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Abstract

A two-dimensional grid is a set Gy, = [n] x [m]. A grid G, is c-colorable if
there is a function xym : Gpm — [c] such that there are no rectangles with all four
corners the same color. We address the following question: for which values of n and
m is Gy m c-colorable? This problem can be viewed as a bipartite Ramsey problem
and is related to a the Gallai-Witt theorem (also called the multidimensioanl Van Der
Waerden’s Theorem). We determine (1) ezactly which grids are 2-colorable, (2) ezactly
which grids are 3-colorable, and (3) (assuming a reasonable conjecture) ezactly which
grids are 4-colorable. We use combinatorics, finite fields, and tournament graphs.
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1 Introduction
A two-dimensional grid is a set G, ,, = [n] x [m]| where [t] = {1,...,t}. A rectangle of G,

is a subset of the form {(a,b),(a + ¢1,b),(a + ¢1,b+ ¢2), (a,b + c2)} for some constants ¢;

and co. A grid G, ,, is c-colorable if there is a function x,, ., :

Gpm — [c] such that there

are no rectangles with all four corners the same color. Not all grids have c-colorings. As an
example, for any c clearly G.i; c+141 does not have a c-coloring by two applications of the



pigeonhole principle. If a grid has a c-coloring, we say it is c-colorable. In this paper, we ask
the following question: what are the exact values of m and n for which G,,,, is c-colorable?

Def 1.1 Let n,m,n’,m' € N. G,,,,, contains Gy it ' <nandm’ <m. Gy, is contained
in Gu o if n < n’ and m < m'. Proper containment means that at least one of the < is
actually <.

Clearly, if G, ,,, is c-colorable, then all grids that it contains are c-colorable. Likewise, if
G,.m 1s not c-colorable then all grids that contain it are not not c-colorable.

Def 1.2 Fix c. then OBS, is the set of all grids G, ,, such that G, ,,, is not c-colorable but
all grids properly contained in G, , are c-colorable. OBS,. stands for Obstruction Sets. We
also call such grids c-minimal.

We leave the proof of the following theorem to the reader.
Theorem 1.3 Fizc. A grid G,y is c-colorable iff it does not contain any element of OBS,.

By Theorem 1.3 we can rephrase the questions of finding which grids are c-colorable: find
OBS.. Note that if G,,,, € OBS,, then G, ,, € OBS,.

This problem arises as follows. The Gallai-Witt theorem! (also called the multi-dimensional
Van Der Waerden theorem) has the following corollary: For all ¢, there exists W = W (c)
such that, for all c-colorings of [W] x [W] there ezists a monochromatic square. The classical
proof of the theorem gives enormous upper bounds on W (c). Despite some improvements?
the known bounds on W (c) are still enormous. If we relax the problem to secking a monochro-
matic rectangle then we can obtain far smaller bounds. In fact, we will obtain, in some cases,
exact characterizations of when a grid is c-colorable.

Another motivation is the bipartite Ramsey problem: Given a, ¢, what is the least n such
that for any c-coloring of the edges of K, , there is a monochromatic K,,? A coloring of
G can be viewed as an edge coloring of K, ,,. A monochromatic rectangle corresponds to a
monochromatic K5 5. Beineke and Schwenk [2] study a closely related problem: what is the
minimum value of b such that any two-coloring of Kj; results in a monochromatic K, ,,7 In
their work, this minimal value is denoted R(n,m). Later, Hattingh and Henning [7] define
b(n,m) as the minimum b for which any two-coloring of K, contains a monochromatic K, ,,
or a monochromatic K, ,.

In a related paper, Cooper, Fenner, and Purewal [3] generalize the problem to multiple
dimensions and obtain upper and lower bounds on the sizes of the obstruction sets.

The remainder of this paper is organized as follows. In Sections 2 and 3 we develop tools
to show grids are not c-colorable. In Section 4 we develop tools to show grids are c-colorable.
In Section 5 we obtain upper and lower bounds on |OBS.|. In Section 6 and 7 we find OBS,
and OBSj3 respectively. In Section 8 we obtain a small handful of possibilities for OBS,.

1Tt was attributed to Gallai in [11] and [12]; Witt proved the theorem in [15].
2Both [6] and [4] can be used to obtain better bounds on W(c).



We also propose a reasonable conjecture which, if true, would yield the exact elements of
OBS,. In Section 9 we apply the results to finding some new bipartite Ramsey numbers.
We conclude with some open questions. The appendix contains some sizes of maximum
rectangle free sets (to be defined later).

2 Lower Bounds on Uncolorability

A rectangle-free subset A C G, is a subset that does not contain a rectangle as defined
above. A problem that is closely related to grid-colorability is that of finding a rectangle-free
subset of maximum cardinality. This relationship is illustrated by the following lemma.

Theorem 2.1 If Gy, is c-colorable, then it contains a rectangle-free subset of size [™*].

Proof: A c-coloring partitions the elements of G, ,,, into ¢ rectangle-free subsets. By the
pigeon-hole principle, one of these sets must be of size at least [2]. |

Def 2.2 Let n,m € N. maxrf(n,m) is the size of the maximum rectangle-free A C G,, .

Finding the maximum cardinality of a rectangle-free subset is equivalent to a special
case of a well-known problem of Zarankiewicz [16] (see [5] or [14] for more information).
The Zarankiewicz function, denoted Z, s(n,m), counts the minimum number of edges in a
bipartite graph with vertex sets of size n and m that guarantees a subgraph isomorphic to
K, . Zarankiewicz’s problem was to determine Z, ;(n,m).

If r = s, the function is denoted Z.(n,m). If one views a grid as an incidence matrix for
a bipartite graph with vertex sets of cardinality n and m, then a rectangle is equivalent to a
subgraph isomorphic to Kj5. Therefore the maximum cardinality of a rectangle-free set in
Grm 18 Za(n,m) — 1. We will use this lemma in its contrapositive form, i.e., we will often
show that G, ,, is not c-colorable by showing that Zy(n,m) < [*7].

Reiman [13] proved the following lemma. Roman [14] later generalized it.

Lemma 2.3 Let m <n < (7). Then Zy(n,m) < L% (1 + /1 +4m(m — 1)/n>J + 1.

Corollary 2.4 Let m <n < (7). Let z,,, = L% <\/1 + 4m(m — 1)/n)J + 1 be the upper-

bound on Zy(n,m) in Lemma 2.8. If 2y <[] then G is not c-colorable.

Corollary 2.4, and some 2-colorings of grids, are sufficient to find OBS,. To find OBS;
and OBS,, we need slightly more powerful tools to show grids are not colorable (along with
some 3-colorings and 4-colorings of grids). This next lemma, which has a proof that is very
similar to the previous lemma gives us two more uncolorability corollaries.



Def 2.5 Let n,m,z1,..., 2, € N. (21,...,2,) is (n, m)-placeable if there exists a rectangle-
free A C G, such that, for 1 < j < m, there are x; elements of A in the 5 column.

Lemma 2.6 Let n,m,xq,...,2, € N be such that (x1,...,2,) is (n,m)-placeable. Then

it (3) < (3):

Proof: Let A C G, be a set that shows that (zi,...,2,,) is (n,m)-placeable. Let (;‘)
be the set of pairs of elements of A. Let 2(2) be the powerset, of (;‘)

A
2

Define the function f : [m] — 2(2) as follows. For 1 <j<m,

fG) ={{a,b}: (a,5),(b,j) € A}.
If E;”Zl lf()] > (72‘) then there exists j; # jo such that f(j1) N f(j2) # 0. Let {a,b} €

(1) N f(j2). Then
{(a, 1), (a; 42), (b, j1), (b, j2) } € A.

Hence A contains a rectangle. Since this cannot happen, > 7", |f(j)] < (5). Note that
[f()] = (%) Hence 352, (5) < (5)- 1

Lemma 2.7 Let a,n,m € N. Let q,r be such that a = gn +r with 0 < r <n. Assume that
there exists A C Gy such that |A| = a and A is rectangle-free.

1. If ¢ > 2 then

m(m —1) — 2qu
"= { q¢—1) |
2. If g =1 then
m(m — 1)
- 2

r

Proof:  The proof for the ¢ > 2 and the ¢ = 1 case begins the same; hence we will not
split into cases yet.
Assume that, for 1 < j < m, the number of elements of A in the j* column is x;. Note
that Y27 x5 = a. Y70 (5) < (3)- We look at the least value that Y7, (%) can have.
Consider the following question:
Minimize Y37, (7)

Constraints:
n JR—
* Zj:l Zj = Q.
® I,...,T, are natural numbers.



One can easily show that this is minimized when, for all 1 < j <n,

z; € {la/n], Ta/n]} € {g,q+ 1},

In order for 2?21 xr; = a we need to have n —r many ¢’s and r many ¢ + 1’s. Hence we

obtain
(n—r)@) +r(q—;1).

> (%) is at least
el ()£ ) =)

j=1 {2
j=1

ng(q—1) —rqlg—1) +r(g+1)g <m(m—1)

Hence we have

ng(q —1) —r@+rqg+rid+rg < m(m — 1)
ng(qg—1) 4+ 2rg < m(m —1)

Case 1: ¢ > 2.
Subtract 2rqg from both sides to obtain

ng(g—1) <m(m —1) — 2rq.
Since ¢ — 1 # 0 we can divide by ¢(¢ — 1) to obtain

Sl el

Case 2: ¢ =1. Since ¢ — 1 =0 we get

2r <m(m—1)
T<m(m—1)

- 2

Corollary 2.8 Let m,n € N. If there exists an r where @ <r<n and (%W =n+r,
then G, is not c-colorable.

