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Abstract

A graph G = (V; E ) is recursive if every node of G has a �nite
number of neighbors, and both V and E are recursive (i.e., decidable).
We examine the complexity of identifying the number of connected
components of an in�nite recursive graph, and other related problems,
both when an upper bound to that value is given a priori or not. The
problems that we deal with are unsolvable, but are recursive in some
level of the arithmetic hierarchy. Our measureof the complexity of
theseproblemsis precisein two ways: the Turing degreeof the oracle,
and the number of queriesto that oracle. Although they are in several
di�eren t levelsof the arithmetic hierarchy, all problemsaddressedhave
the same upper and lower bounds for the number of queries as the
binary search problem, both in the bounded and in the unbounded
case.

1 In tro duction

A graph G = (V; E) is recursive if every node of G has a �nite number of
neighbors, and both V and E are recursive (i.e., decidable).We examinethe
complexity of identifying the number of connectedcomponents of an in�nite
recursive graph, and several variations of this problem.

Recursive graph theory can be viewed aspart of Anil Nerode'sRecursive
Math Program. He proposeslooking at nonconstructive proofs in Recursive
Mathematics and either making them constructive, or proving that it can
not be done. His notion of constructive is recursion-theoretic.Variouspeople
have studied properties of recursive graphs. Bean [Bea76]has studied col-
orings,Manasterand Rosenstein[MR73] have studied matchings,and Harel
[Har91] hasstudied Hamiltonian paths. See[BG89a] for more references.
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This work follows the lines of [BG89a] and [BG89b], which study the
complexity of �nding the chromatic number of a recursive graph both, when
that number is a priori boundedabove by a constant, and when it is not. In
the present work weareconcernedwith the complexity of �nding the number
of connectedcomponents of a recursive graph in both cases.

The problemsthat we dealwith areunsolvable,but are recursive in some
level of the arithmetic hierarchy. Our measureof the complexity of these
problems is precisein two ways: the Turing degreeof the oracle, and the
number of queriesto that oracle. We show that:

1. Finding if a recursive graph has at most c connectedcomponents, for
a �xed c, requiresan oracleof Turing degree0

00
(i.e., � 2 or � 2),

2. The number of components can be found with dlog(c + 1)e queriesto
0

00
, but it cannot be found with dlog(c+ 1)e� 1 queriesto any oracle,

even a more powerful one,

3. Determining if a recursive graph has a �nite number of components
requiresan oracleof Turing degree0

000
,

4. The set of graphswith a �nite number of in�nite components requires
an oracleof Turing degree0

0000
, and

5. Allowing free queriesto weaker oraclesalmost always does not lower
the number of queriesnecessaryto the more powerful oracle.

We alsoshow that when no bound is set a priori , this problem is related
to unboundedsearch in two ways:

1. If f is a non-decreasingrecursive function, and
P

i � 0 2� f ( i ) � 1 is e�ec-
tiv ely computable,then the number of components of a recursivegraph
Ge, nC(Ge), can be found with f (nC(Ge)) queriesto 0

00
, and

2. If G is an in�nite recursive graphand there is a set X such that nC(G)
can be computedusing f (nC(G)) queriesto X , then

P
0� i 2� f ( i ) � 1.

Part (2) above can be interpreted as a lower bound for �nding nC(G).
That result follows from a generalizationof Theorem 9 in [BG89b], which
allows us to concludethat part (2) also appliesto a wide classof problems,
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including the problemsof �nding the number of �nite components and �nding
the number of in�nite components of an in�nite recursive graph.

The rest of this paper is organizedas follows. Section2 presents de�ni-
tions, notation, and known results. In Section3 we show that �nding the
number of connectedcomponents of a recursive graph when that number is
bounded by a constant requiresan oracle of degree0

00
, and that a binary

search algorithm usesthe minimal number of queriesnecessary. This result
is tight in two ways: the lower bound on the number of queriesholdsevenif a
more powerful oracleis used,and no matter how many queriesare used,the
oraclemust be of degreeat least 0

00
. Also in Section3, we show that the set

of recursivegraphswhich havea �nite number of components is � 3-complete.
In Sections4 and 5 we investigatethe complexity of �nding the number of
�nite components and the number of in�nite components, respectively. In
Section 6 we study whether or not the number of queriesin each casecan
be reducedif we allow queriesto weaker oraclesfor free. In Section 7 we
describe the UnboundedSearch Problem and somerelevant previousresults.
We also present the analysisof the complexity of identifying the number of
connectedcomponents of a recursive graph when no upper bound to that
number is set a priori . Section 8 is a study of whether or not the lower
bound can be reducedif we allow free queriesto weaker oracles. Section9
contains a brief review of the paper.

2 Notation and De�nitions

All logarithms in this paper are base2. M 0; M1; : : : is an enumeration of
all Turing machines, and M e;s denotesmachine M e running for at most s
steps(stages). Let We denote the domain of M e, and let We;s be We after
s stages,i.e., We;s = f 0; 1; 2; : : : ; sg \ f xjM e;s(x) #g. N represents the set
of natural numbers. K represents the halting set. F I N represents the set of
indicesof functions that are only de�ned �nitely often, i.e., f ejWe is �nite g.
TOT represents the set of indicesof functions that are de�ned everywhere,
i.e., f ejWe = N g. COF represents the set of indices of co�nite functions,
i.e., f e j N � We is �nite g. It is shown in [Soa87] that K is � 1-complete,
F I N is � 2-complete,TOT is � 2-complete,COF is � 3-complete,and COF
is � 3-complete. We will use theseresults later to prove that other setsare
in the sameclasses.
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Let M A
0 ; M A

1 ; : : : be an enumeration of all oracle Turing machines that
are recursive in A (i.e., M A

i � T A). Then, A
0

= f ejM A
e (e) #g. �

0
=

K = f ejMe(e) #g, �
00

= f e j M �
0

e (e) #g, �
000

= f e j M �
00

e (e) #g, : : : ; � ( i ) =
f e j M � ( i � 1)

e (e) #g. We say that an oracle has Turing degree0( i ) if it is
recursive in � ( i ) .

Recall that a graph G = (V; E) is recursive if every node of G has a
�nite number of neighbors and both V � N , and E � [N ]2 are recursive.
A graph G = (V; E) is highly recursive if G is recursive and the function
that producesall the neighbors of a givennode is recursive. Throughout this
paper, all graphsare supposedto be undirected.

