree

[Li(@), L), « -+, Li®a); (T4, 1] S
where by the construction it is possible to choose (T}, ;) to contain a subtree

with at most }_, _ =, treetops which is >, every member of U(a, T;). We
have that

rsu

(Tiy l’b) Sm [li(xl), li(xz)s ccy lt(xn); (Tj? la)] ’
but by the claim, [l;(z.), ---, li(x,); (T}, 1;)] is <, some (T}, ;). Thus there

is a subtree of (T}, l,) having <3 _ n, treetops whichis >, (T}, l). This
completes the proof.
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104 RICHARD LAVER

2. The main theorem for scattered types
Quasi-order the class of order types by the relation
@ < A 4P 18 order embeddable in .

Let 1 be the order type of the rationals. An order type ® is defined to be
scattered just in case 7 £ . Let S be the class of all scattered types. In
this section the version of our main result which applies to scattered types
will be proved; for the extensions to Q-types (which are occasionally needed
in applications) and to 9N types, see the next section.

We assume familiarity with the basic definitions involved. Results from
[9] will be used; Theorems 2.1-2.5, below, extracted from the more general
versions in [9], summarize the basic properties of S and its members which
will be needed.

THEOREM 2.1. [6]. § s the closure of the set of order types {0, 1} under
well ordered and converse well ordered sums.

THEOREM 2.2. [9]. § is better-quasi-ordered under embeddability.

A type @ is called additively indecomposable (AD) if @ = (v + 0) > @ <
or ¢ < 4.

THEOREM 2.3. [9]. Ewvery ® €S is a finite sum of Al types.

Define a regular unbounded sum of order types @, to be a sum ) _, s Pa

orasum ) _ . Po(=ae(@Po+ Prtco+Pat-ec)and (coe + Pp+ oo+ P+ Py,
resp.), where £ is an infinite regular cardinal and

Va<k Card{B < k: P, <Py} =k .

THEOREM 2.4. [9]. The class of Al members of S is the closure of {0, 1}
under regular unbounded sums.

Let
S ={peS: Card p < &} .
THEOREM 2.5 [9]. For any cardinal £, Card (S ../=) = k.

(For instance, while there are 2% countable order types, there are only
W. when mutually embeddable types are identified.)

As a beginning in the proof of the representation theorem, define a regu-
lar increasing sum of order types @, to be a sum Y _ @, or a sum ) ., Pu
where £ is an infinite regular cardinal and V a, B <k (@< B— Pu < Pp).
Define (9= S to be the closure of the set of order types {0, 1} under the
operations of taking regular increasing sums. Members of the class JJ will
be called hereditarily increasing types.
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AN ORDER TYPE DECOMPOSITION 105

Recall that a type @ is called strongly indecomposable (SI) if whenever
L is a linearly ordered set, tp(L) = ®, and L = L, U L,, then @ < tp(L,)
or @ < tp(L,). From the construction of JJ it is seen by induction that

LEMMA 2.6. Every member of JCJ is strongly indecomposable.
We will define a class

(i.e., a member of Al is a finite (T, !) where I: T — J(9, IHJ quasi-ordered
by embeddability). Suppose T'is a tree and for each a < &, l,: T—&. Then
define

Ea<x (Ty la) (Za<x* (T, la), I'esp.)

to be (T, 1), where for each ze T, (&) =), _, l.(x) (resp., for each we T,
o) =3 e bal@). If (T, 1), <+, (T4, 1) are S-trees, P €S, define

[@; (Tl, ll), c (Tm ln)]
to be the S-tree whose root is labelled by # and whose branches which begin at
the immediate successors of the root are (T, 1), -+, (T,, 1,). If 1., ls: T— S,

write
(T, 1) <: (T, 1y)

justincase VaeT [(x) < ly().
Ql, then, is defined to be the smallest class of S-trees containing @ (the
empty tree) and 1, (the one point tree labelled by the order type 1) such that

(i) if & is an infinite regular cardinal and for some T, I, «++, l, -~,
(T, 1)e for all a <&k, and Va,B <k, a<pB— (T, 1) <,;(T,1;), then
S (Tyl)eUand 3, .. (T, 1) e,

(i) (@) If (T l), «+«, (Tar l,) €U for each ¢ < m, (Ty, 1) =2, (Ti bij)s
i< k— (T l;) <; (T li;), then [w; (T}, 1), +++, (T, L) €U, and

(b) if asin (a), except each (T}, I,) is 3, .. (T;, i), then [w*; (T, 1), -+ -,
(T, l)]eal

Convention. If a sum is written Y_°_ (T, 1) or > . . (T, 1), it is as-

sumed that a@ < 8 — (T, 1) <, (T, 1;), as above.

By the construction we have that all the members of Al are in fact JH(J-
trees. To each (T, 1) €A, now, we associate an order type (T,0)¢es. (T, 1)
can be viewed as a “shuffle” of the types l(x), « a treetop of T, where the
various depths at which the shuffle is being carried out are given by the
bottom part of (T, l). Let
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106 RICHARD LAVER

If (T,)eUisasum Y _ (T, L), O_...