Corollary 2.9 Let 1 < <c. Gegpo g is not c-colorable for any m > < (C+C/).

d\ 2



Proof: Letn=c+ and ¢ =1 in Lemma 2.7. Then we have

[(c—l—c’)m_
— | = m-+r
c
[c’m_
m + = m+r
c
[c’m_
= r
c
Note that m > r. Hence
/
dm
m > = r
dm
P
cr
m < —
S 2

Ifm> 5(‘:20/), then r > (CJ;C,), and so Gy m is nOt c-colorable by Corollary 2.8. 1

Corollary 2.10 Let n,m € N. Let [""] = qn + 1 for some 0 < r < n and ¢ > 2. If

m(m——w < n then G, ,, s not c-colorable.
q(g—1) )

Note 2.11 In the Appendix we use the results of this section to find the sizes of maximum
rectangle free sets.

3 Tools to Show Sets Contain Rectangles

3.1 Conventions
Throughout this section we will have the following notations and conventions.
Notation 3.1 Ifn,m € N and A C GG,,,,, then we assume the following.

1. The top row of a grid is row 1.

2. We will denote that (a,b) € A by putting an R in the (a,b) position.

3. For 1 < j <m, x; is the number of elements of A in column j.

4. The rows and columns are reordered so that the following holds (unless we explicitly
say otherwise):



(a) 21 =232 > 2 T
(b) The first column has z; contiguous elements of A starting at row 1.
(c) The second column has z5 contiguous elements of A (unless we say otherwise).

5. For 1 < j < m, Cj is the set of rows r such that A has an element in the r™ row of
column j. Formally

Cj=A{r:(rj) € A}

6. For 1 <i¢<klet
L= Y |C,n---nCy

1<j1<-<gi<m

Example 3.2
01102]03/04{05[06|07|08[09|10|11|12|13|14|15|16 |17
R R R R|R
R | R R | R R
R R | R

|
=
=
=

QY = W DN —

R
R|R R

Cl = {273}702 = {17275}703 = {5}704 = {1}705 = {}7
06 = {47 5}7 C'7 - {}7 C'8 = {}7 C(9 = {374}7 ClO = {2}7
Ch = {2}, C2 = {4}, C13 = {2,4}, C14 = {1, 4}, C15 = {3},

C’16 = {173}7 Cl? = {1}7

In this example A is rectangle free. Hence, for all i < j C; N C;| < 1. Hence we have the
following observations.

1. I; is the number of R’s in the grid which is 22.
2. I5 is the number of pairs of columns that intersect. We list all of the intersecting pairs
that are nonempty by listing what C} intersects with Cj; where j' > j.
C intersects Csy, Cy, Co, C11, C3, Ci5, Cig;
Cs intersects Cy, Cg, Co, C11, C13, Cg, Cig, Ci7;
(5 intersects Cg;

04 intersects 014, 0167 017;



Cs intersects Cy, C9, C13, Chy;

Cy intersects C1q, C13, Chy, C15, Cie;
Cp intersects Cp, Ci3,

Ch1 intersects Ci3;

C19 intersects Ci3, Cy;

Ch4 intersects Cig, Ci7;

(5 intersects Cig;

(¢ intersects C7;
Therefore I, = 37.

. I3 is the number of triples of columns that intersect. We list all of the intersecting
triplets that are nonempty:

Cla 027010)7 (01702a Cll)a (Cla 027013)7 (Cla 097015)7 (Cl7097 016)7 (017 ClOa Oll)a (Cla 0107013)7
ClaCII;CI?))’ (0170157016)7

027047014)7 (027047016)7 (027047017)7 (0270107011>7 (C27CIO7CI3)7 (0270117013)7
027 C'147 016)7 (027 0147 C117)7 (C27 0167 Cl7>;

(
(
(
(
(Cy, C14, Cr6), (Cy, Cra, Chz), (C, Cr, Cir);

(Cs, Cy, C12), (Cg, Coy, C13), (Cs, Cy, Chy), (Cs, Ch2,C13), (Cs, Ci2, Ch4), (Cs, C13, C14);
(Cy, C15,Clhg), (Co, Cha, Ci3), (Co, Cia, C14), (Co, Ci3, Ca);

(Cho, Ch1, Ch3),

(Cha, C13, Ca),

(C14, Cy5, Che),

(Cy5, Chg, Ch7).

Hence I35 = 35.

. I is the number of 4-tuples of columns that intersect. We list all of the intersecting
4-sets that are nonempty:

(C1, G2, Cho, Ca), (C1, G, Cho, C3), (C1, Oy, C15, Cie), (C1, Cro, Cr, Chis);

CQ) 047 C1147 016)7 (027 O4a C\’14:7 017)7 (027 047 Clﬁa Cl?)a (02; C\’10; C1117 013)7 (027 C1147 0167 017)7
Cy, Chy, Ci6, Ch7),

Cs, Cy, C12,C13), (Cg, Cy, Cla, Ch4), (Cs, Cy, C13,C1y),

(
(
(
(Cs, Chz, Chz, Cha),



(097 0127 Cl37 Cl4>~
Hence I, = 15.

5. Iy is the number of 5-tuples of columns that intersect. We list all of the intersecting
5-sets that are nonempty:

(Cy, Cy, Cyg, Ch1, Ch3),
(Cy, C4, Cr4, C14, 1),
(Cs, Cg, Cha, C13, Ca),
Hence Iy = 3.

6. Is is the number of 6-tuples of columns that intersect. There are none of these, so
I = 0.

Def 3.3 Let n,m € Nand A C Gy, Let 1 < 4y < ip < n. C;, and C;, intersect if
Ci, N Cy, # 0. The following picture portrays this happening with C; and Cs.

112
1 R
2 R
1 —1 R
T R|R
1 +1 R
R

ZL’1+2

SL’1+LL’2—1 R
T+ T2
3314‘1’2‘1‘1

n

k k
3.2 ijl r; and ‘Uj:l Gyl

Lemma 3.4 Let n,m € N. Let A be a rectangle free subset of Gy . Let 1 < 71 < jo < n.
Then |Cj1 N Cj2| S 1.

10



Proof:
As the following picture shows what happens if |C7 N Cs| > 2. Note that a rectangle is
formed. We leave it to the reader to make this into a formal argument.

2

1
1 R
R

1 —1 R
T R
ZL‘1+1
ZL‘1+2

i=v]B=viii=v] =] AR

.CI§'1+.I'2—2
ZE—|-£E2+1—1

n

Lemma 3.5 Let n,m € N. Let 1 < k < m. Let xy,...,x, € N. Assume (x1,...,2,) is
(n,m)-placeable via A. (We need not assume that xy > -+ > x,, and hence can use this for
any set of columns.)

1. x1+---+xk§n+(§).
2. Ifxy+- -+ =n+(5) then
o foralll <j <js <k, |C;, NC},| =1, and
o foralll <ji <jo<js<k,|C;NC;,NC, =0.
3 IV, C #0 then S5 oy <m+ 308 ,(—1)7 (%).

j
4 | U?:l Cjl = Z§:1 Li — (129)

Proof:
We begin with facts that are useful for all four parts.
By the law of inclusion-exclusion

k k
‘UCJ‘ :Z|Cj|_12+13—[4-|—..._|_(_1)k+1[k.
j=1

j=1

Since |C}| = z; we have

11



k k
|UC]|:Z:L‘]_]2+]3_I4—I—-.+<_1)k+1]k
J=1 j=1

k k
ZIj:’UCj|+Ig—]3+[4+"‘+(—1)kfk.

j=1 j=1
Since |U§:1 C;| < n we have

k
ij§n+I2—]3—|—]4+---—|—(—1)k]k..

J=1

1) Assume k is odd (the case of k even is similar).

k
owp<nt Lt (Ii—I) + -+ + (Inmt — Ima) — I

j=1

Since I, < (g) and, for 3 <j <k —2, ([;41 —1;) <0 and —I; <0 we have

k k
J=1

2) We assume k is even. The k odd case is similar. We always have

k k
doai=JCl+ =T+ L+ + (1)

J=1 Jj=1

If this sum equals n + (g) then we obtain

k k
k
n—l—(2) :|UCJ’|+I2—I3+I4—|—'--—i—(—l)kfk:|UC'j|+12—|—([4—]3)+...+(]k__]k_1).

Jj=1 Jj=1

Since

k
Jail <n,
j=1

k
12 S (2)7

(¥ = 3L — I; < 0]

and

12



the only way that equality can hold is if

and
(Vj = 3)[Lj1 — I; =0].

By Lemma 3.4 for all 1 < j; < jo, <k, |C;, N Cj,| < 1. Since I, = (];) we have that, for
all 1 <jy <jo <k, |C;,NC)| =1

Since (Vj > 3)[Lj41—1; = 0] forall 3 < j <k, Iy = 0. Hence for all 1 < j; < j, < js <k,
C;, NCy, N C| = 0.
3) Since Cy N ---NCy # 0, for all j, I; = (’;).