We represent recursive and highly recursive graphs by the Turing ma-
chines that determine their vertex and edgesets. An index for a recursive
graph is an orderedpair in which the �rst and secondcomponents are indices
for Turing machines which decidethe vertex set and the edgeset, respec-
tiv ely. We denote a �xed recursive pairing bijection from N � N onto N
by [e1; e2], so the symbol `[x; y]' is a natural number that correspondsto the
orderedpair (x; y). If M e1 and Me2 are total, then the number e = [e1; e2]
determinesthe recursive graph Gr

e = (V; E), where: V = f x j M e1 (x) = 1g;
and E = f [x; y] j x; y 2 V and M e2 ([x; y]) = 1g: If M e1 or Me2 is not total,
then e does not determine a recursive graph. A number e = [e1; e2] deter-
mines a highly recursive graph if M e1 and Me2 are total, and when M e2

is interpreted as a mapping from N to �nite subsetsof N , if M e2 (x) = Y
then for all y 2 Y; x 2 M e2 (y) (i.e., Y is the set of vertices adjacent to
x). If e determinesa highly recursive graph, then the highly recursive graph
determined by e is Ghr

e = (V; E), where: V = f x j M e1 (x) = 1g; and
E = f [x; y] j x; y 2 V and x 2 M e2 (y)g:

Let e = [e1; e2] be a number that determinesa recursivegraph. We de�ne
the approximation to Gr

e by stages (Gr
e;s) to be the subgraphof Gr

e formedby
taking all nodesin the set f 0; 1; 2; : : : ; sg that arein the graphandconnecting
them as they are connectedin the graph. Formally, Gr

e;s = (Vs; Es), where:
Vs = f 0; 1; 2; : : : ; sg\ f xjM e1 (x) = 1g, andEs = [Vs]2 \ f [x; y] j M e2 ([x; y]) =
1g.

The approximation to Ghr
e by stages (Ghr

e;s) is de�ned inductively. Ghr
e;0 =

(f 0g\ V; ; ). For s > 0, Ghr
e;s is de�ned asthe subgraphof Ghr

e formedby Ghr
e;s� 1

and all of its neighbors (together with the corresponding edges),plus vertex
s, if it is in Ghr

e . Formally, if Ghr
e;s� 1 = (Vs� 1; Es� 1), then Ghr

e;s = (Vs; Es),
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where:
Vs = Vs� 1 [ f xj x 2 Me2 (y); for somey 2 Vs� 1g [ (f sg \ V); and
Es = [Vs]2 \ f [x; y] j x 2 M e2 (y)g.

We denotethe existenceof a path betweennodesx i and x j in a graph by
x i ./ x j .

Let Ge;s have connectedcomponents c(1;s); c(2;s); : : : ; c(m;s) . Then, let
jc(1;s) j; jc(2;s) j; : : : ; jc(m;s) j represent the number of nodes in c(1;s) ; c(2;s); : : : ;
c(m;s) , respectively. For each i , 1 � i � m, and somet � s, c(ci ;t ) represents
the component of Ge;t which contains all nodesof c( i;s ) . (Hence,jc(ci ;t ) j repre-
sents the number of nodesin the component of Ge;t which contains all nodes
of c( i;s ).)

Let nC(Ge), f C(Ge), and iC (Ge) denote, respectively, the number of
connectedcomponents, the number of �nite components, and the number of
in�nite components of a recursive graph Ge. For any c � 1, we de�ne three
functions:

nCc(G) =

(
nC(G) if 0 � nC(G) � c
c otherwise

f Cc(G) =

(
f C(G) if 0 � f C(G) � c
c otherwise

iCc(G) =

(
iC (G) if 0 � iC (G) � c
c otherwise

Let 
 (G) be a function from graphs into the naturals, such as nC, f C,
or iC . Then the partial function 
 n (G) is de�ned as follows.


 n (G) =

(

 (G) if 0 � 
 (G) � n
unde�ned otherwise.

If A and B aresets,then A � B is the set f 2x j x 2 Ag
S

f 2x + 1 j x 2 Bg:
An oraclemachine using oracleA � B can ask questionsto either A or B .
When an even number is queried,we say that a query to A hasbeenmade,
and when an odd number is queried, we say that a query to B has been
made. If f and g are functions, f � T g meansthat f is Turing-reducible to
g. Let g be a total function and n � 0 be a number. A partial function f is
in F Q(n; g) if f � T g via an oracleTuring machine which usesoracleg, and
never makesmore than n queries. If g is the characteristic function of a set
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A, then we usethe notation F Q(n; A). If B is a set, then f is in F QB (n; A)
if f � T A � B via an oracleTuring machine that, when using oracleA � B ,
never asksmore than n queriesto A (although it may ask many queriesto
B).

Note 2.1 The de�nition of F Q(n; A) still makessenseif \ n" is replacedby
a function of the input. The statement \ nC(G) 2 F Q(f (nC(G)); X )" will
mean that computing the number of components of graph G can be done
with f (nC(G)) queriesto X , assumingnC(G) is de�ned.

Let A be a set of natural numbers. The function � A , is the characteristic
function of A. We identify a set with its characteristic function.

Let A be any set and n � 1 be a number. We de�ne two functions:

# A
n (x1; x2; : : : ; xn) = jf i j x i 2 Agj:

F A
n (x1; x2; : : : ; xn) = [� A (x1); � A (x2); : : : ; � A(xn )] :

A real number r is e�ectively computableif there is a �xed algorithm that
takesa rational number y as input and determinesif x < y.

Let D be a set of natural numbers. A binary pre�x code for D is a
bijection from D onto a subsetof f 0; 1g� such that for any two strings x and
y in the rangeof the bijection, x is not a pre�x of y.

A function f from N to N satis�es Kraft's inequality if
P

i � 0 2� f ( i ) � 1.

In this paper we are not concernedwith the problem of determining if
a number is an index of a recursive graph. We implicitly assumethat the
indicesare valid. Finding out if e determineseither a recursive or a highly
recursive graph is � 2-complete. A promise problemis a set A and a func-
tion f , wheredomain(f ) = A. A solution to a promiseproblem (A; f ) is a
function g such that 8x 2 A, g(x) = f (x). A promiseproblem (A; f ) is in
classA if it hasa solution g, and g 2 A. X � m (A; f ) if for all solutionsg to
(A; f ), X � mg. Throughout this paper we deal with promiseproblemswith
respect to indices.
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3 Num ber of Connected Comp onents

In this sectionwe show that �nding if a recursive graph has at most c con-
nectedcomponents, for a �xed constant c, requiresan oracleof Turing degree
0

00
. We also show that dlog(c + 1)e queriesis a tight bound on the number

of queriesnecessaryto solve the problem, even if a more powerful oracle is
used.We�nally show that determiningwhethera recursivegraphhasa �nite
number of components requiresan oracleof Turing degree0000. All results in
this sectionhold for recursive and highly recursive graphs.

Theorem 3.1 For any natural k � 1, N Ck = f e j Ge hasat most k con-
nected componentsg is � 2-complete.

Pro of: We can rewrite N Ck as N Ck = f e j 8x1; x2; : : : ; xk+1 9s; i; j [x i ./
x j in Ge;s]g:

The function that, given e and s, checks whether x i ./ x j in Ge;s is
recursive, and is de�ned when Ge is recursive. Hence,N Ck is in � 2.

