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Abstract Let A be a set. Gi v en f x1 ; : : : ; xn g, I may w ant to kno w (1) which elements of

f x1 ; : : : ; xn g are in A , (2) ho w man y elements of f x1 ; : : : ; xn g are in A , or (3)

is jf x1 ; : : : ; xn g \ A j e v en. All of these can be determined with n queries to

A . F or which A; n can we get by with fe wer queries? Other questions in v olving

Ôho w man y queries do you need to : : : Õ ha v e been posed and (some) answered.

This article is a surv e y of the gems in the Þeld Ñthe results that both answer an

interesting question and ha v e a nice proof.

K eyw ords: Queries, Computability

Intr oduction

Let the halting problem K be the set of all programs which halt on 0. Assume

that I gi v e you 1000 programs and ask you which of them halt, that is, which

of them are in K . Y ou cannot answer since K is undecidable. What if I allo w

you to ask 999 questions to K ? No w can you determine which of the 1000 are

in K ? Y ou can! First b uild, for each i 0 · i · 1000, a program Pi which

halts if at least i of the gi v en programs halt. By asking whether Pi 2 K you

can Þnd out the answer to the query ÒDo at least i of the gi v en programs halt? Ó

No w binary search allo ws you to Þnd with 10 queries the number of programs

which halt. Say you Þnd out that e xactly 783. of the 1000 programs halt. Y ou

can run all 1000 of them until you see 783 of them halting, and then you kno w

that the rest do not halt. More generally , if you ha v e 2n ¡ 1 programs, you can

Þnd out which ones halt by asking n questions. This is the Þrst theorem in the

Þeld of Bounded Queries. It w as disco v ered independently by Beigel, Hay , and

Owings in the early 1980Õ s.

This observ ation leads to man y other questions of interest. The Þeld of

Bounded Queries, founded independently by Beigel [Be87] and Gasarch [Ga85] ,

raises the follo wing types of questions:
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(1) Gi v en a function f and a set X , ho w man y queries to X are needed to

compute f ?

(2) Gi v en a set X and an n ¸ 1, are there functions that can be computed

with n queries to X b ut not with n ¡ 1?

This paper is a surv e y of the nicest results in the Þeld of bounded queries.

F or a more complete e xposition of the Þeld, see [GM99] .

1. DeÞnitions

W e use notation from [So87] , with the notable e xception that we use Òcom-

putable Ó instead of Òrecursi v e Ó and Òc.e. Ó instead of Òr .e. Ó This change of

terminology w as proposed by Soare [So96] for reasons that we agree with;

hence we use it. In addition it is being accepted by the community . W e remind

the reader of some standard notations.

Notation 1.1.

(1) M 0; M 1; : : : is a list of all T uring machines.

(2) ' 0; ' 1; ' 2; : : : is a list of all computable partial functions. W e obtain

this by letting ' e be the partial function computed by M e.

(3) W0; W1; : : : is a list of all c.e. sets. W e obtain this by letting We be the

domain of M e.

(4) D0; D1; : : : is a list of all Þ nite sets inde x ed in a w ay that you can ef fec-

ti v ely reco v er the elements of the set D i from the inde x i . One can vie w

i as a bit v ector , so D10111011 w ould represent f 0; 1; 3; 4; 5; 7g. Note that

D0 = ; .

(5) M ()
0 ; M ()

1 ; : : : is a list of all oracle T uring machines.

1.1 Functions of Inter est

This paper e xamines the comple xity of the follo wing functions and sets.

DeÞnition 1.2. Let A be a set, and let n ¸ 1.

(1) CA
n : Nn ! f 0; 1gn

is de Þned by

CA
n (x1; : : : ; xn ) = A(x1)A(x2) ¢¢¢A(xn ):

(2) # A
n : Nn ! f 0; : : : ; ng is de Þned by

# A
n (x1; : : : ; xn ) = jf i : x i 2 Agj:
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(3) ODDA
n = f (x1; : : : ; xn ) 2 Nn : # A

n (x1; : : : ; xn ) is odd g.

These functions are interesting because the y can all be computed with n
parallel queries easily; hence the question of whether the y can be computed in

less than n (perhaps sequential) is intriguing. Also note that CA
n gi v es more

information then # A
n which gi v es more information then ODDA

n .

1.2 Bounded Query Classes

DeÞnition 1.3. Let f be a function, A µ N, and n 2 N. f 2 FQ(n; A) if

f · T A via an algorithm that mak es at most n queries to A .

In the introduction we pro v ed that CK
2n ¡ 1 2 FQ(n; K ) . T w o aspects of that

result moti v ate the ne xt de Þnition.

Aspect 1: When trying to determine CK
7 (x1; : : : ; x7) , our Þrst question is ÒDo

at least 4 of the programs halt? Ó If the answer is YES, we then ask ÒDo at least

6 of the programs halt? Ó If the answer to the Þrst question is NO, ho we v er ,

the second question is ÒDo at least 2 of the programs halt? Ó Note that the

second question ask ed depends on the answer to the Þrst. Thus the queries

are sequential . W e may w ant to determine the smallest m such that we can

compute CK
2n ¡ 1 with m par allel queries to K .

Aspect 2: LetÕ s say that of 7 programs, e xactly 3 halt. But suppose that when

the queries are made, the answers gi v en are incorrect, so you think there are

4 that halt. If you run them looking for 4 to halt, you will w ait fore v er , so

your computation will not terminate. Is there a w ay to compute CK
2n ¡ 1 with n

queries such that e v en the use of incorrect answers leads to con v er gence (though

perhaps to the wrong bit string)?

DeÞnition 1.4. Let f be a function, A µ N, and n 2 N.

(1) f 2 FQjj (n; A) if f · T A via an algorithm that mak es at most n queries

to A , with the restriction that the queries must be made in par allel (i.e.,

the y are nonadapti v e). (The symbol jj stands for par allel .)

(2) f 2 FQC(n; A) if f · T A via an algorithm that mak es at most n queries

to A , with the restriction that the algorithm must con v er ge (perhaps to

the wrong answer) re g ardless of the choice of oracle (The C stands for

con ver g e .)

(3) f 2 FQCjj (n; A) if f · T A via an algorithm that mak es at most n queries

to A , with the restrictions that the queries must be made in parallel and

the algorithm must con v er ge re g ardless of the choice of oracle.

W e no w de Þne se v eral bounded-query classes consisting of sets that can be

decided by making queries to an oracle.
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DeÞnition 1.5. Let A; B be sets, and let n 2 N.

(1) B 2 Q(n; A) if ÂB 2 FQ(n; A) .

(2) B 2 Qjj (n; A) if ÂB 2 FQjj (n; A) .

(3) B 2 QC(n; A) if ÂB 2 FQC(n; A) .

(4) B 2 QCjj (n; A) if ÂB 2 FQCjj (n; A) .

DeÞnition 1.6. Let f ; g be functions. The notions of f 2 FQ(n; g) , f 2
FQjj (n; g) , etc. can be easily de Þned.

DeÞnition 1.7. F or all the notions in this subsection we can de Þne relati vized

v ersions. F or e xample, FQX (n; A) is the set of functions that can be computed

with n queries to A and an unlimited number of queries to X .

1.3 Enumerability Classes

The notion of enumerability is v ery useful in the study of bounded queries.

The concept within computability theory is due to Beigel [Be87] . The concept

within comple xity theory is due independently to Beigel [Be87] and Cai &

Hemachandra [CH89] . The term Òenumerability Ó is due to Cai & Hemachandra.

DeÞnition 1.8. Let f be a function, and let m ¸ 1. W e de Þne f 2 EN(m) ( f
is m-enumerable) in tw o dif ferent w ays. W e lea v e it to the reader to sho w that

the y are equi v alent.

(1) f 2 EN(m) if there e xist computable partial functions g1; : : : ; gm such

that (8x)[f (x) 2 f g1(x); : : : ; gm (x)g].

(2) f 2 EN(m) if there is a computable function h such that, for e v ery x ,

f (x) 2 Wh(x) and jWh(x) j · m .

DeÞnition 1.9. Let f be a function, and let m ¸ 1. W e de Þne f 2 SEN(m)
( f is strongly m-enumerable) in tw o dif ferent w ays. W e lea v e it to the reader

to sho w that the y are equi v alent.

(1) f 2 SEN(m) if there e xist computable functions g1; : : : ; gm such that

(8x)[f (x) 2 f g1(x); : : : ; gm (x)g].

(2) f 2 SEN(m) if there is a computable function h such that, for e v ery x ,

f (x) 2 Dh(x) and jDh(x) j = m . (One can easily sho w that the require-

ments jDh(x) j · m and jDh(x) j = m de Þ ne the same set of functions.)

The follo wing theorem establishes the relationship between query comple x-

ity and enumeration comple xity .
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Theor em 1.10. Let f be a function, and let n 2 N. Then the following state-

ments ar e equivalent.

(1) (9X )[f 2 FQ(n; X )] .

(2) f 2 EN(2n ) .

(3) (9Y ´ T f )[f 2 FQjj (n; Y ) ^ Y 2 Q(1; f )] .

Pr oof: W e lea v e the (easy) proof that (1) ) (2) to the reader . The f act that

(3) ) (1) is ob vious. W e present the proof that (2) ) (3). If n = 0, then f is

computable, so (2) ) (3) is ob vious. Hence we assume that n > 0.

Suppose that f 2 EN(2n ) . W e de Þne a set Y ´ T f that codes information

about f into it so that f 2 FQjj (n; Y ) ; ho we v er , Y uses a small amount of

information about f so we will ha v e Y 2 Q(1; f ) .

Assume f is 2n
-enumerable via g0; : : : ; g2n ¡ 1. Let gi;s (x) denote what

happens when you run the computation for gi on input x for s steps. Let t; i be

the follo wing functions.

t(x) = ¹ s[(9j )[gj ;s(x) #= f (x)]];

i (x) = ¹ j [gj ;t (x) (x) #= f (x)]:

W e represent i (x) in base 2. W e refer to the rightmost bit as the Ô0th bitÕ,

the ne xt bit as the Ô1st bitÕ, etc. F or e v ery k with 0 · k · n ¡ 1, we de Þne

i k (x) = the k th bit of i (x) :

Let

Y = f (x; k) : i k (x) = 1g:

It is easy to see that Y 2 Q(1; f ) and f 2 FQjj (n; Y )

The ne xt theorem is an analogue of Theorem 1.10 for strong enumeration.

W e lea v e the proof to the reader .

