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ABSTRACT

The van der Waerden number W(n) is the smallest integer so that if we divide the integers
{1,2,...,W(n)} into two classes, then at least one of them contains an arithmetic
progression of length n. We prove in this paper that W(n) =2"/n° for all sufficiently large
n.

INTRODUCTION

Denote by W(n) smallest integer so that if we divide the integers
{1,2,...,W(n)} into two classes, then at least one of them contains an arith-
metic progression of length n.

It was proved by L. Lovasz [3] that the van der Waerden number W(n)=
2"/8n. Berlekamp [2] proved that if p is a prime, then W(p +1)=27- p. We
improve on Lovész’s lower bound by showing that W(n) =2"/n* for all sufficiently
large n. We also deal with the case of n-uniform almost disjoint hypergraphs. Let
X be a finite set and A,, A, -+ A, be subsets of X satisfying |A;| = n for every
l=i=tand [A,NA|=1 (almost d1s101ntness) for every pair (A;, A;) will i #].
It follows from the Lovsz’ Local Lemma that if |(i: PE A} =2"" 3 for every
P € X, then there exists a good two-coloring of X, which means that we can color
the points of X with two colors—red and blue—so that none of the A, will be
monochromatic.

Theorem 1 below improves on this result and the proof will be a good model
for understanding the case of arithmetic progressions.
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Theorem 1. Let (X,{A,,...,A,}) be an n-uniform almost disjoint hypergraph.
Let £>0 be arbitrary but fixed. Suppose that |{i: P€ A}|<2"n° for every
P& X. Then there exists a good two coloring of X provided n > n(¢).

Proof of Theorem 1. Let L={A,, A,,..., A,} and call the elements of L
edges. We need the following technical Lemma:

Lemma 1. [f n is large enough and k is a constant depending only on ¢, then we
can choose t sets R, R,, . .., R, with the following properties:

(i) R, C A, for all 1=i=st
(i) JR|=k  forall 1=i=¢

2" 2k
(iii) }{i:PGR[})S;l—SWn— foral PeX.

Remark. Before proving the existence of such sets R, we explain the role of the
sets R;:

Suppose that we have already colored the points of X, but we have been
unlucky and there are some monochromatic A,’s. It is a natural idea to select one
point from each monochromatic A4, and then change the color of these points. But
we have to be careful about the selections. It may happen that after this
modification we get some new monochromatic sets A,. Let us examine the
following situation:

Example 1.

Assume that {P} = A, N A; where A, is red and A)\A, is blue. If we change the
color of P from red to blue then we kill A, but A, will become monochromatic. Of
course we should select another point from A,. All we have to do is to select one
“nice” point from each monochromatic edge A,. In order to simplify our job we
restrict ourselves to R;, which means that we know from the beginning that our nice

point from A; will be an element of R,.
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Example 2.

A
(o o/B)G

Assume that A, is monochromatically red, and for every P € R, there exists an A,
satisfying A, A; = { P}, and AN P} is blue. It would be impossible to find a nice
point in that situation. In order to avoid situations like Example 2, we will use a
version of the Lovdsz’ Local Lemma, viz., Lemma 2.

Proof of Lemma 1. Let us denote d the maximum degree of the hypergraph,
i.e.,
d= max {i: PE A}}|.

We know from the hypothesis of Theorem 1 that d <2"/n".

First Step.  We want to choose onc point P, from each A, in such a way that the
maximum multiplicity is less or equal to [d/n] + 1:

— d]
Tg}l{z.Pi—P}ls[n +1. (1.1)
If we have an arbitrary set of representatives Q = {P,, P,, ..., P,} where P,€ A,

for every 1=i=t, we define the multiplicity of a point P € X by:
deg, (P)=|{i:1=i=t, P,=P, P,€ Q}|
and the maximum multiplicity by:

M(Q) = max deg,(P) .
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Let us denote Y, ={P € X:deg, P=M(Q)} and for j=1Y,=Y,_ ,U{PEX:
there is an A, € L with the property that PE A, and P,€Y,_,}. It is trivial that
Y,CY,CY,---Y,C-+-. Let Y=U;_,Y,. Since X has a finite number of
elements, there is a number k such that Y, = Y. It follows from the construction
of the sets Y; that