(T, 1) =3, (T, 1), (T.ce(T, L), Tesp.).
f(T,0) =[w; (T, 1), -, (T,,1,)] is obtained by (ii) (a), where thus each
( ) Zj<aa (TH, l‘b)) let

(T’—l) = Zj<w ((le, ll) + (szy lz) +oeee + (Tﬂj) ln)) ’

if (T, 1) falls under case (ii) (b) take the symmetric w* sum. (Note: strictly
speaking, (T, I) should be taken as the set of all types which can be associated
to (T, 1) by these rules, but we don’t do this, citing the proof of Lemma 2.7
below, which shows that all such types are =.)

LeEMMA 2.7. If (S,0), (T,m)eU and (S,1) <, (T, m), then (S,1) <
(T, m).

Proof. Assume the lemma holds for all (T, m) <, (T, m), and that
with (T, m) it holds for all (S, 1) <, (S,?. If (T, m) is @ or 1, we are
done, likewise we can assume that Card S > 1.

Case 1. (T, m) = [w; (T\, my), +++, (T, m,)]. We look at the possible
cases for (S, ).

If (S,0) =[w: (S, 1), <, (S, 1)] then Vi3j (S, <.(T;, m,); using
the induction hypothesis and the fact that the (S;, I;) and (T;, m,)’s are w-
chains, we can construct an embedding of (S, 1) into (T, m).

If (S,0) =[w* (S,1), -+, (S, 1,) then 35(S,1) <, (T;, m;), so by in-
duction (S, ) < (T;, m;) < (T, m).

Finally, if (S,1) is 3 ._, (S, 1) or 3. _..(S, ), then, since Card S>1,
the construction of Al is such that we must have Il(root S) £ w, whence
S, 1) <, (T;, m;) for some j, and we are done by induction.

The case where (T, m) = [w*;(T,, m,), -+, (T,, m,)] is symmetric, so
suppose now that

Case 2. (T,m) =3 _ (T, m,).

First suppose that (S,1) = Z,m (S, ls). Lest (S,!) <,. (T, m,) for some
a (where we’d be done by induction), we may assume A < k. Since the (S, ;)
and (T, m,)’s are finite and JJ labelled, and the types l(w): x €S, are Al,
wehave: if \=k=w then Vr<w 3s<w (S,!,) < (T, m,), and if £ > w
then

(T, 1.), resp.) obtained as in (i), let

VB<7\436(<IC(S lﬁ) mz wa(Tyma’)'

The latter sum, being < ,-increasing and of length w?, is verifiably in Q. By
the induction hypothesis and regularity of x, an embedding of (S, 1) into
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AN ORDER TYPE DECOMPOSITION 107

(T, m) may be constructed.

Suppose now that (S,1) =3, .. (S, l,). We must have (S, 1) <, (T, m.)
for some « < k£, done by induction.

If (S,0) =[w; (S, b)), ++, (S, l.)] where each (S, 1) = Z; <o (i, 1)
then if £ = w, we will have that Vi<w Ir<w Vi=Zn (S, ;) <.(T,, m,),
and if £ > » then

Vi<wia<k Vi=n (Siyli) <ndoweor (To, My) «

We can then use the induction hypothesis to embed (S, 7) into (T, m).
Finally, if (S, ) = [@*; (S, L), *++, (Sa» 1,)], then for some a <k (S,0) <,
(T,, m,), done by the induction hypothesis.
The case (T, m) =) . <+ (T, m,) being symmetric, this completes the
proof.

Using Lemma 2.7 it is verified by induection that
LEMMA 2.8. If (T, l) e, then (T, 1) is additively indecomposable.

LEMMA 2.9. (a) If (T,0)eU, S a subtree of T such that yeS and
x <,y —2xecS, then (S,1)eql.

() If (T,)eU, xe T a node with exactly one tmmediate successor,
then the collapsed tree (T — {w}, 1) e and (T — {a},1) = (T, D).

Proof. (a) If (T, 1) =3'_.(T,l), then (S,0) =3 .(S,L), where
each (S, [,) €U by the induction hypothesis, and thus (S, ) eaU. If (T,1) =
[w; (T, L), -+, (Tn, 1,)], then (S, 1) = [w; (S, L), -+, (Si,, &;,)] where S, is
a downward closed subtree of T:; by induction as in the first part, each
(Si;, l;;) is in Al and is an w-increasing sum, so (S, 1) eal. The converse well
ordered cases are symmetric.

(b) If (T,0) =3, . (T, 1), then (T — {@}, 1) =2, (T — {=}, L), and
we are done by induction. If (T,1) = [w;(T, L), «++, (T., 1,)], and « is the
root of T, then n = 1 and the case is clear by construction. If x e T; for
some 4, then (T} — {x}, I;) is by induction an ® increasing sum = (T, I), so
(T — {«}, 1) = (T, 1) as desired. Again, converse well ordered sums are done
symmetrically.