Hence
k k . k Ik
IUETES WSS W
j=1 j=2 j
4) We will assume k is odd. The k even case is similar.

|U?:10j| :ZI?:HCJ'\ — L+ I3—Is+-+ 1 — Iy
=> i |Gl =L+ (L= 1)+ + (g1 — Ii—2) — I

Since |I5| < (k) and, for all 3 <j <k —1, ([; — I;41) > 0, we have

2
Jail=> 1ol - (2> => x;— (2>
j=1 j=1 j=1

It will be convenient to specify the £ = 2 case of Lemma 3.5.

Lemma 3.6 Let n,m € N. Assume (z1,...,2T,) is (n,m)-placeable via A. Then x1 + x5 <
n+ 1.

3.3 Using maxrf

Lemma 3.7 Let n,m € N. Let x < z7 < n. Assume (x1,...,Ty) is (n,m)-placeable via A.
Then
|A| <2+ m — 1+ maxrf(n —z,m—1).

13



Proof:  The following picture portrays what might happen in the case of n = 12, z; = 8.
We use double lines to partition the grid in a way that will be helpful later.

1[2[3]4[5]... 15[ |m
1| R|R

2 | R R

3R R

1R R

5 R

6 | R

7R R
8 |R R

9 R|R

10 R R

11 R

12 R

We view this grid in three parts.
Part 1: The first column. This has z; elements of A in it.

Part 2: Consider the grid consisting of rows 1,...,x; and columns 2,...,m. Look at the
5 column, 2 < j < m in this grid. For each such j, this column has at most one element
in A (else there would be a rectangle using the first column). Hence the total number of
elements of A from this part of the grid is m — 1.

Part 3: The bottom most n — z; elements of the right most m — 1 columns. This clearly
has < maxrf(n — x1,m — 1) elements in it.
Taking all the parts into account we obtain

|A| <21+ (m — 1) + maxrf(n — z1,m — 1).

We leave it as an exercise to show that, if z < zq, then

x1+ (m—1) + maxrf(n — x;,m — 1) <z + (m — 1) + maxef(n — z,m — 1).

3.4 Disjoint Columns

In this section we prove a very general theorem about what happens if the first & columns
are disjoint. In order to actually use this theorem we will need some lemmas.

Def 3.8 Let n,m,q,u € N.

14



1. maxrf,(m,n) is the size of the maximum rectangle-free A C G, ,, where every column
has at least ¢ elements in it.

2. colsrf,(n) is the largest m such that there is a rectangle-free A C G,,,, where every
column has at least ¢ elements in it.

3. colsint,(n) is the largest m such that there is set A C G,,,, where no two columns
intersect and there are at least ¢ elements in each column.

Lemma 3.9 Let p,q € N such that p > q. Then

1.

plp - 1)J

colsrf,(p) < {—

W= o)

(We allow the case of ¢ =1 though it gives the trivial result that colsrf,(p) < co.)
2. ot
Colsrfq(p) - q S p + <CO SI‘Qq(p)) )
Proof:

Let A C G, be a rectangle-free set such that every column has at least ¢ elements in
it. Let C4,...,C, be the columns. We show conditions that u satisfies, and hence colsrf,(p)
satisfies.

1) If {a,b} is a distinct pair of elements in (say) C; and {c¢,d} is a distinct pair of elements

in (say) Cy we have {a,b} # {c,d}.
U(3)= ()

Since each (C;J ) is a subset of ([g]) we also have

U(%)

Hence we have

Since u is an integer

15



2) By Lemma 3.5

il jd <+ (3)

Since each |C;| is > g we have

wasiolsslal <o (3).

The following easy lemma we leave to the reader.

Lemma 3.10

colsint,(p) = EJ

Theorem 3.11 Let k,n,m,p,q,u € N. Assume the following.

e g<p<nandl<k<m.

u 1s the largest number such that u < L’;ES:BJ and uqg < p+ (12‘)

o (x1,...,2y) 1s (n,m)-placeable via A.

In this placement, for all 1 < j; < jo <k, |C;, N C},| = 0.
o ;> --- > x5 We make no other assumptions about the orderings of the x;’s.

Let N = Nji, be the number of j, k+1 < j < m, such that |C;| = k+q. Then N
satisfies the following conditions.

1. N < colsrf,(p) < u.

2. N S (COISintq(p))xk—maxrfq(p,N)—i-qN S LgJ xk—maxrfq(RN)-I-qN
3. Ifg=1andp=1 then N < xy.

4. Ifq=1,p=2, and k > 2, then N < 2x_1.

5 Ifq=1,p=3, and k > 4, then N < 3x)_3.

16



(The last three items follow directly from item 2 and Lemmas 3.10 and 12.1. Hence we will
not prove them.)

Proof:

The proofs (1) and (2) of this theorem begin the same way.

The following picture portrays an example where k =4, x1 =8, 29 =5, 3 =4, 14 = 2,
and p = 5.

| | | | | | | |

OO0 | O U = W DN —

—_
e}

—
[\

| | | | D

—
w

—_
W

—_
ot

peN
| | =| =

—
oo

©
| =

)
(e

[\
—_

DO
[\

]
w

24

By renumbering we can assume that our general grid looks like the one above. In par-
ticular

01 :{1,...,1‘1}
CZ :{x1+1,...,l’1+1’2}
Cs ={x1+x+1,..., 01 + 22 + 23}

Cr ={m+ - 4axp1+1,...,00+ - +Tp 1+ Tk}
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Let k+1<j<k+N. Let C; = {iy <--- <ipyq}. Note that

IC;NCy| <1
IC;NCy <1
]Cj NCy| <1.
hence
Therefore

IC;N {1+ +a,+1,...,n} >q.
Let r; > 0 be such that

Cin{z+ x4+ 1, o+t a+pH =g+
Let SETS be the following set of sets:
o {1,..., 21},
o {x1+1,...,21 + 22},
o
o {x1+ - +wp 1+ 1, Fxpg + )

C; has to intersect at least (k+q) — (¢+1;) = k —r; of the sets in SETS. Let MISS; be
the sets in SETS that C; does not intersect. Note that |MISS;| =k — (k —r;) = ;.

Look at the grid formed by rows z; + -+ 2+ 1,...,2; + -+ + 23 + p and columns
k+1,...,k+ N. Let B be the restriction of A to this set. Note the following:

e Every column of this grid has > ¢ elements in it.

e |B| < maxrf,(p, N).

o |Bl=(q+r)+--+(q+ry)=qN+ri+--+ry.

e Combining the last two items we obtain

ri+ -+ ry = |Bl = gN < maxify(p, N) — ¢N.
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1)
Note that B is a rectangle-free subset of G, xy with at least ¢ elements in each column.
Hence, by the definition of colsrf,(p), N < colsrf,(p). By Lemma 3.9 colsrf,(p) < u. Hence

N < colsrf,(p) < u.

2)
Assume, by way of contradiction, that

N > (COISintq(p))xkfmaxrfq(%N)quN + 1.

k be the largest number (hence the smallest z;, value) such that, for all

Cjﬂ{xl—|—~~'—|-LU]'071+1,-..,$1+"'+$]‘0—1+ij}7£®-

(We define xy = 0 for this notation.) We want a lower bound on jy. Foreach k+1<j < N
there are at most |MISS;| = r; sets Z € SETS such that C; N Z = (). Hence there are at
most 71 + - -- 4+ ry elements of SETS such that there is a k 4+ 1 < j < N such that C} does
not intersect. Hence jo > k — (11 + -+ +rn) > k — maxrf,(p, N) + ¢N. Therefore

Hoi+- -+ xjor + 1,20+ -+ 21 + 2o H = Ty > Thomaxef, (p,N)+qN-

Map each £+ 1 < 7 < k+ N to the following ordered pair:

(Cjﬂ{&?l—i-' . +l’k+1, e ,I1+' . +$k+p}, ij{ﬂj‘l—l— . '—|-.§L’j0,1—|—1, Ce ,.T1+‘ . ~—|—xj0,1+xj0}.)

Note that there will be exactly one element in the second component of this ordered pair.
Since
N > (colsinty(p))Tk—maxet(p,N)+qn + 1 > (colsinty(p))xj, + 1

there are colsint,(p) + 1 values of j in £k +1 < 57 < N that all map to the same second
coordinate. We can renumber so that these are columns k& + 1 < j < k + colsint,(p). The
following picture portrays what is happening (though we have so far left out R’s in the last
P rows).

k+1|{k+2]|-- | k+colsint,(p) + 1
$1+"‘+l'j0,1+1 R R R

Tyt Tjp—1 + Ty

l’1+"'+ﬂ?k,1+u’€k+1
x1+~--+xk,1+xk+2

T+ +Tp_1 +Tp+p
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Look at the grid formed by rows z; + -+ +xp + 1,..., 21 + --- + 2 + p and columns
k+1,...,k+ colsint,(p) + 1. Let B be the restriction of A to this set. Note that there are
at least ¢ elements in each column. By the definition of colsint,(p) there are two columns
that intersect. By renumbering we can assume they are columns k& + 1 and k + 2. The
following picture portrays what happens and shows that a rectangle is formed. Hence we
have a contradiction. Hence

N < (CO]Sintq (p))xkfmaxrfq (p,N)+gN -

k+1|k+2]--- | k+ colsint,(p) + 1
R ! R R |- R

$1+"'+Ij0_1+$k

$1+"'+$k_1+$k+1 R
x1+~~~+xk,1+xk+2 R R
$1+"'+1’k,1+$k+3 R

1+ +Tp—1 +Tp+p

By Lemma 3.10 colsint,(p) = HJ . Combining this with

N < (COISintq(p))xk—maxrfq(vaHqN

we obtain

. p
N S (COISlntq(p))xk—maxrfq(p,N)—i-qN S \‘QJ xk—maxrfq(p,]\f)-i-q]\f-

4 Tools for Finding Proper c-Colorings

4.1 Strong c-colorings and Strong (c, ¢’)-colorings

Def 4.1 Let ¢,d,n,m € N and let x : Gy, — [c]. x is a strong (c,c')-coloring if the
following holds: For all rectangles where (1) the two right most corners are the same color,
say ¢1, and (2) the two left most corners are the same color, say cs, we have ¢; # co and
c1, ¢ € [].

