The Complexity of ODDf

Richard Beigel* William Gasarch'
University of Illinois at Chicago University of Maryland

Martin Kummer* Georgia Martin® Timothy McNicholl¥
Universitdt Chemnitz-Zwickau Wheaton, Maryland University of Dallas

Frank Stephan!
Universitat Heidelberg

*Research performed at Yale University, the University of Maryland, and Lehigh University. Address:
Dept. of EECS (m/c 154), University of Illinois at Chicago, 851 S. Morgan St. - 1120 SEO, Chicago, IL
60607-7053, U.S.A. Supported in part by the National Science Foundation under grants CCR-8958528 and
CCR~9415410. Also supported through the Human—Computer Interaction Laboratory by NASA grant NAG
52895. (Email: beigel@uic.edu.)

TDept. of C.S. and Inst. for Adv. Comp. Stud., University of MD, College Park, MD 20742, U.S.A.
Supported in part by NSF grants CCR-9301339 and CCR-9732692. (Email: gasarch@cs.umd.edu.)

#Technische Universitit Chemnitz-Zwickau, Fakultit fiir Informatik, Strafie der Nationen 62, 09107
Chemnitz, Germany, EU. (Email: martin.kummer@informatik.tu-chemnitz.de.)

812602 Goodhill Road, Wheaton, MD 20906, U.S.A.

TDept. of Math., University of Dallas, Irving, TX 75062, U.S.A. (Email: tmcnicho@acad.udallas.edu.)

IMathematisches Institut, Universitit Heidelberg, Im Neuenheimer Feld 294, 69120 Heidelberg, Ger-
many, EU. Supported by the Deutsche Forschungsgemeinschaft (DFG) grant Am 60/9-2.  (Email:
fstephan@math.uni-heidelberg.de.)



Abstract

For a fixed set A, the number of queries to A needed in order to decide a set S is a
measure of S’s complexity. We consider the complexity of certain sets defined in terms
of A:

ODD? = {(x1,...,2,) : #2(x1,...,2,) is odd}

and, for m > 2,
MODmf ={(x1,...,2p): #ﬁ(ml, cey Zpn) Z 0 (mod m)},

where #2(x1,...,2,) = A(z1) + -+ A(zy,). (We identify A(z) with xa(z), where xa
is the characteristic function of A.)

If A is a nonrecursive semirecursive set or if A is a jump, we give tight bounds on
the number of queries needed in order to decide ODD?' and MODm:

° ODDf can be decided with n parallel queries to A, but not with n — 1.

. ODDf can be decided with [log(n + 1)] sequential queries to A but not with
[log(n+1)] — 1.

e MODm? can be decided with [n/m] + |n/m| parallel queries to A but not with
[n/m] + |n/m]| — 1.

e MODm2 can be decided with [log([n/m] + |n/m| + 1)] sequential queries to A
but not with [log([n/m] + |[n/m] +1)] — 1.

The lower bounds above hold for nonrecursive r.e. sets A as well. (Interestingly, the lower
bounds for r.e. sets follow by a general result from the lower bounds for semirecursive
sets.)

In particular, every nonzero truth-table degree contains a set A such that ODDf
cannot be decided with n — 1 parallel queries to A. Since every truth-table degree also
contains a set B such that ODDE can be decided with one query to B, a set’s query
complexity depends more on its structure than on its degree.

For a fixed set A,

Q(n,A) = {S:S can be decided with n sequential queries to A},
Q(n,A) = {S:S can be decided with n parallel queries to A}.

We show that if A is semirecursive or r.e., but is not recursive, then these classes form
non-collapsing hierarchies:

i Q(OaA) - Q(LA) C Q(QvA) -

e Q(0,4) CcQ)(1,4) cQy2,4) C -

The same is true if A is a jump.



1 Introduction

One paradigm in computational complexity theory is the classification of recursive functions
according to their difficulty. Time is the most common complexity measure for recursive
functions. In this paper we will consider functions that are recursive in some fixed non-
recursive set A. One of the earliest measures considered for a function f recursive in A
is the running time of the fastest algorithm with oracle A that computes f. However, we
find that measure unsatisfying, because it is highly dependent on the computational model.
Instead, we define the complexity of a function f (relative to A) as the minimum number
of queries to A needed by an algorithm with oracle A that computes f. Thus we measure
the hardness of f directly in terms of the hard aspect of its computation, namely accessing
the nonrecursive oracle A.

Several natural examples of functions have been classified under the query complexity
measure [BGGO93, BGK9a, Gas91l, Kum92, KS94]. In this paper we investigate the
complexity of the following sets:

Definition 1 Let A be a set of natural numbers. Let m and n be natural numbers such
that m > 2 and n > 1.

e ODDA = {(z1,...,2n) : #(x1,...,2,) = 1 (mod 2)}
o MODmA = {(z1,...,2,) : #X(x1,...,2,) Z 0 (mod m)}

where #4(21,...,2n) = A(z1) + -+ + A(x,). (We identify A(z) with x4(x), where x4 is
the characteristic function of A.)

Sets like ODDﬁ and MODmﬁ are clearly computable with one query to a good oracle,
namely themselves. We do not want to measure the difficulty relative to an arbitrary
oracle, but rather relative to a natural one: A itself. This idea has already been employed
in various cases. For example, a “terse” set [BGGO93] is a set A such that, for every
n > 1, computation of the n-fold characteristic function of A (i.e., the string-valued function
CiMxy,...,xn) = A(z1) - - - A(x,,)) requires n queries to A. (Note that if A is any set such
that, for every n > 1, ODDg1 cannot be decided with n — 1 queries to A, then A is terse.)