{P€ X: thereis an A, € L with the property that PE A, and P,EY}CY

Let min, M(Q) = M,,, where Q runs over all sets of representatives. Let Q, be a
set with M(Q,) =M, such that the number of points of multiplicity M, is
minimal. We claim:

M,—1=deg, P=M, for every PEY. (1.2)

The proof of (1.2) is indirect: Suppose that there exists a point PE Y with
deg, P=M,—2. Let us denote

S = min j.
PeYj

It follows from the construction of the sets Y, that we can find a point T €Y,
edges A, , A, --+ A, € L which satisfy the following properties:

T=P, and TEY,

!

A'ﬂAi.jﬂ=P,-j+1 and P"fHEYi for every i=j=S5-1

and PEA,
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We can modify Q,: Instead of the point T we rather choose the point A, N A,
from the edge A, , instead of the point A, N A, = we rather choose the point
A, NA, foreveryl=j= §—2, and mstead of the point A, [ MNA, werather
choose the pomt P from the edge A,

Then we get a modified set of representatives where the new degree of T is
d, — 1, the new degree of P is increasing by 1 and the degree of P.j and of all the

i

other points remained the same. So it is easy to see that we get a ““‘more optimal
set,” which is a contradiction. This proves (1.2).

Let us consider the following cardinality: V = |{i: A, C Y}|. It follows from the
definition of degree d of the hypergraph that V < d-|Y|/n. On the other hand,
we know that U{A,: where i satisfy P,€ Y} CY. So it follows from (1.2) that
V =|Y|(M, —1). So we have proved that M(Q,) <[d/n] + 1 which means that
Q, satisfies (1.1).

Let B, = A\P, for every 1 =i =1 We know that |B]|=n~1,|B,N B =1 and
[{i: P€ B,}| =d for every P € X. It completes the first step.

General Step. Use the procedure described in the first step to the sets
B,, B,, ..., B,. We take k steps. Because of the almost disjointness, if n >k + 1
then after j step we get ¢ different almost disjoint sets with cardinality n —j. At
the end, we get the sets D,, D,---D,, |D,|=n—k for every 1=i=<¢. Let
R,= A\D,.

By the repeated use of inequalities (1.1) and by the assumption d =2"/n° we
have

k-1 n
2 1
|{i: PER} =2 [—£~ .]+1 forevery PEX.

isoln® n—j
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If n is large enough,

|{i: PER"HS—ZrF'%

and Lemma 1 follows. -

The Lovasz’ Local Lemma (see Spencer [4]). Let G be a simple graph on the
vertex set V(%) = {1,2, ..., n} and let an event T,. be associated with each vertex i.
Suppose that there are real numbers x, x,, . .., x,,, 0<x,<1 such that

(a) every T, is independent of the set of all T;’s for whzch J is not adjacent to i.

(b) P(T) < (1—x)Hx =1,2,...,n. Then P(T,-T,-...-T,)>0.

Lemma 2 (See Beck [1]). Ler X be a finite set and B,, B, - - - B, be not necessarily
distinct subsets of X. Assume that |B,| = n for all i. For every B, let there be given a
2-coloring: f;: B;— {red, blue}. If ¥, cp [1—(1/n)]" Bl 2~ Im<1/n for every
p € X then there exists a 2-coloring f: X— {red, blue} such that for every i

flo,#f;-

Proof of Lemma 2. Following Beck [1], color the points of X with red and blue
at random, independently of each other with probablllty 5. Let 7, denote the
event that f| 5, = f;- Then P(T,)=2" B a5 there are 2/%/ ways to color B, and one
of these comes into consideration. Observe thatif B, , B, --- B, are dls]omt from
B,, then T, is independent of T, --- T, . So if we form (g such that {i, j}iff B,N
B, #0, then this graph and the as5001ated events satisfy condition (a) of Lovasz
Local Lemma.