Theor em 1.11. Let f be a function, and let n 2 N. Then the following state-

ments ar e equivalent.

(1) (9X )[f 2 FQC(n; X )] .

(2) f 2 SEN(2n ) .

(3) (9Y ´ T f )[f 2 FQCjj (n; Y ) ^ Y 2 QC(1; f )] .

Note 1.12. All the notions in this subsection can be relati vized. F or e xample,

f 2 SENX (m) if there e xist computable-in- X functions g1; : : : ; gm such that

(8x)[f (x) 2 f g1(x); : : : ; gm (x)g].
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By Theorems 1.10 and 1.11 , an y result we obtain about enumerability implies

a result about bounded queries. In practice, the results about enumerability are

sharper . W e state results of both types.

1.4 DeÞnitions fr om Computability Theory

1.4.1 Selecti v e Sets.

W e will use selecti v e sets as de Þ ned by Jockusch [Jo68] . (He called them

Òsemirecursi v e Ó b ut he no w agrees that Òselecti v e Ó w ould ha v e been a better

name.) These sets ha v e nice properties in terms of bounded queries. In partic-

ular , if A is selecti v e, then (8k ¸ 1)[CA
k 2 SEN(k + 1)] . In Section 4 we will

use these sets to help us pro v e theorems about c.e. sets.

W e de Þne selecti v e sets in tw o w ays that are pro v ably equi v alent. The

equi v alence is due to McLaughlin and Appel b ut w as presented in [Jo68] .

DeÞnition 1.13. A set A is selecti v e if one of the follo wing tw o equi v alent

conditions holds.

(1) There e xists a computable function f : N2 ! N such that, for all x; y,

f (x; y) 2 f x; yg, and

A \ f x; yg 6= ; ) f (x; y) 2 A .

The terminology Ôselecti v e setÕ comes from the f act that f selects which

of x; y is more lik ely to be in A .

(2) There e xists a computable linear ordering v such that A is closed do wn-

w ard under v , i.e., (8x; y)[(x 2 A ^ y v x) ) y 2 A].

Note 1.14. Let X be a set. W e de Þne Òselecti v e in X Ó by making v and f
computable in X in de Þnition 1.13 .

Lemma 1.15. If A is selective , then (8k ¸ 1)[CA
k 2 SEN(k + 1)] .

Pr oof: Let A be selecti v e via ordering v , and let k ¸ 1. The follo wing

algorithm sho ws that CA
k 2 SEN(k + 1) .

(1) Input (x1; : : : ; xk ) . Renumber so that x1 v ¢¢¢v xk .

(2) Output the set of possibilities f 1i 0k¡ i j 0 · i · kg.
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1.4.2 Extensi v e Sets.

W e will use e xtensi v e sets. These are nice since the y are Ôalmost computable. Õ

In Section 3 we will use them to obtain a lo wer bound on the enumerability of

a function from a lo wer bound on its strong enumerability . In Section 4 we will

use these sets (along with selecti v e sets) to help us pro v e theorems about c.e.

sets.

DeÞnition 1.16. A set X is e xtensive if, for e v ery computable partial function g
with Þnite range, there is a total function h · T X such that h e xtends g. (The

T uring de grees of the e xtensi v e sets are the same as the T uring de grees of the

consistent e xtensions of Peano arithmetic [Sc62] , [Od89, pages 510Ð515] , b ut

this is not important for our purposes. F or this reason the y are sometimes

called P A sets. The y ha v e also been referred to as DNR2 sets, which stands for

Diagonally Non Recursi v e; see [Jo89] .)

Note 1.17. Clearly K is e xtensi v e. It is easy to sho w that all e xtensi v e sets are

not computable. What is of more interest, although we will not use it, is that

there are lo w e xtensi v e sets [JS72] .

Jockusch and Soare [JS72] pro v ed the follo wing theorem. W e will use it in

Theorems 3.4 and 4.4 to sho w that a set A is computable by sho wing that A is

computable in e very e xtensi v e set.

Theor em 1.18. Ther e e xists a minimal pair of e xtensive sets. That is, ther e

e xist e xtensive sets X 1 and X 2 suc h that, for all A , if A · T X 1 and A · T X 2
then A is computable .

1.4.3 Computably Bounded Sets.

W e will use computably bounded sets. These are nice in terms of con v er gence

(see Lemma 1.20 belo w) and hence will be used when we study the dif ference

between FQ(n; A) and FQC(n; A) (also between Q(n; A) and QC(n; A) ).

DeÞnition 1.19. A set X is computably bounded (abbre viated c.b .) if, for

e v ery (total) function f : N ! N such that f · T X , there e xists a computable

function g such that (8x)[f (x) < g(x)] . (In the literature, the T uring de grees

of c.b . sets are said to be hyperimmune fr ee ; this term comes from an equi v alent

de Þnition that we are not using.)

The follo wing theorem is due to Miller and Martin [MM68] ; the proof can

also be found in [Od89] . In Section 5.2 we will use this theorem to e xplore

questions about more queries being more po werful.

Lemma 1.20.

(1) Ther e e xist c.b . sets B · T ; 00
.

(2) If B is a c.b . set and A · T B , then A · tt B .



              

168 COMPUT ABILITY AND MODELS

2. The Complexity of C
�

�

The function CA
n (x1; : : : ; xn ) = A(x1) ¢¢¢A(xn ) can clearly be computed

with n queries to A and is clearly 2n
-enumerable. W e ha v e already seen that

neither result is tight, as CK
n can be computed with O(logn) queries to K and

CK
n is (n + 1)-enumerable.

Is CK
n n-enumerable? What about sets other than K ? This section will

address these and other questions.

2.1 The Complexity of C
�

� f or General Sets

In this section we sho w that, for e v ery set A , if (9n)(9X )[CA
2n 2 FQ(n; X )]

then A is computable. By Theorem 1.10 , it suf Þces to sho w that if (9n)[CA
2n 2

EN(2n )] then A is computable. Note that 2n
appears in tw o places. It is cleaner

to pro v e the stronger statement that if (9n)[CA
n 2 EN(n)] then A is computable.

Recall that in the introduction we answered 1000 instances of K by asking

10 sequential queries to K . Corollary 2.4 belo w will sho w that the questions

need to be sequential; that is, 999 par allel queries w ould not suf Þce.

The follo wing theorem w as Þrst pro v ed by Beigel in his thesis [Be87] . It

also appears in [BGGO93] .

DeÞnition 2.1. If 1 · i · j · n and b = b1b2 ¢¢¢bn 2 f 0; 1gn
, then b[i : j ] is

de Þned as bi bi +1 ¢¢¢bj .

Theor em 2.2. Let m ¸ 1, and let A be a set suc h that CA
m 2 EN(m) . Then A

is computable .

Pr oof: The proof is by induction on m . The conclusion of the theorem is

ob vious if m = 1; hence the base case is established. So assume that m > 1,

and that the m ¡ 1 case is true. W e sho w that A is computable.

Assume CA
m 2 EN(m) via g1; : : : ; gm . W e w ould lik e to sho w that CA

m¡ 1 2
EN(m ¡ 1) ; by the induction h ypothesis, this w ould pro v e that A is com-

putable. So we attempt to sho w the e xistence of computable partial functions

h1; : : : ; hm¡ 1 such that CA
m¡ 1 2 EN(m ¡ 1) via h1; : : : ; hm¡ 1. Either our

algorithm, A1, w orks, or its v ery f ailure to do so leads to an algorithm, A2, that

decides A outright.

W e ha v e CA
m 2 EN(m) . W e w ant CA

m¡ 1 2 EN(m ¡ 1) . Gi v en (x1; : : : ; xm¡ 1)
we w ant to someho w use the CA

m 2 EN(m) algorithm. W e will do this by adding

to (x1; : : : ; xm¡ 1) a v ariety of yÕs to form m elements and then running the

CA
m 2 EN(m) algorithm. The hope is to Þnd a y such that we kno w

jf g1(x1; : : : ; xm¡ 1; y)[1 : m¡ 1]; : : : ; gm (x1; : : : ; xm¡ 1; y)[1 : m¡ 1]gj · m¡ 1:

ALGORITHM A1
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(1) Input (x1; : : : ; xm¡ 1) .

(2) Search for i; j ; y such that 1 · i < j · m , gi (x1; : : : ; xm¡ 1; y) #,

gj (x1; : : : ; xm¡ 1; y) #, and

gi (x1; : : : ; xm¡ 1; y)[1 : m ¡ 1] = gj (x1; : : : ; xm¡ 1; y)[1 : m ¡ 1]:

(3) (If this step is reached, then i , j , and y were found in step 2.) F or e v ery l
with 1 · l · m ¡ 1, let

hl (x1; : : : ; xm¡ 1) =
½

gl (x1; : : : ; xm¡ 1; y)[1 : m ¡ 1]; if l < j ;
gl+1 (x1; : : : ; xm¡ 1; y)[1 : m ¡ 1]; if l ¸ j :

Let x1; : : : ; xm¡ 1 2 N. W e sho w that if A1 (x1; : : : ; xm¡ 1) #, then

CA
m¡ 1(x1; : : : ; xm¡ 1) 2 f hl (x1; : : : ; xm¡ 1) : 1 · l · m ¡ 1g:

So suppose that A1 (x1; : : : ; xm¡ 1) #. Since step 2 terminates, we ha v e i; j ; y
such that 1 · i < j · m , gi (x1; : : : ; xm¡ 1; y) #, gj (x1; : : : ; xm¡ 1; y) #, and

gi (x1; : : : ; xm¡ 1; y)[1 : m ¡ 1] = gj (x1; : : : ; xm¡ 1; y)[1 : m ¡ 1]:

Thus the set

f g1(x1; : : : ; xm¡ 1; y)[1 : m ¡ 1]; : : : ; gm (x1; : : : ; xm¡ 1; y)[1 : m ¡ 1]g

has at most m ¡ 1 elements, and is equal to the set

f h1(x1; : : : ; xm¡ 1); : : : ; hm¡ 1(x1; : : : ; xm¡ 1)g:

Moreo v er , CA
m¡ 1(x1; : : : ; xm¡ 1) is in this set, by our assumption about A and

our choice of g1; : : : ; gm .

W e sho w that either algorithm A1 yields CA
m¡ 1 2 EN(m ¡ 1) , or some

other algorithm (A2, b uilt out of the f ailure of A1 to w ork) yields that A is

computable.