The set ODDZ is similar to the PARITY function, which has been well studied in the
contexts of circuit complexity [FSS84, Yao85, BS90, Has87, Smo87] and of pseudorandom-
ness [GNWO95, Lev87].

Clearly, ODDﬁ can be decided with n parallel queries to A. We show that if A is
semirecursive or if A is ¥;- or II;-complete for some ¢, then n—1 parallel queries do not suffice
to decide ODDZ (unless A is recursive). Because every truth-table (tt) degree contains a
semirecursive set, it follows that every nonzero tt-degree contains a set A such that ODDT‘?
requires n parallel queries to A. On the other hand, it is known that every tt-degree contains
a natural set A such that ODDf can be decided with just one query to A. This contrast
illustrates a theme in query complexity: a set’s complexity depends more on its structure
than on its degree.

We also obtain upper and lower bounds on the complexity of ODDf using sequential
queries, and on MODme‘ using both parallel and sequential queries. If A is nonrecursive,
but semirecursive or r.e., the results on ODD;;1 imply that more queries to A allow you to
decide more sets, i.e., the query-complexity hierarchies over nonrecursive semirecursive sets



and over nonrecursive r.e. sets do not collapse. Interestingly, we prove a general implication
from lower bounds for semirecursive sets to lower bounds for r.e. sets.

Although query complexity is a useful measure, the dependence on a fixed oracle may be
unsatisfying. Since there is a semirecursive set in every tt-degree, it is also possible to define
the “semirecursive query complexity” of a set S as the minimum, over all semirecursive
sets B, of the number of queries to B needed in order to decide S. For each S, this
complexity is a well-defined function of the input. However, because semirecursive sets
can have arbitrarily high degree, you might suspect that every set has semirecursive query
complexity 1, rendering the measure meaningless. In fact, if A is semirecursive then the
semirecursive parallel-query complexity of ODDﬁ is always n, unless A is recursive. Thus,
semirecursive query complexity depends on the structure of the problem and of the oracle,
but not on the degree of the problem or of the oracle.

2 Notation, Definitions, and Useful Facts

Throughout this paper, all lower-case italic letters denote natural numbers, M denotes a
Turing machine, and all other upper-case italic letters denote subsets of N. {A;};cn denotes
the infinite sequence Ag, Aj,.... Let () be a computable, 1-1, onto mapping from the set
of all sequences x1,...,x, such that n > 1 into N.

We use standard notation from recursion theory [0di89, Soa87]. Let My, M, ... be an
effective list of all Turing machines, and let M(g),Ml(), ... be an effective list of all oracle
Turing machines. Let W, denote the domain of M.. Hence Wy, Wy, ... is an effective list
of all r.e. sets of natural numbers. We sometimes write W, to denote the corresponding set
of strings. We write M, (z) | if M.(z) converges, M.(x) |= b if M.(x) converges and the
output is b, Mc(x) T if Mc(x) diverges, M, s(x) | if M.(z) converges within s steps, and
M. s(z) 1 if Mc(x) does not converge within s steps.

Define A’ to be {e : MA(e) |}, i.e., A" is the halting problem relative to A. Define
A = A and AGHD) = (A(i))l. For all i > 1, the set () is ¥;-complete, and the set () is
IT;-complete. Note that K =, (V.

Definition 2 (Join) A¢ B={2zx:x € A}U{2x+1:x € B}.

When an oracle Turing machine with oracle A & B queries an even number, we say that it
queries A; when it queries an odd number, we say that it queries B.

Definition 3 Let A be r.e. in Z.
1. {As}sen is a recursive-in-Z enumeration of A if

o A= UseN As,

o Ay =10,

(Vs)[As is finite],

(Vs)[As C Ag41], and

the function f defined by f(z,s) = As(x) is recursive in Z.



2. A recursive enumeration of A is a recursive-in-f) enumeration of A.

We define classes of functions that can be computed with a bound on the number of
queries to an oracle.

Definition 4 ([BGGO093]) FQ(n, A) is the collection of all total functions f such that f is
recursive in A via an oracle Turing machine that makes at most n sequential (i.e., adaptive)
queries to A. FQ”(n, A) is the collection of all total functions f such that f is recursive in
A via an oracle Turing machine that makes at most n parallel (i.e., nonadaptive) queries to
A (as in a weak truth-table reduction).

Definition 5 ([BGG093]) FQ¥X(n, A) is the collection of all total functions f such that
f is recursive in A @ X via an oracle Turing machine that makes at most n sequential (i.e.,
adaptive) queries to A and an unlimited (though finite) number of queries to X. FQﬁ( (n,A)
is the collection of all total functions f such that f is recursive in A® X via an oracle Turing
machine that makes at most n parallel (i.e., nonadaptive) queries to A and an unlimited
number of queries to X. The queries to X can be made before, simultaneously with, or
after the queries to A.

Correspondingly, we define classes of sets that can be decided with a bound on the
number of queries.

Definition 6
e BeQ(n,A)if xp € FQ(n, A).
e BeQ)n,A)if xp € FQ)(n, A).
e BeQ¥(n,A) if xyp € FQ¥(n, A).
e BeQf(n,A)if xp € FQ| (n, A).

If the oracle is a function g rather than a set A, complexity classes FQ(n, g), FQ|(n, g),

FQ*(n,g), FQﬁ((n,g), Q(n, 9), Q|(n,g), Q% (n,g), and Qﬁ((n,g) are defined similarly to
FQ(n,A) etc. For a class of sets C, we define FQ(n,C) = Uce FQ(n, A), and we define
FQ(n,C) etc. similarly.