Moreover, we shall prove that condition (b) is satisfied as well. Indeed, let
1—x,=[1-(1/r)] %2718 then

-x) T x=-x) 0 I x=0-x) 01 (1- S a-x))

{i, j}€¥ PEB;j: pEB; PEB; j: pEB;

=(1-~ x[)<1 - %>|B,-|

since

> d-x)= 2 (1—%)7 -2"Bf's%l-.

J'PEB; i:pEB;

Thus we have

18,]
(1-x) Il x=@-x, )(1— —) =278 = p(T))
{i, j}e%
so that (b) is satisfied. _ _
By the application of Lovasz’ Local Lemma we obtain P(T,-...- T{) >0, i.e.,
there exists a good 2-coloration. This proves Lemma 2. ]
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Remark. In other words, if we have a “few” prohibited color configurations,
then there exists a 2-coloring which contains no prohibited configurations. It is
important that the sets B, . . . B, are not necessarily different. This means that we
may prohibit more then just one coloring on the same subset B. In the following,
we will describe the prohibited color-configurations.
We recall that L={A,,..., A,} and k is a constant depending only on e.
Let k=[5/¢].

Definition. Configuration of Type 1.
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Let B be the following subset: B=(Us_, A,)UC where the edges C,
A;,... A, ... A, are clements of L satisfying

n i

A,NC=Q; and QsER, for every 1=S=m.

Here Q,, @, ... Q,, arc mutually distinct points. Assume that the set U_, A, is
red, and the set C\U{_, A, s blue. Then we call the subset B with this coloring
configuration of type 1.

For example, if P € R, in Example 1, then this is a configuration of type 1 with
m = 1. We cannot avoid these configurations even with the help of Lemma 2 since
the configuration has 2n — 1 points and there are too many configurations which
contain a fixed point P.

We want to prohibit the configurations of type 1 at least in the case when m is
large. We distinguish two cases.
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Definition. We call a configuration of type 1 as a prohibited configuration of type

l.aif
n 5
§_>_m2m0= ; .

Let (f;, By), (f;» By)---(f,, B,) be all the prohibited configurations of type l.a.
We call

% (1 - 1>_(Bi' 2718/

j:PEB; n

the contribution with respect to P € X of the configurations of type 1.a in Lemma
2.

Lemma 3. The contribution of the prohibited configurations of type l.a is
0(1/n*) for every PE X.

Proof of Lemma 3. Fix a permutation of X. Fix m.

Suppose that P € C. There are <2"/n° choices to C since d =2"/n°. Then we
prescribe the m points of C: () possibilities. We have a permutation of the
points of X, so we have an order to the m points—Q,, Q, - -+ Q. also. At first we
will prescribe the edge A; adjacent to Oy, then A; adjacent to Q,, and so on. We
call the edge A, and also the indices S “almost determined” if there exists j < §
with A, ﬂ A # !D Suppose that there are exactly z different ““almost determined”
1nd1ces There are (7) possibilities to fix this z element index set. We select the
sets A,j one-by-one.

If the indices § is not “almost determined,” then there are only 2"/n® - 2k/n
choices to A, because of the property QO € R, and the property (iii) of Lemma
1.

If S is “almost determined” then there are <n” possibilities to A, : Before we
determine A, we already know which point is O, and we know that one of the
elements of A is in the set U g A Using the fact that two points determine
A, we get the previous inequality.

It A, is “almost determined” then |A, \Uf LA, ]> n— S + 1 because of the
almost dlS]Olnt property. It follows:

n
IB}Zn—m+(m—z)n+z[5].
Summarizing the previous calculations, we have at most

vl () ey (5 2

configurations, each contain at least n —m + (m — z)n + z - [n/2] points. So it
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follows that the contribution of that case

<8k)m—z+1 ( 8n3 )z

<=| — o ——

=\ NCEVAS

We know that m=m, and 0=<z=m. It is easy to see that in each case the
contribution = 0(1/n*). Recall that m and z were fixed. Summing up all these
cases we get that the contribution of the configurations of type 1.a=0(1/n%)
under the assumption P € C.