LEMMA 2.10. If P €§ is a regular unbounded sum ), _. P. with £ >w,

then @ =3 _ Ve where each . is Al and a < B8 — 4o < Y.
Proof. Using Theorem 2.3, write each initial segment >, @, of p asa

finite sum

a<y

(Yo + =00+ Vra)
of Al types. Since k£ > w is regular and & is wqo we may cut down to a £
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108 RICHARD LAVER

powered subset of £ where each n, = n and foreach » < n, v <8 — ¥, <
Vs, The reader may verify that for the least » < » such that the sequence
{4r.,} is unbounded in ®» we must have

Ea q/"a’r = q) ’
as desired.
THEOREM 2.11. If @e€§ is additively indecomposable them for some
(T, ) e, = (T,I).

Proof. Assume the theorem holds for all types + < ®. By the inductive
hierarchy for Al types given by Theorem 2.4, assume first that @ is a regular
unbounded well ordered sum of smaller AI types. We consider separately the
cases whether or not this sum can be taken to be increasing.

Casel. ¢ = Ea <« Pay Where £ is an infinite regular cardinal, each @, is
AL, and @ < B8 — @, <P,. Foreach a < «, pick (T,, I,) e U with (T, I,) =
P by the induction hypothesis. We obtain a tree (T, ) as follows.

If £ > w cut down to a k£ powered subset of £ on which a < g — T, =
T; = T, then cut down further (Card T times) to assume a < 8 — (T, 1,) <,
(T, ly); take (T, 1) =3 1 (T,L,).

If £ = w, then obtain, by Theorem 1.6, an % < ® and a subtree (T, 1,)
of each (T,, l,) such that each T, has < n treetopsand YVaiag (T, l) <na
(T}, ls). We may assume that each (T3, l,) is closed downward in (T, 1),
which implies, by Lemma 2.9(a), that each (T}, 1) € U. Also, it can be seen
that the (T4, l,)’s can be chosen so that o < g8 — (T, 1.) <. (T} ;). Hence,
by Lemma 2.7, 35 (Ti, L) =2, (T., I). Using repeated applications of
Lemma 2.9(b), collapse each (T4, l,) to a subtree (T, 1,) € Al with the same
number of treetops such that each (7', 1,) has height < n and (T7,1,) =
(T, T,). Since there are now only finitely many different T.’s, we may cut
down to an infinite subset of @ and assume they are the same tree T,
and cut down further to assume a < g8 — (T, 1,) <, (T, ;). Take (T, 1) =
(T, L)

In either case, (T, 1) el and (T, 1) = o.

Case 2. Casel fails. Then in view of Lemma 2.10, we must have £ = .
By Lemma 1.4, we can write

P = Zn<w(¢nl + Pz + oo + @nr) ’
where each #,;is Al, and m <n—@,; < @,; forall i <r. Let ¢, =3 ,.

Apply the methods of Case 1 to each ®; to obtain (T, l)ea, (T, 1) =
§<w (Tij, lj)’ (Tiy l'b) = P Letting (Ty l) = [(0; (le l1)7 %y (T’I’7 lr)]? we

have that (7,l) e and (T, 1) = @.
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AN ORDER TYPE DECOMPOSITION 109

The cases where @ is a converse well ordered sum are dealt with sym-
metrically, so the proof is complete.

The partition relation ¢ — (®)%,,, means: if (L, <) is a linearly ordered
set of type # and L = J;.; L; where Card I < w, then for some < n ele-
ment I' € I, @ = tp (Uier Li, <)

THEOREM 2.12. (a) If (T, 1) e U, T has n treetops, and (T, 1) = @, then
SD - (g))1<w/n°
(b) If €8 then for some n<®, P — (P)eo/n

Proof. (a). If (T,1) =3 ' . (T,1), then, letting (T, 1.) = @., we have
P =3 .. P« Where the @,’s are increasing and @, — (®,)k.» by induction.
It follows that @ — (P)Lujm. If (T, 1) = [w; (T, 1), +-+, (T,, 1,)] then, letting
(T;, ) = @i, we have ®;— (P,)ium,, m;the number of treetops of T}, by in-
duction, and it follows that ® — (?)<u/z,., 4, as desired. Converse well
ordered sums are symmetrically handled.

(b) Let » = (¢, + @, + -+« + ®,) be the decomposition of @ into a finite
sum of Al’s given by Theorem 2.3. By Theorems 2.11 and 2.12(a), there are
n; < @ such that @; — (P)iym, @ < 7. Hence @ — (P)iuig;c, ;e

THEOREM 2.13. @ €S s strongly indecomposable (i.e., P — (P)L,;) just
i case P = for some + € HJ.