We define sets whose query-complexity hierarchy does not collapse.

Definition 7
o A is supportive if (Vn)[Q(n,A) C Q(n+ 1, A)].
e Ais parallel supportive if (Vn)[Q)(n, A) C Q(n+ 1, A)].

Fact 8 Letn > 1.
e Q(i,A) = Q(i, A)
o Q(i, A) = Qi, A)



e ODD € Q(i,A) <= ODDZ € Q(i, A)
e ODDZ € Q)(i,A) <= ODDI € (i, A)
o A is supportive iff A is supportive.

o A is parallel supportive iff A is parallel supportive.

Definition 9 Let n > 1. A function f is n-enumerable (denoted f € EN(n)) if there exists
a recursive function g such that, for all z, [Wyy| < n and f(x) € Wy(,).

Suppose that f € EN(n). Then, given x, we can enumerate over time at most n
possibilities for f(z), one of which is correct, although we might never know that we have
enumerated all the possibilities. (This concept first appeared in a recursion-theoretic frame-
work in [Bei87b]. Some very general theorems about EN(n) were proved in [KS94]. The
name “enumerable” was coined in [CH89].)

Definition 10 ([BGGO93]) Let n > 1. C2 is the n-fold characteristic function of A, i.e.,
the string-valued function defined by C(x1,...,2,) = A(z1) - A(xy,).

(In the definition above, C stands for characteristic. In [BGGO93] and most of the liter-
ature, C7 is denoted F7}; however, the notation CZ is used in a recent book on bounded
queries [GM99].) Note that FQ(n, 4) = FQ(1, cahy.

Theorem 11 ([BGGO93]) Let f be a function.
(3X)[f € FQ(n,X)] <= f € EN(2").

Theorem 12 Letn > 1.
1. (Nonspeedup [Bei87b, BGG093]) If C2 € EN(n), then A is recursive.

2. (Cardinality [Kum92]) If #2 € EN(n), then A is recursive.

An easy corollary to the Nonspeedup theorem shows that extra queries allow you to
compute more functions.

Corollary 13 ([Bei87a))
1. If FQ(n+1,A) = FQ(n, A), then A is recursive.
2. If FQ(n+1,4) = FQ)(n, A), then A is recursive.

Proof: 1. Assume that FQ(n + 1, A) = FQ(n, A). Then C#; € FQ(n, A), since Ci,, €
FQ(n +1,4). By an easy induction, C;! € FQ(n, A) for all ¥ > 1. In particular, C4, €
FQ(n,A) C EN(2") by Theorem 11. By Theorem 12.1, A is recursive.

2. Same as 1. Just change FQ(-, 4) to FQ (-, A) throughout. 1

In contrast, we will see in Section 8 that extra queries do not always allow you to decide
more sets.

We will prove several results about semirecursive sets. Semirecursive sets are abundant:
there is a semirecursive set in every tt-degree, and there is an r.e., semirecursive set in every
r.e. tt-degree. Furthermore, some deep recursion-theoretic techniques show that query-
complexity lower bounds concerning semirecursive sets carry over automatically to r.e. sets.



Definition 14 ([Joc68])

1. A linear ordering C on N is recursive in X if the set of ordered pairs {(z,y) : z C y}
is recursive in X.

2. Ais semirecursive in X if there exists a linear ordering C on N such that C is recursive
in X and A is closed downward under C.

3. A is semirecursive if A is semirecursive in .
Note that A is semirecursive in X iff A is semirecursive in X.

Lemma 15 ([Joc68]) A is semirecursive in X iff there exists f <t X such that, for all

:L‘,y’
o f(z,y) € {z,y}, and
e An{z,y} #0 = f(z,y) € A.

Theorem 16 ([Joc68])
1. Every tt-degree contains a semirecursive set.

2. Every r.e. tt-degree contains an r.e., semirecursive set.

Definition 17 Fix a computable, 1-1, onto mapping (()) from the set of all sequences
T1,...,Tpn,J such that 1 < j <n into N.

GE? = {((z1,. -, @0, 5)) : # (21, ) >
Definition 18 ([Hay78]) A is a p-cylinder if A x A <;,, Aand A x A <, A.
(In the definition above, p stands for positive.)

Fact 19 Letn > 1.

1. [Hay78] A is a p-cylinder iff the set {B : B <y, A} is closed under positive truth-table
reductions.

2. A is a p-cylinder iff GEA <., A.
3. If A is a p-cylinder then #4 _; € FQ(n, A).
4. If A is semirecursive, A = B', or A = B’, then A is a p-cylinder.

Proof: 1. Every positive truth table can be written as an OR of ANDs.

2. GEA is positive truth-table reducible to A.

3. Use binary search with GE* as an oracle.

4. If A is semirecursive via C, define min and max according to the order C. Then
(x,y) € A x A iff max (z,y) € A, and (z,y) € A x A iff min (x,y) € A. The conclusion for
jumps is easy and well known. |



The following is practically folklore in the bounded-query community.

Fact 20 ([Bei87b],[GM99, Page 84]) Let A be semirecursive.
1. (Vn > 1)[CF € FQ(1,#4) € FQ([log(n + 1)1, A)].
2. If A is not recursive, then (Yn > 1)[#; ¢ FQ(n —1, A)].
3. (Vn > 1)[C4 € EN(n + 1)].

Proof: Let A be semirecursive via C.

