55

Electronic Colloguium on Computational Complexity, Report No. 127 (2006)

ccCccCc

New Locally Decodable Codes and Private Information Retrieval Schemes

Sergey Yekhanin
MIT
yekhanin@mit.edu

Abstract

A g query Locally Decodable Code (LDC) encodesmahit message as anN -bit codewordC (x); such that
one can probabilistically recover any bit of the message by querying omjbits of the codewor®(x), even
after some constant fraction of codeword bits has been corrupted.

We give new constructions of three query LDCs of vastly shorter lengthttiz of previous constructions.
Speci cally, given any Mersenne prinpe= 2! 1, we design three query LDCs of length = exp n' |

for everyn. Based on the largest known Mersenne prime, this translates to a lentghsofhanexp n° ' |

compared teexp n'=2 in the previous constructions. It has often been conjectured that theria aitely many
Mersenne primes. Under this conjecture, our constructions yield thmeeydocally decodable codes of length

1
N =exp n® ®aesm  forin nitely manyn.
We also obtain analogous improvements for Private Information Retriev®)(§themes. We give 3-server
PIR schemes with communication complexit@ofn'® " to access am-bit database, compared to the previous

best scheme with complexi®(n1=>2%): Assuming again that there are in nitely many Mersenne primes, we get

3-server PIR schemes of communication complexcft jgTos for in nitely manyn.

Previous families of LDCs and PIR schemes were based on the prop#ries-degree multivariate polynomi-
als over nite elds. Our constructions are completely different and do¢ained by constructing a large number
of vectors in a small dimensional vector space whose inner produetseatricted to lie in an algebraically nice
set.

1 Introduction

Classical error-correcting codes allow one to encoda &it stringx into in N bit codewordC(x); in such a
way thatx can still be recovered even@(x) gets corrupted in a number of coordinates. For instance, codewords
C(x) of lengthN = O(n) already suf ce to correct errorsin up thl locations ofC(x) for any constant< 1=2:
The disadvantage of classical error-correction is that one needesaleoall or most of the (corrupted) codeword
to recover anything aboxt Now suppose that one is only interested in recovering one or a few bitslofsuch
case more ef cient schemes are possible. Such schemes are knovoalsdecodable codes (LDCs). Locally
decodable codes allow reconstruction of an arbitrarxhifrom looking only atq randomly chosen coordinates
of C(x); whereq can be as small & Locally decodable codes have found nhumerous applications in complexity
theory and cryptography. See [22], [9] for a survey. Below is a #iighformal de nition of LDCs:

A (q; ; )-locally decodable code encodeit strings toN -bit codewordsC(x); such that for every 2 [n];
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the bitx; can be recovered with probability ; by a randomized decoding procedure that makes g@qgiyeries,
even if the codewor@ (x) is corrupted in up toN locations.

One should think of > 0and < 1=2 as constants. The main parameters of interest in LDCs are the lngth
and the query complexity: Ideally we would like to have both of them as small as possible. The notion afyoc
decodable codes was explicitly discussed in various places in the eaflg,188st notably in [2, 21, 18]. Katz and
Trevisan [14] were the rst to provide a formal de nition of LDCs andbpe lower bounds on their length. Further
work on locally decodable codes includes [4, 7, 17, 5, 13, 23]. Thgtteof optimal2 query LDCs was settled
by Kerenidis and de Wolf in [13] and &xp(n): The length of optimaB query LDCs is unknown. The best upper
bound prior to our work wasxp n'=? due to Beimel and Ishai [4], and the best lower bound i8?) [13, 27].
For general (constant)the best upper bound wasp nC(cgleg aalogad) que to Beimel et al. [5] and the best
lower bound is™ nl*1=(da=e 1) [13 27].

The current state of knowledge raises a natural question: Is the at@oofrknown constructions an inherent
property of locally decodable codes? Indeed, Gasarch [9, sectenmd9Eoldreich [10, conjecture 4.4] conjecture
that the exponential dependencerori.e. the dependence of the folh = exp n® : is unavoidable for any
constant number of queries. As our results suggest, such behaviavelayot be inherent.