Def 4.2 Let ¢,d,n,m € N. G, is strongly (c, ¢')-colorable if it has a strong (c, ¢)-coloring,.
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Note 4.3 Let ¢,n,m € N and let x : G, ,,, — [¢]. If there are no rectangles such that (1)
the two right most corners are the same color and (2) the two left most corners are the same
color, then, for all ¢, x is a strong (¢, ¢’)-coloring. However, we will in this case take ¢/ = 1.
We call such colorings strong c-colorings

Example 4.4

1. The following is a strong 4-coloring of G g.

1{1)1]4]{1|1]4|4
2121411124 ]1|4
31421242141
413|13[3[4(14]2]|2
4141414131333
2. The following is a strong 3-coloring of Gy.
111(3/1[{3]3
2131313
312121331
31313[2(2]|2
3. The following is a strong (4, 2)-coloring of Gg ;5.
{1 1]1]1(3[3|3[2]|3|3]2|2[2]|2
1122221111443 |3[3]|2
2113|321 |2]2[2|1]1|1[4]4|3
2121114 (3[2/1]4[3|1]2]|2|1]1]|4
31321 (42214214 |1|2]|1
4141412114 (4]2]1(2]{2|1]2]|1|1

4. The following is a strong (6, 2)-coloring of Gy .

11112236
1121112(4(5
2112154
2121163
31415611
41516411
5163312
6134|512

[\)
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5. The following is a strong (5, 3)-coloring of Gj as.

111111155553 2434323432332 222
12222221111 11545 43434334333 2
213333212222211111555 4434343
2214443213333 122221111555433
33215 3322144421333 1222111554
3432154332153 221542133122113:5
4343215343215 332152215213121
55553 214343213532133212212171

Lemma 4.5 Let ¢,d,n,m € N. Let x = |c/c|. If Gnm is strongly (c,c’)-colorable then
G,zm s c-colorable.

Proof:
Let x be a strong (¢, c)-coloring of G,,,,. Let the colors be {1,...,c}. Let x* be the
coloring .
X'(a,b) = x(a,b) +7¢ (mod ¢).

(During calculations mod ¢ we use {1, ..., ¢} instead of the more conventional {0, ...,c—1}.)

Take G, ,, with coloring x. Place next to it G,,,, with coloring x¢. Then place next to
that G,,,, with coloring x?* Keep doing this until you have x(*=1¢ placed. The following is
an example using the strong (6, 2)-coloring of Ggg in Example 4.4.4. Since ¢ =2 and z =3
we will be shifting the colors first by 2 then by 4.

1122 36|33 4452556614
1212 45343462565 5 24
21215 4(43 43 1¢6[(65 65 3 2
22116 34433 225|665 5 4 2
3456 1256223 4|1 244256
456 4116126 3 3|23 4255
56 33121255 34341156
6 3 451225 6134412356

We claim that the construction always creates a c-coloring of G, zn.

We show that there is no rectangle with the two leftmost points from the first G, .
From this, to show that there are no rectangles at all is just a matter of notation.

Assume that in column 7; there are two points colored R (in this proof 1 < R, B,G < ¢.)
We call these the i1 -points. The points cannot form a rectangle with any other points in G, ,,
since x is a c-coloring of Gy, ,,,. The 4;-points cannot form a rectangle with points in columns
i1+m, i1 +2m, ..., i1+ (¢ — 1)m since the colors of those points are R+ ¢ (mod ¢), R+ 2¢
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(mod ¢), ..., R+ (z—1)¢ (mod ¢), all of which are not equal to R. Is therea 1 <j <z —1
and a 1 < iy < m such that the i;-points form a rectangle with points in column iy + jm?
Since x is a strong (c, ¢')-coloring, points in column i, and on the same row as the i;-
points are either colored differently, or both colors are in [¢/]. We consider both of these
cases.
Case 1: In column iy the colors are B and G where B # G (it is possible that B = R or
G = R but not both). By the construction the points in column iy + jm are colored B + jc
(mod ¢) and G + jc’ (mod ¢). These points are colored differently, hence they cannot form
a rectangle with the i;-points.

11 19 . ‘ 21+jm 22+]m
B R+jcl P B+jcl
R G - |- R+jd -+ G+ jd
Case 2: In column iy the colors are both B.
iv e o ‘ i1+ jm - iy 4 jm
R B R+jcl e B+jcl
R --- B R+jd -+ B+jd

We have R, B € [¢/]. By the construction the points in column is 4+ jm are both colored
B+ jd (mod ¢). We show that R # B + j¢’ (mod ¢). Since 1 < j < x — 1 we have

d <jd <(z-1).

Hence
B+d <B+jd <B+(z—1).

Since B € [¢] we have B + (z — 1)¢ < zc. Hence
B+d <B+jd <acd.
By the definition of x we have ¢’ < ¢. Since B € [¢] we have B + ¢ > ¢ + 1. Hence
d+1<B+jd<ec.

Since R € [/] we have that R # B + jc'. 1

4.2 Using Combinatorics and Strong (c, ¢’)-Colorings

Theorem 4.6 Let ¢ > 2.
1. There is a strong c-coloring of G, (=41)-
'\ 2

c+1) )

2. There is a c-coloring of Gey1,m where m = c( 5
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Proof:
1) We first do an example of our construction. In the ¢ = 5 case we obtain the following
coloring.

505|555 |11 (1|11 |1]|1]1|1]1
50111115555 [2|2[2(2|2]|2
1151221252225 |5]|5|3[3]|3
212151332533 |5[3|3|5]5|4
31313|5(4(3|3|5[4|3|5|4[5[4|5
4141414154414 |5(4(4|5[4|5|5

Here is our general construction. Index the columns by the ([021]). Color rows of column

{z,y}, v <y, as follows.
1. Color rows z and y with color c.

2. On the other spots use the colors {1,2,3,...,¢ — 1} in increasing order (the actual
order does not matter).

2) This follows from Lemma 4.5 with ¢ = ¢ and ¢ = 1, and Part (1) of this theorem. |

The next theorem generalizes Theorem 4.6.

Theorem 4.7 Let ¢, e N withe>2 and 1 < <ec.

c+c’) )

1. There is a strong (c,c)-coloring of Gese ym where m = (<5

2. There is a c-coloring of Geyermr where m’ = | ¢/ | (CZCI).

To prove Theorem 4.7, we will use a partition of ([22”]) into perfect matchings of [2n] for
certain values of n. Each perfect matching thus has size n.

We first give some examples and then a general lemma.

Example 4.8

1. If n=3,2n =6, 2n — 1 = 5. We show a partition of ([g]) into 5 parts of size 3. We
first pair up the elements as follows, each number in the top row being paired with the
number below it:

1
6

2
)

3
4

This corresponds to {1,6}, {2,5}, {3,4}. This is our first part of size 3.

We keep 1 fixed and keep rotating the other numbers clockwise to obtain the following
parts.

24



11314
2165

Note that the first pair went {1,5}, {1,4}, {1,3}, {1,2}. That is, 1 was fixed but
the other element decreased by 1. Also note that the second and third pair had both
elements decrease by 1 except 2 goes to 6. This partition is a special case of a general
construction we will have later. The same applies to the next example.

.Ifn=4,2n=38,2n—1="7. Hereis a partition of (%) into 7 parts of size 4.

We keep 1 fixed and keep rotating the other numbers clockwise to obtain the following
parts.
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The next lemma shows that such partitions always exist. The lemma (and the examples
above) is based on the Wikipedia entry on Round Robin tournaments. We present a proof
for completeness.

Lemma 4.9 Letn € N. ([22"]) can be partitioned into 2n — 1 sets Py, ..., Psy,_1, each of size
n, such that each P; is itself a partition of [2n] into pairs (i.e., a perfect matching).

Proof:  Following the examples above, we define the cyclic permutation p on {2,3,...,2n}

as follows:
(z) = r—1 if 2 <x < 2n,
PE= on  ifa =2,

for all z € {2,3,...,2n}. Then for each 1 <1i < 2n — 1, we define
Po={{1,2n—i+1} }U{{p" V), p" P2n—j+1)}|2<j<n},

noting that 2n — i+ 1 = p~(2n). It is not too hard to see that each P; contains exactly n
pairwise disjoint pairs, so it suffices to show that no pair appears in two different P;. Clearly,
no pair of the form {1,z} can appear in more than one P;. Suppose {z,y} appears in both
P; and P; for some ¢ < j, where 2 < z,y < 2n. Then without loss of generality, x appears in
the top row of P; with y just below it. If x is still in the top row of P;, then x has shifted to
the right and y to the left, and so x and y are not vertically aligned in P;, which means that
{z,y} ¢ P;. So it must be that = is on the bottom row of P; with y just above it. But for
this to happen, x and y would have to rotate different amounts from P, to P; (one an even
distance and the other an odd distance), but they rotate the same amount, namely, j — i
spaces—contradiction. Thus the P; are as required. |

Proof: [Proof of Theorem 4.7]
1) Here is our general construction. We split into two cases.