We show that N Ck is � 2-hard by showing that TOT � m N Ck (i.e., given
x, we construct a recursive graph G(x) = G such that G 2 N Ck i� M x is
total). The idea is to make several in�nite components grow simultaneously,
and, at every stages, to connectthe components corresponding to elements
i and i + 1 i� all numbers j � i are in Wx;s . The construction proceedsin
stages.Gs is the graph at the endof stages. G is the limit graph lim s!1 Gs.
The verticesof G are identi�ed by pairs of naturals.

Construction
Stage0. G0 = (f (0; 0)g; ; ).
Stages+1. Let Gs = (Vs; Es).
Vs+1 = Vs [ f (i; s + 1) j 0 � i � sg [ f (s + 1; i ) j 0 � i � s + 1g:
Let f be the �rst natural such that f =2 Wx;s .
Es+1 = Es [ f [(i; s); (i; s+ 1)] j 0 � i � sg [

f [(s + 1; i ); (s + 1; i + 1)] j 0 � i � sg [
f [(i; s + 1); (i + 1; s + 1)] j 0 � i � f g:

End of Construction

SupposeM x is total. Then, for each element i , there is a stageso when
j 2 Wx;so 8j � i . Hence,the components correspondingto the �rst i elements
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will be interconnectedby edgesof type [(i; s + 1); (i + 1; s + 1)]. Thus, at
the limit, graph G will have exactly one component. Now, suppose that
M x is not total, and let i o be the �rst element such that i o =2 Wx . Then,
the components corresponding to elements i o + 1, i o + 2, : : : will represent
distinct connectedcomponents. Thus, at the limit, graph G will have an
in�nite number of components.

Theorem 3.1 shows that determining the number of components of a
recursive graph requiresan oracleof degreeat least 0

00
. The next theorem

givesan exactbound on how many queriesto �
00

are requiredto actually �nd
nC(Ge), if a bound to that number is given. We use the following results,
which wereproved in [BGGO93].

Lemma 3.2 If A and X are sets,A is nonrecursive, and n is any number,
then F A

2n =2 F Q(n; X ): (i.e., membership in A for 2n elementscannot be
decided using n (or less)queriesto any oracle.)

Lemma 3.3 For any numbersx1; : : : ; xn , giventhevalueof jK \f x1; : : : ; xngj,
the valueof F K

n (x1; : : : ; xn) can be computed.

Theorem 3.4 For any c � 1, function nCc is in F Q(dlog(c + 1)e; �
00
), but

for any set X , nCc =2 F Q(dlog(c+ 1)e� 1; X ).

Pro of: Using theorem 3.1 and a binary search on [0; c] for the proper
number of components, we obtain that nCc 2 F Q(dlog(c+ 1)e; �

00
).

Let X be any set. To establish that nCc =2 F Q(dlog(c + 1)e � 1; X ), we
show that otherwise we have F K

2n 2 F Q(n; X ) (where n = dlog(c + 1)e �
1), which contradicts Lemma 3.2. We describe an algorithm to determine
F K

2n (x1; : : : ; x2n ) that will useonly onecall to the function nCc; hence,if nCc

is in F Q(n; X ), then the function F K
2n is in F Q(n; X ).

For i = 1; : : : ; 2n ; let Gi =

(
(f tg; ; ) if x i 2 K , wherex i =2 Wx i ;t � 1, x i 2 Wx i ;t

(; ; ; ) if x i =2 K .

Let Ge be the disjoint union (union in a way so that all verticesare distinct)
of G1; G2; : : : ; G2n . Then nC(Ge) = jK \ f x1; x2; : : : ; x2n gj � 2n � c: By
Lemma 3.3, F K

2n can be computedfrom a singlequery to nCc.
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We now show that the set of recursive graphsthat have a �nite number
of components is � 3-complete.

Theorem 3.5 N Cf = f ej Ge hasa �nite number of componentsg is � 3-complete.

Pro of: Wecanrewrite N Cf asN Cf = f e j 9k 8x1; x2; : : : ; xk+1 9s; i; j [x i ./
x j in Ge;s] g:

We prove that N Cf is � 3-hard by showing that COF � m N Cf . The
idea is to make several in�nite components grow simultaneously, and at ev-
ery stage, if a new element i is added to Wx , we connect the component
corresponding to i to the next (i + 1). As we did before, the construction
proceedsin stages. Gs is the graph at the end of stages. G is the graph
lims!1 Gs.

Construction
Stage0. Let G0 = (f (0; 0)g; ; ):
Stages+1. Let Gs = (Vs; Es).
Vs+1 = Vs [ f (i; s + 1) j 0 � i � sg [ f (s + 1; i ) j 0 � i � s + 1g:
Es+1 = Es[ f [(i; s); (i; s+ 1)] j 0 � i � sg [

f [(s + 1; i ); (s + 1; i + 1)] j 0 � i � sg [
f [(i; s + 1); (i + 1; s + 1)] j i 2 Wx;sg:

End of Construction

We can easily show that Wx is co�nite i� G has a �nite number of compo-
nents.

4 Num ber of Finite Comp onents

In this sectionwe show that determining if the number of �nite components
of a recursivegraph is within a givenupper boundrequiresan oracleof Turing
degree0

0
if the graph is highly recursive, and requiresan oracle of Turing

degree0
00

if the graph is recursive. We show that dlog(c + 1)e queriesis a
tight bound on the number of queriesnecessaryto solve the problem, even
if a more powerful oracleis used. We �nally show that determining whether
a recursive graph hasa �nite number of �nite components requiresan oracle
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of Turing degree000, if the graph is highly recursive, and of Turing degree
0000, if the graph is recursive.

Theorem 4.1 For any natural number k � 0, the set

N F Ck = f ej Ge hasat most k �nite componentsg

is � 1-completefor highly recursive graphs,and is � 2-completefor recursive
graphs.

Pro of: To show that N F Chr
k is in � 1, and that N F Cr

k is in � 2, we rewrite
them as:
N F Chr

k = f e j 8s at most k components ci ; 1 � i � k; will not have jc( i;s ) j <
jc(ci ;s+1) jg; and
N F Cr

k = f e j 8s9t at most k components ci ; 1 � i � k; will not have jc( i;s ) j <
jc(ci ;t ) jg.

To prove that N F Chr
k is � 1-hard we show that K � m N F Chr

k . The idea
is to add a new vertex to the graph at each stages, and to connectit to the
previousgraph only if M x (x) hasnot halted at stages.

Construction
Stage0. Let G0 = (f 0g; � ).
Stages+1. Let Gs = (Vs; Es). Vs+1 = Vs [ f s + 1g:

There are two cases:
1. If x =2 Wx;s , then Es+1 = Es [ f (s;s + 1)g
2. If x 2 Wx;s , then Es+1 = Es:

End of Construction

It is easyto seethat if x =2 Wx , then G has no �nite components, and if
x 2 Wx , then G hasan in�nite number of �nite components.

Finally, to prove that N F C r
k is � 2-hard we show that TOT � m N F Cr

k .
The ideais to alwaysadda newnodeto the graph,but to connecta nodeonly
whenthe correspondingelement and all of its predecessorsarealreadyin Wx .