Next suppose that P& C. In this case, first fix the edge adjacent to P: <2"/n
possibilities and call this edge A,. Then prescribe C: <k -2"/n® possibilities. Then
from the same calculation and the same argument as before we get that the
contribution of this case (with fixed z and m):

8k\" 7 (8n’\ (1
=8k- (,T) (2—[—1) =°<;Z) :
If z and m are not fixed, we get 0(1/n°) as before. Thus we proved Lemma 3.
a

£

Definition. Let B be a configuration of type 1. with m = [n/2]. Assume that the
color of the set U 'Y A, is red, and the coloring of C\U {"}! A4, is arbitrary.
Then we call B with this coloring, prohibited configuration of type 1.b.

Lemma 4. The contribution of the prohibited configurations of type 1.b are
0(1/n%).

Proof. Repeating the argument of Lemma 3 we obtain that the contribution

- (8k)["/2]—z+1 ( 8n’ )z olnr2+1
- (nE)[n/Z]—z 2[n/2]

if we fix z.

In cases z =2 we have that the contributions =<(8r°)%2!"' =0(1/n’).

In cases z=2 we have that the contributions =(2/n°'*)"'* =0(1/n’) which
proves Lemma 4. [

Remark. It is evident that if there is no prohibited configuration of type 1.b,
then there is no configurations of type 1. with m = n/2 also.

Now we change the role of the blue and red colors and prohibit the reversed
cases where U ., A, is blue and QO\U Y., A, _is red.

We call a point P “bad” if there is a configuration of type 1. in which P is one
of points Q,. We call the point P nice otherwise. We call an edge “almost
monochromatic” if there exists a configuration of type 1. in which the edge is in
the position of C.

It is easy to see that in the Example 2, the set A; is almost blue and every
points in R, are bad. We want to avoid the situation in which there exist a
monochromatic edge A, and every points P € R, are bad.

i
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Definition. Configuration of Type 2.

A is a monochromatic red edge which has only bad points in its subset R. More
formal: Let the sets A, C; - C,and A, ;1=i=<k,i=j=<m, be clementsof L. A
is red and the edges A, ; are not necessarily different red edges. Suppose further

that the edges C,, C,, ..., C, are almost disjoint blue edges, and the edges
A, A, ..., A, m, C form a configuration of type 1 with m = m, + 1 for every
1=i=k.

We know that R={Q,-- Q,}. Suppose that AN C, = Q, for every 1 =i=k.
Then the set (U (C, UTi, A, ))U A with this 2 coloring is called a configura-
tion of type 2.

Definition. A configuration of type 2 is called a prohibited configuration of type
21 0=m,=m,—2 for every 1=i=k.

Remark. Since we have already prohibited the configurations of type 1 with
m = my,, there is no need to deal with configuration of type 2 with m, = mj— 1 for
some .

Lemma 5. The contribution of the prohibited configurations of type 2 are
0(1/n%).

The calculation is similar to the case of configuration of type 1. Now we do not
have to waste our time with the “almost determined” edges, but we have a little
trouble, because the edges A, . are not necessarily different. For this reason we

Ly
introduce the following notation:

Letm;={j:1=j=m, F({', j') suchthat i'<i and A, =A, .}|
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Calculation. Because of the almost disjoint property, every configuration has

k
. (Zm;+k+1

2n<1 +k+ 2, m}) -\ ) ) points . (1.3)

j=1

Fix the numbers mj, m;- - - m;. All we have to do is to count all the possibilities,
to count the number of all such configurations which contain a fix point P. We will
calculate only the case P € A because the other cases are very similar and lead to
the same result apart from constant factor.

By using the same counting approach as in Lemma 3 we get the following

upper bound:
2" (2 T 2" 2k\"™
_e ’ <—E> ’ H < ' ) ) <_€- ’ _> )
n n s=1 ‘Mg n n

Using (1.3) we get that the contribution of this case

k
k+1 (2k_ym%) (H“%’"&) k+1
= (l> (g’f) 2t s (i) PALL
n n n

Now let the numbers m;, m;- - - mg be arbitrary. We get the upper bound:

k+1 k+1
(3 (1) o).
n n n

Proof of Lemma 5 is complete. (]

Now we change the role of the blue and red colors and prohibit the reversed
prohibited configurations of type 2.