Case 1: ¢+ ¢ is even. Then ¢+ ¢ = 2n for some n. Since ¢ < ¢, we also have ¢ < n.
Let Py,..., Py, 1 be the partition of [2n] of Lemma 4.9. Index the elements of each P; as
pij for 1 < j <mn, that is, P, = {pi1,pi2,-..,Pin}. We break up the columns into 2n — 1
blocks of n columns each (note that n(2n — 1) = (%')). We color the ;™ column in the i*h
block as follows:

e Assign color 1 to the two elements of p; (j4+1) mod n;

Assign color 2 to the two elements of p; (j12) mod n;

[ ]
e Assign color ¢’ to the two elements of p; (j+e/) mod n
e Assign the colors ¢ + 1,...,c one each to the rest of the elements in the column in

increasing order.

26



Suppose some pair p;r = {x,y} is monochrome in two separate columns. Then both
these columns must be in the i*® block, the j5* column (colored ¢;) and jond column (colored
c2), say. Then we must have

k= (j1 + c1) mod n = (ja + ¢2) mod n.

Since j; # jo, we must have ¢; # cs.

Case 2: ¢+ ¢ is odd. Then we choose a simpler partition. Let ¢ + ¢ = 2n + 1 for some
n. Since ¢ < ¢, we also have ¢ <n. For 1 <i<2n+1 and 1 < j < n, define

[2n + 1])7

pij =40+ j)mod 2n+1),(i —j) mod (2n+ 1)} € ( 5

and let
P = {pi,la B api,n}-

It is not too hard to see that all the pairs within the same P; are pairwise disjoint and that
no pair is contained in more than one F;.
We now proceed with exactly the same recipe as in Case 1, except that, noting that

(2"2“) = n(2n + 1), we group the columns into 2n + 1 blocks of n columns each. We get a

strong (¢, ’)-coloring just as in Case 1.
2) This follows from Lemma 4.5 and Part (1) of this theorem. [

Corollary 4.10 For all ¢ > 2 there is a c-coloring of Gacac2—c-

4.3 Using Finite Fields and Strong c-Colorings
Def 4.11 Let X be a finite set and ¢ € N, ¢ > 3. Let P C (i;)

pairs(P) = {{a, s} € @)  (Gas, ... a)){ar,...,a.} € P|}.

Example 4.12 Let X ={1,2,3,4,5,6,7,8,9}. Let ¢ = 3.
1. Let P = {{1,2,6},{1,8,9},{2,4,6}}. Then

pairs(P) = {{1,2},{1,6},{2,6},{1,8},{1,9},{8,9},{2,4},{4,6}}
2. Let P ={{1,2,3},{4,5,6},{7,8,9}}. Then

pairs(P) = {{1,2},{1,3},{2,3},{4,5},{4,6},{5,6},{7,8},{7,9},{8,9} }.
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Lemma 4.13 Let ¢,m,r € N. Assume that there exists Py, ..., P, C ([C:}) such that the
following hold.

e Foralll <j<m, P;is a partition of [cr| into ¢ parts of size r.
o Forall1 < j; < jo <m, pairs(P;,) N pairs(P;,) = 0.

Then
1. Gepm 1 strongly c-colorable.

2. Gepem 15 c-colorable.

Proof:
)
We define a strong c-coloring COL of G, using Py, ..., P,.
Let 1 <5 <m. Let
P ={L},.... L5}

where each L} is a subset of 7 elements from [cr].
Let 1 <7 <crand1<j<m. Since F; is a partition of [cr] there exists a unique u such
that ¢ € L. Define
COL(i,j) = u.

We show that this is a strong c-coloring. Assume, by way of contradiction, that there
exists 1 <y < iy <2k and 1 < j; < jo < 2k — 1 such that COL(i1,71) = COL(i1,72) = u
and COL(iy, j1) = COL(i2, jo) = v. By definition of the coloring we have

iy € Ly iy € LY, ip € L ,in € LY,
Then
{i17 iQ} < pairS<le) N pail“S(F)jQ),

contradicting the second premise on the P’s.
2) This follows from Part (1) and Lemma 4.5 with c=cand ¢ =1. 1

The Round Robin partition of Lemma 4.9 is an example of a partition satisfying the
premises of Lemma 4.13, where ¢ =n, r =2, and m = 2n — 1 = 2¢ — 1. The next theorem
yields partitions with bigger values of r.

S

ds __
,and m = 2= Then

; __ ds—s —
Theorem 4.14 Let p be a prime and s,d € N. Let c =p*~*, r=p T

Gerem 15 c-colorable.

Proof: = We show that there exists P, ..., P, satisfying the premise of Lemma 4.13. The
result follows immediately.
Let F be the finite field on p* elements. We identify [cr] with the set F?.
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Def 4.15
1. Let # € F? € F*—{0%. Then
Lyg={Z+ fy| feF}
Sets of this form are called lines. Note that for all Z,4,a € F with a # 0,
Lz g = Lz
2. Two lines Lz g, Lz g have the same slope if ¥ is a multiple of .

The following are easy to prove and well-known.

e If L and L’ are two distinct lines that have the same slope, then L N L' = ().
e If L and L’ are two distinct lines with different slopes, then |L N L'| < 1.
e If L is a line then there are exactly » = p® points on L.

e If L is a line then there are exactly ¢ = p?*~* lines that have the same slope as L (this
includes L itself).

ds_l .
E— different slopes.
pS—1

We define Py, ..., P, as follows.
1. Pick a line L. Let P; be the set of lines that have the same slope as L.

e There are exactly

2. Assume that P, ..., P,_; have been defined and that j < m. Let L be a line that is
not in P U---U P;_;. Let P; be the set of all lines that have the same slope as L.

We need to show that Py, ..., P, satisfies the premises of Lemma 4.13
a) For all 1 < j < m, P; is a partition of [er] into ¢ parts of size r. Let L € P;. Note that
P; is the set of all lines with the same slope as L. Clearly this partitions F*¢ which is [cr].
b) For all 1 < j; < jo < m, pairs(P},) N pairs(P;,) = (0. Let Ly be any line in P;, and L be
any line in P;,. Since |L; N Ly| <1 < 2 we have the result.

Note that each P; has ¢ = p®~* sets (lines) in it, each set (line) has r = p* numbers

Zd::f many P’s. Hence the premises of Lemma 4.13 are satisfied.

(points), and there are m =

It is convenient to state the s = 1, d = 2 case of Theorem 4.14.

Corollary 4.16 Let p be a prime.

1. There is a strong p-coloring of Gpz 1.

2. There is a p-coloring of G2 p24p.

Note 4.17 It would be of interest to obtain a Lemma similar to Theorem 4.14 that does
not need prime powers and possibly yields strong (¢, ¢’)-colorings.
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5 Bounds on the Sizes of Obstruction Sets

5.1 An Upper Bound

Using the uncolorability bounds, we can obtain an upper-bound on the size of a c-colorable
grid.

Theorem 5.1 For all ¢ > 0, G2y 21 15 not c-colorable.

Proof:  We apply Corollary 2.10 with m = ¢? + ¢ and n = ¢ + ¢. Note that

[mw _ [(c2 +c) (¢ _'_C)-‘
= (c+1)( +e).

Letting ¢ = ¢+ 1 and r» = 0, we have

m(m—1) —2qr (¢ +c)(®+c—1)

gl¢—1) (c+1)c
=c?4c—1
<ct+ec
=n.

Using this, we can obtain an upper-bound on the size of an obstruction set.
Theorem 5.2 If ¢ > 0, then |OBS,| < 2¢2.

Proof: For each 7, there can be at most one c-minimal grid of the form G, ,,. Likewise,
there can be at most one c-minimal grid of the form G,,,. If » < ¢ then for all n, G,, and
G, are trivially c-colorable and are, therefore, not c-minimal. Theorem 5.1 shows that for
all n,m > ¢®+ ¢, Gy, is not c-minimal. It follows that there can be at most two c-minimal
grids for each integer r where ¢ < r < ¢® + ¢. Therefore there are at most 2¢? c-minimal

grids in OBS.. |

5.2 A Lower Bound

To get a lower bound on |OBS,.|, we will combine Corollary 2.9 and Theorem 4.7(2) with the
following lemma:

Lemma 5.3 Suppose that G, » is c-colorable and G,,,, s not c-colorable. Then there
exists a grid G, € OBS. such that my < x < my (and in addition, y < n).
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Proof: Given n, let = be least such that G, is not c-colorable. Clearly, m; < z < ma.
Now given x as above, let y be least such that G, is not c-colorable. Clearly, y < n and
G,y € OBS.. 1

Theorem 5.4 |OBS.| > 2,/c(1 — o(1)).

Proof: For any ¢ > 2 and any 1 < ¢ < ¢ we can summarize Corollary 2.9 and Theo-
rem 4.7(2) as follows:

c-colorable ifn< Lﬂ (CJ;CI),
not c-colorable if n > 5(620/).