Construction
Stage0. Let G0 = (f 0g; � ). Set z := 0.
Stages+1. Let Gs = (Vs; Es). Vs+1 = Vs [ f s + 1g.
Let z be the highest numberedvertex such that 8 i � z; i is connectedto
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vertex 0 in Gs, and let w be the highestnumberedelement such that 8j � w,
j 2 Wx;s . There are two cases:

1. If w + 1 =2 Wx;s+1 , then Es+1 = Es

2. If w + 1 2 Wx;s+1 , then Es+1 = Es [ f (z; s + 1); (s + 1; z + 1)g):
End of Construction

We can easily show that if M x is total, then G has exactly 1 (in�nite)
component, and if M x is not total, then G has an in�nite number of �nite
components.

Theorem 4.2 Let c � 0 be any number.
� f Cc(Gr

e) 2 F Q(dlog(c + 1)e; �
00
); and f Cc(Ghr

e ) 2 F Q(dlog(c +
1)e; �

0
).

� For any set X , f Cc =2 F Q(dlog(c+ 1)e � 1; X ).

Pro of: Theorem 4.1 and binary search can easily give us the upper
bounds. The sameproof that we usedfor the lower bound in Theorem 3.4
applieshere.

The following theoremshows that determiningwhetheror not a recursive
graph has a �nite number of �nite components requiresan oracleof Turing
degree0

00
or 0

000
, depending on the kind of recursive graph at hand.

Theorem 4.3 N F Cf = f ejGe hasa �nite number of �nite componentsg is
� 2-complete for highly recursive graphs, and is � 3-complete for recursive
graphs.

Pro of: We can rewrite N F Chr
f and N F Cr

f as:
N F Chr

f = f e j 9k8s at most k components ci ; 1 � i � k; will not have jc( i;s ) j <
jc(ci ;s+1) jg; and
N F Cr

f = f ej9k8s9t at most k components ci ; 1 � i � k; will not have jc( i;s ) j <
jc(ci ;t ) jg.

To show that N F Chr
f is � 2-hard we show that F I N � m N F Chr

f . The
idea is to make several in�nite components grow simultaneously, and if at
stages element i is addedto Wx , then stop augmenting the component which
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correspondsto i .

Construction
Stage0. Let G0 = (f (0; 0)g; ; ):
Stages+1. Let Gs = (Vs; Es).
Vs+1 = Vs [ f (i; s+ 1); 8i; 0 � i � s; i =2 Wx;s g[ f (s+ 1; i ); 8i; 0 � i � s+ 1g:
Es+1 = Es [ f [(i; s); (i; s+ 1)]; such that 0 � i � s; i =2 Wx;sg [

f [(s + 1; i ); (s + 1; i + 1)] 8i; 0 � i � s g:
End of Construction

It is easy to see that Wx is �nite i� G has a �nite number of �nite
components.

To show that N F Cr
f is � 3-hard we show that COF � m N F Cr

f . The idea
is to createnew components, but to keepeach component i �nite until stage
s when i 2 Wx;s . Then, let component i grow forever.

Construction
Stage0. Let G0 = (f (0; 0)g; ; ):
Stages+1. Let Gs = (Vs; Es).
Vs+1 = Vs [ f (s + 1; 0)g [ f (i; s + 1); 8 0 � i � s + 1; i 2 Wx;s+1 g:
Es+1 = Es [ f [(i; s); (i; s+ 1)]; such that i 2 Wx;sg [

f [(i; 0); (i; s+ 1)]; such that i 2 Wx;s+1 but i =2 Wx;s g:
End of Construction

It is easyto seethat Wx is co�nite i� G hasa �nite number of �nite compo-
nents.

5 Num ber of In�nite Comp onents

We now look into the problem of determining the number of in�nite com-
ponents of a recursive graph. We �rst show that determining if the number
of in�nite components of a recursive graph is within a given upper bound
requiresan oracle of Turing degree0

00
if the graph is highly recursive, and

requiresan oracle of Turing degree0
000

if the graph is recursive. We show
that dlog(c+ 1)e queriesis a tight bound on the number of queriesnecessary
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to solve the problem, even if a more powerful oracleis used. We �nally show
that determining whether a recursive graph has a �nite number of in�nite
components requires an oracle of Turing degree0

000
if the graph is highly

recursive, and of Turing degree0
0000

if the graph is recursive.

Theorem 5.1 For any natural number k � 0, the set
N I Ck = f ejGe hasat most k in�nite componentsg

is � 2-completefor highly recursive graphs,and is � 3-completefor recursive
graphs.

Pro of: We can rewrite N I Chr
k and N I Cr

k as:
N I Chr

k = f e j 8s 9t [t > s; and at most k of the
components ci ; 1 � i � k; of Ge;s will have jc(ci ;t +1) j > jc(ci ;t ) j]g,

and
N I Cr

k = f e j 8s 9t1 8t2[t2 > t1 ) at most k of the
components ci ; 1 � i � k; of Ge;s will have jc(ci ;t 2) j > jc(ci ;t 1) j]g:

The proof usedin Theorem3.1 to show that TOT � m N Ck can also be
usedhereto show that TOT � m N I Chr

k , and hencethat N I Chr
k is � 2-hard.

To show that N I Cr
k is � 3-hard, we show that COF � m N I Cr

k . The idea is
to createone�nite component for each element i . In time, component i will
have addedto it as many verticesas the number of consecutive subsequent
elements that are in Wx .

Construction
Stage0. Let G0 = (f (0; 0)g; ; ):
Stages+1. Let Gs = (Vs; Es).
Vs+1 = Vs [ f (i; s + 1); 8i; 0 � i � sg [ f (s + 1; i ); 8i; 0 � i � s + 1 g:
Es+1 = f [(k; i ); (k; i + 1)]; such that 0 � i; k � s; i 2 Wx;sg:
End of Construction

If x 2 COF , then for each element i there is an element j > i such that
j =2 Wx . Hence,the component corresponding to i will be �nite. Overall
there will be no in�nite components in the graph. If x =2 COF , then there is
an element i 0 such that for all j > i 0, j 2 Wx . Hence,all components which
correspond to elements greater than i 0 will be in�nite.

13



Theorem 5.2 Let c � 0 be any number.
� iCc(Gr

e) 2 F Q(dlog(c + 1)e; �
000

); and iC c(Ghr
e ) 2 F Q(dlog(c +

1)e; �
00
).
� For any set X , iC c =2 F Q(dlog(c+ 1)e � 1; X ).

Pro of: Again, binary search with the help of Theorem5.1will give us the
upper bound. The proof of the lower bound is similar to the one in Theo-
rem 3.4. The algorithm hereis as follows.

For i = 1; 2; : : : ; 2n ; let

Gi =

(
(f j jj � tg; f (j; j + 1)jj � tg) if x i =2 Wx i ;t � 1 but x i 2 Wx i ;t

(; ; ; ) if x i =2 Wx i .