First Coloring. We are using Lemma 2 to the prohibited configurations. It
follows from Lemma 3, Lemma 4, Lemma 5 that we can use the Lemma 2. We
get a two coloring. It follows from the previous remarks that there is no
configuration of type 2 at all. This means that in every monochromatic edge A,
there is a nice point, which is an element of R,.

Second Coloring. 1If A, is monochromatic then select one nice point P,ER,.
Then change the color of the set

Z= U P, .
itA;
monochromatic

We claim that after this second coloring we get a good 2-coloring of X. The proof
is indirect: Suppose that C is monochromatically blue, then we killed it: it cannot
remain blue after the second coloring. If C was not blue and turned to blue, then
it follows from the construction of the second coloring that C was almost blue
after the first coloring:
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We know that the subset ZN C = {Q,, ..., Q,} were turned from red to blue.
But in that case Q,, @, - - - Q, are bad points, and we get a contradiction with the
construction of the second coloring. Of course the same argument shows the lack
of the monochromatically red edges. Q.E.D.

Remark. You may be suspicious that we kill the monochromatic edges and take
care of the properly 2-colored edges. But is it possible that in the second coloring
we turn a red edge of blue? Notice that in that case the monochromatically red
edges would be described as an almost blue also; and this is an ordinary case of
which we have already taken care in the proof.

Theorem 2. The van der Waerden number W(n) =2"/n® for arbitrary n = n(¢).

In the case of the arithmetic progressions X will be the set of the natural numbers
in the interval [1,2"/n®). The edges will be arithmetic progressions of length n. It is
easy to see that we have =<2"/n° edges which contain a fixed point P. There are
difficulties with the property of being almost disjoint since the arithmetic progres-
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sions do not satisfy it. At any rate it is a rare situation that two arithmetic
progressions have more than one common point, and we will see later that it is
possible to imitate the previous proof. The almost disjoint hypergraph is a natural
model for us and this is the reason why we deal with it before the arithmetic
progressions. In order to overcome the difficulties we have to define some new
“prohibited configurations.”

Definition. Let B be a red arithmetic progression of length [n + log® n]. Then
we call B prohibited configuration of type 3.

Lemma 6. The contributions of this configuration are 0(1/n”).

Calculation. The number of the configuration which contains a fixed point P,
=2"/n". The distribution:

2n 1 —[n+log2n] 1 [n+log2n] 1 n-log2 1
=—- 1—- o = ={—- =0 K
n n 2 n n

Déﬁnition. We call an arithmetic progression of length t a generalized edge if
n=t<[n+log’n].

We say that two generalized edges interfere with each other if they have a common
point and they have the same difference. If two generalized edges do not interfere
with each other, we call those “‘substantially different.”

Definition. Suppose that A, and A, are two substantially different generalized
edges and they have more than one common point. Let the color of A, U A, be
red. We call the subset A, U A, with this coloring prohibited configuration of type
4.

Lemma 7. The contribution of this configuration is 0(1/n°).
Calculation. It is easy to see that the inequality |A, U A,| =[3/2n] follows from

the assumption of being substantially different. On the other hand, the number of
the configurations which contain a fixed point P

2”
<log’ n-(n+log’ n)‘“; .
So it follows that the contribution

1 3/2n . 1
)

Now we define the subsets R,. Suppose that A; an arbitrary generalized edge.
This means that A,={a,,...,a,}, where a,<a,<---<a, and n=t<[n+
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log’ n]. Let
R; = {ay,z.,/1 =] =k}, where k constant depending only on ¢ .

It is easy to see that the sets R, satisfy the following condition:

n

2__log2n-k
nE

[{i: PER} = n

for every PeXx. (2.1)

Definition. We call two generalized edges A,, A, almost disjoint if |A; N A,| =
1.

Definition. Suppose that the sets A, A, -+ A, are substantially different edges
and ANA,ER, for every 1=j=m and m =[5/¢]. Let the color of the set
(U7, A, )U A be red. We call the configuration with this coloring configuration
of type 5 We say that a color conﬁguratlon of type 5 is a prohibited configuration
of type 5, if the sets A, A, , ..., A, are pairwise almost disjoint.

H

Lemma 8. The contribution of this configuration is 0(1/n°).