Case 1: (8x1; : : : ; xm¡ 1)[A1(x1; : : : ; xm¡ 1) #]. Then by the reasoning

abo v e, CA
m¡ 1 2 EN(m ¡ 1) via h1; : : : ; hm¡ 1. By the induction h ypothe-

sis, A is computable.

Case 2: (9x0
1; : : : ; x0

m¡ 1)[A1(x0
1; : : : ; x0

m¡ 1) " ]. W e use this tuple to de vise

a ne w algorithm, A2, that sho ws outright that A is computable.

Since A1 (x0
1; : : : ; x0

m¡ 1) " , note that, for all i < j · m and for e v ery

y, it cannot be the case that gi (x0
1; : : : ; x0

m¡ 1; y) and gj (x0
1; : : : ; x0

m¡ 1; y)
con v er ge and their outputs agree on the Þrst m ¡ 1 bits. Let b0

1 ¢¢¢b0
m¡ 1 =

CA
m¡ 1(x0

1; : : : ; x0
m¡ 1) .
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ALGORITHM A2

(1) Input y.

(2) Do v etail the g1(x0
1; : : : ; x0

m¡ 1; y); : : : ; gm (x0
1; : : : ; x0

m¡ 1; y) computa-

tions, stopping when you Þnd i and a bit b such that

gi (x0
1; : : : ; x0

m¡ 1; y) #= b0
1 ¢¢¢b0

m¡ 1b:

(3) (If this step is reached, then i and b were found in step 2.) Output b.

Let y 2 N. W e sho w that A2 (y) #= A(y) . Since

CA
m (x0

1; : : : ; x0
m¡ 1; y) 2 f g1(x0

1; : : : ; x0
m¡ 1; y); : : : ; gm (x0

1; : : : ; x0
m¡ 1; y)g;

we kno w that (9i; b)[gi (x0
1; : : : ; x0

m¡ 1; y) #= b0
1 ¢¢¢b0

m¡ 1b]. Hence A2 (y) #.

If in step 2 it is disco v ered that gi (x0
1; : : : ; x0

m¡ 1; y) #= b0
1 ¢¢¢b0

m¡ 1b, then it

cannot be the case that (9j 6= i )(9b0)[gj (x0
1; : : : ; x0

m¡ 1; y) #= b0
1 ¢¢¢b0

m¡ 1b0],

since this w ould imply that

gi (x0
1; : : : ; x0

m¡ 1; y)[1 : m ¡ 1] = gj (x0
1; : : : ; x0

m¡ 1; y)[1 : m ¡ 1];

contrary to the choice of x0
1; : : : ; x0

m¡ 1. Hence for e v ery j 6= i , either gj (x0
1; : : : ; x0

m¡ 1; y)
di v er ges, or it con v er ges and is wrong on one of the Þrst m ¡ 1 bits. It follo ws

that gi (x0
1; : : : ; x0

m¡ 1; y) = CA
m (x0

1; : : : ; x0
m¡ 1; y) , so A(y) = b = A2(y) .

Cor ollary 2.3. Let n 2 N and A; X µ N. If CA
2n 2 FQ(n; X ); then A is

computable .

Pr oof: This follo ws from Theorems 2.2 and 1.10 .

This surv e y be g an by sho wing that you could answer 1000 queries to K with

10 sequential queries to K . By this ne xt corollary we kno w that the sequential

nature is inherent Ð we could not ha v e answered 1000 queries to K with 999

par allel queries to K .

Cor ollary 2.4. Let n ¸ 1 and A µ N. If CA
n 2 FQjj (n ¡ 1; A) , then A is

computable .

Pr oof: If CA
n 2 FQjj (n ¡ 1; A) then an easy induction sho ws that, for all

m ¸ n , CA
m 2 FQjj (n ¡ 1; A) . In particular ,

CA
2n ¡ 1 2 FQjj (n ¡ 1; A) µ FQ(n ¡ 1; A):

By Theorem 1.10 , FQ(n ¡ 1; A) µ EN(2n¡ 1) , so we ha v e CA
2n ¡ 1 2 EN(2n¡ 1) .

By Theorem 2.2 , A is computable.
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The queries in the algorithm gi v en in the introduction (the one that sho wed

that CK
2n ¡ 1 2 FQ(n; K ) ) were made sequentially , and no w we kno w that this

is inherent. What if we use another oracle? By Theorem 1.10 , there e xists a Y
such that CK

2n ¡ 1 2 FQjj (n; Y ) . Note that the set Y is useful not because it has

high T uring de gree (in f act, K ´ T Y ) b ut because of the w ay information is

stored in it.

2.2 The Complexity of C
�

�
f or Natural Sets B

Sets that are § i -complete or ¦ i -complete are natural. The set K is surely

natural, and we ha v e CK
n 2 EN(n + 1) . Are there other natural sets B for

which CB
n 2 EN(n + 1) , or at least CB

n 2 EN(2n ¡ 1) . The answer is NO.

W e sho w that for e v ery noncomputable set A , CA 0

n =2 EN(2n ¡ 1) . This result

Þrst appeared in [BGGO93] .

DeÞnition 2.5. Let k; n 2 N such that 1 · k · n . S(n; k) =
P k¡ 1

i =0

¡ n
i

¢
:

The follo wing lemma has appeared in se v eral places independently . It

w as Þrst disco v ered by V apnik and Cherv onenkis [VC71] , and subsequently

redisco v ered by Sauer [Sa72] , Clark e, Owings, and Spriggs [COS75] , and

Beigel [Be87] . The reason wh y it has been disco v ered by so man y is that

it has applications in probability theory [VC71] , computational learning the-

ory [BEHW89] , computational geometry [HW87] , and of course bounded

queries. It has also been attrib uted to Shelah [Sh72] ; ho we v er , that paper

does not contain it. I suspect that Shelah had a proof, and that people refer to

that paper because its title sounds as if it should contain it.

Lemma 2.6. Let Y µ f 0; 1gn
. Let k · n . Assume that for e very i 1; ::; i k with

1 · i 1 < i 2 < : : : < i k · n , the pr ojected set

f~b0 2 f 0; 1gk j (9~b 2 Y)[~b0
is the pr ojection of ~b on coor dinates i 1; : : : ; i k ]g

has at most 2k ¡ 1 elements. Then Y has at most S(n; k) elements.

The ne xt lemma sho ws that if you can sa v e just a little bit on enumerabiliy

(that is, CB
k 2 EN(2k ¡ 1) instead of the ob vious CB

k 2 EN(2k ) ), then, for

lar ge n , you can sa v e a lot in terms of enumerability . This will enable us to

sho w that for the jump of an y noncomputable set, you cannot e v en sa v e a little.

Theor em 2.7. Let k ¸ 1, and let B be a set. If CB
k 2 EN(2k ¡ 1) , then

(8n ¸ k)[CB
n 2 EN(S(n; k))] . If CB

k 2 SEN(2k ¡ 1) , then (8n ¸ k)[CB
n 2

SEN(S(n; k))] .

Pr oof: Assume that CB
k 2 EN(2k ¡ 1) via g. The proof for SEN(2k ¡ 1)

is similar .

W e sho w CB
n 2 EN(S(n; k)) . In input (x1; : : : ; xn ) enumerate elements of

f 0; 1gn
as follo ws. Enumerate all strings b1 ¢¢¢bn such that, for all i 1; : : : ; i k
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with 1 · i 1 < i 2 < : : : < i k · n , the projection bi 1 bi 2 ¢¢¢bi k sho ws up in

Wg(x i 1 ;x i 2 ;::: ;x i k )

Let Y be the set of strings enumerated. W e need to sho w that CB
n 2 Y and

that jY j · S(n; k) .

Let CB
n = ~b. F or e v ery 1 · i 1 < i 2 < ¢¢¢< i k · n we clearly ha v e the

projection bi 1 bi 2 ¢¢¢bi k in Wg(x i 1 ;x i 2 ;::: ;x i k ) ; hence ~b 2 Y .

F or e v ery 1 · i 1 < i 2 < ¢¢¢< i k · n the number of elements in Y projected

on those coordinates is at most 2k ¡ 1 since jWg(x i 1 ;x i 2 ;::: ;x i k ) j · 2k ¡ 1; hence

by Lemma 2.6 jY j · S(n; k) .

Theor em 2.8. If (9k ¸ 1)[CA 0

k 2 EN(2k ¡ 1)]; then A is computable .

Pr oof: Assume (9k ¸ 1)[CA 0

k 2 EN(2k ¡ 1)] . W e sho w that

(9n ¸ 1)[CA
n 2 EN(n)] , hence that A is computable (by Theorem 2.2 ).

By Theorem 2.7 , (8n ¸ k)[CA 0

n 2 EN(S(n; k))] . F or lar ge n , S(n; k) =
O(nk ) , hence we write CA 0

n 2 EN(O(nk )) .

Since A · m A0
, we ha v e CA

n 2 EN(O(nk )) . By Theorem 1.10 ,

(9Y ´ T A)[CA
n 2 FQjj (O(k logn); Y ) = FQjj (O(log n); Y ) = FQ(1; CY

O(log n) )]:

Since Y ´ T A , we ha v e Y · m A0
, hence

CA
n 2 FQ(1; CY

O(log n) ) µ FQ(1; CA 0

O(log n) ):

By Theorem 2.7 , CA 0

O(log n) 2 EN(S(O(log n); k)) µ EN(O((log n)k )) .

Hence CA
n 2 EN(O((log n)k )) . F or n lar ge, O(( logn)k ) · n , which implies

that CA
n 2 EN(n) .

By a proof similar to that of Theorem 2.7 , we obtain the follo wing.

Theor em 2.9. Let k ¸ 1, and let A be a set. If CA
k 2 SEN(2k ¡ 1) , then

(8n ¸ k)[CA
n 2 SEN(S(n; k))] .

3. The Complexity of #
�

�

W e no w kno w that for noncomputable sets A , CA
n =2 EN(n) . What if we ask

for less information? Realize that there are 2n
possibilities for CA

n , which is a

lot. In contrast, there are only n + 1 possibilities for # A
n , so perhaps there are

some noncomputable sets A such that # A
n 2 EN(n) . Alas, no such set e xists!

Beigel conjectured that if # A
n 2 EN(n) , then A is computable. Ow-

ings [Ow89] sho wed that if # A
n 2 SEN(n) , then A is computable, and also

that if # A
2 2 EN(1) , then A is computable. (Owings stated his theorem as

# A
n 2 EN(n) ) A · T K . The form we state follo ws from the same proof.)
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K ummer [K u92] then pro v ed BeigelÕ s conjecture. K ummerÕ s proof used a

Ramse y-type theorem on trees. Later , K ummer and Stephan [KS94] observ ed

that OwingsÕ proof could be e xtended to sho w BeigelÕ s conjecture. W e present

OwingsÕ proof follo wed by K ummer and StephanÕ s observ ation.