Let Ge bethe disjoint union of G1; : : : ; G2n . Then iC (Ge) = jK \f x1; : : : ; x2n gj
� 2n � c. Again by Lemma 3.3, F K

2n can be computed from a single query
to iCc.

The following theoremshows that determiningwhetheror not a recursive
graph hasa �nite number of in�nite components requiresan oracleof Turing
degree0

000
or 0

0000
, depending on the kind of recursive graph at hand.

Theorem 5.3 N I Cf = f e j Ge hasa �nite number of in�nite componentsg
is � 3-completefor highly recursive graphs,and is � 4-completefor recursive
graphs.

Pro of: We can rewrite N I Chr
f and N I Cr

f as:
N I Chr

f = f e j 9k 8s 9t [t > s; and at most k
components ci ; 1 � i � k; of Ge;s will have jc( i;t )j < jc(ci ;t +1) j ] g;

and
N I Cr

f = f ej 9k 8s 9t1 8t2 [t2 > t1 ) at most k of the
components ci ; 1 � i � k; of Ge;s will have jc( i;t 1) j < jc(ci ;t 2) j ] g.

The proof of the lower bound in Theorem 3.5 can be used to show that
COF � m N I Chr

f , henceN I Chr
f is � 3-hard. To prove that N I C r

f is � 4-hard
we usethe following claim.

14



Claim. S = f e j We 6� COF g is � 4-hard.

Proof of Claim. Let A be any set in � 4. Assumethat A = f aj 9b;R� 3 (a;b)g,
for someproperty R� 3 (a;b) in � 3. SinceCOF is � 3-complete, there is a
recursive function f R such that R� 3 (a;b) holds i� f R(a;b) 2 COF . We use
f R to construct an algorithm for A.

Algorithm for A
1. Input (a);
2. Createa Turing machine to do the following:

1. Input (x);
2. For b = 1; 2; 3; : : : do:

If f R(a;b) = x then HALT;
3. Let e be an index for the machine constructed in step (2). Return

(MS(e)).
End of Algorithm

The Turing machineM e createdin step(2) of the algorithm halts precisely
on inputs x for which there is a b such that x = f R(a;b).

a 2 A ) 9b;R� 3 (a;b) holds ) 9b;f R(a;b) 2 COF . Sincef R(a;b) 2
We; e 2 S.

a =2 A ) 8b;R� 3 (a;b) does not hold ) 8b;f R(a;b) 2 COF ) We �
COF ) e =2 S.
End of Proof of Claim

The last thing we needto show is that S � m N I Cr
f . Givenan input e, we

construct a graph G such that G 2 N I C r
f i� e 2 S. The idea is to grow one

in�nite component for each element until someelement is acceptedin We. (If
We is empty, the processcontinuesforever, and in the limit G will have an
in�nite number of in�nite components.) Then, for each element z accepted
in We and each stages, we create a new set of vertices and edges(which
we call subgraph G(z; s)), in which verticesrepresenting stagesi = 1; : : : ; s,
(z; s; i ), are connectedto the next neighbor, (z; s; i + 1), i� i 2 Wz0;s for all
z0 2 We;s, with z0 < z. The formal construction follows.

Construction
Stage0. Let G0 = (f (0; 0)g; ; ):

15



Stages+1. Let Gs = (Vs; Es).
If We;s+1 is empty, then

Vs+1 = Vs [ f (i; s + 1); 8i; 0 � i � sg [ f (s + 1; i ); 8i; 0 � i � s + 1 g ;
Es+1 = f [(k; i ); (k; i + 1)]; such that 0 � i; k � sg

else
Vs+1 = Vs [ f (z; s + 1; i ); 8i; 0 � i � s + 1; z 2 We;s+1 ; and z � s g ;
Es+1 = f [(z; s+1; i ); (z; s+1; i+1)] ; such that z 2 We;s+1 ; i 2

T

z 02 W e;s
z 0<z

Wz0;sg.

End of Construction

If We is empty, then (e =2 S) the \ then" part of the construction will
always be followed, generatingonein�nite component for each natural num-
ber.

If We is not empty, then eventually the construction will start following
the \ else" part. If there is somex 2 We with x =2 COF , then let t be such
that x 2 We;t. For all z0 > z, and all stagess > t, the subgraphsG(z0; s) of G
will have no in�nite components. Hence,the number of in�nite components
of G is �nite. On the other hand, if for all x 2 We, x 2 COF , then for all x
there is an element i x such that i > i x ) i 2 Wx . Hence,for every z 2 We;s

and all i � I z, whereI z is the maximum over all i z for z 2 (We \ f 1; : : : ; zg),
edge[(z; s; i ); (z; s; i + 1)] 2 G. Hence,every z 2 We will in the limit generate
an in�nite number of subgraphsG(z; s) each of which containing an in�nite
component.

6 Lower Bounds on Mixed Queries

We haveseenthat dlog(c+ 1)e queriesarerequiredto computenCc, f Cc, and
iCc. One could ask if perhapsthat number could be reducedif we allowed
somehelp from weaker oracles. In this sectionwe show that in most cases
free queriesto weaker oraclesdo not help, and when they do help the gain
is very small.

Throughout this sectionwewill usethe following lemma,provenin [Kum92].
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Lemma 6.1 (([Kum92 ])) For any setsA, Y, # A
c� 1 2 F QY (dlogce� 1; X ) )

A � T Y.

6.1 Num ber of Comp onents

We have shown before(Thm. 3.4) that �nding the valueof nCc(Ge) requires
exactly dlog(c+ 1)e queriesto �

00
. Next we show that if queriesto a weaker

oracleare allowed for free, then the number of queriesto �
00

can be slightly
reduced.

Theorem 6.2 For any c � 0, nCc 2 F QK (dlogce; �
00
).

For any setsX , Y, nCc =2 F QY (dlogce� 1; X ), unless�
00

� T Y.

Pro of: Considera Turing machine M e that inputs G = (V; E), then asks
for v = 1; 2; 3; : : : whether or not v is in V, and halts when it getsa positive
answer. SinceG is recursive, with one query to K , asking whether e is in
K , we eliminate the caseof an empty graph (0 components). Binary search
between[1; c] usingTheorem3.1 will �nd the proper value for nCc in dlogce
queriesto �

00
.