Our results

We give new families of locally decodable codes whose length is vastly shbee that of previous con-
structions. We show that every Mersenne primé.e. a prime of the fornp = 2t 1) yields a family of
three query locally decodable codes of lengttp n™ : The largest Mersenne prime known currently has
t = 32582657 > 10’: Substituting this prime into our theorem we conclude that for evethere exists a
three query locally decodable code of lengttp n1732582657 |t has often been conjectured that the number of
Mersenne primes is in nite. In fact a much stronger conjecture regattimgensity of Mersenne primes has been
made by Lenstra, Pomerance and Wagstaff [24, 19, 25]. Using onl\sthergtion that the number of Mersenne

1
primes is in nite, our constructions yield three query locally decodable sadéengthN = exp n® ogiog n

for in nitely many n.
1.1 Application to Private Information Retrieval

A g serverprivate information retrievalPIR) scheme allows a user to retrieve thil bit of ann-bit string
X replicated betweeq servers while each server individually learns no information abolihe main parameter
of interest in a PIR scheme is its communication comple&igyn), namely the number of bits exchanged by the
user and the servers. Below is a brief summary of known boundsgfor):

The best upper bound fa@»(n) is O(n'™3) due to Chor et al. [6]. The best upper bounds for larger values
of gareCq(n)  nOleglog aXalogd) due to Beimel et al. [5]. In particular [5] show th@s(n) O n'™25 ;
Cs(n) O n¥78 andCs(n) O n'1083 : On the lower bounds side the progress has been scarce. We list
the known results for the two server case. The rst nontrivial lowaurizbof4 logn is due to Mann [16]. Later
it was improved to4:4logn by Kerenidis and de Wolf [13]. The current recordsibgn is due to Wehner and
de Wolf [23].

Private information retrieval schemes are closely related to locally detdadbes. In particular, our construc-
tions of LDCs yield three server private information retrieval schemes wwitillcommunication complexity. We
show that every Mersenne prirpes 2t 1yieldsCz(n)  O(n™t*1)): Instantiating this with the largest known
Mersenne prime we g&tz(n)  O(nl=32%82658): Assuming that the number of Mersenne primes is in nite our

1
bound goes further down ° Pk n forin nitely many values ofn:



1.2 Our technique

All previously known constructions of locally decodable codes andapgiinformation retrieval schemes are
(implicitly or explicitly) centered around the idea of representing messalg an evaluation of a certain low
degree polynomial over a nite eld. Our constructions take a completelyedifit approach. We start by reducing
the problem of constructing locally decodable codes to the problem ofrdegigertain families of sets with
restricted intersections. We use elementary algebra over nite elds to desigh families.

The heart of our construction is design of aSet F, for a primep that simultaneously satis es two properties:

that the dot product&u;; vi) = 0 for all i; and the dot product@;;v;) 2 Sforalli 6 j: We refer to this property
as the combinatorial niceness$f(2) For a small integeq there exists @ sparse polynomial (x) 2 Fz[x] such
that the common GCD of all polynomials of the fornix ); 2 S and the polynomiakP 1 is non-trivial. We
refer to this property as the algebraic nicenesS.oDur notion of combinatorial niceness is related to the notion
of set families with restricted intersections in [3].

Our construction of locally decodable codes thus comes in three stepswEishow that a seb exhibiting
both combinatorial and algebraic niceness leads to good locally decodetgls. dn particular the lengthof the

of the codewords we build isl = p™. So the longer the sequence and the smaller the dimension the better.
The query complexity of our codes is given by the parametigom the de nition of algebraic niceness &.

This step of our construction is quite general and applies to veators:; v, and subsetS over any eld. It

leads us to the task of identifying good sets that are both combinatorially aglraigally nice, and these tasks
narrow our choice of elds. As our second step we focus on combiigtoiceness. In general big sets tend to

be “nicer” (allow longer sequences) than small ones. We show that evdtiplicative subgroup of a prime eld

is combinatorially as nice as its cardinality would allow. This still leaves us with iatyaof elds and subsets to
work with. Finally as the last step we attempt to understand the algebraic sfcehsets. We focus on the very
narrow case of Mersenne primpsnd the subgroup generated by the elen2entF,: We manage to show that

this subgroup is nice enough to get 3-query locally decodable codds)dea our nal result.