Most theorems in computability theory relati vize. F or the ne xt theorem, we

need to pro v e its relati vized form, since we need this stronger v ersion as a w ay

to strengthen the induction h ypothesis.

Notation 3.1. If D is a set, then P(D) denotes the po wer set of D .

If # A
n 2 SENX (n) via f then f · T X and f (x1; : : : ; xn ) , outputs · n

possibilities for # A
n (x1; : : : ; xn ) . Note that there may be other sets B such that

# B
n 2 SENX (n) via f . W e will be interested in the set of all such sets. The

ne xt de Þnition clari Þes these concepts.

DeÞnition 3.2. Let X be a set, let n ¸ 1, and let f be a function such that

f : Nn ! P(f 0; : : : ; ng) ,

f · T X , and

(8x1; : : : ; xn )[jf (x1; : : : ; xn )j · n].

The triple (n; f ; X ) is helpful , and

SE f = f Z j (8x1; : : : ; xn )[# Z
n (x1; : : : ; xn ) 2 f (x1; : : : ; xn )]g:

(Note that the sets in SE f are precisely the sets Z for which f is a strong

enumerator -in- X of # Z
n .)

Theor em 3.3. Let n ¸ 1, and let A; X be sets suc h that # A
n 2 SENX (n) .

Then A · T X .

Pr oof: Since # A
n 2 SENX (n) , there e xists a function f : Nn ! P(f 0; : : : ; ng)

such that (n; f ; X ) is helpful and A 2 SE f .

W e sho w that since (n; f ; X ) is helpful, we ha v e (8C 2 SE f )[C · T X ].

Our proof is by induction on n . F or n = 1, SE f has only one element, which

is clearly computable in X .

So assume that n ¸ 2 and, as induction h ypothesis, that for e v ery set Y and

e v ery function g: Nn¡ 1 ! P(f 0; : : : ; n ¡ 1g) ,

(n ¡ 1; g; Y ) helpful ) (8D 2 SEg)[D · T Y]:

T o pro v e that A · T X , we actually pro v e that the follo wing three conditions

hold.

(1) (8B ; C 2 SE f )[C · T B © X ].
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(2) SE f is countable.

(3) (8C 2 SE f )[C · T X ].

That (1) ) (2) is tri vial. That (2) ) (3) comes from the follo wing tw o

f acts: (a) SE f is the set of in Þnite branches of a tree that is computable in f , (b)

an y tree with countably man y in Þnite branches (b ut at least one) has some branch

computable in the tree (pro v ed by Owings, and independently by Jockusch and

Soare [JS72] ; see also [Od89, Prop. V .5.27, page 507] ).

Hence we need pro v e only (1) .

Let B ; C 2 SE f . T o pro v e that C · T B © X , we Þrst sho w that B ¡ C · T
B © X and C ¡ B · T B © X .

T o sho w that B ¡ C · T B © X , we use the induction h ypothesis. In

particular , we sho w that there e xists an (n ¡ 1)-ary function g such that (n ¡
1; g; B © X ) is helpful and B ¡ C 2 SEg. By the induction h ypothesis, this

yields B ¡ C · T B © X .

If B ¡ C = ; , then clearly B ¡ C · T B © X and we are done. Hence we

can assume B ¡ C 6= ; , so choose z0 2 B ¡ C . W e use z0 in our algorithm

for g.

ALGORITHM FOR g

(1) Input (x1; : : : ; xn¡ 1) .

(2) Mak e the queries Òx1 2 B ? Ó, : : : , Òxn¡ 1 2 B ? Ó. If there is some i such

that x i =2 B , then x i =2 B ¡ C ; hence # B ¡ C
n¡ 1 (x1; : : : ; xn¡ 1) < n ¡ 1,

so let g(x1; : : : ; xn¡ 1) = f 0; : : : ; n ¡ 2g and halt. Otherwise, go to the

ne xt step.

(3) (Since we ha v e reached this step, we kno w that f x1; : : : ; xn¡ 1g µ B .)

Note that B ¡ C \ f x1; : : : ; xn¡ 1g = C \ f x1; : : : ; xn¡ 1g. Hence

# B ¡ C
n¡ 1 (x1; : : : ; xn¡ 1) = n ¡ 1 ¡ # C

n¡ 1(x1; : : : ; xn¡ 1) . Therefore, we

need only Þnd · n ¡ 1 possibilities for # C
n¡ 1(x1; : : : ; xn¡ 1) .

(4) Since z0 =2 C , we ha v e # C
n¡ 1(x1; : : : ; xn¡ 1) = # C

n (x1; : : : ; xn¡ 1; z0):
Therefore, we need only Þnd · n¡ 1 possibilities for # C

n (x1; : : : ; xn¡ 1; z0) .

(5) Since x1; : : : ; xn¡ 1; z0 2 B and B 2 SE f , we ha v e n 2 f (x1; : : : ; xn¡ 1; z0) .

Since z0 =2 C , we kno w that # C
n (x1; : : : ; xn¡ 1; z0) 6= n . Moreo v er ,

C 2 SE f , so # C
n (x1; : : : ; xn¡ 1; z0) 2 f (x1; : : : ; xn¡ 1; z0) ¡ f ng.

No w note that jf (x1; : : : ; xn¡ 1; z0) ¡ f ngj · n ¡ 1, so we ha v e · n ¡ 1
possibilities for # C

n (x1; : : : ; xn¡ 1; z0) . Using this information, de Þ ne

g(x1; : : : ; xn¡ 1) and halt.

Since (n; f ; X ) is helpful (hence f · T X ) and B ; C 2 SE f , it is clear from

the algorithm that (n ¡ 1; g; B © X ) is helpful and B ¡ C 2 SEg. By the

induction h ypothesis, B ¡ C · T B © X .
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Noting that C¡ B = B ¡ C , we easily see that the proof that C¡ B · T B ©X
is similar . No w

C = (C \ B ) [ (C ¡ B ) = [(B ¡ C) \ B ] [ (C ¡ B ):

Since we ha v e sho wn that both B ¡ C and C ¡ B are computable in B © X ,

we ha v e C · T B © X . This pro v es that condition (1) holds. Since (1) ) (3) ,

we also ha v e C · T X .

By Theorem 3.3 , we ha v e that if # A
n 2 SEN(n) , then A is computable. W e

w ant to obtain the analogous result for EN(n) . Extensi v e sets X are used, since

the y can turn an EN(n) computation into an SENX (n) computation.

Theor em 3.4. Let n ¸ 1, and let A be a set. If # A
n 2 EN(n); then A is

computable .

Pr oof: Assume # A
n is n-enumerable via computable partial functions h1; : : : ; hn .

Thus for all x1; : : : ; xn 2 N,

# A
n (x1; : : : ; xn ) 2 f h1(x1; : : : ; xn ); : : : ; hn (x1; : : : ; xn )g:

W e can assume that each hi has Þnite range, namely f 0; : : : ; ng.

Let X be any e xtensi v e set (see De Þnition 1.16 ). Since X is e xtensi v e, each

hi has a total e xtension that is computable in X . Using these e xtensions, we

obtain that # A
n 2 SENX (n) . By Theorem 3.3 , we ha v e A · T X . Since X

w as any e xtensi v e set, we ha v e that, for e very e xtensi v e set X , A · T X . Since

there e xist minimal pairs of e xtensi v e sets (Theorem 1.18 ), we obtain that A is

computable.

4. The Complexity of ODD
�

�

W e no w kno w that if A is noncomputable, then # A
n =2 EN(n) . Asking for

# A
n seems (in retrospect) lik e asking for a lot of information. What if we just

w ant to kno w the parity of # A
n ? Determining the parity of # A

n entails Þnding

only one bit of information. This problem is easy in terms of enumerability in

a tri vial w ay: there are only tw o possibilities for it.

If we return to bounded queries (rather than enumerability), interesting ques-

tions arise. F or e xample, ho w hard is ODDA
n in terms of queries to A ?

The main theorem of this chapter is the follo wing:

If A is c.e. and (9n ¸ 1)[ODDA
n 2 Qjj (n ¡ 1; A)] , then A is computable.

W e will gi v e tw o proofs of this theorem. The Þrst proof sho ws that if

ODDA
n 2 Qjj (n ¡ 1; A) and A is c.e. then CA

n 2 EN(n) , hence by Theo-

rem 2.2 , A is computable. This proof gi v es intuition for the result b ut in v olv es

some details that need to be done carefully . The second proof uses selecti v e
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and e xtensi v e sets and is v ery ele g ant; ho we v er , it is less insightful as to wh y

the theorem is true. I lea v e as an e x ercise the task of comparing the tw o proofs

and determining which one is better .

The follo wing are also kno wn.

(1) If A and B are c.e. and ODDA
n 2 Qjj (n ¡ 1; B ) then A is computable.

(2) If A and B are c.e. and ODDA
2n 2 Q(n; B ) then A is computable.

The Þrst result can be pro v en by simple v ariations of the proofs gi v en here.

The second one is more complicated. The results in this section, and the

tw o results stated belo w that we are not going to pro v e, ha v e appeared in

both [GM99] and [Be etal 00] . Our main result has three proofs. W e present

tw o here; one additional proof can be found in [GM99] .

4.1 A Dir ect Pr oof

Theor em 4.1. If A is computably enumer able and ODDA
n 2 Qjj (n ¡ 1; A)

then A is computable .

Pr oof: In the follo wing we assume that A has an enumeration As and that

ODD
A
n is computed by M with n ¡ 1 parallel queries to A itself. W e sho w that

then CA
n is in EN (n) which gi v es that A is computable by Theorem 2.2 .

ALGORITHM FOR CA
n 2 EN(n) .

(1) Input (x1; : : : ; xn ) .

(2) Run M () (x1; : : : ; xn ) until the queries are made. Let them be (y1; : : : ; yn¡ 1) .

(Do not ask them.)

(3) Enumerate a tuple (As(x1); : : : ; As(xn )) as a possiblity for CA
n if f the

computation M (x1; : : : ; xn ) with query answers (As(y1); : : : ; As(yn¡ 1))
terminates within s steps and its output agrees with As(x1)+ : : :+ As(xn )
modulo 2.