Calculation. Using the same counting approach as in Lemma 3, using (2.1) and
the almost disjoint assumption we have the following upper bound:

[57¢]

log? n\P"*1"" [ (n+1og® n)’ - (log”> n) \' 1
e (B2 )

Remark. Because of the contributed configuration of type 4, we do not have to
deal with configurations of type 5 which do not satisfy the almost disjoint

property.

Definition. Suppose that the sets C,A,---A, are substantially different
generalized edges and |[C|=n. Suppose that the set CN(UTL A)=
{P,, P,,...,P,} and the points P; € R, for every 1 <j =< m. Let the color of the
set UT_; A, be red and the color of the set C\U7_, A, blue. We call this
configuration, configuration of type 6.

Lemma 9. If a two coloration does not contain prohibited configurations of types
4 and 5, then any configuration of type 6 satisfies the following conditions:

(i) The sets A;,..., A, are pairwise almost disjoint .
5
(ii) |AjﬂC|£[;] for every 1=j=m.

Proof. (i) is trivial. (i) Suppose that |A, N C[=[5/e]+ 1. Then (A\P)N C=

{P, -~ P} where t=[5/¢]. Then the sets Ail,Aiz---Ain] and A; form a

prohibited configuration of type 5. The contradiction proves Lemma 9. [
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Definition. We call a configuration of type 6 prohibited configuration of type 6.a,
if the sets C, A, --- A satisfy the property (i), (ii) of Lemma 9 and

2 0 Lel”
Definition. A configuration is prohibited configuration of type 6.b, if the subset
is a configuration of type 6 which satisfy (i), (ii) and m = [n/2] the set U7_; A, is
red, the coloring of the set C\U7_, A, is arbitrary.

Lemma 10. The contribution of type 6.a and type 6.b are 0(1/n”). The proof of
the Lemma goes along exactly the same lines as the proof of Lemma 3, using the
assumption (i), (ii) of the Lemma 9.

Definition. We call an arithmetic progression of length n almost blue edge if
there exists a configuration of type 6 in which our arithmetic progression agrees
with C. Suppose that A is an arithmetic progression of length 1, A= {a,, ..., a,}
where n=t and the sets: {a,.,; |1=<j=n} are almost blue edges for every
0=i=<t— n. In that case A is called almost blue generalized arithmetic progres-
sion. If n=<t<[n +log’ n] then we call the set A almost blue generalized edge.

Remark. Suppose that the sets A, A, are not substantially different arithmetic
progressions of length =n and A; C A. Then if A is almost blue then A, is almost
blue also. Now suppose that a two coloring does not contain prohibited configura-
tions of types 4, 5, 6.a, 6b. Then we know that every almost blue arithmetic
progression of length n has <[5/¢] red points. So if A is a generalized almost blue
arithmetic progression of length [n +log” n], then A has <2-[5/¢] red points,
because A= A, U A,, where A, and A, are almost blue arithmetic progressions
of length .

Definition. Suppose that A is an arithmetic progression of length [n + log” n]
and A has =2-[5/¢] red points. In that case A is called prohibited configuration
of type 7.

Lemma 11. The contribution of type 7 is 0(1/n%).

Calculation. Using Lemma 6, we have the following upper bound:
(log 2)-n [5/¢] + 2 1\ loe 2-[5/¢] 1

G 2= () o),
n k=1 k n n

Definition. Let the sets A; and A, be two substantially different generalized
edges which have more than one common point. Suppose that A, have <2-{5/¢]
red points and A, have =2-[5/¢] red points. In that case the set A; U A, with
that coloring is called prohibited configuration of type 8.

Lemma 12. The contribution of type 8 is 0(1/n%).
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Calculation. Using Lemma 7 we have the following upper bound

[5/¢]

n’ n\\’ log 2-n+4+[5/e]? 1
- . . p o £ = -
o2 (Z (k)) =C-'n 0<n2>.

1

Remark. We know from the previous remark and Lemmas 10 and 11, that we do
not have to deal with such two colorings, which contain almost blue arithmetic
progressions of length =[n + log® n] or contain two substantially different almost
blue generalized edges, which have more than one common points.