1. Without loss of generality, assume that 21 C --- C x,. If #3(z1,...,2,) = 4, then
CH(x1,...,m,) = 107", By Facts 19.3 and 19.4, #2 € FQ([log(n +1)], 4).

2. Since A is not recursive, Ci ¢ FQj(n —1,A), by Corollary 13.2; therefore, #4 ¢
FQj(n —1,A), by part 1.

3. For z1,...,x, with ; C --- C z,, enumerate the strings 0", 10”1, ..., 17710, 1"
as possibilities for CA(z1,...,z,). |

Let REC denote the class of recursive sets, RE denote the class of r.e. sets, and SEMI
denote the class of semirecursive sets. Let RECY, REX, and SEMIX denote those classes
relativized to the oracle X.

3 Summary of Results

Let ¢,n, m be integers such that m > 2, n > 1, and ¢ > 1. Let A be a ;- or Il;-complete
set or a nonrecursive semirecursive set. Then

1. ODD;; € Q(n, A) — Q(n — 1, A).

2. ODD4 € Q([log (n+1)],A) — Q([log (n +1)] — 1, A).

3. MODmy, € Q|([n/m] + [n/m], A) = Q|([n/m] + [n/m] — 1, A).

4. MODmy, € Q([log([n/m] + [n/m] +1)], A) = Q([log([n/m] + [n/m] +1)] — 1, A).
5. A is supportive and parallel supportive.

Statement 5 and the lower bounds in statements 1-4 above hold as well for nonrecursive
r.e. sets. But the upper bounds in 2—4 do not, because every nonzero r.e. T-degree contains
an r.e. set B such that, for all n > 1, ODDZ ¢ Q(n — 1, B). A proof of this result appears
in [GM99, Section 4.8.3]; this proof can easily be modified to show that every nonzero r.e.
T-degree contains an r.e. set B such that, for all m > 2 and n > 1, MODmZ ¢ Q(n — 1, B).

By statement 1 above and Theorem 16, every nonzero tt-degree contains a set A such
that ODD? ¢ Qy(n —1,A) for all n > 1. On the other hand, it is known that every tt-
degree contains a natural set A such that ODDﬁ € Q(1,A) for all n > 1, and we will present
other examples of natural sets with this property (but not in every degree).



4 The Complexity of ODD? for Semirecursive A

Let A be a nonrecursive semirecursive set. We know that, for all n > 1, ODDA can be
decided with n parallel queries or [log (n + 1)] sequential queries to A. In this section, we
prove that both of those bounds are tight, even if we allow queries to an arbitrary semire-
cursive set instead of A. This legitimizes the definition of semirecursive query complexity
that we mentioned in Section 1.

Lemma 21 Letn > 1. If A is a p-cylinder then #fnﬂ can be computed with two parallel
queries, one to #71?—&-1 and one to ODDZ.

—

Proof: We show how to compute #‘24n+1(z). Since A is a p-cylinder, GE4 <., A by
Fact 19.2. Therefore, for every ¢ with 1 < i < 2n + 1, we can compute z; such that
z; € A = #bh,.1(2) > i. Thus #5, 1 (21,. .., Topt1) = #5n41(2) and A(zg) > -+ >
A(xap41), SO

1
’75#124n+1(x17 €x2,X3,. .. 7x2n+1)—| - #ﬁ+1($17 xT3,T5, ... ,$2n+1).
By the definition of ODD%, 4,

A A
H#oni1(T1,22,23,...,02p41) mod 2 = ODDy, {(z1,22,23,...,%2n41)
A A
= ODDn+1(l‘1,x3,$5,...,SUQn_H) @ODDH($2,$4,JJ6,

where @ denotes addition modulo 2, not the join of two sets. Therefore,
A
#Qn—&—l(:pl) L2, L3y, :E2n+1)
== 2#ﬁ+1($1’ r3,Ts5,... ,l‘2n+1) - (ODDS_H(CL'l, T3y L5, ..., .’EgnJrl) D ODDS("L‘Q, T4y TGy«

Thus #‘5‘” 41 can be computed with two parallel queries, one to #ﬁ 1 and one to ODDﬁ,
completing the proof. |

The following definition and lemma are needed to prove the lower bound stated in
Theorem 25, which is then used to establish lower bounds for semirecursive sets through
Theorems 26 and 27.

Definition 22 Let m € N and B C N.

1. A function f is in TQ(m, B) if there exist an oracle Turing machine M0 and a recursive
function g such that
e f is computed by M?B,

e for every x € domain(f), the set of queries made in the M?(z) computation is
contained in Wy(,), and

2. A set Sisin TQ(m, B) if xs € TQ(m, B).

ey Top),

a$2n))-



The following facts about TQ(m, B) are left as easy exercises for the reader.

Fact 23 Let k,p > 1, let m,m1,...,m, €N, and let A,B C N.

~

2. FQ(m,B) C TQ(2™ — 1, B).
3. Let g be a p-ary recursive function, and let f, fi,..., fp be total functions such that

o for every z, f(z) = g(fi(z),..., fp(x)), and
o for everyi with 1 <i<p, f; € TQ(m;,B).

Then g € TQ(X-Y_, m;, B).
4. If A€ TQ(m, B) then, for alln > 1, C4 € TQ(nm, B) and #2 € TQ(nm, B).
5. If ODDZ € TQ(m, B) then, for alln > 1,

(a) ODDA, € TQ(nm, B), and
(b) n < k= ODDA € TQ(m, B).

Lemma 24 Let m € N. If C¥ € EN(3), then TQ(m, B) C EN(m + 1).