1.3 Outline

In section 3 we formally de ne locally decodable codes and introduce inectanbinatorial objects that we
call regular intersecting families. Those objects later serve as our toohstract LDCs. In section 4 we present
a linear algebraic construction of a regular intersecting family that yielddlyodacodable codes with good
(although, not the best known) parameters. The notions of combinadoidedlgebraic niceness of sets are used
implicitly in this section. Our main construction in section 5 builds upon the construetisection 4. We formally
introduce combinatorial and algebraic niceness and show how the intbgtlargen these two notions yields new
LDCs. The last subsection of section 5 and section 6 contain our main rEsuliSCs and private information
retrieval schemes.

2 Notation

We use the following standard mathematical notation:

Fqis a nite eld of gelements;

Fq is the multiplicative group oFg;



dy (x;y) denotes the Hamming distance between binary vegtarsdy;
(u; v) stands for the dot product of vectarsandyv:

For alinear space FJ';L? denotes thelualspace. Thatid,? = fu2 FJ'j8v2 L; (u;v)=0g:
3 A combinatorial approach to locally decodable codes

In this section we formally de ne locally decodable codes and introdudaiocecombinatorial objects that we
call regular intersecting familiesf sets. We show that regular intersecting families of sets yield LDCs.

De nition 1 A binary codeC : f0;1g" ! f 0;1gN is said to be(q; ; )-locally decodable if there exists a
randomized decoding algorith/ such that

1. Forallx 2 f0;1g";i 2 [n]andy 2 f0;1gN such thatdy (C(x);y) N :PrlAY(i) = xi] 1 ;1
where the probability is taken over the random coin tosses of the algoAthm

2. A makes at mogj queries toy:

A locally decodable code is called linearGf is a linear transformation ovét,: Our constructions of locally
decodable codes are linear. They are obtained by viewing the basis &eshére code and the decoding sets of
the code as specifying a set system (where a vector correspondsstet tifecoordinates on which it is non-zero),
with some special intersection properties. We de ne these properties loexiN; R andn be positive integers.
Consider the sgiN]: Fori 2 [n]; r 2 [R] let T; andQj; ; be subsets dN .

De nition 2 We say that subse® and Q; form a(q; n;N; R;s) regular intersecting family if the following
conditions are satis ed:

1. gis odd;

2. Foralli 2 [n];Tij=s;

3. Foralli 2 [nJandr 2 [R];jQirj = q;

4. Foralli 2 [n]Jandr 2 [R]; Qir Ti;

5. Foralli 2 [nJandw 2 T;;jfr 2 [R]jw 2 Qi gj = ( Rg)=s; (i.e. T; is uniformly covered by the se, );
6. Foralli;j 2 [n]Jandr 2 [R]suchthat 6 j; jQi \ T;j 0 mod (2):

The following proposition shows that regular intersecting families imply localtodable codes.

Proposition 3 A (g; n; N; R; s) regular intersecting family yields a binary linear code encodinbits toN bits
thatis(q; ; Ng=s) locally decodable for all:

Proof: For a setS [N]let1(S) 2 f0;1gVN denote its incidence vector. Formally, for 2 [N] we set
I (S)w =1 if w2 S;andl (S)y =0 otherwise. We de ne linear code via its generator matri& 2 f 0; 1g" N:
Fori 2 [n]; we set the-th row of G to be the incidence vector of the sgt Below is the description of the
decoding algorithnA\ : Given oracle access foand inputi 2 [n]; A

We remark that many earlier papers about LDCs used the paramiatardifferent way. They required Pt (i) = xi] 1=2+
ratherthen BAY (i) = xj] 1 : We choose to break with this tradition.