Assumethat nCc 2 F QY (dlogce � 1; X ), for someset X . We show that

we also have # �
00

c� 1 2 F Q(1; nCc): (Hence,# �
00

c� 1 2 F QY (dlogce � 1; X ), and
by Lemma 6.1 we have that �

00
� T Y.) Since�

00
� T TOT, for this lower

bound we useTOT instead of �
00
. We describe an algorithm for # T OT

c� 1 that
asksonly one query to nCc. The idea is to construct one highly recursive
graph Gi , 1 � i � c � 1, corresponding to each of the c � 1 input machines
in a way such that graph Gi will have 1 component if M x i 2 TOT, and
2 components if M x i =2 TOT. This can be done by keepingin each graph
Gi two components which will be connectedonly when the next consecutive
element is acceptedby M x i . In the limit, Gi will have only one component
i� M x i is in TOT. Let graph Ge be obtained from the disjoint union of all
Gi 's. Notice that Ge hasc� 1 � nC(Ge) � 2(c � 1) components. Let Ge0 be
obtained from Ge by connectinga new vertex v to onevertex in each of the
old graphsGi . Now we have 1 � nC(Ge0) � c, and by construction of Ge0,
# T OT

c� 1 = c � nC(Ge0).
We now formalizethe above intuitiv edescription. In the formal construc-

tion, the verticesof the graphsGi are represented by triplets, wherethe �rst
coordinate identi�es the corresponding graph. The only use for that is to
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allow for an easyidenti�cation of verticesin distinct components of Ge. For-
mally, the algorithm is as follows.

Algorithm for # T OT
c� 1

1. Input (x1; x2; : : : ; xc� 1);
2. For i = 1; 2; : : : ; c � 1; let Gi be constructedin stages:
Stage0. Let Gi; 0 := (f (i; 0; 0); (i; 1; 0)g; ; ); j := 0;
Stages + 1. Let Gi;s = (Vi;s ; E i;s ).
If j 2 Wx i ;s+1 then begin

Vi;s+1 = Vi;s [ f (i; j + 1; s + 1); (i; j + 2; s + 1)g;
E i;s+1 = E i;s [ f [(i; j; s); (i; j + 1; s)]; [(i; j + 1; s); (i; j + 1; s + 1)]g;
j := j + 1
end

elsebegin
Vi;s+1 = Vi;s [ f (i; j; s + 1); (i; j + 1; s + 1)g;
E i;s+1 = E i;s [ f [(i; j; s); (i; j; s+ 1)]; [(i; j + 1; s); (i; j + 1; s + 1)]g
end;

3. Let Ge be constructedby the union over all the Gi 's plus oneextra vertex
(0; 0; 0), and c � 1 new edges[(0; 0; 0)(i; 0; 0)], 1 � i � c � 1;
4. Return (c � nCc(Ge)).
End of Algorithm

Notice that graph Ge is highly recursive, hencethe proof also applies to
recursive graphs.

6.2 Num ber of Finite Comp onents

Wehaveshown before(Thm. 4.2) that f Cc(Ge) canbefoundwith dlog(c+ 1)e
queriesto � 00if Ge is recursive,or with dlog(c+ 1)e queriesto � 0 if Ge is highly
recursive. Next we show that evenif queriesto weaker oraclesareallowed for
free,we still needthe samenumber of queriesto �

00
(�

0
) to �nd the number

of �nite components in a recursive graph.

Theorem 6.3 Let c � 0 be any number. For any setsX , Y,
� f Cc(Gr

e) 2 F QY (dlog(c+ 1)e � 1; X ) ) �
00

� T Y.
� f Cc(Ghr

e ) 2 F QY (dlog(c+ 1)e � 1; X ) ) �
0
� T Y.
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Pro of: Let X be any set. Since�
00

� T TOT and �
0

� T K , we useTOT
instead of �

00
, and K instead of �

0
to prove the lower bounds. To establish

that f Cc(Gr
e) =2 F QY (dlog(c + 1)e � 1; X ), unless�

00
� T Y, we show that

# T OT
c 2 F Q(1; f Cc). Then by the hypothesis,# T OT

c 2 F QY (dlog(c+ 1)e �
1; X ), and by Lemma 6.1 we have TOT � T Y.

We describe an algorithm for # T OT
c that will useonly onequery to func-

tion f Cc(Gr
e). The idea is to construct a graph Gi corresponding to each

input x i , in a way such that Gi has0 �nite components if x i 2 TOT, and has
1 �nite component otherwise. To obtain this, we add a new vertex to graph
Gi subject to the next consecutive element being acceptedby M x i . Let Ge

be the graph obtained from the disjoint union of the Gi 's. Ge clearly has
c � f Cc(Ge) �nite connectedcomponents.

Algorithm for # T OT
c

1. Input (x1; x2; : : : ; xc);
2. For i = 1; 2; : : : ; c; let Gi be constructedin stages:
Stage0. Let Gi; 0 := (f 0g; ; ); j := 0; z := 0;
Stages + 1. Let Gi;s = (Vi;s ; E i;s ).
If j 2 Wx i ;s+1 then begin

Vi;s+1 = Vi;s [ f s + 1g;
E i;s+1 = E i;s [ f [z; s + 1]g;
j := j + 1; z := s + 1
end;

3. Take the disjoint union of G1; G2; : : : ; Gc, generatingGr
e;

4. Return (c � f Cc(Gr
e)).

End of Algorithm

Now, to establishthat f Cc(Ghr
e ) =2 F QY (dlog(c+ 1)e� 1; X ), unless�

0
� T Y,

weshow that # K
c 2 F Q(1; f Cc). Then by the hypothesis,# K

c 2 F QY (dlog(c+
1)e � 1; X ), and by Lemma 6.1 we have K � T Y. Since�

0
� T K , we also

have �
0
� T Y. We describe an algorithm for # K

c that usesonly onequery to
function f Cc(Ghr

e ).

Algorithm for # K
c

1. For i = 1; 2; : : : ; c; let Gi be as follows:
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Gi =

(
(f tg; ; ) if M x i ;t � 1(x i ) " and M x i ;t (x i ) #
(; ; ; ) if M x i =2 K :

2. Take the disjoint union of the Gi 's, generatingGhr
e .

3. Return (c � f Cc(Ghr
e )).

End of Algorithm

It is easyto seethat if x i 2 K then Gi will have 0 �nite components, and if
x i =2 K then Gi will have1 �nite component. Let j bethe numberof machines
amongM x1 ; M x2 ; : : : ; M xc that are in K . ConsiderGhr

e , the disjoint union of
G1; G2; : : : ; Gc. Then f Cc(Ghr

e ) = c � j:

6.3 Num ber of In�nite Comp onents

Wehaveshown before(Thm. 5.2) that iC c(Ge) canbefound with dlog(c+ 1)e
queriesto �

000
if the graph is recursive, and with dlog(c+ 1)e queriesto �

00
if

the graph is highly recursive. Next we show that even if queriesto weaker
oraclesare allowed for free, we still needthe samenumber of queriesto �

000

(�
00
) to �nd the number of in�nite components in a recursive graph.

Theorem 6.4 Let c � 0 be any number. For any setsX , Y,
� iCc(Gr

e) 2 F QY (dlog(c+ 1)e � 1; X ) ) �
000

� T Y.
� iCc(Ghr

e ) 2 F QY (dlog(c+ 1)e� 1; X ) ) �
00

� T Y.