Proof:  Suppose that C¥ € EN(3) via h, and let f € TQ(m, B) via M0 and g. Let
x € domain(f). We describe a partial recursive function E, such that

e domain(E,) C {0,1}<™,
e f(x) € image(E;), and
e |image(E,)| < m + 1.

The process of going from x to the code for F, will be recursive; hence, using F,., one can
easily show that f € EN(m + 1).

ALGORITHM For E,

[u—

. Input o € {0,1}=™. Let p = |o|, and let by,...,b, € {0,1} such that o = by - - - by,.
2. Enumerate Wy, until p elements appear. (If [Wy,)| < p, then E;(0) T.)

3. Let y1,...,yp be the first p elements of Wy, in order of enumeration. For all i, j
such that 1 <4 < j < p, enumerate Wy, ,y until b;b; appears. (If for some 4, j this
never occurs, then E,(o) 1.)

4. (We now know that the statement Cf(yl, ..., Yp) = by---by is consistent with the
fact that C¥ € EN(3) via h.) Simulate the computation MO (z). For every i with
1 < i < p,if y; is queried, answer with b;. If a number z ¢ {yi,...,y,} is queried,
diverge.

10



5. If the simulation in step 4 terminates, then output its answer and halt.

END OF ALGORITHM

Let Wy = {v1,%2,. ..}, a finite set of size < m. For every o € {0, 1}=™ the com-
putation of E, (o) is guessing that Cﬁl(yl, --+»,Y|o|) = 0. Note that the different o’s are

coordinated, in that they all use their i*" bit as a guess for B(y;) (unless i > |o|). Also note
that if E,(0) | and o < 7, then either E,(7) |= E,(0) or E,(T) T.
Clearly, f(z) € image(E,). We show that |image(E;)| < m+ 1. Let

C={0ec{0,1}5™": E.(0) | A(Vo' < 0)[E.(c') 1]}.
For every k < m, let

Gr= Cn{0,1}=k
Hy= {re{0,1}f:30)ceCAT<0]}
Cr,= GrUH;

Clearly, the following hold.
e limage(E,)| < [C].
e Cp,=C.
o (Vk <m)[Gr N Hy =10].
o (Vk <m)[Gr C Ggy1]-

Furthermore, if 0 € C and 1 < i < j < o], then o(i)o(j) € Wiy We show that
|C| < m+ 1, which implies that |image(E,)| < m + 1.
Claim: If 1 < k < m and o, 7 are strings in Cy_1 with ¢ # 7 and |o| = |7| = k — 1,
then |Cx N {00,01,70,71}| < 3. Hence there is at most one string in Cy_; with both 1-bit
extensions in C}. Since Hi_1 C Ci_1, there is at most one string in Hy_;1 with both 1-bit
extensions in Cj.
Proof of Claim: Suppose that ¢ and 7 differ on the i*" bit, and that (i) = 0 and 7(i) = 1.
If 00 € Cf, then 00 € Wh(yiyyk)' If o1 € Cg, then 01 € Wh(yi,yk)‘ If 70 € C%, then
10 € Wiy ) U 71 € Cg, then 11 € Wy Since Wiy, p)| < 3, we know that
|Cx N {c0,01,70,71}| < 3.
End of Proof of Claim

We prove, by induction on k& < m, that |Cx| < k+ 1. For k = 0, we have Cy = {\},
where A is the empty string, so |Cp| < 1. Assume that k£ > 1, and that |Ci_1| < k. Note
that

YisYi)*

Yiryr)” YisYk

Ck| = |Gk — G| + [Hi| + |Gr—1].
Every string in (G — Gk—1) U Hy, is a 1-bit extension of some string in Hy_;. Since, by
the claim above, at most one string in Hp_; has both 1-bit extensions in Cj, we have
|G — Gi—1| + |Hg| < |Hg—1| + 1. Hence
|Cr| = |Gk — Gr—1| + |H| + |Gro1| < [Hp—1| + 14 |Gt = [Cra| +1 < k41

Since |Cp| < m + 1, we have |image(E;)| <m+1. |

11



Theorem 25 Let A be a p-cylinder, and let B be such that CE € EN(3). Assume there
exists k > 1 such that ODDi! € TQ(k — 1, B). Then A is recursive.

Proof:

We show that there exists ng > 1 such that #,‘;‘0 € TQ(no—1,B). By Lemma 24,
TQ(no —1,B) C EN(ng); hence we will have #;‘L‘O € EN(ng). By Theorem 12.2, A is
recursive.

For n € N, define T'(n) to be the least m such that #fnﬂ € TQ(m, B). Since ODD;! €

TQ(k — 1, B), we have ODDF‘QkW € TQ([Z](k — 1), B) by Fact 23.5. Now [2](k) > 2,
&

and it can be shown that [%1 (k—1) < 2 — 1. Combining these inequalities with Fact 23.5,
we have that ODDZ, € TQ(2" —1,B) and A € TQ(2* — 1, B). By Fact 23.4, for every
n, #4.4 € TQ((2" +1)(2% — 1), B), so T(n) < (2" + 1)(2¥ — 1). In particular, T(k) <
(2F +1)(2F —1) = 2% — 1.

By Lemma 21, for n > 1, #’5‘” 11 is computable with two parallel queries, one to #‘24"_1 41

and one to ODDfn,l. Since ODka € TQ(2F — 1, B), by Fact 23.5 we have that, for n > k,
ODDZ._, € TQ((2"1/2%)(2% — 1), B); hence, by Fact 23.3,

T(n) <T(n—1)+ (27125 (2% —1).
By a simple induction we have that, for n > k,
T(n) < 27(1 —1/2F) +22F — 9k,

In particular, T'(3k) < 23 —2F < 23k o ’;kﬂ € TQ(2%, B). Hence it suffices to let
— 93k
ng = 2°% + 1. I

Theorem 26 Let A be a p-cylinder, and let B be such that C¥ € EN(3).