The enumerated set contains CA
n (x1; : : : ; xn ) since for suf Þciently lar ge s

the sets As and A coincide at all queried places and M has con v er ged. W e no w

sho w that we ha v e enumerated at most n strings. There are tw o cases.

Case 1: There are tw o dif ferent outputs (a1; : : : ; an ) and later (b1; : : : ; bn )
where the corresponding computation M (x1; : : : ; xn ) with query answers (As(y1); : : : ; As(yn )))
uses in both cases the same v alues c1; : : : ; cn¡ 1 for As(y1); : : : ; As(yn¡ 1) .

Then a1 + a2 + : : : + an + 2 · b1 + b2 + : : : + bn and no tuple with cardinality

a1 + a + 2 + : : : + an + 1 is enumerated. Since for e v ery cardinality at most

one tuple is enumerated, at most n elements are enumerated.

Case 2: F or e v ery output (a1; : : : ; an ) the corresponding computation M (x1; : : : ; xn )
with query answers (As(y1); : : : ; As(yn )) uses v alues c1; : : : ; cn¡ 1 for As(y1); : : : ; As(yn¡ 1)
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not used for an y other output. As these v alues c1; : : : ; cn¡ 1 originate from an

enumeration of A , this tuple can tak e at most n v alues and so the cardinality of

the set enumerated is at most n .

4.2 An Elegant Pr oof

W e sho w the follo wing.

If A is selecti v e and (9n ¸ 1)[ODDA
n 2 Qjj (n ¡ 1; A)] , then A is

computable.

If A is c.e. and (9n ¸ 1)[ODDA
n 2 Qjj (n ¡ 1; A)] , then A is computable.

In in v estig ating the comple xity of ODDA
n , we Þrst look at selecti v e sets A ,

and we then proceed to c.e. sets A . This is because we obtain the result about

c.e. sets fr om the result about selecti v e sets.

4.2.1 ODD
�

� f or Selecti v e Sets A .

Theor em 4.2. Let n ¸ 1, and let A be a selective set suc h that ODDA
n 2

Qjj (n ¡ 1; A) . Then A is computable .

Pr oof: If n = 1, then since (8x)[ODDA
1 (x) = A(x)] , we ha v e that A is

computable. Hence we can assume that n ¸ 2. Let A be selecti v e via v , and

assume that ODDA
n 2 Qjj (n ¡ 1; A) via M A

.

The follo wing algorithm sho ws that CA
2n+1 2 FQjj (2n; A) . By Corollary 2.4 ,

this yields that A is computable.

(1) Input (x1; : : : ; x2n+1 ) , where x1 v ¢¢¢v x2n+1 . Note that

CA
2n+1 (x1; : : : ; x2n+1 ) 2 f 1i 02n+1 ¡ i j 0 · i · 2n + 1g:

(2) Simulate the computation of M A (x2; x4; x6; : : : ; x2n ) to obtain the queries

z1; : : : ; zn¡ 1 that are made in this computation. (W e do not mak e these

queries at this point. W e ha v e not yet used A in an y manner .)

(3) Obtain CA
2n (x1; x3; x5; : : : ; x2n+1 ; z1; z2; z3; : : : ; zn¡ 1) , by making 2n

parallel queries to A .

(4) (W e kno w the status of both x1 and x2n+1 with respect to membership

in A .) If x1 =2 A , then CA
2n+1 (x1; : : : ; x2n+1 ) = 02n+1

, so output 02n+1

and halt. If x2n+1 2 A , then CA
2n+1 (x1; : : : ; x2n+1 ) = 12n+1

, so output

12n+1
and halt. If x1 2 A and x2n+1 =2 A , go to the ne xt step.
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(5) There is a unique i < n such that f x1; x2; x3; : : : ; x2i +1 g µ A and

f x2i +3 ; x2i +4 ; x2i +5 ; : : : ; x2n+1 g µ A: W e do not yet kno w whether

x2i +2 2 A , b ut we do kno w that

CA
2n+1 (x1; x2; x3; : : : ; x2n+1 ) =

½
12i +1 02n+1 ¡ (2i +1) ; if x2i +2 =2 A;
12i +2 02n+1 ¡ (2i +2) ; if x2i +2 2 A:

Moreo v er , CA
n+1 (x1; x3; x5; : : : ; x2n+1 ) = 1i +1 0(n+1) ¡ (i +1)

, so

CA
n (x2; x4; x6; : : : ; x2n ) =

½
1i 0n¡ i ; if x2i +2 =2 A;
1i +1 0n¡ (i +1) ; if x2i +2 2 A:

Hence x2i +2 2 A if f ODDA
n (x2; x4; x6; : : : ; x2n ) and i are of opposite

parity .

Using the v alue of CA
n¡ 1(z1; : : : ; zn¡ 1) from step 3, compute

b = M A (x2; x4; x6; : : : ; x2n ) = ODDA
n (x2; x4; x6; : : : ; x2n ) .

Using i and b, compute and output CA
2n+1 (x1; : : : ; x2n+1 ) : There are

tw o cases.

b = i mod 2: Then x2i +2 =2 A , so output 12i +1 02n+1 ¡ (2i +1)
.

b 6= i mod 2: Then x2i +2 2 A , so output 12i +2 02n+1 ¡ (2i +2)
.

4.2.2 ODD
�

� f or C.E. Sets A . Our plan is to mak e c.e. sets look lik e

selecti v e sets and then apply a v ersion of Theorem 4.2 .

Lemma 4.3. Let A be a c.e . set, and let X be an e xtensive set. Then A is

selective in X .

Pr oof: Choose a computable enumeration f Asgs2 N of A . Let g be the

0,1-v alued computable partial function such that dom(g) µ N2
and, for all

x; y,

g(x; y) =

8
<

:

1; if (9s)[x 2 As ^ y =2 As];
0; if (9s)[y 2 As ^ x =2 As];
" ; otherwise :

Since X is e xtensi v e, there is a 0,1-v alued total function h · T X such that h
e xtends g. No w de Þne f : N2 ! N by

f (x; y) =
½

x; if h(x; y) = 1;
y; if h(x; y) = 0:

It is easy to sho w that A is selecti v e in X via f .
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Theor em 4.4. Let n ¸ 1; and let A be c.e . If ODDA
n 2 Qjj (n ¡ 1; A) , then A

is computable .

Pr oof: Suppose that ODDA
n 2 Qjj (n ¡ 1; A) . Let X be any e xtensi v e set

(see De Þnition 1.16 ). T ri vially , ODDA
n 2 QX

jj (n ¡ 1; A) . By Lemma 4.3 , A
is selecti v e in X . By a relati vized v ersion of Theorem 4.2 , we ha v e A · T X .

Since X w as any e xtensi v e set, we ha v e that, for e very e xtensi v e set X , A · T
X . Since there e xist minimal pairs of e xtensi v e sets (Theorem 1.18 ), we obtain

that A is computable.

5. Do Mor e Queries Help?

In prior sections, we ask ed ÔHo w man y queries does it tak e to compute

BLAH?Õ W e no w ask a more abstract question: ÔIf I ha v e k queries, can I

compute more functions than I could if I had only k ¡ 1 queries?Õ The answer

depends on what you w ant to compute (functions or sets) and what you are

querying. The short answer is that for computing functions, it al w ays helps to

ha v e more queries, b ut for deciding sets there are cases where more queries do

not help.

5.1 Mor e Queries Do Help Compute Mor e Functions!

The results in this section are due to Beigel [Be88] . The y later appeared

in [GM99] .

Theor em 5.1. If (9n)[FQ(n; A) = FQ(n + 1; A)]; then A is computable .

Pr oof: By w ay of contradiction, suppose A is noncomputable. W e e xhibit a

function in FQ(n + 1; A) ¡ FQ(n; A) . If n = 0, then CA
1 2 FQ(n + 1; A) ¡

FQ(n; A) . So assume that n ¸ 1.

By Corollary 2.3 , CA
2n =2 FQ(n; A) . Since CA

n 2 FQ(n; A) , there is

some i ¸ n + 1 such that CA
i =2 FQ(n; A) and CA

i ¡ 1 2 FQ(n; A) . W e

sho w that CA
i 2 FQ(n + 1; A) .

Choose an oracle T uring machine M ()
so that CA

i ¡ 1 2 FQ(n; A) via M A
.

The follo wing algorithm computes CA
i with at most n + 1 queries to A . Thus

CA
i 2 FQ(n + 1; A) ¡ FQ(n; A) .

(1) Input (x1; : : : ; x i ) .

(2) Run M A (x1; : : : ; x i ¡ 1) . (By h ypothesis, M A
mak es at most n queries

to A .)

(3) Mak e one additional query to A , namely , Òx i 2 A ? Ó.

(4) Output CA
i (x1; : : : ; x i ) (by concatenating the results of steps 2 and 3).
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The theorem is pro v ed.

The ne xt theorem is an analogue of Theorem 5.1 for the bounded-query

classes FQC(n; A) , FQjj (n; A) , and FQCjj (n; A) . W e lea v e the proof to the

reader .

Theor em 5.2. Let A be a set.

(1) If (9n)[FQC(n; A) = FQC(n + 1; A)] , then A is computable .

(2) If (9n)[FQjj (n; A) = FQjj (n + 1; A)], then A is computable .

(3) If (9n)[FQCjj (n; A) = FQCjj (n + 1; A)] , then A is computable .

5.2 Mor e Queries Do Not Always Help Decide Mor e Sets!

DeÞnition 5.3. ; (! ) = f hx; i i j x 2 ; (i )g.

The ne xt theorem sho ws that when deciding sets by making par allel queries

to ; (! )
, more queries do not help. W e then sho w that when deciding sets by

making serial queries to ; (! )
, allo wing more queries does enable us to decide

more sets. Finally , we e xhibit an (unnatural) set such that allo wing a greater

number of serial queries (with this set as oracle) does not help.

Most of the results in this chapter are in [GM99] b ut were kno wn man y

years earlier . The y are due to Beigel and Gasarch (no reference a v ailable, b ut

I w as there). The one e xception is Theorem 5.5 , which Frank Stephan pro v ed

recently and appears here for the Þrst time.

Theor em 5.4. F or all n ¸ 1, Qjj (n; ; (! ) ) = Q(1; ; (! ) ) .

Pr oof: Let n ¸ 1, and let A 2 Qjj (n; ; (! ) ) via M ()
. Here is an algorithm

for A 2 Q(1; ; (! ) ) .

(1) Input x .