Proof. Given @ SI, by Theorem 2.11, pick (T, ) e, (T, 1) = @, where
subject to those conditions, (T, ) has the least possible number # of treetops.
By construction, (T, I) gives a canonical decomposition of (T, I) into subsets
of type I(x), « a treetop of T. We must then have n = 1, otherwise (T, I)
could be partitioned into a finite number of smaller parts. But now @ =
I (the treetop of T), an HJ type.

Note that Theorem 2.13 can be generalized to characterize, for each r» < w,

the class {peS&: ® — (P)Lurr and @ - (P)k,;,}; the characterization comes
out of Theorems 2.3, 2.11, and 2.12.

3. Extension to the class 91,

Let 91 be the class of all order types @ such that a linearly ordered set
of type ® can be partitioned into < ¥, subsets, each of which is scattered
under the inherited ordering. The class 91l was introduced and given a
Hausdorff-like classification by F. Galvin; we assume familiarity with this
work (see [9], Section 3). In this section we will indicate how to prove the
results of Section 2 for this larger class of types; since the proofs, though
more complicated, should be accessible to those familiar with [9] and with
the scattered case above, we leave them to the reader.
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110 RICHARD LAVER

Recall that for Q a quasi-ordered set, a Q-type ® with base @ is a labelled
order type tp(L, 1), tp(L) = @, I: L — Q. Writing bs(®) for the base type
of @ we let 91, be the class of all @-types ® with bs(®) e 9. For qcQ, let
1, be the one point order type, labelled by q. All the basic definitions for
order types (embeddability, sums, decomposability) carry over naturally to
Q-types.

We state our results in terminology which can be specialized to the scat-
tered case. Call a type ® regular if whenever tp(L) < # and for each z € L,
P, < @, then ), @, < ®. Call a Q-type ® regular unbounded just in case
@ is of the form tp(L, I), where tp(L) is infinite and regular, I: L — Q, and
if L’ C L is an open interval of L with tp(L’) = tp(L), then tp(L/,l) = tp(L, I).
If ® ey, ie. ®=1tp(L, 1), I: L—9IN,, let DM bed  _, U(x). Aregular
unbounded sum of members of 9N, is a type of the form ®, where ® € DMy,
is regular unbounded.

The following theorem summarizes the results from [9]; Galvin’s clas-
sification, stated in the present terminology, is part (a) and (b), the direction
left to right of (a) being provable by those methods.

THEOREM 3.1. [9]. (@) An infinite @ € DN is regular «— either @ is k
or £*, for some infinite regular cardinal k, or @ is = an Nup.

(b) The class of nonzero members of N is the closure of {1} under nonzero
regular 9N sums.

(¢) @ bgo — 91, bgo.

(d) @ bgo — each ® M, is a finite sum of additively indecomposable
members of M.

(e If Q wqo, ®cIM,, bs(®) = @, P infinite, then ® is a < @ sum of
types 1. q € Q and regular unbounded members of M.

(f) Q bgo— the class of Al members of 9N, is the closure of {0} U {1,: ¢ € Q}
under regular unbounded sums.

(g) Q bao, £ an infinite cardinal, Card(Q/-) = £—Card (M <.)q/.) = £

Define a regular increasing sum of members of 91, to be a sum > _, @,
or Za <o« Py Where £ is an infinite regular cardinal and

a<,8~—_—_)q)as®ﬂ’

or a sum ) ®,, where

Z€04p
By YENyy — (P, <P, or ©, <D,
and for every interval (x, y) of 7.,
V2EN,, Twe,y) ©,<0,.
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AN ORDER TYPE DECOMPOSITION 111

Let JCJ,, the class of hereditarily increasing members of 91,, be the closure
of {0} U {1,: ¢ € Q} under regular increasing sums.

We define a class AQl, of finite labelled trees; A, is the smallest class
containing @ and the one point tree labelled by 1,, each ¢ €@, which is
closed under the operations (i) and (ii) used to define the class Al of Section
2 and

(iii) if for each ze€n,s (T, 1) €U, and V 2, 2’ €Ny, (T, 1) <, (T, 1,)) or
(T, 1,) <,(T, 1), and for all intervals (u, v) of 7,

YV 2E€ N, 12 €(u,v), (T, 1) <, (T, 1),
then (T, 1) e9l,, where for x¢ T, l(x) = Elew ().

We will have that if (T, I) €l,, then the treetops of T are JJ, labelled,
and the nodes below the treetops are labelled by JJ members of 9. To each
(T, 1) e U, we may now assign a type (T, 1) € 9N,, in a manner unique up to
=, by extending the rules of Section 2 to include a clause for 7,s;-increasing

sums corresponding to (iii) above. The analogs of Lemmas 2.6-2.9 may then
be proved. The proposition which we add to Lemma 2.10 is the following:

If Qis bgo and ® € DM, is an N~unbounded sum Exeval@ ®,, each ©, < D,
then ® =3 W,, where each ¥, < ® and the sum erﬂaﬁ ¥, 18 regular
Increasing.

zeNqp

As an indication of the proof, assume without loss of generality that
a < 3, and thus Card 7,, = 6 where 8 = d*. Let {®,: x €7y} = {P;: 7 <0}
Using various parts of Theorem 3.1, apply the method of Lemma 2.10 to the
type Zr s P, to obtain increasing sequence W,:p0 <o, 0 <0 of types
< Zrd ®, such that VY <d 3p <o, ®, <V, (the cases 0 regular and o
singular are considered separately). Since 0’ < 6 — 8" < 7,4, it can be seen
that each ¥, < ®. Finally, it is verified that an 7,,-increasing sum of the
¥,’s will be = D, as desired.