1. If 3k > 1)[ODD4 € Q) (k — 1, B)], then A is recursive.
2. If (3k > 1)[ODD‘24k € Q(k, B)], then A is recursive.

Proof:

1) If ODD{ € Q| (k — 1, B) then, by Fact 23.1, ODD# € TQ(k — 1, B). By Theorem 25, A
is recursive.

2) If ODD;‘k € Q(k, B) then, by Fact 23.2, ODD?k € TQ(2* — 1, B). By Theorem 25, A is
recursive.

Theorem 27 If A is a nonrecursive semirecursive set, then for alln > 1,
ODD;, € Q)(n, A) — Q(n — 1,SEMI)

and
ODDA € Q([log (n + 1)1, A) — Q([log (n + 1)] — 1, SEMI).

In particular, every nonzero tt-degree contains a set A with this property, and every nonzero
r.e. ti-degree contains an r.e. set A with this property.

12



Proof: Let A be a nonrecursive semirecursive set. The nontrivial upper bound follows
from Fact 20.1. The lower bounds follow from Fact 20.3, Fact 19.4, and Theorem 26.

The existence of such sets in every nonzero tt-degree (and of such sets in every nonzero
r.e. tt-degree which are also r.e.) follows from Theorem 16. |

5 The Complexity of ODD/ for R.E. A

In this section we will prove a deep connection between recursive enumerability and semire-
cursiveness. The key to our results is the existence of a set X such that (1) every r.e. set
is semirecursive in X and (2) every r.e. set that is recursive in X is in fact recursive. Our
proofs are based on two important concepts from recursion theory: recursively bounded
sets and extensive sets.!

Definition 28 ([Joc89]) A set X is extensive if, for every 0,1-valued partial recursive
function g, there is a 0,1-valued total function A <t X such that h extends g.

(The Turing degrees of the extensive sets are the same as the Turing degrees of the consistent
extensions of Peano arithmetic [Joc89], but this is not important for our purposes.)

Lemma 29 If A is r.e. and X is extensive, then A is semirecursive in X.

Proof:  Assume that Aisr.e. and X is extensive. Let { As}sen be a recursive enumeration
of A. Define a 0,1-valued partial recursive function g by

1 if 3s)[xr € As Ay ¢ Al
g(w,y) =0 if Fs)ly € As Az ¢ A,
T otherwise.

Since X is extensive, there is a 0,1-valued total function h < X such that h extends g. Let

[z ifh(z,y) =1,
Fen =y it b =0

Then f <t X, (Vz,y)[f(z,y) € {z,y}], and

An{z,y} #0 = f(z,y) € A,

so A is semirecursive in X by Lemma 15. |

Definition 30

e A function f is recursively dominated if there exists a recursive function g such that
(Vo) [f(z) < g(@)].

!The degrees of recursively bounded sets and extensive sets have been well studied. The former are called
hyperimmune free [MMG68, Odi89, Soa87], the latter are called DNR> [Joc89] or PA [Kué85].
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o A set X is recursively bounded (r.b.) if every total function f such that f <p X is
recursively dominated.?

(The r.b. sets are the same as the sets of hyperimmune-free degree [MMG68].)
Lemma 31 ([MMG68]) Let X be r.b. If A is r.e. and A <t X, then A is recursive.

Proof: Assume that A is r.e. and A <p X. Let {As}sen be a recursive enumeration
of A, and let
flo) = {,us[a: €A ifxeA,
0 otherwise.

Then f <t A <t X. Since X is r.b., there is a recursive function g such that (Vz)[f(z) <
g(x)]. But then, for all z,
reA — QZGAg(m),

so A is recursive. |

The following lemma is implicit in [JS72].
Lemma 32 There exists a set that is r.b. and extensive.

Proof sketch:  There exists an infinite, recursive binary tree T such that every infinite
branch of T is extensive: Given a finite string of bits o,

oceT — (Ve,x <|o|)(Vbe {0,1})[({e,z) < |o| A M, |o|(z) |=b) = o({e,x)) = bl.

A is an infinite branch of 7" unless there are b € {0,1} and e, s,z such that e, z, (e,x) < s
and M. ¢(xz) |= b # A({e,z)), in which case the string A(0)---A(s — 1) is not in 7. By
the Hyperimmune-Free Basis Theorem [JS72] (see also [Soa87, Page 109]), T has an infinite
branch A which is of hyperimmune-free degree; such A is r.b. [MM68]. 1

Lemma 33 There exists X such that
e RE C SEMI¥, and

e RE — REC C SEMIX — REC¥X.

Proof: Let X be an r.b., extensive set, which exists by Lemma 32. By Lemma 29,
RE C SEMIX. By Lemma 31, RE N RECY C REC, so RE — REC € RECX. Thus
RE — REC C SEMTIX — RECX. 1

The following lemma lets us turn lower bounds for semirecursive sets into lower bounds
for r.e. sets.

Lemma 34 For each set A, let f* be a function.