(2) Run M () (x) until the questions ( q1 2 ; (! ) ; : : : ; qn 2 ; (! )
) are ask ed,

b ut do not try to answer them. Note that, for each i , there e xist yi ; zi such

that the question Òqi 2 ; (! )
? Ó is actually the question Òyi 2 ; (zi ) ? Ó Let

z be the max of the zi .

(3) The question ÒIs there a set of answers for y1 2 ; (z1 ) ; : : : ; yn 2 ; (zn )

that are true and lead to a path of the M () (x) computation that con v er ges

to 1? Ó (note that the answer to this question is yes if f x 2 A ) can be

phrased as a query to ; (! )
(via a query to ; (z+1)

). Let Òq 2 ; (! )
? Ó be

that query , and ask it.

(4) If q 2 ; (! )
, output 1; otherwise, output 0.
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Theorem 5.4 uses the set ; (! )
, which is some what natural. Can we use the

same set as an e xample of an oracle for which additional serial queries do not

help? As the ne xt result sho ws, the answer to this question is no.

Theor em 5.5. Q(2; ; (! ) ) ¡ Q(1; ; (! ) ) 6= ; .

Pr oof: Let C be the set of ordered pairs (x; y) such that

x 2 K , and

if s is the length of the longest string of 1Õ s on the tape after M x (x) halts

then y 2 ; (s)
. (W e assume s ¸ 2.)

Note that we think of x as an inde x of a T uring machine and y as an inde x

of an oracle T uring machine.

Clearly , C 2 Q(2; ; (! ) ) . W e sho w that C =2 Q(1; ; (! ) ) . Assume, by w ay of

contradiction, that C 2 Q(1; ; (! ) ) via M ()
.

W e create T uring machine M x and oracle T uring machine M ()
y such that

M ; ( ! )
(x; y) 6= C(x; y) . The construction of these tw o machines uses the

recursion theorem implicitly .

PR OGRAM FOR M x

(1) Simulate M () (x; y) in such a w ay that you ne v er write tw o consecuti v e

1Õ s on the tape. (E.g., use 00 for 0 and 01 for 1.) Stop the simluation

when the one query is made. Let this query be Òq 2 ; (k)
? Ó (Do not mak e

the query .)

(2) Print 01k0 and then halt. (Hence the longest string of 1Õ s on the tape has

length k .)

Note 5.6. Since x 2 K and prints out a sequence of k 1Õ s we kno w that

(x; y) 2 C if f y 2 ; (k)
.

PR OGRAM FOR M ()
y

(1) Simulate M ; ( ! )
(x; y) . When the query , Òq 2 ; (k)

? Ó, is encountered,

mak e the query . (W e will be supplying y with an oracle for ; (k)
so this

can be done.)

(2) If the simulation outputs 0 (so M ; ( ! )
(x; y) thinks that (x; y) =2 C which

is equi v alent to y =2 ; (k)
) then halt (which causes y 2 ; (k)

). If the

simulation outputs 1 (so M ; ( ! )
(x; y) thinks that (x; y) 2 C which is

equi v alent to y 2 ; (k)
) then di v er ge (which causes y =2 ; (k)

). The

simulation must output something since M ; ( ! )
(x; y) computes C .
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The k e y point is that oracle program x is constructed to print out a long enough

string of 1Õ s so that oracle program y is able to simulate M ; ( ! )
(x; y) , mak e an

appropriate query , and diagonalize. It is easy to see that M ; ( ! )
(x; y) 6= C(x; y) .

The ne xt theorem sho ws that when deciding sets with sequential queries,

more queries do not al w ays help. The set being queried is much less natural

than the set used in the pre vious theorem.

DeÞnition 5.7. A tt
is the set of (codes of) Boolean combinations of formulas

of the form Òvi Ó that are true when you interpret vi to be i 2 A . F or e xample,

the (code of the) formula (v12 ^ (v14 _ : v9)) is in A tt
if f 12 2 A and ( 14 2

A or 9 =2 A ).

Theor em 5.8. If B is a c.b . set (see De Þ nition 1.19 ) and n ¸ 1; then Q(n; B tt ) =
Q(1; B tt ) . In fact, Q(n; B tt ) = QC(1; B tt ) .

Pr oof: Let n ¸ 1, and let A 2 Q(n; B tt ) . Clearly , A 2 Q(n; B tt ) ) A · T
B . By Lemma 1.20 , A · T B ) A · tt B . By the de Þnition of · tt and B tt

,

we easily ha v e that A · m B tt
. Clearly , A 2 Q(1; B tt ) . Note that we actually

ha v e A 2 QC(1; B tt ) .

6. Does Allo wing Di v er gence Help?

The algorithm in the introduction sho wed that CK
2n ¡ 1 2 FQ(n; K ) . F or

that algorithm, incorrect answers could cause di v er gence. Is there an algo-

rithm where all query paths con v er ge? More formally , can we obtain CK
2n ¡ 1 2

FQC(n; K )? Also, can we obtain CK
2n ¡ 1 2 SEN(2n )? Combining the Þrst the-

orem in this section (which w as Þrst pro v ed in [BGGO93] ) with Theorem 1.11 ,

we Þnd that the answer to both of these questions is NO Ñin a strong w ay .

Ho we v er , the more general question arises as to when does allo wing di v er -

gence help. W e w ould lik e to kno w whether there are sets A such that an y

computation with A as an oracle can be replaced with one where all query

paths con v er ge. T o accomplish this, we e xplore the question of whether , and to

what e xtent, it helps to allo w di v er gence when incorrect answers are gi v en to

one or more of the queries.

The results in this section were stated in [Be etal 96] . Full proofs appeared

in [GM99] .
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6.1 A Natural Example of a Function Wher e Allo wing

Di v er gence Helps

W e address the question that moti v ated the study of di v er gence: is there

an algorithm for CK
n which has all paths con v er ging which asks less than n

queries?

Theor em 6.1. F or all n ¸ 1, CK
n =2 SEN(2n ¡ 1) . (Hence , by Theor em 1.10 ,

(8X )[CK
n =2 FQC(n ¡ 1; X )] .)

Pr oof: W e of fer tw o proofs. The Þrst one uses the Recursion Theorem. The

second one a v oids using the Recursion Theorem. W e lea v e as an open problem

the question of which proof is better .

A Pr oof That Uses the Recursion Theor em

Let n ¸ 1, and suppose, by w ay of contradiction, that CK
n 2 SEN(2n ¡ 1) .

Choose a computable function f such that CK
n (x1; : : : ; xn ) 2 D f (x1 ;::: ;xn )

and jD f (x1 ;::: ;xn ) j = 2n ¡ 1. By an implicit use of the recursion theorem, we

construct programs a1; : : : ; an such that CK
n (a1; : : : ; an ) =2 D f (a1 ;::: ;an ) .

Program ai does the follo wing: Compute f (a1; : : : ; an ) and determine the

set D f (a1 ;::: ;an ) . Find the v ector b1b2 ¢¢¢bn =2 D f (a1 ;::: ;an ) . Halt if f bi = 1.

Programs a1; : : : ; an conspire to mak e CK
n (a1; : : : ; an ) = b1b2 ¢¢¢bn =2

D f (a1 ;::: ;an ) . This is the contradiction.

A Pr oof That Does Not Use the Recursion Theor em

It is easy to construct a c.e. set A such that, for all n , CA
n =2 SEN(2n ¡ 1) .

Since K is m-complete, A · m K . One can use this to sho w that if there is an

n such that CK
n 2 SEN(2n ¡ 1) then, for that n , CA

n 2 SEN(2n ¡ 1) . Since

this is not true, we must ha v e that, for all n , CK
n =2 SEN(2n ¡ 1) .

6.2 A Natural Example of a Set Wher e Allo wing

Di v er gence Does Not Help

Let A; B be sets and n 2 N. If A 2 Q(n; B ) , we can decide whether x 2 A
by making n queries to B ; if the wrong answers are supplied, ho we v er , the

algorithm may di v er ge. Is there a set B such that whene v er A 2 Q(n; B ) we

also ha v e A 2 QC(n; B ) (that is, e v en with wrong answers, the algorithm does

not di v er ge)?

By Theorem 5.8 , there e xists such a set, b ut it is not natural. W e sho w that

K , clearly a natural set, has this property .

Theor em 6.2. F or all n 2 N, Q(n; K ) = QC(n; K ) .

Pr oof: Let A 2 Q(n; K ) via M K
. W e sho w that A 2 QC(n; K ) .

Notation 6.3. W e are using M ()
for our oracle T uring machine. W e intend to

run it with oracle K . T o approximate this we will run it for s steps and use
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oracle K s. This is denoted M K s
s . Do not confuse this with running T uring

machine s. The subscript is the number of steps I am running the machine, not

an inde x of a machine.

W e Þrst gi v e an intuition behind the proof. Consider the follo wing sce-

nario: Gi v en x , Þnd M K s
s (x) for s = 1; 2; 3; : : : until an s0 is found such that

M
K s0
s0 (x) #= b 2 f 0; 1g. (Here, the subscripts s; s0 refer to the number of

steps of the computation, not the inde x of the oracle machine M ()
.) There is no

reason to belie v e that b = A(x) ; ho we v er , we can ask questions about whether

at some later time the machine (with a better approximation to K ) c hang es its

mind . These are questions about mindc hang es . If we Þnd out that the number

of mindchanges is e v en, then b is the answer . If the number of mindchanges is

odd, then 1¡ b is the answer . Note, ho we v er , that we ne v er Ôrun a machine and

see what happensÕ or carry out an y other computation that risks di v er ging.

W e no w proceed rigorously .

DeÞnition 6.4. Let M ()
be an oracle T uring machine. Let x; s0 2 N and

b 2 f 0; 1g. Assume that M
K s0
s0 (x) #= b. The phrase Òthere are at least m

mindchanges past stage s0Ó means that there e xist s1 < s2 < s3 < ¢¢¢< sm

such that s0 < s1, M
K s1
s1 (x) #= 1 ¡ b, M

K s2
s2 (x) #= b, M

K s3
s3 (x) #= 1 ¡ b,

M
K s4
s4 (x) #= b, etc., and

M K sm
sm

(x) #=

(
b if m is e v en;

1 ¡ b if m is odd.

Note that the question ÒAre there at least m mindchanges? Ó can be phrased as

a query to K .

Since M K (x) mak es only n queries, there can be at most 2n ¡ 1mindchanges.

The follo wing algorithm sho ws that A 2 QC(n; K ) .

(1) Input x .