The analog of Theorem 2.11 may then be proved; in the case where @ is
an 7,,-unbounded sum of smaller AI Q-types, the proposition above is used.

The relation ® — (®)%,;, for @-types means: whenever the base of @ is
partitioned into < w subsets, the union of some < n of those subsets will
induce a Q-type = ®. The main results which can now be verified are given by

THEOREM 3.2. Assuming Q s bqo, then

(@) if ®eIM, is Al, thereisa (T,l)cU, (T,1) =

(o) if (T, 1) eU, has < n treetops, (T, 1) = @, then ® — (D)L,/,.
(c) if ©® e, then for some n < @, O — (V)L

(d) if ©eIM, is SI then for some ¥e HIy, O =7T.
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112 RICHARD LAVER

Theorem 3.2(d) should be compared with Theorem 3.1(b) and (f). Al-
though in 3.2(d) the SI types are only generated up to =, they can in fact
all be generated by taking regular increasing sums where the set {®,: v < ¢}
of summands, instead of being a chain, only satisfies Vv <4, 38 <7,
Va<v, O,< D

4. Mappings and partitions

In this section the results of Section 2 are used to give some combinatorial
properties of order types. For simplicity we consider only countable types
(though at the end a result is sketched for scattered types). If a classical
theorem holds for only countable ordinals then of course its analog is only
expected to hold for countable types, but if it holds for arbitrary ordinals a
generalization to the entire class 91 would be expected.

The analog to the notion of limit ordinal for the class 91 is the following:
® e 9N is a limit type if no 1 appears in the expression of ® as a minimal sum
of AI’s, that is, # has no points which are left fixed under every order em-
bedding of ® into itself. From Theorem 3.1, it is seen that the limit types
are those which can be written = a type of the form ) ., ®, whereeach
@, is @ or w*.

If ® is a countable limit type, ¢ =tp(L), L =2, ., L), each tp(L,)
either w or w*, then let

L = Dy, Tyy * 00, Xy, ...(n<a))

where, for each y, this ordering restricted to L/ is the natural w-ordering of
L,. Call <{x,: n < w) a standard enumeration of L; it possesses the property
that if o, < @, <g:+- <¢@;, and {¥;, -+, 2;,} = {2, -+, 2,}, then each
of the open L-intervals (—eo, ), (@, @), «*+, (@:,_, @), @, +c°) has
limit order type.

THEOREM 4.1(a). Let ® be a countable limit type, tp(L) = o, f: L — L
(not necessarily order preserving), fo + ®, all x € L. Then 3 M C L tp(M)=
P, Mn fIM] = @.

(b) If, additionally, f is onto L, then

IMcLtpM) = tp(fIM]) =2, Mn fIM] = @ .

Proof. (a). Let x, @, -+, ®,, -+ (n < @) be a standard enumeration
of L. Suppose n < @ and we have found v, ¥, +**, Yn, {¥1, ***, ¥} Y, C L
such that

(Y,,,, <z, Y ***, yn) = (Ly <py @y oo, xn)
and

This content downloaded from
128.8.127.150 on Mon, 23 Oct 2023 21:24:00 +00:00
All use subject to https://about.jstor.org/terms



AN ORDER TYPE DECOMPOSITION 113

it=n— (fw)e Y, (Mlyh)nY,)=09).

We show that y,., and Y,., CY, can be found satisfying like conditions;
the set M = {y,, Yz, *++, Yu, +*+} Which is obtained by this process will then
satisfy the conditions of the theorem. Let {x, -, 2,} = {x;, -+, },
@y, <p®;, <p-+- <, @;,. Suppose, for instance, Ty, <p @iy <p iy, e Since
to(@;;, @;,.,) is a limit type, there is an @ or ®* sequence A C (Yan (u: o Y ].+1))
of images of @, ,, under order embeddings from (x;;, ;,, ) into (Y.n (Ys, s, D)-
Let @, ®,, «++, P.:. be the types of the open intervals determined by — oo,
Tify 0%y By Cpgry Tiyyyy * 0, &y, + oo By Theorem 2.12(b) pick r; < @ so that
Pi— (P)kupre Let p=3._ ., 7. Choose an a< A, Carda =p + 1.
(Y— {9, + -, ya}) — (the closed interval containing a) is divided into sets B; of
type ®;, © < n + 2. Write each B; as a union of disjoint sets:

B; = EiU U:eo (Bi N f“l(ﬂ’})) .