2The term recursively bounded as used here is not to be confused with the same term used elsewhere to
define other entities. It is common (see [JS72], for example) to say that a tree T is recursively bounded if
there is a recursive function f such that, for every node o of T and every z < |o|, o(z) < f(z). (Note that,
by that definition, every binary tree is recursively bounded.)
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1. (VX)(VA € SEMI* — RECH)[f4 ¢ FQ(k, SEMIY)] =

- (

(VA € RE — REC)[f4 ¢ FQ(k,RE)].
- (

(

2. (VX)(VA € SEMI* — RECY)[f4 ¢ FQ (k, SEMIY)] =
VA € RE — REC)[f* ¢ FQ(k,RE)].

Proof: 1. We prove the contrapositive. Assume that there exists A with
A € RE — REC and f* € FQ(k,RE).

By Lemma 33, there exists X such that RE — REC C SEMIX — RECX and RE C SEMIX.
Then
A € SEMI¥ — RECY and f# € FQ(k, SEMIY).

2. Similar. Replace FQ(k, ) by FQ(k,-) in the proof of part 1 above. |

Theorem 35 Let A be a nonrecursive r.e. set.
1. (Vn > 1)[ODD}; ¢ Q(n — 1,RE)].
2. (Vn > 1)[ODD4, ¢ Q(n,RE)].

Proof: By the relativization of the lower bounds in Theorem 27 (which can be done by
relativizing the proofs of Theorems 25 and 26 and the results used therein, including the
Cardinality Theorem), we obtain the following for all X and all A € SEMI* — RECX:

1. (Vn >1)[ODD;} ¢ Qf (n — 1, SEMI™)].
2. (Vn > 1)[ODDs4, ¢ Q¥ (n, SEMIY)].
The result now follows by Lemma 34. |

For other applications of the Hyperimmune-Free Basis Theorem relevant to the study
of query complexity, see [KS94, Section 6]. For a self-contained proof of Theorem 35 that
does not use the Hyperimmune-Free Basis Theorem, see [GM99, Section 6.2.2].

6 The Complexity of ODDf for Y;-complete A
The following theorem is obtained by relativizing the proof of Theorem 35.

Theorem 36 Let A be r.e. in Z, but not recursive in Z.
1. (vn >1)[ODD; ¢ Qf (n — 1,RE?)].

2. (Vn > 1)[ODD%. ¢ Q% (n,REZ)].

Theorem 37 Let A=2" or A= 7.

1. (¥n > 1)[ODD; € Q(n, A) — Qf (n — 1, A)].
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2. (vn >1)[ODDA € Q([log (n 4+ 1)1, A) — Q4 ([log (n +1)] — 1, A)].

Proof:  The first upper bound is obvious. The second upper bound follows from Fact 19,
parts 3 and 4. If A = Z’, then A is r.e. in Z but not recursive in Z, so in this case the lower
bounds follow from Theorem 36. By Fact 8, the same lower bounds apply to Z’ as to Z'.

The following theorem is immediate.

Theorem 38 Let A be X;-complete or 11;-complete for some i > 1.
1. (Vn > 1)[ODD; € Q)(n, A) — Q)(n — 1, A)].
2. (¥n > 1)[ODD;} € Q([log (n+1)],4) — Q([log (n + 1)] — 1, A)].

Note: The special case A = K appears in [BGHS89].

7 The Complexity of MODmf

For a broad class of sets A, including jumps and semirecursive sets, we show that MODmﬁ
is m-equivalent to ODD{ where k = [n/m] + |n/m|. Thus our bounds for ODDZ translate
into bounds for MODm}.

Lemma 39 Let m > 2 andn > 1. If A is a p-cylinder then
A _ A

Proof:  Since A is a p-cylinder, GE? <., A by Fact 19.2. Let k = [n/m] + |n/m].

First, we show that MODm;;‘ <m ODD;?. Consider an input x1, ..., ,. Since GEA <., A4,
we can compute y1, . . .,y such that y; € A <= #2(xy1,...,2,) >i. Then #2(21,...,2,) =
#n(y1s- - yn) and A(y1) > -+ > A(yn), so

(xlv cee 7$n) S MODmQ — (yla Ymy Ym+15Y2m> Y2m+1,Y3m, - - ) S ODD?

(If m divides n, the last argument is y,; otherwise, the last argument is Yo Jm41-)

Second, we show that ODD,‘? <m MODm;;‘. Consider an input z1,...,zE. Since
GE? <, A, we can compute yi,...,y; such that y; € A <= #,‘?(ml,...,xk) > .
Then #?(l’l, s ,iﬂk) = #Ilg(yla e 7yk) and A(yl) Z e Z A(yk)v S0

(xla' ..,I'k;) € ODD? — (yla'-' yY1,Y2,Y3, - -+, Y3, Y4, - ) € MODmﬁ

(The argument y; appears m — 1 times if 7 is odd and ¢ < k. The argument y; appears
n mod m times if k is odd.) |

The following theorem is immediate from the results in this paper for ODDﬁ.

Theorem 40

16



1. If A is a nonrecursive semirecursive set, then for allm > 2 and n > 1,
MODm;; € Qy([n/m] + [n/m], A) — Q|([n/m] + [n/m]| — 1,SEMI) and
MODm? € Q([log ([n/m] + [n/m| +1)], A) — Q([log ([n/m] + |n/m] +1)] — 1, SEMI).
In particular, every nonzero tt-degree contains a set A with this property, and every
nonzero r.e. tt-degree contains an r.e. set A with this property.

2. If A is r.e. but not recursive, then for allm > 2 and n > 1,

MODm}; ¢ Q)([n/m] + |n/m] — 1,RE) U Q([log ([n/m] + [n/m] + 1)] — 1,RE).