Gc+c’ n 18 {

(We won’t use the fact here, but note that this is completely tight if ¢’ divides c.)

Suppose ¢ > 1 and
cfc+c - c c+c —1 (1)
c 2 d—1 2 ’

Then letting n := [c/iIJ (C+02/_1), we see that G.iv_1, is c-colorable, but G 4., is not.
Then by Lemma 5.3, there is a grid Gy, € OBS, for some y. So there are at least as many
elements of OBS, as there are values of ¢ satisfying Inequality (1)—actually twice as many,
because G, € OBS, it G,,,, € OBS..

Fix any real € > 0. Clearly, Inequality (1) holds provided

(1) () (1)
c 2 —\d -1 2
A rather tedious calculation reveals that if 2 < ¢ < (1 — €)4/c, then this latter inequality
holds for all large enough c. Including the grid G.1;,, € OBS, where n = c(c’gl) +1, we then
get |OBS,| > [(1 — ¢)4/c] for all large enough ¢, and since € was arbitrary, we therefore have
OBS,| > v/e(l — o(1)).

To double the count, we notice that ¢ + ¢ < Lﬂ (CZCI), whence Geye ot is c-colorable
by Theorem 4.7(2). This means that G, € OBS. for some y > ¢+ ¢, and so we can

count Gy .+ € OBS, as well without counting any grids twice. 1

6 Which Grids Can be Properly 2-Colored?

Lemma 6.1
1. G735 and Gs7 are not 2-colorable
2. Gy is not 2-colorable.

3. Gro and Gy 7 are 2-colorable (this is trivial).
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4. Gga and Gy are 2-colorable.

Proof:
We only consider grids of the form G, ,, where n > m.
1,2)
The following table, along with Corollary 2.4, shows why G~ 3 and G5 5 are not 2-colorable.

Table 1: Uncolorability values for ¢ = 2

3) Gz is clearly 2-colorable.

4) Gg,4 is 2-colorable by Corollary 4.16 with p = 2.
|

Theorem 6.2 OBSQ = {G773, G575, G377}.

Proof:

G'7.3 is not 2-colorable by Lemma 6.1. G 3 is 2-colorable by Lemma 6.1. G'7 5 is 2-colorable
by Lemma 6.1. Hence G7 3 is 2-minimal. The proof for G3 7 is similar.

G's 5 is not 2-colorable by Lemma 6.1. G54 and G4 5 are 2-colorable by Lemma 6.1. Hence
G55 is 2-minimal.

We need to show that G 3, G55, and G5 7 are the only 2-minimal grids. We consider the
different possible values of n with m < n and then use symmetry.

n m<n comment
1,2,3,4| any m <n Gy,m 1s 2-colorable by Lemma 6.1
n 1,2 Gym 1s 2-colorable by Lemma 6.1
5 3,4 G,m 1s 2-colorable by Lemma 6.1
5 5 G55 € OBS,
6 3,4 G,m 1s 2-colorable by Lemma 6.1
6 5,6 Gy, m 1s not 2-minimal since G5 5 not 2-colorable
7 3 G7,3 € 0OBS,
n>"7 4,...,n Gp,m 1s not 2-minimal since G7 3 not 2-colorable
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7 Which Grids Can be Properly 3-Colored?

Lemma 7.1
1. Gig4 and Gyi9 are not 3-colorable.
G165 and G516 are not 3-colorable.
G137 and G713 are not 3-colorable.
Gi2.10 and G2 are not 3-colorable.
G1111 15 not 3-colorable.
Ghos and G 19 are 3-colorable (this is trivial).
Giga and Gyqg are 3-colorable.

G156 and Gg 15 are 3-colorable.

© xRS v

G129 and Gy 12 are 3-colorable.

Proof: We just consider the grids G, ,, were n > m.
1,2,3,4,5)

Table 2, along with Corollaries 2.4 and 2.8, shows why G194, Gi65, Gi37, Gi2,10, and
G111 are not 3-colorable.

mon Zum "2 r (T)

4 19 26 7 6  apply Corollary 2.8
5 16 27 11 10 apply Corollary 2.8
7 13 31 31 apply Corollary 2.4
10 12 40 40 apply Corollary 2.4
11 11 41 41 apply Corollary 2.4

Table 2: Uncolorability values for ¢ = 3

6) G1g3 is clearly 3-colorable.
7) Ghs,4 is 3-colorable by Theorem 4.6 with ¢ = 3.
8) G156 is 3-colorable by Corollary 4.10 with ¢ = 3.

9) G129 is 3-colorable by Corollary 4.16 with p =3. 1

Lemma 7.2 Gy is 3-colorable.
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Proof:  This is the 3-coloring:

R|\R|R|R|B|B|G|G|B|dG
R\B|B|G|R|R R|G|G|B
G|R|B|G|R|B|B|R|R|(G
G|B|R|B|B|R|G|R|G|R
R|\B|G|G|G|B|G|B|R|R
G|\R|B|B|G|G|R|B|B|R
B|G|R|B|G|B|R|G|R|B
B|B|G|R|\R|\G|B|G|B|R
G|G|G|R|B|R|\B|B|R|B
B|\G|B|R|B|G|R|R|G|G

Note 7.3 The coloring in Lemma 7.2 we found by first finding a size 34 Rectangle Free
Subset of Gyg10 and then using that for one of the colors and doing trial and error (with
a short computer program). It is an open problem to find a general theorem that has a
corollary that G 10 is 3-colorable.

Lemma 7.4 If A C G119 and A is rectangle-free then |A| < 36 = (%W — 1. Hence G110
1s not 3-colorable.

Proof:

We divide the proof into cases. Every case will either conclude that |A| < 36 or A cannot
exist.

For 1 < j <10 let z; be the number of elements of A in column j. We assume

Ty = 2 Xy

1L 5<mz <11

By Lemma 3.7 with x =5, n = 11, m = 10 we have

|A| < z+m—1+4maxrf(n—x,m—1) < 54+10—14+maxrf(11-5,10—1) < 144+maxrf(6,9).
By Lemma 12.1 we have maxrf(6,9) = 21. Hence

|A| < 14 421 = 35 < 36.
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2. There exists k, 1 < k <6, such that xy =--- =2 =4 and 2,1 < 3. Then

10

10 k
A=) 2= a)+ (D x;) <4k +3(10— k) =30+ k
7=1 7=1

Jj=k+1
Since k < 6 this quantity is < 30 4+ 6 = 36. Hence |A| < 36.
3. x1y=---=x7=4and, forall, 1 < j; < jy < j3 <7,
|Cj1 N Cjz N Cj3| = 0.

Let G’ be the grid restricted to the first 7 columns. Let B be A restricted to G’. Since
every column of G’ has 4 elements of B, |B| =7 x 4 = 28. Since every row of G’ has
< 2 elements of B, |B| < 2 x 11 = 22. Therefore A does not exist.

4. ©1 = --- = x7 = 4 and there exists 1 < j; < j2 < j3 < 7 such that
€5 NGy, NG| =1,
but forall 1 < j; < jo < j3<ju <7
IC;,NCy;,NC,NC;,| =0.
By renumbering we can assume that
ICiNCyNCsl =1

and that the intersection is in row 11. Let G’ be the grid restricted to the first 7
columns. Let B be A restricted to G’. The following picture portrays what is in the
first 3 columns of G.

112(3]14|5(6(7
1R

2 | R
3| R

4 R
5 R
6 R
7 R
8 R
9 R
10
IMNIR|R|R
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Since there are no 1 < j; < jo < j3 < jy < 7 with
|Cj1 n CjQ n Cj3 n Cj4| =1,

there will be no other elements of A in row 11 of G’. Let N’ be the number of 4 < 5 < 10
with z; =4 in G'. Note that N’ = 4.

Let G” be G’ with row 11 removed. (We do not include a picture— just remove the
last row from the picture above.)

For 1 < j < 7 let y; be the number of elements in the j™ column of G”. Let N” be
the number of 4 < j < 7 with y; = 4. Since G’ cannot use the 11 row in columns
4,5,6,7, N' = N".

The first three columns are disjoint. By Theorem 3.11.3 with k =3, y1 =y = y3 = 3
(remember that these are the columns G”) p =1, ¢ =1, n =10, m = 7, we have

N = N"<y;=3.
Since N’ = 4 this is a contradiction. Hence A cannot exist.
5. w1 = --- =x7 = 4 and there exists 1 < j; < jo < j3 < j4 < 7 such that
IC;,NC;,NC,NC;,| =1.
By renumbering we can assume that
IC1NCeNCsNCyl =1,
By Lemma 3.5
166=21+x9y+23+ 714 <11+ (;l) — (;l) + (i) =11+6—-4+1=14.

Hence A does not exist.

Theorem 7.5
OBS; = {G19.4, G165, G137, G11,10: G011, G713, G516, G190}

Proof:

For each G, ,, listed above (1) by Lemma 7.1 or 7.4 G, ,, is not 3-colorable, (2) by
Lemma 7.1 or 7.2 both G,_1,, and G, ,,,—1 are 3-colorable. Hence all of the sets listed are
in OBS3;. We need to show that no other grids are in OBS3. This is a straightforward use of
Lemmas 7.1, 7.2, and 7.4. The proof is similar to how Theorem 6.2 was proven. We leave
the details to the reader. |
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8 Which Grids Can be Properly 4 Colored?