Applying successively the n + 2 partition relations given above gives sets
B;C B, of type #; and a ¥,., €a such that

f—l({yni—l}) N B; =9,
for all 7. Take

Y, = ({?/1, Yoy =+ Ynsr) U Uisnre B;) - {f(yn—H)} .

Since the removal of f(y,,,) does not affect the order types of the B/’s — they
are limit types — Y,,, is as desired, completing the induction step.

Note that (a) could be strengthened by only requiring that, for some
fixed j < w, each f(x) c L, = ¢ f(x) and Card f(x) <j. For the proof of (b),
which is left to the reader, the induction step is as in (a), with the addition
that we have constructed also =z, ---,2,, w, ++-, w,, where f(w;) = z,,
Yi <p¥i— 2 <.2; and (f({w}) NY,) = @, with the intention of taking
M= {yy, ¥y =+, Wy, Wy, +*+}

We would like to mention two other applications of Theorem 2.12(b).
Erdos and Milner [3], and independently, Galvin, have generalized Milner’s
't — (2", w'**)? to a theorem which holds for countable order types. Galvin
[5] has shown that if tp(L) < » has at most one fixed point, and two players,
White and Black, play an infinite game consisting of alternately picking previ-
ously unchosen members of [L]?, then White has a strategy which guarantees
that after @ steps he will have obtained all the 2-element subsets from
an L'C L, tp(L') = tp(L).

We will give two partition theorems for order types whose proofs involve
the representation theorem rather than just Theorem 2.12(b). For the rest
of this section, all types will be in S.
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114 RICHARD LAVER

Since the properties of order types we are interested in are invariant
under =, we may always assume that we are working with types €&
which have associated with them a canonical representation, that is, @ =
(T, 1) + (T ) + +++ + (T,, 1), (T;, 1) eQU, n minimal. In places then,
definitions and theorems about order types are tacitly understood to proceed
inductively on a given tree representation. We use the notation Zi <x Las
> <ex Loy @5 Ly, <+, L,], and [@*; L,, ---, L,] to denote linear orderings
obtained in a canonical way from subsets via a given tree representation.

Let €8, tp(L) = . We define the notion L', L (L’ is a complete
subset of L) by induction:

(i iftp(L)y =0or 1, L'c,L—-L' =1L,

() if L=3 ,L,or), L, L'c.,L—Card{e: L'NL,C,Ly} =k,

(iii) if L = [e0; L,, ---, L,] or [w*; L, ++-,L,], 'S, L—~Vi<n
L'nL;c. L,

(iv) if L=(L,+ L, + --- + L,), a minimal sum of Al's, L' C,L «
vi<n L'NL,<,L,.

Define the notion L’ =, L (L’ is almost all of L) by replacing <, by <.,
everywhere in the above definition, and replacing the cardinality condition
in (iii) by

Card{a: L'NL,Z.L,} < & .
By induction it can be shown that

LEMMA 4.2. (a) <., ., are transitive.

(b 'c,L->L'<, L' —»tpL' =tpL.

(¢) {L': L' <, L} is a filter.

(d) If tp(L) ws Sland L = L' U L"”, then either L' —,L or L" <, L.

If (T,)ea, {,---,,} asetof treetops of T, then let (T, 1) be the
subtree of (T, I) obtained by closing x,, ---, x, downwards in T. If tp(L) =
(T, 7) and the treetops of T, written without repetition, are By ovee, Ly
Yi, ***, Yo, then L is canonically decomposed into L; U L;, where tp(L;) =
(T2, ), to(Ly) = (T, D).

Suppose now that L' <, L;. Then Com (L', L), the reduced complement
of L' in L, is to be a certain complete subset of L;, defined inductively as
follows:

(i if 2 =@, Com(L',L) =L, and if y = @, Com (L', L) = @,

() if (T,) =%, (T, 1) or 35 _,.(T, 1) (whence L =3 L, or
L =3 _.L,) then

Com (L', L) = Ua<x:L&C L Com (L(’,, La) ’

=c%a
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AN ORDER TYPE DECOMPOSITION 115

where L, = L’'N L,.

(i) if (T,0) = [@; (Ty, 1), +++, (Tu, L)] or [w* (T, L), +++, (Ta, 1)]
(whence L= [®; Ly, +++, L,] or L=[w*; Ly, -+, L,]) then L} = L' N L; <. Lz,
where Z(7) =, % N {treetops of T;}; take Com (L', L) = U:s, Com (L;, L;).

LEMMA 4.3. Let tp(L) = (T,1), L = Ly U Ly as above. Then
(@ If Ac,Ly, BC,Ly then AUBC,L
by If Ac.Ly, B<,Com (A, L) then AUBC, L.

The proof of this lemma by induction is left to the reader.
The partition relation

® — (@, infinite path)®

means: if tp(L) = @ and [L]* = RUS, then either 3 L'C L, tp(L') = ¢
and [L']*’C R, or there is a nonrepeating sequence «--,x_,, *--, X_,, &,
Xy, ++, &, +++ from L witheach {x;, x;.,} € S. Erdos, Milner, and Hajnal [2]
showed that if « is a countable limit ordinal then a — («, infinite path)’;
we show here how to get it for countable limit types.