(2) Find the least s0 such that M
K s0
s0 (x) #, and let b 2 f 0; 1g be the output.

Note that such an s0 e xists, since M K (x) #.

(3) Using binary search, one can determine, in n queries to K , ho w man y

mindchanges the M K (x) computation mak es past stage s0. If this num-

ber is e v en, output b; otherwise, output 1 ¡ b.

Note that the abo v e algorithm con v er ges e v en if fed the wrong answers. The

algorithm ne v er runs an y process that might not halt.
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6.3 An Unnatural Example of a Set Wher e Allo wing

Di v er gence Helps A Lot

W e sho w that there e xists a set A such that Q(1; A) ¡
S 1

n=1 QC(n; A) 6= ; .

In other w ords, there is a set B that you can decide with just one query to A ,

pro vided you allo w di v er gence if wrong answers are gi v en; if you insist that

con v er gence occurs e v en if one or more of the queries are answered incorrectly ,

ho we v er , then no Þx ed number of queries suf Þces.

The results in this chapter are due to Frank Stephan. He ne v er published

them; ho we v er , the y appear in [GM99] .

The follo wing easy lemma we lea v e to the reader .

Lemma 6.5. F or all A µ N and n ¸ 1, QC(n; A) µ QCjj (2
n ¡ 1; A) . HenceS 1

n=1 QCjj (n; A) =
S 1

n=1 QC(n; A) .

The ne xt lemma restates the problem of getting B =2
S 1

n=1 QC(n; A) in

terms of strong enumerability .

Lemma 6.6. Let A; B be sets suc h that (9k ¸ 1)[CA
k 2 SEN(2k ¡ 1)] and

(8k ¸ 1)[CB
k =2 SEN(2k ¡ 1)] . Then B =2

S 1
n=1 QC(n; A) . (The intuition

behind the statement of this lemma is that A is Òeasy Ó and B is Òhar d, Ó so it is

r easonable that B cannot be r educed to A in certain ways.)

Pr oof: W e sho w that B =2
S 1

n=1 QCjj (n; A) . By Lemma 6.5 , we obtain

B =2
S 1

n=1 QC(n; A) .

Suppose that (9n0 ¸ 1)[B 2 QCjj (n0; A)] . By making queries in parallel,

we ha v e that (8n ¸ 1)[CB
n 2 FQC(1; CA

n0 n )] .

Since (9k ¸ 1)[CA
k 2 SEN(2k ¡ 1)] , CA

n0 n 2 SEN(O(nk )) (by Theo-

rem 2.9 ). Hence CB
n 2 SEN(O(nk )) . F or lar ge enough n , this contradicts the

h ypothesis on B .

The ne xt de Þnition and lemma restate the problem of getting B 2 Q(1; A)
and (8k ¸ 1)[CB

k =2 SEN(2k ¡ 1)] in terms of f ast-gro wing functions.

DeÞnition 6.7. A function f : N ! N is computably dominated if there is a

computable g such that (8x)[f (x) < g(x)] .

Lemma 6.8. Let A be a set suc h that ther e e xists a function f 2 FQ(1; A)
that is not computably dominated. Then ther e e xists B 2 Q(1; A) suc h that

(8k ¸ 1)[CB
k =2 SEN(2k ¡ 1)] .

Pr oof: Choose f 2 FQ(1; A) so that f is not computably dominated. W e

construct a set B 2 Q(1; A) such that, for all e;k 2 N with k ¸ 1, we satisfy

requirement

Rhe;ki : : (CB
k is strongly (2k ¡ 1)-enumerable via ' e):
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Let e;k 2 N with k ¸ 1. If ' e is not total, requirement Rhe;ki is automati-

cally satis Þ ed. If ' e is total and we satisfy Rhe;ki , there will be some k -tuple

(x1; : : : ; xk ) of numbers such that

jD ' e(x1 ;::: ;x k ) j ¸ 2k _ CB
k (x1; : : : ; xk ) =2 D ' e(x1 ;::: ;x k ) :

Choose a computable partition f Zhe;i;k i ge;i;k 2 N of N so that, for all e;i; k ,

jZhe;i;k i j = k . F or all e;i; k with k ¸ 1, let ~zhe;i;k i be the k -tuple of numbers

that is formed by taking the elements of Zhe;i;k i in increasing numerical order .

F or all e;k with k ¸ 1, we intend to satisfy Rhe;ki by constructing B so that if

' e computes a total function, then there is some i such that

jD ' e(~zhe;i;k i ) j ¸ 2k _ CB
k (~zhe;i;k i ) =2 D ' e(~zhe;i;k i ) :

W e construct B 2 Q(1; A) by gi ving an algorithm for it.

(1) Input x .

(2) Find e;i; k such that x 2 Zhe;i;k i .

(3) Compute t = f (i ) . (This requires at most one query to A .)

(4) Compute M e;t(~zhe;i;k i ) .

(5) There are tw o cases.

(a) M e;t(~zhe;i;k i ) " : Output 0. (W e ha v e not made progress to w ards

satisfying requirement Rhe;ki .)

(b) M e;t(~zhe;i;k i ) #= y: There are tw o cases.

jDy j ¸ 2k
: Output 0. (Note that requirement Rhe;ki is auto-

matically satis Þ ed.)

jDy j · 2k ¡ 1: W e w ant to set B (x) , and for that matter B (z)
for all z 2 Zhe;i;k i , such that CB

k (~zhe;i;k i ) =2 Dy . F or no w , we

can set only B (x) . Find ¾, the le xicographically least string

in f 0; 1gk ¡ Dy , and let j be such that x is the j th
component

of ~zhe;i;k i . Output ¾(j ) . (Note that for all z 2 Zhe;i;k i , running

this algorithm on input z will get us to this same step and will

yield the same ¾; hence we will ha v e CB
k (~zhe;i;k i ) = ¾ =2 Dy ,

and Rhe;ki will be satis Þed.)

Let e;k 2 N such that k ¸ 1. W e sho w that Rhe;ki is satis Þed. If ' e is not

total, then clearly Rhe;ki is satis Þed. Assume, by w ay of contradiction, that ' e
is total and Rhe;ki is not satis Þed. W e use this to obtain a computable function

g that dominates f , in contradiction to our assumption about f .
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Since Rhe;ki is not satis Þed, we kno w that, for e v ery i , the M e(~zhe;i;k i )
computation does not halt within f (i ) steps. (Otherwise, Rhe;ki w ould ha v e

been satis Þed when the elements of Zhe;i;k i were input to the algorithm.) Since

' e is total, the follo wing computable function dominates f :

g(i ) = ¹ t[M e;t(~zhe;i;k i ) #]:

Thus Rhe;ki is satis Þed.

T o obtain our result from Lemmas 6.6 and 6.8 , it suf Þces to ha v e a set A
such that

(9k ¸ 1)[CA
k 2 SEN(2k ¡ 1)] and

there e xists f 2 Q(1; A) such that f is not computably dominated.

These tw o properties seem hard to obtain at the same time, since the Þrst one

says that A is Òeasy Ó while the second one says that A is Òhard. Ó Ev en so, the

follo wing lemma allo ws us to obtain such sets easily .

Lemma 6.9.

(1) If A is selective , then (9k ¸ 1)[CA
k 2 SEN(2k ¡ 1)] . (Actually , (8k ¸

1)[CA
k 2 SEN(k + 1)] .)

(2) If A is a noncomputable c.e . set, then ther e is a function f 2 FQ(1; A)
suc h that f is not computably dominated. (This is well known.)

(3) Ther e e xist noncomputable c.e . sets that ar e selective . (This is fr om

[J o68] . The pr oof I pr esent uses a set de Þned by Dekk er [De54] .)

Pr oof:

1) This follo ws from Lemma 1.15 .

2) Choose a computable enumeration f Asgs2 N of A , and let f be the function

de Þned by

f (x) =
½

¹ s[x 2 As]; if x 2 A;
0; otherwise :

Clearly , f 2 FQ(1; A) . Suppose f is computably dominated, and choose a

computable g so that (8x)[f (x) < g(x)] . Then

(8x)[x 2 A if f x 2 Ag(x) ]:

This demonstrates that A is computable, a contradiction!
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3) Let C be a noncomputable c.e. set. Choose a computable enumeration

f Csgs2 N of C such that at e v ery stage e xactly one ne w element comes in. Let

cs be the ne w element that comes in at stage s, and let

A = f s j (9t > s)[ct < cs]g:

Clearly , A is c.e. Using De Þnition 1.13 .2, it is easy to sho w A selecti v e.

Theor em 6.10. Ther e e xists A suc h that Q(1; A) ¡
S 1

n=1 QC(n; A) 6= ; .

Pr oof: This follo ws from Lemmas 6.6 , 6.8 , and 6.9 .

Note 6.11. The follo wing is kno wn. Let A be a set.

(1) There e xists B ´ tt A such that (8n)[Q(n; B ) = QC(n; B )] if f all

f · wtt A are computably dominated.

(2) There e xists B ´ tt A such that Q(1; B ) ¡
S 1

i =1 QC(n; B ) 6= ; if f there

e xists f · wtt A such that f is not computably dominated.

7. Does Order Matter?

Let A; B µ N. I am allo wed to mak e one query to A and one query to B in

some computation. Does the order in which I mak e the queries matter? The Þrst

theorem in this section is due to Beigel (unpublished) and has been generalized

by McNicholl [McN00] . The second theorem is due to McNicholl [McN00] ;

ho we v er , the proof gi v en here is due to Frank Stephan and has not been published

pre viously . Questions of this type were ask ed in comple xity theory [HHW98]

before the y were ask ed in computability theory .

DeÞnition 7.1. Let A; B µ N. QO(A; B ) is the set of sets that I can decide

by an algorithm that mak es one query to A and then one query to B . (The ÔOÕ

stands for Ôorder .Õ) Qjj (A; B ) is the set of sets that I can decide by an algorithm

that mak es one query to A and one query to B at the same time. (This dif fers

from the use of Qjj (n; A) used earlier in this paper .)

DeÞnition 7.2. If QO(A; B ) = QO(B ; A) , then A and B commute .