1. picksr 2 [R] uniformly at random;
2. outputs the dot produ€y; | (Qjr)) overF;:

Note that sincgQj; j = q; A needs onlyg queries intoy to compute the dot product. It is easy to verify that the
decoding is correct iA picksr 2 [R] such that all bits 0kG in locationsh 2 Q;; are not corrupted:

X
(XG;1 (Qir)) = X ({551 (Qir)) = xi (1(Ti); 1 (Qir)) = Xi: )

i=1

The second equality in formula (1) follows from part 6 of de nition 2 and thst equality follows from parts
1,3 and 4 of de nition 2. Now assume that up fd bits of the encodingkG have been corrupted. Part 5 of
de nition 2 implies that there are at mo6tN Rq )=s setsQ;, that contain at least one corrupted location. Thus
with probability at least.  ( Nqg)=s A outputs the correct value. |

4 Basic construction

In this section we present our basic construction of regular intersea@mdids that yieldsg-query locally
decodable codes of lengéxp n¥=(@ 1 for prime values ofj  3: We choose set§; to be unions of cosets
of certain hyperplanes and s&s to be lines. We argue the intersection properties based on elementary linear
algebra. Lepbe an odd prime angh p 1be an integer.

m
p 1

Lemma4 Letn =
Foralli 2 [n]; (u;vi) =0;
Foralli;j 2 [n] suchthat 6 j; (uj;vi) 60:

Proof: Lete 2 Fpm be the vector that contairfss in all the coordinates. We set vectars to be incidence

m

vectors of all possible subsets ofm] of cardinality(p 1): For everyi 2 [n] we setv; = e u;: Itis

p 1
straightforward to verify that this family satis es the condition of the lemma. |
, , , o m
Now we are ready to present our regular intersecting family. N\Set p™ andn = p 1 . /Assume some

bijection between the s@l ] and the spacgy': Fori 2 [n] set
Ti= x2F7j(ui;x)2F,

SetR=s=(p 1) p™ : Foreach 2 [n] assume some bijection between point§oaind elements dR]:
Fori 2 [n]andr 2 [R] letw;. be ther-th point of Tj: Set

Qir = fwy + vij 2 Fpg:2
Lemmab5 Fori 2 [n] andr 2 [R] setsT; andQ;, form a(p;n; N; R; s) regular intersecting family.

Proof: We simply need to verify that all 6 conditions listed in de nition 2 are satis ed.

1. Condition 1 is trivial.

2Note that set®; are not all distinct.



2. Condition 2 is trivial.
3. Condition 3 is trivial.

4. Fixi 2 [n] andr 2 [R]: Given that(ui;wir ) 2 F, let us show thaQ;  Ti: By lemma 4(uj;vi) = O:
Thus forevery 2 Fp: (ui;wir + Vi) = (Uuj;wj ) : Condition 4 follows.

5. Fixi 2 [n]andw 2 T;: Note that
ffr2[RIjw2 Qigj=jfwir 2Tij9 2Fpw=wi + vigj=
fwir 2Tij9 2Fpwi =W Vvigj= p:
It remains to notice thaRp=s= p: Condition 5 follows.

6. Fixi;j 2 [n]Jandr 2 [R] suchthat 6 j; Note that
jQir \ Tjj= 2 Fpj (uj;wir + Vi)2F, = 2 Fpj ((ujiwi)+ (u;vi)2F, =p L

The last equality follows from the fact th4t;;v;) 6 0; and therefore the univariate linear function
(uj;wir )+ (uj; Vi) takes every value ifp exactly once. It remains to notice that 1is even. Condition

6 follows.
[ |

Combining lemma 5 and proposition 3 we get

Corollary 6 Letp be an odd prime anth  p 1 be an integer. There exists a binary linear code encoding

pml bits top™ bits thatis p; ; p?=(p 1) locally decodable for all:

It is now easy to convert the above result into a dense family (i.e., onedbat bode for every message length
n, as opposed to in nitely mang's) of p-query LDCs of lengttexp n¥=(P 1

Theorem 7 Letp be a xed odd prime. For every positive integethere exists a code of lengéxp n=(P 1
thatis p; ; p2=(p 1) locally decodable for all:

Proof: Givenn; choosem to be the smallest integer such timat pml : Setn®= pml . It is easy to verify
that if n is suf ciently large we haven®  2n: Given a message of lengthn; we pad it with zeros to length®

and use the code from corollary 6 encodingith a codeword of length™ = exp n'=P 1 : |
5 Main construction

In the previous section we presented our basic linear algebraic carmtratregular intersecting families. We
chose setd; to be unions of cosets of certain hyperplanes. We choseXet® be lines. The high-level idea
behind our main construction, is to reduce the number of codeword locafimried by choosing se€g;; to be
proper subsets of linesather than whole lines. Before we proceed to our main construction welirteotwo
central technical concepts of our paper, thatahbinatorialandalgebraic nicenesd.et p be an odd prime.



Foralli 2 [n]; (u;v;i) =0;
Foralli;j 2 [n] suchthai & j; (uj;vi) 2 S:

m

Remark 9 Note that in lemma 4 we established that the Set Fp is m; b 1

everyintegem p 1

combinatorially nice for

De nition 10 AsetS F, is calledqalgebraically nice ifg is odd and there exist two se$§; S1  Fp such that
Sp is not empty;
jSi=g
Forall 2Fpand 2S:jSo\ ( + S1)j 0 mod (2):

Remark 11 Itis easy to verify that the s& = F, is p algebraically nice. Simply pick; = Fp andSp = F;:

5.1 Removing points from lines

The next proposition shows how an interplay between combinatorial amtbraig niceness yields regular
intersecting families. It is the core of our construction.

Proposition 12 AssumeS  F, is simultaneouslym; n) combinatorially nice andj algebraically nice. LeSy
and S; be the sets from the de nition of algebraic niceness. TheSsgields a g;n; p™;jSojp™ ;jSojp™ *
regular intersecting family.

Proof: Fori 2 [n]letuj;v; be the vectors from the de nition of combinatorial niceness. I$et p™ and
R = s= jSojp™ 1: Assume a bijection betwegN ] andFg': For alli 2 [n] set

Ti= x2F7j(ui;x)2 So
For each 2 [n] assume some bijection betwe@t] andT;: Letw;, denote the -th point of T;: Set
Qir =fwy + vij 2 Si0:
It remains to verify that all 6 conditions listed in de nition 2 are satis ed.
1. Condition 1 is trivial.
2. Condition 2 is trivial.
3. Condition 3 is trivial.

4. Fixi 2 [n] andr 2 [R]: Given that(ui;wir ) 2 Sg let us show thaQ;;,  T;: De nition 8 implies that
(ui;vi) =0:Thus forevery 2 Sy :(ui;wir + Vvi)=(u;w;): Condition 4 follows.

o1

. Fixi 2 [n] andw 2 T;: Note that
fr2[RIjw2 Qpgj=jfwy; 2Tij9 2 S;;w=w; + Vigj=
ijir 2Tij9 2 S Wir = W Vigjz jSlj: q:

It remains to notice thdRgq=s= q: Condition 5 follows.



6. Fixi;j 2 [n]andr 2 [R] such thai 6 j: Note that
jQir \ Tji=1Jf 2 S1j (uj;wir + Vi) 2 Segj =
B 28 ((uswir)+ (Uj5vi)) 2 Sogj = jSo\ ((Uj;wir) +(Uj;vi)S1)j] O mod (2):

The last equality follows from the fact th@t; ; vi) 2 S; and de nition 10. Condition 6 follows.
|

Observe that one can derive a regular intersecting family with paramedendémma 5 using proposition 12
in combination with remarks 9 and 11.

