
INTEGER 

Aeta Math. Hung. 
56 (1---2) (1990), 155--158. 

SETS CONTAINING NO ARITHMETIC 
PROGRESSIONS 

E. SZEMERI~DI (Budapest), corresponding member of the Academy 

Introduction 

K. F. Roth [1] proved 1953 using analytic methods that if a strictly increasing 
sequence of  natural numbers a~<a~< ... <ak<=n contains no three term arithmetic 
progression then 

(1) k < cln  
log log n " 

Very recently Heat--Brown [2] could improve considerably (1) by showing 

(2) k < % n 
(log n) c, (c3 >- 0). 

] 'he aim of the present work is to show that Roth's analytic method combined 
with some combinatorial ideas is are useful in the study of  such type problems. Apply- 
ing the method to the present problem the resulting inequality will be (2) whilst in [3] 
it was shown that if  a ~ < a 2 < . . . < a k < - n  is a sequence d of  natural numbers such 
that d -  d does not contain any positive square then 

k < c4n 
(log n) l~176176176 " 

It is possible that the present approach leads to new results in other problems of  
additive number theory too. 

NOTATIONS. Let 
~ . )  = {1, 2 . . . .  , n}, 

�9 :~,s,q,* = { i q + j ,  ( i +  1)q+j ,  ( i + s - 1 ) q + j } ,  

~,s,q,~ = ~,s,q,~ ~ d .  

Let [~r be the number of  elements in d ,  
IdJ 

f~,(~) = Z e(a~), e(~) = e~% ~ = 
aE d l'l 

Let e be a sufficiently small positive number and n>n0(~ ). We suppose 

cz otherwise the theorem is trivially true for d .  
> log ca n 

Let us assume the assertion is proved for every m_<- 1/~.. Choosing cz sufficiently 
small it is clearly true for n < c 4 .  It is easy to see that either 
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a) ag has asubset  d ' C [ H , H + @ ]  with 

H 
1-~'1 > (1 +~)~ (log n) a ' 1 =- H ~ n. 

o r  

b) the total number of solutions of the equations a~ + a: = 2a~ + no 
=2ak--n o is at most 

1 (l+4g)Tano 2 (3) T 

and a~+a~= 

[ n] 
for some number noE n, n + ~ . The case a) can be settled easily (cf. the end of 

the proof). Now we are dealing with the case b). In the following we work with no 
instead of  n. 

n 
We write ?0 = Y" - - -  Now 

no 

1 "o-1 t I t )  ~ ) t ( ) - 2 t  
- z :,,._:,,.-.:,, 
no  t = o  k n o 2 ~. no  ,/ - ~ o  

is the number of  solutions of  the equation ai+ai=2a k (mod no). In view of  (3) this 

is less than [-~ + Jejyono, since there is no 3-term arithmetic progression in d .  

Because the main term (corresponding to t=0)  is 8 7o' no it follows that 

: I  .:i t t --2t 7o3n2o 

0 t = l  ~ 0 * 

Let us assume that for t~O, l f ( ~ o ) < ~ w i t h a f i x e d i o ,  sufficientlylarge. 

There must be an i=i~ with 2~o<2q<(log nf/3 such that there exist t~, t~ . . . .  , t~ 

. r23~1 1), t.~ (mod no) with I (n-~) ~ Otherwise wewould q =q(,3 =[--~--~ ] + t~ f > . 

have 

('jill ( 2' ] • z z A, f~, - ~  < - -  
n 0 i~_i o 2 t  . 

while it follows from Parseval's identity that 

i { ) 1 z~ f~r f~  - 7 0  << 

log~/an o \ n o ] 

IdP 
lOn0 
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We shall show the existence of  a set 

such that 
= {b, 2b . . . . .  I~lb} = {bk}k= 1 

1 <---- b <- n~/(q+~), I~1 = [ ~ 1 '  

2?/ 
jbt~ - li, j (mod no), 16,jl < (log n) 2 

for all l<=j<-lNhl=v=q-q(h). Dividing the set X( .o) in to  n~/(q+ll equal inter- 
vals 11, Is . . . . .  Inu~,+. ,  there must exist b' and b" (1 <=b'<b"<-n~o/~q+~)) such that 
b'tv (rood no) lies in the same interval as b'% for all v (i.e.l(b'-b")t~-k~no] <=ng/~+~) 
with integer k~). The choise b=lb"-b'l satisfies our requirements. 

Now the number of  solutions of  ai-ag=-bg-bt (rood no) is 

- -  f~  f.a f~  f~  
HO t=O 

which is at least (i=il, n>n0(e)) 

(4) ( l - e )  1 Idl  ~ 2 az 2 i 
no 2 2~ 1~12"--?- = (1-e)T~n~ 

On the other hand the number of  solutions of  ai-aj=bk-b, (mod no) (with 

the notation B =--~--, T a large constant) is 

b n/B" 

(5) (l+6(r)) Z Z Idw~,y,b,B,I 
j = l  i=0 h=--T 

where 6(T)~O as T-+o~. 
There exists a set dwv,j,b,W with 

(6) 
2 i 

) 7 "  ~~ [dB'~,i,b,wl -> (1--2e ' 

since otherwise the sum in (4) would be with a fixed T=To(e)  

2 ~ 2 ~ 
<_- (I+~)IdlT.T(1--20B%I~I < (l-~)Tr~n01~l" 

in contradiction to (5). 
Similarly if  we have a t* with 

f a  > 2i o 
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then the same argument (with q = 1) shows the existence of  a 
, q  

//no 
log2n 

(6 ') 

>B'z~l/~o/log3n with 

t 

In both cases (6) and (6"), using the set dB'~,j,b,B' we obtain a new set d ' ~  
[ nlj('+l) ] 

c{1 . . . . .  B'} with B'E �9 logan , n a/(~+a) such that ~r contains no 3 terms arith- 

meticprogressions and Id'l>c(q)B"2o. Here either 

o r  

1 
i) q = 1, c(q) > 1 Jr 22io+1 

231o ql/a 
ii) q > .--~-, c(q) > 

to log 4/3 q 

It is easy to see that we have in both cases 

ld ' l  c(q) ~, c2B" 
> ca logC3------n-~ ~ loges B,  

if  c3 was chosen sufficiently small. This contradicts our induction hypothesis and so 
proves the theorem, 

P / - - x  

It is easy to see that if  tf~ K-  ] < ~  for all t : 1 , 2  . . . . .  n - 1  with 
I A I  

REMARK. 
l x l ~ l  

a sufficiently large io, (i.e. we have case b) preceding (3)) then co can be chosen near 
1/3. (e0 = 1 /3-~ is admissible if  i0 >c0(e)). A more careful computation concerning 
case a) shows that e0>l /4  can be chosen in the formulation of the Theorem. 
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