Definition of Type 9. Suppose that subset A is a generalized red edge and
suppose that the sets C;, C,--- C,, are substantially different almost blue
generalized edges. It follows that for every 1 =i =[5/¢] there exist m, generalized
red edges A, |, A,,--- A, ,, satisfying

il» i,2 i,m;

Ci N Rij # ¢ for every 1 5]'5 m,
and

CNR#¢.

(It does not interest us whether these m, sets A,,--- A, , are substantially
different or not). We call U[S/E] (GUZ, A )U A with the 2- -coloring configura-
tion of type 9. Since we have already prohlblted a great deal of configurations we

can suppose that

(1) C, has=2-[5/¢] red points for every 1 =i=[5/¢],
(il) m;<2-[5/¢] for every 1=i=[5/¢],
(iii) |C N C | =1 for every palr i#j,
(iv) |A;; A<[n+ log” n] for every pair A, j» Ay ;» which interfere with
each other
V) A, ;NA, j,| =1 for every pair which does not interfere with each other .

Definition. 1f a configuration of type 9 satisfies the property i-v then we call it
prohibited configuration of type 9.

Lemma 13. The contribution of type 9 is 0(1/n”). The calculation is very similar

to the case of type 2. Now we can use the properties i, ii, iii, iv, and v instead of the
almost disjoint property. We get that the contribution of type 9

[5/¢]
=c-(lEem)™ (L),
n n

Now we prohibit all the configurations in the reversed cases.

First Coloring. Using Lemma 2 we get a coloring which contains no prohibited
configurations of types 3, 4, 5, 6a, 6b, 7, 8, 9.

Definition. We call a point P “bad” blue point, if P is blue and there exists an



A NEW LOWER BOUND FOR THE VAN DER WAERDEN NUMBER 359

almost red generalized edge which contains it. We call a point bad red point, if P
red and there exists an almost blue generalized edge which contains it. We call P
nice otherwise. :

Suppose that A is monochromatic red edge. We recall that [R| =k and k&
constant. Let k =2-[5/¢]’ + 1. We know that every almost blue generalized edge
has =2 -[5/¢] red points. So it follows from the lack of configuration of type 9 that
at least one of the points of R is nice.

We say that two monochromatic arithmetic progressions of length n are in
relation to each other if they interfere with each other. It follows from type 3:
then this relation is an equivalence relation.

Second Coloring. We select representatives from every equivalence class. We
get arithmetic progressions of length n—A, , ..., A, . Then we select nice points
P,,..., P, satisfying P,.]E R;. Then we change the color of Z= U f=1 P,.j. We
claim that after the second coloring we get a good 2-coloring of X:

Let A be one of the representatives. We can suppose that A is red. We know
that after the second coloring, A has at least one blue point P. On the other hand,
it follows from type 5: then A has at most [5/¢] blue points after the second
coloring.

Suppose then A, is equivalence with A. We know from type 3 that

|AU Al <[n+1log’ n].

n
1A}

éOO@OOO®OOOOOO©OQ§é

We recall that if A={a,,...,a,}, then R={ay, .15 Gnzjs2>- - - » nizj+i)-
Trivially, PE€ A; and it is easy to see that A; is properly two colored after the
second coloring/

Suppose that A, is an arbitrary edge which contains P and interferes with A. It
is easy to see that A, has at least one blue point and at least [n/2] — k —[S/e] — 1
red points which means that A, is also properly two colored after the second
coloring.

Finally, suppose that the edge C satisfy the condition: Either P & C or A does
not interfere with C, for every selected representative A. Suppose that we were
unlucky and C is monochromatic after the second coloring. We can suppose that
C is blue. Let ZNC={Q,,..., Q,}. It follows from the construction of the
second coloring that after the first coloring there exist substantially different edges
A,--- A, which do not interfere with C and satisfy: Q, € R,N C for every
1=i=I[,U\_ A, isred, and O\U_, A, is blue. It is easy to see that C is almost
blue edges and Q, are “‘bad” points for every 1 =i =/, It is a contradiction to the
construction of the second coloring, where we did not change the color of the
“bad” points, and this contradiction proves our claim and Theorem 2. o
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