THEOREM 4.4. If @ is a countable limit type, then P — (P, infinite path)®.

Proof. Since 7 — (1, Wo)?, we may assume @ < 7. Let tp(L) = o,
[L]? = RU S, and suppose there is no infinite S path. Let x,, @, -+, @,, -+
(n < w) be a standard enumeration of L.

Claim. For every infinite A < L, infinite SI BCZ L, B canonically re-
presented, there is a B’ <.B such that for all but finitely many we A4,
{ze B: {w,2}e R} C,B.

Proof of Claim. If otherwise, then from Lemma 4.2 it follows that
34, B,V B'C,B (there are X, we A: {ze B": {w, 2} € S} C.B). We leave
it to the reader to show that this would imply the existence of an infinite
S-path alternating between A and B.

Suppose now that we have chosen {y, ¥, -+, ¥.} © Y, S L, with

(Y‘n’ <iy Yy ***, yn) = (L: <y By “',mn) ’
and so that
i=n, yeY,—{y, yleR;

we want to continue and find Y,.,, ¥... satisfying the same conditions. Let
(@, oy @} be @y <pwp, <pooe <o, and suppose, say, that Ty <pWni <y
Tijy e Asin Theorem 4.1(a), there is an @ or ®* sequence A C ( Y.Nn (Y, y,;jﬂ))
of possible candidates for ¥,.,. Using Ramsey’s theorem we may assume A
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116 RICHARD LAVER

has been cut down so that [A]?CR. Y may be partitioned: — o <, ¥, <,
B, <p+er <p¥i; <oBi <0 A< Bin <p Y <pcvr <p¥i, <pBu <p A oo,
where each B; has limit type @,.

We are going to find an A’C,A and a By <,B, such that

we A —{zeBl: {w, 2} e R} C, B, .

Then, by cutting down and repeating this process for B, B,, --+, B,.,, we
will be in position to choose ¥,.,, Y,.. correctly, completing the inductive
step. Let B, = B. We may reduce to the case where B is AI. Let tp(B) =
(T, 1), where T has r treetops corresponding to SI sets B!, ---, B"C B.
Suppose & < r and we have found B(k) <,B'UB*U --- U B*, and A(k) =, A
such that

(%) we A(k) — {z € B(k): {w, 2z} € R} =, B(k) .

Let C <, B*' be Com (B(k), B'U --- U B**'). We may now apply the claim
and Lemma 4.3 to get Ak + 1) <,A(k) and C' <,.C such that, letting
B(k + 1) = (B(k) U C’), the condition (x) holds for k + 1. Then it is seen
that A’ = A(r), B’ = B(r) have the desired properties. This completes the
proof.

The partition relation

P — (@, (go))z

means: if tp(L) = @, [L]? = RU S, then either 3 L' C L, tp(L') = # and
[L'’SCRor3a, ACL, Carda = n, Card A = W, and (¢ ® 4) < S. Erdos,
Milner and Hajnal [2] proved that if « is a limit ordinal then for all #» < w,
a— (a, (&))" (this may be contrasted with Theorem 4.4, which is not known
to hold for all limit ordinals), and Galvin proved it for all countable limit
types, using Theorem 2.12(b). We show here the extension to scattered limit
types. A number of new features arise; we think it reasonable just to in-
dicate the proof, leaving the rather complicated details to the interested
reader.

THEOREM 4.5. If 9§ is a limit type, n < , then @ — (P, (&,))-

Proof. Let tp(L)=¢, [LI’=RUS, CardL = k. Assume no
(n® Ry S S.

Case 1. @ eSI. We will assume here that « is singular, the regular case
is similar. By a component of L we will mean any subset of L of power &
which appears at some point as a summand in the inductive construction of
L. A component X is a £-block if X is a ¢f £ or (¢f £)* sum of orderings of
power < £. We will construct L'C L, tp L' = ¢, [L']’C R, in ¢f £ stages.
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AN ORDER TYPE DECOMPOSITION 117

If k, < k, to k,-fix a component X will mean to find a ZC L, Card Z < &,
and to find an X' C_ X, insuchawaythatif YCL — Z, Card Y < &, then
(Y® X"YC R for some X", X.

It is seen that for each component X there is a £, < £ such that X can
be k,-fixed; otherwise, using Lemma 4.2, n times, an (n ® R, & S could be
found. Let ¢fk <k, <k, < ++ < Kk, <--+ (@ < cfk) | Kk, each &, regular.
Whenever a component X is k,-fixed in the course of the construction below,
X is replaced by X’ in all future steps, and the set Z is discarded entirely
ZnL = Q).