5.2 On combinatorially nice subsets of,

Forw 2 FJ' and a positive integelf let w ) Fg“' denote thd-th tensor power ofv: Coordinates ofv '

o _ Q

are labelled by all possible sequencegnt' andw, ...; = wi, : The goal of this section is to establish the
j=1
following

Lemma 13 Letp be an odd prime andn  p 1 be an integer. Suppos® is a subgroup of,; thenS is

1

m 1+ ISR m
p 1 ! 1
iSj P

combinatorially nice.

m
p 1
lemma 4, i.e. vectoraare incidence vectors of all possible subsetprdfof cardinality(p 1) and vectors®
are their complements. Recall that

Proof: Letn = : Fori 2 [n] let vectorsu®®andv{®in F' be the same as vectaus; v; in the proof of

For alli 2 [n]; (u%®Vv® = 0;

For alli;j 2 [n] such thai 6 j; (u?9v) 6 0:

Letl be a positive integer ang v be vectors irF7': Observe that

Lyl - P e Q@ _
I (iesi)2[m] JFL i=1 I )
P O] P P |
Ui Vi, = Ui, Vi, uivi, =(uv)h
(ig;zzip)2[m]t j=1 i12[m] i12[m]

Letl =(p 1)5Sj: Fori 2 [n] setu? = u®®' andv?= v?°": Formula (2) and cyclicity oF, yield
For alli 2 [n]; (u%v9 = 0;

For alli;j 2 [n] such that 6 j; (u’;vf) 2 S:

1
Note that vectorsuiO and vi0 aremﬁTi long. Therefore at this point we have already shown that theSset

p_ L . . .
misi; ™, combinatorially nice.

.....



We are going to reduce the length of vectafsandv? using this observation. Ldt(m;|) denote the family of
all multi-subsets ofm] of cardinalityl: Note thatjF (m;1)j = ™ ' : Foramulti-set 2 F(m;l) letc( )
denote the number of sequence§nij' that represent Now we are ready to de ne vectots andv; in F{)F(m;' i
Coordinates of vectons; andv; are labelled by multi-sets 2 F(m;1): Foralli 2 [nJand 2 F(m;I) we set

(u) =c( )u) and(vi) =(v):

It is easy to verify that for ali;j 2 [n]; (uj;vi) = ujo;vi0 : Combining this observation with the properties of
m 1+8.1 .
)% 5 ", combinato-

et p
rially nice. |

vectorsu? andvPthat were established earlier, we conclude that th& set

5.3 On algebraically nice subsets of,

In this section we construct 3-algebraically nice subset§,pfor primesp that have the fornp = 2'  1:Such
primes are known allersenneprimes. Consider a natural one to one correspondence betweetsssieeF,
and polynomials s, (x) in the ringFa[x]=(x? 1) :

X
5, (X) = xS:
5251
Itis immediate to verify that for all setS; Fpandall; 2 Fp;suchthat 60:
+5,(X)=x s (x): 3

Lemma 14 Letp=2! 1be a Mersenne prime. The set= f1;2;4;8;:::; 2 lg FIO is three algebraically
nice.

Proof: Observe that the polynomiaP 1 = x2 1 1 splits into distinct linear factors in the nite eldr,::
Clearly, every non-zero element B§: is a root ofxP  1: Let g be a primitive element of,: Fix such that
l1+g+g =0:SetS; =10;1; g:

Let be avariable ranging ovéi, and be a variable ranging ov&: We are going to argue the existence of a
setSy that has even intersections with all sets of the forin S 1; by showing that all polynomials ; s, belong
to a certain linear spade 2 Fo[x]=(xP 1) of dimension less thap: In this case any nonempty skt F, such
that + 2 L? can be used as the s8: Let (x) = GCD(xP 1; s,(x)): Note that (x) 6 1 sincegis a
common root okP landl+ x + x : LetL be the space of polynomials Fp[x]=(xP 1) that are multiples
of (x):Clearly,dimL = p deg: Fixsome 2 Fpand 2 S:Letusprovethat . s,(x)isinL :

+5:(X)=x 5 (x)=x (s(x) :

The last identity above follows from the fact that for any polynonfia2 F,[x] and any integer : f (xzi) =
(f (x))? and our choice of the sé&x: |

Parameters of a regular intersecting family that one gets by applying ftiopok2 to a certain (nice) s&@
depend on the size of the <& from the de nition of algebraic niceness 8f The next lemma shows that one can
always pick the se® to be large.