3. If A= B' or A= B’ for some set B, then for allm >2 andn > 1,
MODm4 € Q([n/m] + |n/m], A) — Q([n/m] + |n/m] — 1, A) and
MODmA € Q([log ([n/m] + [n/m] + 1)1, 4) — Q([log ([n/m] + |n/m] +1)] — 1, A).

The conclusion of part 3 applies, in particular, to ¥;- and II;-complete sets for ¢ > 1.

8 Sets A with ODD? € Q(1, A) and MODm? € Q(1, A)

It is known [Rog67, Page 112] that every tt-degree contains a natural set A such that, for
all B, B <4t A <= B <,y A. In particular, for all m > 2 and n > 1, ODD;? and MODmT‘?
are decidable with just one query to A. We construct other examples of natural sets A with
these properties (but not in every degree).

Definition 41 ([Rog67, Page 112]) Fix an effective encoding for Boolean functions of
finitely many variables.

{B" = (h,z1,...,2,) : n > 1, h is an n-ary Boolean function, h(B(z1),...,B(z,)) = 1}.

Proposition 42 ([Rog67, Page 112],[0di89, Page 593|) Ewvery tt-degree contains a set
A such that, for allm > 2 andn > 1,

e S< A= S <u 4,
e ODD4 <., A, and

e MODmA <, A.

Proof: Let A = B for some B in the given degree. |

We now exhibit other natural sets A such that ODD? and MODm/ can be decided

with just one query to A.

Definition 43 B®) = {(z,i) : z € B®}.

(It is well known that the set 0« is recursively isomorphic to the set of all true first-order

statements of arithmetic, suitably encoded [Rog67, Page 318].)

Proposition 44 Let A = B . Then, for allm > 2 and n > 1,
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1. SSthA:>S§mA:
2. ODDA <., A,
3. MODm;;x <m A, and

Proof: Part 1. Assume that S <y B“. On input z, compute the list of queries,
and determine the maximum ¢ such that (y,4) is on the list of queries for some y. For this
particular z, the remaining part of the computation is recursive in B, hence r.e. in B®,
Thus we can compute a single number z such that S(z) = B (2) = BW((2,i + 1)).
Therefore S <, B (@),

Parts 2—4 follow immediately from part 1. |

Note the contrast between Proposition 44 and Theorem 38. The following generalization
of those two results is left as an exercise for readers familiar with recursive ordinals and the
extension of the jump operator to them.

Proposition 45 Let a be a recursive ordinal and A = B(®.

1. If a is a successor ordinal, then (Yn > 1)[ODDZ € Qy(n,A) — Qy(n—1,A)] and
(Vn > 1)[ODD4. € Q(n + 1, 4) — Q(n, A)].

2. If a is a limit ordinal, then (Vn > 1)[ODDZ € Q(1, A)].

A similar proposition holds for MODmf.

9 Supportive Sets and ODDﬁ

Recall that A is supportive if (Vn)[Q(n, A) C Q(n+ 1, A)], and A is parallel supportive if
(Yn)[Q)(n, A) C Q(n + 1, A)]. By Theorems 27 and 37, jumps and nonrecursive semire-
cursive sets are supportive and parallel supportive. By Theorem 35, nonrecursive r.e. sets
are parallel supportive. We will show that nonrecursive r.e. sets are supportive as well. As
in the previous results, the separation is witnessed by ODD? for some k, but unlike the
previous results, we do not know which value of k.

Lemma 46 If (Yn)(3k > 1)[ODD{! ¢ Q(n, A)], then A is supportive and parallel support-
we.

Proof:  Assume that (Vn)(3k > 1)[ODD; ¢ Q(n,A)]. Then A is nonrecursive, so
AecQ(1,A) —Q(0,A). Fixn > 1. The set {k > 1:0DD{ ¢ Q(n, A)} is nonempty. Let m
be its least element. Then m >n > 1 and ODD?_, € Q(n, A), so

ODDA € Q(n+1,4) — Q(n, A).

Thus A is supportive. The proof that A is parallel supportive is similar. |

Corollary 47
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1. Let A be nonrecursive. If A is semirecursive, r.e., or in the range of the jump operator,
then A is supportive and parallel supportive.

2. Fvery nonzero tt-degree contains a set that is both supportive and parallel supportive.

Proof: 1. By Theorems 27, 35, and 37, (Vn)(3k > 1)[ODD4 ¢ Q(n, A)]. Therefore, by
Lemma 46, A is supportive and parallel supportive.

2. By Theorem 16, every tt-degree contains a semirecursive set, so we are done by
part 1. 1

The proofs of the following two theorems are left as exercises for readers familiar with
random sets, 1-generic sets, and/or autoreducible sets.

Theorem 48 If A is random or 1-generic, then (¥Yn > 1)[ODD? € Q(n, A)=Q(n —1,A4)];
hence A is both supportive and parallel supportive, by Lemma 46.

Theorem 49 If (3n > 1)[ODDA € Q(n — 1, A)], then A is autoreducible.

Note 50 It is well known (see [0di89, Page 588], for example) that if A is r.b. (i.e., of
hyperimmune-free degree) then (VS)[S <r A = S <y A]. By the proof of Proposition 42,
(VS)[S <1 A" = § <, A™"]. Thus A™ is neither supportive nor parallel supportive.

This fact, together with Corollary 47 and Theorem 48, might give the impression that
a set is supportive iff it is parallel supportive. This is not the case, however, since K* and
0« are examples of sets that are supportive but not parallel supportive. Proof sketches of
these results appeared in [BGKT96b]; full proofs appear in [GM99, Section 8.2].

Some earlier work on supportive sets and the like appears in [Bei87a, Bei88].
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