Notation 7.3. W e denote an oracle T uring machine that is going to query tw o

oracles, with one query each, by M ()()
. W e Þll in the Þrst () with the oracle

it queries Þrst, and the second () with the oracle it queries second. If b1b2 2
f 0; 1g2

then M b1b2 (x) denotes what happens if you assume the answer to the

Þrst question is b1 and the answer to the second question (if such a question

e xists) is b2. (Note that you do not actually query either oracle.) If B µ N,
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then (1) M (b1 )( B ) (x) denotes what happens if you assume the answer to the

Þrst question is b1 b ut you get the true answer to the second question (if such

a question e xists) by querying B , and (2) QUERY(M (b1 )( B ) (x)) denotes the

query to B that is encountered in the M (b1 )( B ) (x) computation, if it e xists (if

it does not e xist, then QUERY(M (b1 )( B ) (x)) is unde Þned). If we use this

notation, we are implicitly assuming that the query to B e xists.

W e lea v e the proof of the follo wing easy lemma to the reader .

Lemma 7.4. Let i; j ; q; x 2 N, b1; b2; b 2 f 0; 1g, and M ()()
be an or acle

T uring mac hine . Assume i < j . Then the following hold.

(1) If i ¸ 1, then the truth value of the statement

(q 2 ; (i ) ) ^ (M b1b2 (x) #= b)

can be determined by a query to ; (i )
.

(2) If i ¸ 2, then the truth value of the statement

(q =2 ; (i ) ) ^ (M b1b2 (x) #= b)

can be determined by a query to ; (i )
.

(3) The truth value of the statement

(q 2 ; (j ) ) ^ (M (b1 )( ; ( i ) ) (x) #= b)

can be determined by a query to ; (j )
.

(4) The truth value of the statement

(q =2 ; (j ) ) ^ (M (b1 )( ; ( i ) ) (x) #= b)

can be determined by a query to ; (j )
.

(5) The truth value of the statement

[(q 2 ; (i ) ) ^ (QUERY(M (b1 )( ; ( j ) ) (x)) 2 ; (j ) )]
_ [(q =2 ; (i ) ) ^ (QUERY(M (b2 )( ; ( j ) ) (x)) 2 ; (j ) )]

can be determined by a query to ; (j )
.

Theor em 7.5. F or all i; j ¸ 1, ; (i )
and ; (j )

commute . In fact,

QO(; (i ) ; ; (j ) ) = QO(; (j ) ; ; (i ) ) = Qjj (;
(j ) ; ; (i ) ):



            

190 COMPUT ABILITY AND MODELS

Pr oof: Assume i < j . Let C 2 QO(; (i ) ; ; (j ) ) via M ; ( i ) ;; ( j )
. W e sho w that

C 2 Qjj (; (j ) ; ; (i ) ) . The intuition is that we can ask the question Òwhat is the

answer to the second question going to be Ó and the question Òwhat is the answer

to the Þrst question Ó at the same time.

(1) Input x .

(2) Run the M ; ( i ) ;; ( j )
(x) computation until the Þrst query is encountered.

Call this query q (we do not mak e this query).

(3) Consider the follo wing statement:

[(q 2 ; (i ) ) ^ (QUERY(M (1)( ; ( j ) ) (x)) 2 ; (j ) )]
_ [(q =2 ; (i ) ) ^ (QUERY(M (0)( ; ( j ) ) (x)) 2 ; (j ) )]

By Lemma 7.4 .5, this can be phrased as a query z to ; (j )
. note that z 2 ; (j )

if f the second query of the M ; ( i ) ;; ( j )
computation has the answer YES.

(4) Ask Òz 2 ; (j )
? Ó and Òq 2 ; (i )

? Ó at the same time. This will gi v e you all

the information you need to simulate the computation of M ; ( i ) ;; ( j )
(x) .

No w let C 2 QO(; (j ) ; ; (i ) ) via M ; ( j ) ;; ( i )
. W e sho w that C 2 QO(; (i ) ; ; (j ) ) .

W e Þrst pro v e this for the case where i ¸ 2. This is needed, since Lemma 7.4 .2

does not hold when i = 1. W e will pro v e the i = 1 case later .

The intuition is that we Þrst Þnd an approximation to the answer by seeing

which query path con v er ges Þrst, and then ask about mindchanges. W e Þrst ask

if there is a mindchange because of the second query , and then we ask if there

is a mindchange because of the Þrst query .

(1) Input x .

(2) Run M ()() (x) along all query paths until one of them halts. (At least one

must halt, since the correct answers yield a halting path.) Let b be the

output on the halting path, let q1 be the Þrst query encountered (the query

to ; (j )
), and let q2 be the second query encountered (a query to ; (i ) ) . W e

will be asking questions about whether the computation w ants to change

its mind about b. There are four cases, corresponding to the four possible

pairs of answers supplied to the queries.

(3) (a) Case 1: The answers 0,0 yield a halting path. By Lemma 7.4 .1, we

can determine the truth v alue of the follo wing statement by making

a query to ; (i )
:

(q2 2 ; (i ) ) ^ (M 01(x) #= 1 ¡ b):
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Mak e the query . If the answer is YES, let c = 1 ¡ b; otherwise, let

c = b. If q1 =2 ; (j )
(do not ask this), then the Þnal correct answer

is c. By Lemma 7.4 .3, we can determine the truth v alue of the

follo wing statement by making a query to ; (j )
:

(q1 2 ; (j ) ) ^ (M (1)( ; ( i ) ) (x) #= 1 ¡ c):

Mak e the query . If the answer is YES, output 1 ¡ c; otherwise,

output c.

(b) Case 2: The answers 0,1 yield a halting path. By Lemma 7.4 .2 (and

i ¸ 2), we can determine the truth v alue of the follo wing statement

by making a query to ; (i )
:

(q2 =2 ; (i ) ) ^ (M 00(x) #= 1 ¡ b):

Mak e the query . If the answer is YES, let c = 1 ¡ b; otherwise, let

c = b. If q1 =2 ; (j )
(do not ask this), then the Þnal correct answer is

c. The rest of this case is identical to Case 1.

(c) Case 3: The answers 1,0 yield a halting path. By Lemma 7.4 .1, we

can determine the truth v alue of the follo wing statement by making

a query to ; (i )
:

(q2 2 ; (i ) ) ^ (M 11(x) #= 1 ¡ b):

Mak e the query . If the answer is YES, let c = 1 ¡ b; otherwise, let

c = b. If q1 2 ; (j )
(do not ask this), then the Þnal correct answer

is c. By Lemma 7.4 .4, we can determine the truth v alue of the

follo wing statement by making a query to ; (j )
:

(q1 =2 ; (j ) ) ^ (M (0)( ; ( i ) ) (x) #= 1 ¡ c):

Mak e the query . If the answer is YES, output 1 ¡ c; otherwise,

output c.

(d) Case 4: The answers 1,1 yield a halting path. By Lemma 7.4 .2 (and

i ¸ 2), we can determine the truth v alue of the follo wing statement

by making a query to ; (i )
:

(q2 =2 ; (i ) ) ^ (M 10(x) #= 1 ¡ b):

Mak e the query . If the answer is YES, let c = 1 ¡ b; otherwise, let

c = b. If q1 2 ; (j )
(do not ask this), then the Þnal correct answer is

c. The rest of the proof is identical to Case 3.

W e no w look at the case where i = 1. W e need to sho w that if C 2
QO(; (j ) ; K ) , then C 2 QO(K ; ; (j ) ) . Assume C 2 QO(; (j ) ; K ) via M ()()

.

W e sho w that C 2 QO(; (i ) ; ; (j ) ) .
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(1) Input x .

(2) Run all query paths of the M ()() (x) machine. If a second query is en-

countered (a query to K ), then before pursuing the YES path, enumerate

K and w ait for the element to enter . (If it ne v er enters K , there is no point

in pursuing the YES path.) W ait until one of the four query paths halts Ñ

with the ca v eat about the e xistence of a second query and pursuit of the

YES path for that query . (At least one must halt, since the correct answers

yield a halting path.) Let bbe the answer on the halting path, let q1 be the

Þrst query encountered (the query to ; (j )
), and let q2 be the second query

encountered (a query to K ). W e will be asking questions about whether

the computation w ants to change its mind about b. Note that if there is a

mindchange because of the Þrst query , then q2 may change (that is, the

actual query made to K may change). If it does, the answer to the ne w

q2 may dif fer from the one supplied for q2 on the original halting query

path (e v en if that answer w as v eri Þ ed by enumeration of K ). There are

four cases, corresponding to the four possible pairs of answers supplied

to the queries.

(3) (a) Case 1: The answers 0,0 yield a halting path. This is identical to

Case 1 in the pre vious algorithm.

(b) Case 2: The answers 0,1 yield a halting path. The query to K w as

answered correctly . Note that if q1 =2 ; (j )
(do not ask this), then the

Þnal correct answer is b. The rest of this case is identical to Case 1.

(c) Case 3: The answers 1,0 yield a halting path. This is identical to

Case 3 in the pre vious algorithm.

(d) Case 4: The answers 1,1 yield a halting path. The query to K w as

answered correctly . Note that if q1 2 ; (j )
(do not ask this), then the

Þnal correct answer is b. The rest of the proof is identical to Case

4 in the pre vious algorithm.

W e sho w that, for all i , ; (i )
and ; (! )

do not commute. W e Þrst need a lemma

of interest in its o wn right.

Lemma 7.6. F or all i , QO(; (! ) ; ; (i ) ) µ Q(1; ; ! ) .

Pr oof: Let A 2 QO(; (! ) ; ; (i ) ) via M ; ! ;; ( i )
. The follo wing algorithm sho ws

A 2 Q(1; ; ! ) . The intuition is that once we kno w the Þrst query we can ask a

comple x query about answering the Þrst one and the rest of the computation.

(1) Input x
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(2) Run M ()() (x) until a query q 2 ; !
is encountered. Do not ask this query .

(3) Find z; k such that the query is actually of the form z 2 ; (k)
.

(4) Phrase the query

[(z 2 ; (k) ) ^ (M (1)( ; ( i ) ) (x)) #= 1]
_[(z =2 ; (k) ) ^ (M (0)( ; ( i ) ) (x)) #= 1]

as a query y to ; !
.

(5) Ask y 2 ; !
. If y 2 ; !

then output YES, else output NO.

The lemma follo ws.

Theor em 7.7. K and ; (! )
do not commute .

Pr oof: Let C be the set from Theorem 5.5 . Clearly , C 2 QO(; (i ) ; ; (! )) .

W e sho w that C =2 QO(; (! ) ; ; (i ) ) . Assume, by w ay of contradiction, that

C 2 QO(; (! ) ; ; (i ) ) . By Lemma 7.6 we ha v e C 2 Q(1; ; (! ) ) . By Theorem 5.5

C =2 Q(1; ; (! ) ) . Hence we ha v e our contradiction.
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