Stage 0. < kfix L if possible, otherwise stage 0 terminates. Suppose
stage 0 has progressed and some component X has been =< k,fixed. If X is
a > K, or > kf sum, no components of X will be fixed at stage 0, if X is a
< k, or k£ sum fix each component of X which it is possible to < k,-fix.
Stage 0 terminates when this process cannot be continued. It is shown by
induction that at most £, components of I become fixed at stage 0, in parti-
cular the k-blocks which are fixed can be enumerated

Xl,Xz, MR Xr’ "':’7<3;5§’50-

Pick X,(0) < X,, Card X,(0) = £, so that, if possible, tp(X,(0)) > tp(the 0
subcomponent of X). For each v <4 1 X/, X, (X,(0) ® X;) S R, so we
may continue this process and choose X,(0) € X, similarly; letting

B, = Ur<5 X,(O) ’
we have [B,J’<c R, Card B,< &k, and (B,&® L)< R for some L,C L,
tp Lo =@

Stage o + 1, a < ¢f(k). Proceed in the same manner inside of L,, begin-
ning with the components which have been fixed but which contain unfixed
subcomponents, obtaining sets B..i, Layii, [Bes]* © R, Card B, < Koo,
(Bay Q@ L,y € R, where L., © Ly, tp(Loy,) = @. At limit stages A <cf k it is
shown that B; = Ua<i Bay Lz = MNa<:z L. satisfy the hypotheses. Finally, we
have that L' = Uac.r. B. has type @ and [L']?C R, as desired.

Case 2. @ arbitrary. We will only consider the case where @ = tp(L, I),
the treetops of T are x, y, and accordingly, L is of the form L, U L,, where
we assume Card L, = «, Card L, = 0 < £, and [L, )< R, [L,)°C R. Lest
there be an (M@ W) <SS, find Zc L, CardZ=0 (whence L, =
(L, — Z) <, L,) such that

VzelL, Card{we L, {2, w}eS}<n—1.

Write L, =3,., M., each M, of type w or w*, and let L, = U;<. L,(i),
where each L,({) N M, is infinite and ¢+ j— L,(¢) N L,(j) = @. Obtain
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118 RICHARD LAVER

L) c, L, such that for some ¢, (LY ® L,(1)) S R. tp(L} U L,(?)) = @, as
desired. This completes the sketch of the theorem; the remaining cases can
be done by these methods, using Lemma 4.3 as in the proof of Theorem 4.4.

5. A result on dimension

If P is a partial order, the dimension of P, written dim (P), is defined
to be the least cardinal £ such that P is isomorphically embeddable in the
direct product of & linear orderings. This notion was introduced in [1], where
it is verified that dim (P) < Card (P). In [11] it is shown that dim (P) is the
least £ such that <, can be written as the intersection of £ linear orders on
P. Recall that S ., (90 ,..)) is the set of members of S(YN) which have power
< k. A question raised in [13] was whether there are wqo sets of uncount-
able dimension; the next theorem shows that there are bqo sets of arbitrary
dimension (for another example of such sets, see [16]).

THEOREM 5.1. If k£ > @ then dim (S.,-) = dim (DM ,)=) = k.

Proof. Let A be the AI members of S(< k)/=. By Theorem 3.1,
Card 9., = &, so it will suffice to show dim A = k. If £ is a limit cardinal
we are done by induction, so assume £ = v*. Suppose, by way of contradic-
tion, that A % BZ Q;:., L;, each L; linearly ordered. We may clearly
assume that xe L, —3 @€ A, f(®), = ©, and thus, since A is wqo, each L,
is well ordered. We have A = ... 4., where, for A a limit ordinal,

A, s..1 18 the closure of 4, ,, under regular unbounded sums of length < «*,
Az, 18 the closure of A,,,,., under regular unbounded sums of length < &,

and A; = U<z 4a «
It can be proved by induction that
a<o, 0cA, ve(d;., — A)—p L0O.
If a <k, B8<", let Pla, B) mean
VeeL,3pecA, f(P), =% .

Let G, = {8 < 7: P(a, B)}. Clearly a < é— G,< G,, so there must be an
a, < £ so that «, is a successor ordinal and

Vioz=za GO = Ga).
For RC v define @ <, to mean that

VBeER [f(P)s <., f(¥)s -

Let a, = a, + 1. By diagonalizing over the set v — G,, and using the closure
of A under regular unbounded sums of length < v, it is seen that an «, > «,
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AN ORDER TYPE DECOMPOSITION 119

and a ¥ € 4,, can be found so that for each ¢ 4,,

V <(1=Gay P
However, by the closure properties of A, there will bea € (4, — A,) with
v £ @ (this is proved by an inductive argument). Since G., = G,, the
closure of A, allows a 6 ¢ A, to be found satisfying

¥ <oey0

(and yet 4 £ 0). We must now have <, (¥ + 6), and so < (¥ + 0), but,
since 4 is AL, 4 < ® or 4 < 0, a contradiction, completing the proof.

UNIVERSITY OF CALIFORNIA, L0S ANGELES
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