In the first section we give absolute results about which grids are 4 colorable. In the second
section we give results that assume a conjecture.

8.1 Absolute Results
Theorem 8.1

1. Gy 5 and G 41 are not 4-colorable.
. G316 and Gg g1 are not 4-colorable.
. Gag7 and Gra9 are not 4-colorable.

. Gasg and Gg o5 are not 4-colorable.

2

3

4

5. Gagio and Gig a3 are not 4-colorable.
6. Gaz11 and Gy 22 are not 4-colorable.
7. G113 and G321 are not 4-colorable.
8. Gaoaz and Girg0 are not 4-colorable.
9. Gig1s and Gig19 are not 4-colorable.
10. Gy 4 and Gya1 are 4-colorable (this is trivial).
11. G and G40 are 4-colorable.
12. Gsop and Gg 3o are 4-colorable.

13. Gaogg and G g are 4-colorable.

14. Goo16 and Gigao are 4-colorable.

Proof:

We only consider grids G, ,, where n > m.
1,2,3,4,5,6,7,8,9)

Table 3 along with Corollaries 2.4, 2.8 and 2.10 show why G415, G316, G29,7, G259, G23 10,
G22711, G21,13, G20’17, and G19718 are not 4-colorable.

10) G414 is clearly 4-colorable.

11) G4o5 is 4-colorable by Theorem 4.6 with ¢ = 4.

12) G306 is 4-colorable by Theorem 4.7 with ¢ = 4 and ¢ = 2.

13) Gasg is 4-colorable by Theorem 4.14 with p =2, d = 3, and s = 1.

14) Gag 16 is 4-colorable by Theorem 4.14 with p =2, d =2, and s = 2
|
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N Znm "n_“ r (m) m(m—1)—2qr

m c 2 a(a—1)

5 41 52 11 10 apply Corollary 2.8
6 31 47 16 15 apply Corollary 2.8
7 29 b1 22 21 apply Corollary 2.8
9 25 57 D7 apply Corollary 2.4
10 23 58 21 apply Corollary 2.10
11 22 61 21 apply Corollary 2.10
13 21 69 69 apply Corollary 2.4
17 20 85 85 apply Corollary 2.4
18 19 86 18 apply Corollary 2.10

Table 3: Uncolorability values for ¢ = 4

Lemma 8.2 If A C G917 and A is rectangle-free then |A| < 80 = {%17} —1. Hence G917
18 not 4-colorable.

Proof:  We divide the proof into cases. Every case will either conclude that |A| < 80 or
A cannot exist.
For 1 < j <17 let x; be the number of elements of A in column j. We assume

Ty =0 > Ty

1. 6 <2 <19.
By Lemma 3.7 with x =6, n =19, m = 17,

|A| < z+m—14maxrf(n—z,m—1) < 6+17—14+maxrf(19—6,17—1) = 22+maxrf(13, 16).

Assume, by way of contradiction, that |A] > 81. Then maxrf(13,16) > 59 By
Lemma 2.7 withn =16, m =13, a=59,¢q=3,r =11

1 12 -2 11

16 < 3 X X 3 X _ 15
3 x2

This is a contradiction.

2. There exists k, 1 < k <12, such that z; =--- =2, =5 and xy; < 4. Then

17

17 k
A=) 2= x)+ (D o) <5k+4(17— k) =68 + k.
j=1 =1

j=k+1

Since k < 12 this quantity is < 68 4+ 12 = 80. Hence |A| < 80.
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3. 1 = x9 = --- = x13 = 5. Look at the grid restricted to the first 13 columns. Let B
be A restricted to that grid. Note that B is a rectangle-free subset of G913 of size 65.
By Lemma 2.7 with n = 19, m = 13, a = 65, ¢ = 3, and r = 8 we have

19 < {13><12—2><8><3J:18.

3 %2

This is a contradiction, hence A cannot exist.

Lemma 8.3 Goyyg is 4-colorable.

Proof: We show that Gyg is strongly (4, 1)-colorable and then apply Lemma 4.5 with
c=4and ¢ =1.
The following is a strong 4-coloring of Gg .

112134 |5]|6
1/ Y| R|IR|Y|R|R
2/ Y| B|B|R|Y |B
3! Y| G|G|B|B|Y
4 1 R|Y|G|Y|G|R
5/B|Y|R|B|Y |G
6/ G|Y|B|G|R|Y
7TMG|B|Y|Y|B|G
S8IRIG|Y|G|Y|R
9B/ R|Y|R|G|Y

|
Theorem 8.4

1. The following sets are in OBSy:
Gus, G, Gaor, Gasg, Goos, Grog, Gesi, Gsar-

FEzactly one of the following sets is in OBSy: Gag 10, G22,10, G21,10-
FEzactly one of the following sets is in OBS4: Gagi1, G111, Gai10-
Ezactly one of the following sets s in OBSs: Gaz 11, Ga2.10, G21.10-

FEzactly one of the following sets is in OBSy: Ga113, G2112, G21.11, G21.,10-

S v e

FEzactly one of the following sets is in OBS4: Giga17, Gisa7, Gizi7-
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7. [f G19’17 € OBS4 then it is possz’ble that Gl&lg € OBS4 ]f G19’17 ¢ OBS4 then Gl&lg ¢
OBS,.

Proof: This is easily proven from Lemmas 8.1,8.2, and 8.3. For a visual aid see the

following grid where we put a C in the (n,m) spot if G, ,, is Colorable, an N if it is not
colorable, and a U if it is not known. |
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041050607 08/09(10(11(12]13]14]15|16|17|18|19|20]|21

sg|cl|cljcjcljc|jc|cjcjc|c|c|c|c|c|lc|c|c|C

9|c|c|c|c|ycjcjc|ycljc|c|cljc|ycic|c|C|C|N
w|c|c|c|cycjc|c|ycjc|c|cjcycic|c|Cc|C|N
nmjc|c|jcjcjcjcjcjcjc|cljcjc|c|c|c|c|Cc|N
22|c¢c|c|c|cyc|c|c|yc|c|ic|cjcycic|c|Cc|C|N
B3|c|c|c|cycic|c|yc|c|c|cjcycic|c|Cc|C|N
“|c|c|c|cycjc|c|ycljc|ic|cjcycic|c|Cc|Cc|N
|c|c|c|cyc|c|c|yc|c|c|cjcycic|c|C|C|N
6|c|c|c|cyc|c|c|yc|c|c|cjc|ycic|c|C|C|N
T|\c|c|c|cycic|jc|yc|c|c|c|c|C|{U|U|N|N|N
B|c|c|c|cjcjcjcjcjc|c|c|c¢|C|U|U|N|N|N
9|c|c|c|cycjc|jc|yc|c|c|Cc|C|C|N|N|N|N|N
2(C|cyc|c|cl|jc|c|lc|lc|c|C|C|C|N| N|N|N|N
211¢c|c|yCc|c|C|C|U|U|U|N|N|N|N|N N|N|N|N
2|/¢c|¢c|/¢c|C|C|C|U|N\IN\N|N|N|\N|N|N|N|N|N
23|C|C|/C|C|C|C|N|NIN\N|N|N|\N|N|N|N|N|N
24|1C|C|\C|C|C|C|N|NIN|\N|N|N|\N|N|N|N|N|N
2|/C|C|IC|C|C|N|N|\N|\N|N|\N|\N|N|N/ N|N|N|N
26|C|C|C|C|C|N|N|N\N|\N|N|N|\N|N|N|N|N|N
2rc|C|C|C|C|N|N|N\N|\N|N|N|\N|N|N|N|N|N
2R/C|C|IC|C|C|N|N|N/\N\N|N|N|\N|N|N|N|N|N
29|C|C|C|N|NIN|\N|N\N|\N|N|N|\N|N|N|N|N|N
| C|C|IC|{N|NIN|\N|N\N\N|N|N|\N|N|N|N|N|N
31|C|C|N|N|N|IN|N|\N|\N|N|N|N|N|N/N|N|N|N
R2/C|C| N|{N|N\N|N|N/\N|\N|N|N|\N|N|N|N|N|N
3B3|/C|CI N|{N|N\N|\N|N\N|\N|N|N|\N|N|N|N|N|N
M| C|C| N|{N|NIN|\N|N\N|\N|N|N|\N|N|N|N|N|N
3| C|CIN|{N|N\N|\N|N\N|\N|N|N|\N|N|N|N|N|N
36| C|C/ N|{N|\NIN\N|N\N\N|N|N|\N|N|N|N|N|N
37| C|C| N|N|N\IN|\N|N\N|\N|N|N|\N|N|N|N|N|N
B|/C|C|N|N|NIN|N\N|\N|N|\N|\N|N|N/ N|N|N|N
9| C|CI N|{N|N\IN|\N|N\N|\N|N|N|N|N|N|N|N|N
40| C|C|NIN|N|N|\N|N|N|N|N|N|N|N|N|N|N|N
41|C| N|IN|\N|N|N|\N|N|N|N|N|N|N|N|N|N|N|N

8.2 Assuming the Rectangle-Free Conjecture

We have the following conjecture which, if true, yields more 4-colorings and allows us to

state exactly what OBS; is.
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Rectangle-Free Conjecture (RFC): Let n,m,c > 2. If there exists a rectangle-

free subset of G, ,, of size [nm/c| then G, ,, is c-colorable.