Pro of: Let X be any set. To establish that help from a weaker oracle
does not allow a smaller number of queriesto �

000
, we useCOF instead of

�
000

and show that # COF
c 2 F Q(1; iCc). Then by the hypothesis,# COF

c 2
F QY (dlog(c+ 1)e� 1; X ), soby Lemma6.1wehaveCOF � T Y. We describe
an algorithm for # COF

c that will use only one query to function iC c. The
idea is to creategraphs with components representing sequencesof consec-
utiv e elements in the corresponding Wx i . If M x i 2 COF , then iC (Gr

e) = 1,
otherwise,iC (Gr

e) = 0.

Algorithm for # COF
c

1. Input (x1; x2; : : : ; xc);
2. For i = 1; 2; : : : ; c; let Gi be constructedin stages:
Stage0. Let Gi; 0 := (f 0g; ; );
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Stages + 1. Vi;s+1 = Vi;s [ f s + 1g; E i;s+1 = f [j; j + 1] j j 2 Wx i ;s+1 g;
3. Take the disjoint union of G1; G2; : : : ; Gc, generatingGr

e;
4. Return (iC c(Gr

e)).
End of Algorithm

It is easyto show that if x i 2 COF then Gi has 1 in�nite component,
and if x i =2 COF then Gi has no in�nite components. Let j be the number
of machines among M x1 ; M x2 ; : : : ; M xc that are in COF . ConsiderGr

e, the
disjoint union of G1; G2; : : : ; Gc. Then iC c(Gr

e) = j:
A slight modi�cation in the sizeof the input in the proof of Theorem6.2

will show the secondpart of Theorem6.4.

7 Un bounded Recursiv e Graph Problems

We now turn our attention to the casewhen no bound is set a priori . We
show that the problem of �nding the number of connectedcomponents of
an in�nite recursive graph in this caseis related to unboundedsearch in two
ways:

1. If f is a non-decreasingrecursive function, and
P

i � 0 2� f ( i ) � 1 is e�ec-
tiv ely computable,then the number of components of a recursivegraph
Ge, nC(Ge), can be found with f (nC(Ge)) queriesto �

00
, and

2. If G is an in�nite recursive graphand there is a set X such that nC(G)
can be computedusing f (nC(G)) queriesto X , then

P
0� i 2� f ( i ) � 1.

Part (2) above can be interpreted as a lower bound for �nding nC(G).
That result follows from a generalizationof Theorem 9 in [BG89b], which
allows us to concludethat part (2) also appliesto a wide classof problems,
including the problemsof �nding the number of �nite components and �nding
the number of in�nite components of an in�nite recursive graph.

In this sectionwe introducethe Unboundedsearch problem,and westudy
the complexity of �nding the number of components of a recursive graph
when it is known that the number of components is �nite but no bound to
it is given. We alsostudy the problemsof determining the number of �nite
and the number of in�nite components.
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7.1 The Un bounded Search Problem

In this subsectionwe introduce the UnboundedSearch Problem and some
relevant results.

The Unbounded Search Problemis the following: The �rst player chooses
an arbitrary number n � 0. The secondplayer is allowed to ask queriesof
the type: \ x � n?". The latter player stopswhensheknows what number n
is. The number of questionsthe secondplayer can ask dependson n itself.
We say that f (n) questionssu�c e to solvethe unbounded search problemif
there is an algorithm that the secondplayer can use to guarantee that she
knows the number n within f (n) questions.

Optimal algorithms for unbounded search are related to binary pre�x
codesand Kraft's inequality ([Bei90], [BY76], [Knu81]).

The following are relevant previousresults.

Lemma 7.1 (([BGGO93 ])) If A is a nonrecursive set, then F A
n cannot be

computed by a set of n partial recursive functions.

Lemma 7.2 (([BGGO93 ])) If A and Y are setssuch that A 6�T Y, then
F A

n cannot be computed by a set of n partial functions that are recursive in
Y.

Theorem 7.3 (([BY76 ])) If f (n) questionssu�c e to solvethe unbounded
search problem,then f satis�es Kraft's inequality.

Theorem 7.4 (([Bei90 ])) Let f be a non-decreasingrecursivefunction such
that

P
i � 0 2� f ( i ) � 1 and is e�ectively computable.There is an algorithm that

solvesthe unbounded search problemby askingf (n) questions(where n is the
number being searched for) if and only if f satis�es Kraft's inequality.

Theorem 7.5 ((Kraft's Theorem - [Gal68 ])) Let � 0; � 1; � 2; : : : be an in-
�nite sequence of elementsfrom f 0; 1g� suchthat the bijection that mapsi to
� i is a binary pre�x code. Then

P
i � 0 2�j � i j � 1.

22



Note 7.6 In the literature, the Unbounded Search Problem is the search
for a positive integer (not a nonnegative integeras we need),and Kraft's in-
equality is actually

P
i � 1 2�j � i j � 1. Sincewe canhaveempty graphs(with no

components), weneeda slight modi�cation of what is found in the literature,
but the modi�cations that are required in the proofs involved are trivial.

7.2 Computing the Num ber of Connected Comp o-
nents

In this subsectionwe relate the complexity of �nding the number of compo-
nents, �nite components, and in�nite components of a recursive graph with
the UnboundedSearch Problem in two ways:

1. If f be a non-decreasingrecursive function, and
P

i � 0 2� f ( i ) � 1 is
e�ectiv ely computable,then nC(Ge), f C(Ge), and iC (Ge) canbefound
with f (nC(Ge)), f (f C(Ge)), and f (iC (Ge)) queriesto �

00
, respectively,

and

2. If G is an in�nite recursive graphand there is a set X such that nC(G)
canbe computedusingf (nC(G)) queriesto X , then f satis�es Kraft's
inequality.

The secondpart above can be interpreted asa lower bound for the prob-
lem, and is obtained through a more generalresult, which can also be used
to derive similar lower boundsfor f C(Ge), and iC (Ge).

Theorem 7.7 Let f be a non-decreasingrecursivefunction. If
P

i � 0 2� f ( i ) �
1 and is e�ectively computable,then nC(Ge) 2 F Q(f (nC(Ge)) ; �

00
).

Pro of: The proof of Theorem3.1 shows that we can ask onesinglequery
to �

00
to get the answer to: \ nC(Ge) � k?". Hence,we can �nd nC(Ge) by

asking that type of query to �
00

as in an unboundedsearch algorithm.

Theorem 7.7 together with Theorem 7.4 imply the existenceof an algo-
rithm that �nds nC(Ge) with f (nC(Ge)) queriesto �

00
, thus establishingan

upper bound for that problem. By similar reasoning,onecan show that we
can �nd f C(Ge) (iC (Ge)) by asking that type of query to �

0
(�

00
) or to �

00

(�
000

), dependingon whether the graph is highly recursive or not.
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Next we prove a theorem that implies lower bounds to those problems.
Recall that 
 n(G) is a partial function (presented in Section 2) which is
unde�ned if 
 (G) > n.