Lemmal5 LetS F, be aqalgebraically nice set. LeBy;S1  Fp be sets from the de nition of algebraic
niceness o6: One can always rede ne the s8g to satisfyjSpj d p=2e:



Proof: LetL F,[x]=(xP 1) be the linear space spanned by polynomials of the formns, (x); for 2 Fp
and 2 S: Clearly, the spacé is closed under cyclic shifts. This implies that the sphceis also closed
under cyclic shifts. Note thdt” has positive dimension sinces,(x) 2 L?: The last two observations imply
thatL? hasfull support,i.e. for every coordinate there exists a vector 2 L? such that ; 6 0: It is easy to
verify that any linear subspace F)Z that has full support contains a vector of Hamming weight at lgas2e: Let
1(x) 2 L? be such a vector. Rede ning the & to be the seT we conclude the proof. |

5.4 Results

Letp=2' 1be aMersenne prime. Note that the Set f1;2;4;8;:::;2' 1gis a multiplicative subgroup
of Fy: Combining proposition 12 with lemmas 13, 14 and 15 we conclude

Lemma 16 Letp=2' 1be aMersenne primeamd p 1be aninteger. Lem®= ™ (t:(f):tl):t : For
some integez d p=2ethere exists a regular intersecting family with parameters

m 0 0 0
3 p"zp™ Lzph !
o 1 PP p™
Combining lemma 16 with proposition 3 we obtain the key lemma of the paper
Lemma 17 Letp=2! 1beaMersenneprimeand p 1beaninteger. Lem®= " (1p+(1p):tl)=t : There

m

b 1 bits topmo bits that is(3; ; 6 ) locally decodable code for all

exists a binary linear code encodimg=

For every xed Mersenne primp = 2! 1 we get a family of 3-query LDCs of lengéxp n'=' : We omit
the proof since its essentially identical to the proof of theorem 7.

Theorem 18 Letp=2' 1be a xed Mersenne prime. For every positive integethere exists a code of length
exp n't thatis(3; ; 6 ) locally decodable for all:

Mersenne primes have been a popular object of study in number thaottyeftast few centuries. It is still
unknown whether the number of Mersenne primes is in nite. There has dé@rge amount of effort and com-
putational power invested in search for large Mersenne primes [2@]largest currently known Mersenne prime
isp = 232582657 1: |t was discovered by C. Cooper and S. Boone [8] on September 4, RIQggingp into
theorem 18 we get

Theorem 19 For every positive integen there exists a code of lengéxp n1732582657 that is(3; ; 6 ) locally
decodable for all:

We are not aware of who was the rst to conjecture that the number okdfgre primes is in nite. Lenstra,
Pomerance, and Wagstaff have made a much stronger conjecturel4]2b]. Their conjecture claims that not
only are there in nitely many Mersenne primes, but that the number of Meeserimes with exponent less than

t is asymptotically approximated l® log,(t); where is the Euler-Mascheroni constant. In case the number of
Mersenne primes is in nite we get three query locally decodable codageésponential length.

Theorem 20 Suppose that the number of Mersenne primes is in nite; then for in nitelpymealues oh there

1
exists a code of lengtixp n® ke n  that is(3; ; 6 ) locally decodable for all:

Proof: Given a Mersenne primg; setm = 2P: Substitutingm andp into lemma 17 and making some basic
manipulations we conclude that there exist8a; 6 ) locally decodable code encodimg= m (°9 ™) pits to

log m

N =exp m° ooy m bits. An observation thdbg logn = (loglog m) completes the proof. |



6 Application to Private Information Retrieval

We start with a formal de nition of a three server PIR protocol. ke? f 0; 1g" be the database.