Lemma 8.5 There exists a rectangle-free subset of Gaa10 of size 55 = (@]

RFC s true, there is a 4-coloring of Gaa10 and Gig 22.

Proof:
Here is the rectangle-free set.

01]02]03/04{05]06|07|08{09]|10

1| R R

2 R R

3 R R

4 R R

5 R R

6 R | R

7T|R|R R

8 R | R R

9 R|R R

10 R|R R

11 R | R R

12| R R R

13| R R R

14 R R R

15 R R R

16 R R

17| R R

18 R R

19 R R

20 R R

21| R R

22 R|R|R|R

Lemma 8.6 There exists a rectangle-free subset of Gy 12 of size 63 = {

RFC is true, there is a 4-coloring of G112 and Gia1.

Proof:

21-12
4

1.

Hence, if

Hence, if

Two grids are equivalent if you permute the rows and columns of one to get the other

one. We show two grids that are not equivalent.
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02

03

04

05

06

07

08

09

10

11

12

1| R|R

2 | R R

3 R|R

4 R|R|R

5 R R R

6| R R | R

7 R|R|R

8 R R R

9 R R | R

10 R R | R

11 R R R
12 R R | R
13 R R R R
14 R R R R

5| R R R R

16 R R R

17 R R| R

18| R R R
19 R R R

20 R R R
21| R R R
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01]02(03]04]05/061{07[08]|09] 10 11|12
1| R|R
2 | R R
3 R|R
4 R R|R R
5 R R R| R
6| R R R R
7 R | R R
8 R R R
9 R R R
10 R R R
11 R R R
12 R R R
13| R R R
4| R R R
5| R R R
16 R|\R|R
17 R|R|R
18 R|R|R
19 R R R
20 R R R
21 R R R

Lemma 8.7 There exists a rectangle-free subset of Gis1s of size 81 = (%]
RFC is true, there is a 4-coloring of G1g1s.

Proof:

Here is the rectangle-free set.
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01[02(03/04{05[06|07|08]09 (10|11 |12|13|14|15|16 17|18
1 R R R R | R
2| R|R R | R R
3| R R R | R R
4 R R R|R|R
5 R|R R R
6| R R R|R
7 R | R R R R
8 R R R R R
9 R R R R R
10 R R | R R
11| R R R R
12 R | R R R R
13 R R R R R
14| R R R R
15 R | R R|R
16 R R R R
17 R R R R
18 R R R | R

Note 8.8 If the 5 row and the 2°¢ column were removed then this would be a rectangle
free set of G717 of size 74. Note that ’—%W = 73. Hence if we had a weaker version of
RFC then we would have that G717 is 4-colorable.

Theorem 8.9 Assume RFC is true. Then

OBS; = {G41,5> G316, G297, Gas.9, G310, G211, G113, G19,17} U

{G13,217 G11,227 G10,237 G9,257 G7,297 G6,317 G5,41}

Proof: For each G, listed above (1) by Lemma 8.1 or 8.2 G, is not 4-colorable,
(2) by Lemmas 8.1, 8.3, 8.5, 8.6, or 8.7, G,,_1,, and G, ,,—1 are 4-colorable. Hence all of
the sets listed are in OBS;. We need to show that no other grids are in OBS,. This is a
straightforward use of the lemmas listed above. The proof is similar to how Theorem 6.2
was proven. We leave the details to the reader. |
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9 Application to Bipartite Ramsey Numbers

We state the Bipartite Ramsey Theorem. See [5] for history, details, and proof.
Def 9.1 K, is the bipartite graph that has a vertices on the left, b vertices on the right,
an edge between every left and right vertex, and no other edges.
Theorem 9.2 For all a, c there exists n = BR(a,c) such that for all c-colorings of the edges
of K, there will be a monochromatic K, ,.

The following theorem is easily seen to be equivalent to this.

Theorem 9.3 For all a,c there exists n = BR(a,c) so that for all c-colorings of Gy, ., there
will be a monochromatic a X a submatrix.

In this paper we are c-coloring G, ,,, and looking for a 2 x 2 monochromatic submatrix.
We have the following theorems which, except where noted, seem to be new.

Theorem 9.4
1. BR(2,2) =5. (This was also shown in [10].)

BR(2,3) = 11.

17 < BR(2,4) < 19.

BR(2,¢c) < +c.

If p is a prime and s € N then BR(2,p*) > p*.

S N

For almost all ¢, BR(2,c) > ¢® — 2¢15% 4 105,

Proof:
1) By Lemma 6.1 G55 is not 2-colorable and Gy 4 is 2-colorable.

2) By Lemma 7.4 G111 is not 3-colorable. By Lemma 7.2 Gy 19 is 2-colorable.
3) By Lemma 8.2 G919 is not 4-colorable. By Lemma 8.1 G146 is 4-colorable.
4) By Theorem 5.1 G224, is not c-colorable.

5) By Theorem 4.14 G oy, is c-colorable where ¢ = p*, r = p®, and m = P”-1  Note that

m < p°. Hence GG is p®-colorable. v
6)

Baker, Harman, and Pintz [1] (see [8] for a survey) showed that, for almost all ¢, there is
a prime between ¢ and ¢ — 525, Let p be that prime. By part 5 with s = 1, BR(2,p) > p*.
Hence

p2.s 7p25

BR(Z,C) > BR(Q,p) > p2 > (C _ 60'525)2 > 62 _ 261'525 —|—Cl'05.
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10 Open Questions

1. Find OBS4. We feel this is possible since we are so close. A clever computer program
may be needed.

2. Refine our tools so that our ugly proofs can be corollaries of our tools.
3. Find an algorithm that will, given ¢, find OBS,. or |[OBS,| quickly.
4. We know that 21/c(1 — o(1)) < |OBS.| < 2¢2. Bring these bounds closer together.

5. Is the Rectangle-Free Conjecture True? If so then this may help us find c-colorings. If
not then this may open up new techniques for proving that a grid is not c-colorable.
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12 Appendix: Exact values of maxrf(n,m) for 0 < m <6,
m<n
Lemma 12.1
0) For m > 0, maxrf(0, m) = 0.
1) Form > 1, maxrf(1,m) = m.
2) Form > 2, maxrf(2,m) =m + 1.
3) For m > 3, maxrf(3,m)

4)
m+5ifd<m<5

maxrf(4,m) = {m+6 ifm > 6
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5)

124ifm=>5
m+8if6<m<7
m+9if8<m<9
m~+ 10 if m > 10

maxrf(5,m) =

6)

(2m +4 if6 <m <7
19 ifm =28

m+12 49 <m <10
m+ 13 if 11 <m < 12
m+ 14 if13<m < 14
(m 415 if m > 15

maxrf(6, m) =

Proof:

Lemma 2.7 will provide all of the upper bounds. The lower bounds are obtained by
actually exhibiting rectangle-free sets of the appropriate size. We do this for the case of
maxrf(6,m). Our technique applies to all of the other cases.

Case 1: maxrf(6,m) where 6 < m < 7 and m = 8: Fill the first four columns with 3
elements (all pairs overlapping). Each column of 3 blocks exactly (g) = 3 of the possible
(g) = 15 ordered pairs, hence 12 are blocked. Hence we can fill the next 15— 12 = 3 columns
with two elements each, and the remaining column (if m = 8) with 1 element. The picture
below shows the result for maxrf(6,8) = 19; however, if you just look at the first 6 (7)

columns you get the result for maxrf(6,6) (maxrf(6,7)).

R R R R
R R R
R|R R
R|R R
R R|R
R|R R

Case 2: maxrf(6,m) where 9 < m < 10: Fill the first three columns with 3 elements each
(all pairs overlapping). Each column of 3 blocks exactly (g) = 3 of the possible (g) =15
ordered pairs, hence 9 are blocked. Hence we can fill the next 15 — 9 = 6 columns with two
elements each and the remaining column (if m = 10) with 1 element. The picture below
shows the result for maxrf(6,10) = 22; however, if you just look at the first 9 columns you
get the result maxrf(6,9) = 21.
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R|R R
R R|R R
R|R R R|R

Case 3: maxrf(6,m) where 11 < m < 12: Fill the first two columns with 3 elements each
(they overlap). Each column of 3 blocks exactly (g) = 3 of the possible (g) = 15 ordered
pairs, hence 6 are blocked. Hence we can fill the next 15 — 6 = 9 columns with two elements
each and the remaining column (if m = 12) with 1 element. The picture below shows the
result for maxrf(6,12) = 25; however, if you just look at the first 11 columns you get the

result maxrf(6,11) = 24.

R R R R
R R R|R
R

R

R|R R R
R R|R R
R R RIR|R|R

Case 4: maxrf(6,m) where 13 < m < 14: Fill the first column with 3 elements. This
column of 3 blocks exactly (g) = 3 of the possible (g) = 15 ordered pairs. Hence we can fill
the next 15 — 3 = 12 columns with two elements each and the remaining column (if m = 14)
with 1 element. We omit the picture.

Case 5: maxrf(6,m) where m > 15: Fill the first (g) = 15 columns with two elements
each in a way so that each column has a distinct pair. Fill the remaining m — 15 columns
with one element each. The result is a rectangle-free set of size 30 +m — 15 =m + 15. 1
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