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1. Abstract

A pseudo-random generator (PRG) is a function that
“stretches” a short randomseed into a longer pseudo-random
output string that “fools” small circuits:

Definition 1 (ε-PRG) An ε-PRG for size s is a function G :
{0, 1}t → {0, 1}m such that for all circuits C of size at most
s:

|Pr
z

[C(G(z)) = 1] − Pr
x

[C(x) = 1]| ≤ ε.

PRGs entail hard functions, so (in the absence of strong
circuit lower bounds) they are constructed using the assump-
tion that hard functions exist. They can therefore be seen
as objects that convert computational hardness into pseudo-
randomness. We construct the first pseudo-random genera-
tors with logarithmic seed length that convert s bits of hard-
ness into sΩ(1) bits of 2-sided pseudo-randomness for any s.
Specifically, we prove the following theorem:

Theorem 1 (main) Given a function

f : {0, 1}log n → {0, 1}
with circuit complexity at least s, one can construct a 1/m-

PRG G : {0, 1}O(log n) → {0, 1}m for size m circuits with
m = sΩ(1); moreover, G can be computed in nO(1) time
with oracle access to f .

This improves [1] (in which m = sΩ(1/ log log log n)) and
gives a direct proof of the optimal hardness vs. randomness
tradeoff in [2], which can be stated as follows:

Theorem 2 ([2]) If there exists a function family f = {fn}
in E with circuit complexity at least s(n), then

BPTIME(�) ⊆ DTIME(2O(s−1(	O(1)))).
∗The conference version of this abstract appears in the Proceedings of

STOC 2002, May 19–21, 2002, Montreal, Quebec, Canada.

Theorem 1 also shows in a precise sense the equivalence
(up to a polynomial) between computational hardness and
2-sided pseudo-randomness, something that was not known
previously.

A key element in our construction is an augmentation of
the standard low-degree extension encoding that exploits the
field structure of the underlying space in a new way. This
builds on ideas used in the new algebraic PRG construction
of [2], and it is possible that some of the algebraic structure
that we exploit may be helpful in improving the extractor
constructions in that paper, which use the same framework.
Indeed, the PRG construction in this paper yields extrac-
tors via the connection between extractors and certain PRGs
noticed by Trevisan [4]. It remains an open problem to con-
struct optimal extractors, and the new techniques of [3] and
[2] may be able to be pushed further with additional insight
into the algebraic structure of these constructions; we hope
some of the ideas in this paper can be useful to this end.
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