Lemma 7.8 Let 
 (G) be any of nC(G), f C(G), or iC (G). For any n � 1,
the partial function 
 n(G) cannot be computed by a set of n partial recursive
functions.

Pro of: In the proof of Theorem3.4 (respectively, 4.2 and 5.2), we showed
that for all n, F K

n (x1; x2; : : : ; xn ) can be computed from one single use of

 n (Ge), where Ge can be constructed from f x1; : : : ; xng. Hence, if 
 n(G)
could be computed by a set of n partial recursive functions, then so could
F K

n , which violates Lemma 7.1.

The following theoremis a generalizationof Theorem9 in [BG89b].

Theorem 7.9 Let X be any set and f be any function. If a function 
 (G)
is in F Q(f (
 (G)); X ), and 
 n(G) cannot be computed by a set of n partial
recursive functions, then f satis�es Kraft's inequality.

Pro of: Let M ( ) be the oracleTuring machinesuch that M X (G) computes

 (G) with at most f (
 (G)) queriesto X , for somefunction f . We usethe
fact that 
 n cannot be computedby a set of n partial recursive functions to
obtain a contradiction.

For every natural n and sequence� 2 f 0; 1g� , wede�ne a partial recursive
function c�

n(G), constructedby simulating M ( )(G) using the i -th bit of � to
answer the i -th query, in a way such that the machine either divergesor does
the following:

a) It makesat most j� j queries,and
b) The output x is between0 and n, and j� j � f (jxj).
Notice that if � is a pre�x of � 0 and c�

n(G) convergesto a value, then
c� 0

n (G) convergesto the samevalue.
By construction of c�

n(G), we have that:

8n 8G [f c�
n(G) j � 2 f 0; 1g� and c�

n(G) #g � f 0; : : : ; ng]:

We proceedto show by contradiction that

8n 9G [f c�
n(G) j � 2 f 0; 1g� and c�

n (G) #g = f 0; : : : ; ng]:
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To prove that the � part also holds, we assumeotherwise, and choose
someintegern for which 8G [f c�

n(G) j � 2 f 0; 1g� and c�
n (G) #g 6� f 0; : : : ; ng].

Then, 8G [ jf c�
n (G) : � 2 f 0; 1g� and c�

n(G) #gj � n ]:
For each j , 1 � j � n, we de�ne partial recursive functions hj (G), which

are computedby timesharingc�
n(G) for all � until the functions have output

j distinct values,and outputting the j -th distinct value. Therefore,for all G
such that 
 n is de�ned,


 n(G) 2 f c�
n(G) : � 2 f 0; 1g� and c�

n (G) #g = f hj (G) : 1 � j � ng:

We conclude that the partial function 
 n is computable by a set of n
partial recursive functions, which contradicts the hypothesis.

Hencewe have that: for every n, there exists a graph G such that for
each i 2 f 0; : : : ; ng, there exists a sequence� i of oracle answers such that
j� i j � f (i ) and c� i

n (G) = i . Moreover, if i 6= j , then � i is not a pre�x of � j .
Thereforethe sequences� 0; : : : ; � n form a binary pre�x code for the integers
0 through n, and by Kraft's Theorem(Theorem7.5)wehave:

P
0� i � n 2�j � i j �

1. Sincej� i j � f (i ),
P

0� i � n 2� f ( i ) � 1. Letting n approach in�nit y, weobtain
P

0� i 2� f ( i ) � 1.

Theorem 7.9 can be used to derive relationships of several problems in
recursive graphsto Kraft's inequality, thereby establishinglower boundsfor
thoseproblems. The next corollary illustrates someof them.

Corollary 7.10 For any set X and function f , if
a) nC(G) 2 F Q(f (nC(G)); X ), or
b) f C(G) 2 F Q(f (f C(G)); X ), or
c) iC (G) 2 F Q(f (iC (G)); X ),

then f satis�es Kraft's inequality.

Pro of: Lemma 7.8 shows that nC(G), f C(G), and iC (G) satisfy the
condition to apply Theorem7.9.

8 Mixed Queries in the Un bounded Case

In the previous section we have shown that if f is such that nC(G) is in
F Q(f (nC(G)); X ), then f satis�es Kraft's inequality, which can be inter-
preted as the number of queriesneededto solve the problem. But it may
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be the casethat if we allow queriesto an oracleY such that �
00

6�T Y the
number of queriesto �

00
can be reduced.

It turns out that the lower bound in the previoussectionis optimal with
respect to queriesto �

00
, as we will show next.

Lemma 8.1 Let Y be a set suchthat �
00

6�T Y, and let 
 (G) representany
of nC(G), f C(G), or iC (G). Then 
 n(G) cannot be computed by a set of n
partial functions that are recursive in Y.

Pro of: The proof of Lemma 7.8 relativizes, using Lemma 7.2 instead of
Lemma 7.1 to accomplishthe contradiction.

Theorem 8.2 Let Y be a set suchthat �
00

6�T Y. Let X be any set and f be
any function. If function nC(G) is in F QY (f (nC(G)); X ), then f satis�es
Kraft's inequality.

Pro of: This proof is similar to the proofs of Theorem 7.9 and Corol-
lary 7.10, only using Lemma 8.1 instead of Lemma 7.8 where appropriate.

9 Final Commen ts

We have classi�ed the di�cult y of determining the number of components,
�nite components, and in�nite components of a recursive (highly recursive)
graph, given a �xed upper bound. Theseresults are tight in two ways: the
lower bound on the number of queriesholds even if a more powerful oracle
is used,and no matter how many queriesare used,the oraclemust be of the
degreeestablished.

We have also studied the complexity of deciding if a recursive (highly
recursive) graph hasa �nite number of components, �nite components, and
in�nite components, andhaveshown that if weallow queriesto weakeroracles
for free, it may help just slightly, but in most casesit is of no use.

In the casewhenno bound is givena priori , wehaveshown that the prob-
lem of �nding the number of connectedcomponents of an in�nite recursive
graph is related to unboundedsearch in two ways:
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1. If f is a non-decreasingrecursive function, and
P

i � 0 2� f ( i ) � 1 is e�ec-
tiv ely computable,then the number of components of a recursivegraph
Ge, nC(Ge), can be found with f (nC(Ge)) queriesto �

00
;

2. If G is an in�nite recursive graphand there is a set X such that nC(G)
can be computedusing f (nC(G)) queriesto X , then

P
0� i 2� f ( i ) � 1.

Part (2) above (which can be interpreted as a lower bound for �nding
nC(G)) also applies to a wide classof problems, including the problemsof
�nding the number of �nite components and �nding the number of in�nite
components of an in�nite recursivegraph. That lower bound is optimal, even
if we allow free queriesto weaker oracles.

It is interesting to observe that, regardlessof the Turing degreeof the
oracleinvolved, the optimal number of queriesto solve each of the problems
addressedis the sameasthe onefor the binary search problemin both cases.

The authors would like to thank Steven Lempp for helpful discussions,
and the anonymous refereesfor usefulobservations.
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