De nition 21 A three server PIR protocol is a triplet of non-uniform algorithfis= ( Q; A; C): We assume that
each algorithm is givem as an advice. At the beginning of the protocol, the udepsses random coins and
obtains a random string. NextU invokesQ(i; r) to generate a triple of queriggiue;; que; ques): Fori 2 [3];

U sendgjue to S;: Each servelS; responds with an answans; = A(j; x; que;): (We can assume without loss
of generality that servers are deterministic; hence, each answer iscidmof a query and a database.) Finally,
U computes its output by applying the reconstruction algorit®fans;; ans,; anss;i;r): A protocol as above
should satisfy the following requirements:

Correctness :For anyn; x 2 f 0; 1g" andi 2 [n]; the user outputs the correct valuexafwith probability
1 (where the probability is over the random strings

Privacy : Each server individually learns no information abauflfo formalize this leQ; denote thg -th
output ofQ: We require that foy = 1;2;3and anyn; i1;i> 2 [n] the distributionsQ; (i1;r) andQj (i2;r)
are identical.

There are known generic procedures [14] to congeytiery LDCs intog server PIR schemes. However a simple
application of such a procedure to our LDCs will either yield a PIR protedth perfect privacy, but small
probability of error, or a PIR protocol with perfect correctness anmdesslight privacy leakage. Fortunately, it is
possible to achieve both perfect privacy and perfect correctirasstaneously via a specially designed reduction.
We sketch the idea behind such a reduction.

The servers encode the databasgith a three query locally decodable co@efrom lemma 17. We are going
to use the notation from that lemma. Recall the the coordinat€xf are in one to one correspondence with
points ian‘O: In order to decode; the user has to quety three locatidive + Yi j 2 Sigforsomew 2 Ti;

whereT; is the union of certain cosets of the hyperplane2 Fg‘oj (ui;y) =0 : Unlike the LDC setup in the

PIR setup the user can not piek2 T; uniformly at random and then query locatidns + v j 2 S;gfrom
three different servers, since in such case the servers wouldvettberuniform distribution offj rather than the
uniform distribution ong‘Oz Here is our way to go around this problem.

Lete2 Fg‘o be the all-ones vector. Assume6 0 mod (p): The de nition of vectoray; in lemma 13 implies
that in such a cage; u;) 6 0 for alli 2 [n]: Thus for every 2 [n] and everyw 2 Fg‘o there is some 2 Fj such
thatw + e 2 T;: The user picksv 2 Fg‘o uniformly at random and (simultaneously) agk&iples of queries
of the fromfw+ e + vij 2 Sigforall 2 F,: For every triple the rst query always goes to server 1, the
second to server 2 and the last to server 3. It is easy to verify that Iincase each server individually observes a
uniform distribution independent @f while the user always successfully reconstrugtfrom one of the triples.
Our argument yields

Lemma 22 Letp =2' 1be aMersenne primeand p 1 be an integer such thah 6 0 mod (p): Let
n= " andm®= ™M (T;(f):tl):t : There exists a three server PIR protocol with questions of lepigitiog p
and answers of lengtpthat allows private retrieval of bits from databases of length

The next theorem captures the asymptotic behavior of our PIR schenses Mersenne prime:

Theorem 23 Letp = 2 1 be a xed Mersenne prime. For every positive integethere exists a three server
PIR protocol with questions of lengh n*™' and answers of lengtp:



Combing theorem 23 with a standard balancing technique from [6] and plyggithe value of the largest

known Mersenne prime, we conclude

Theorem 24 For every positive integam there exists a three server PIR protocol with communication complexity
of O nl=32582658 -

Finally, under the assumption that the number of Mersenne primes is in nitestve g

Theorem 25 Suppose that the number of Mersenne primes is in nite; then for in nitelpymaalues oh there

. . . . .0 ~—Lf
exists a three server PIR protocol with communication complexity ofs’s n :

7 Conclusion

We presented a novel approach to constructing locally decodable andesibstantially improved the known

upper bounds. However the gap between the upper and lower bamddEs still remains very large. It might
be the case the technique proposed in this paper has not yet beed pugsdmit and further improvements will
be obtained in this way. In particular, proposition 12 generalizes to anpitnée elds (rather than just prime

elds), and even nite commutative ringR. It may happen that a clever choice of a riRgand a subseé® R

that is simultaneously combinatorially and algebraically nice will yield shorter £DC
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