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An in a raph is a set of vertices with no ed es connectin them he pro lem
of ndin an independent set of ma imum si e is one of the classical hard pro lems e

consider polynomial time al orithms that nd an independent set that is not necessarily optimal,
ut of a uaranteed si e he wuality of the appro imation is iven y the ratio of the si e of
the ma imum independent set to the si e of the appro imation found, and the lar est such ratio
over all inputs ives the of the al orithm
A few other pro lems are closely related to the independent set pro lem A is a set
of mutually connected vertices Since ndin the ma imum si e cli ue in a raph is e uivalent
to ndin the ma imum independent set in the complement of the raph, the cli ue pro lem is
for our purposes the same pro lem
A is a set of vertices with the property that every ed e in the raph is incident
to some verte in the set Note that vertices not in a iven verte cover must e independent,
hence ndin a ma imum independent set is e uivalent to ndin a minimum verte cover
Appro imations to the two pro lems, however, di er widely
he third related pro lem is , namely ndin an assi nment of as few colors
as possi le to the vertices so that no ad acent vertices share the same color  ecause the colors
induce a partition of the raph into independent sets, the pro lems of appro imatin independent
set and colorin are closely related  he dual pro lem to raph colorin is ndin a ,
which is a partition of the raph into dis oint cli ues




he analysis of appro imation al orithms for raph colorin started with Johnson 1 who

showed that the reedy al orithm colors colora le raphs with lo colors, o tainin a
performance uarantee of lo Several years later, i derson 21 introduced an ele ant
al orithm that colors colora le raphs with colors, which, when com ined with
Johnson s result, yields an lo lo lo 2 performance uarantee ecently, er er and

ompel  presented an al orithm that improves on Johnson s idea to o tain an lo 2
colorin hen com ined with i dersons method, they o tain an lo lo lo 3
performance uarantee  alldorsson 1 improved that to lolo 2 lo 3, applyin
the independent set appro imation al orithm of this paper inally, lum has improved the

est ratio for small values of , in particular for colorin from the ~ of i derson and
the ) of er er and ompel, to and later to 3

e shall present an e cient raph colorin al orithm that colors colora le raphs with
2 colors when 2lo ,and lo lo — when 21o he al o
rithm strictly improves on oth Johnson s and i derson s method

olklore see 1 ,p 1  attri uted to avril tells us that any ma imal matchin appro i
mates the minimum verte cover y a factor of two  his was sli htly improved independently
y ar Yehuda and ven ,and onien and Speckenmeyer 1 |, to a factor of 2 _,
ut no further improvements have een found
Appro imatin the independent set pro lem has seen less success No appro imation al o
rithm yieldin a non trivial performance uarantee has een found in the literature ne of the
main results of this paper is an al orithm that o tains an lo 2 performance uarantee
for the independent set pro lem on eneral raphs, as well as several results on raphs with a
hi h independence num er
or all these pro lems the optimal appro imation ratios are unknown, and the aps etween
the upper and lower ounds are lar e  he verte cover could possi ly have a polynomial time
appro imation schema,ie it could e appro ima le within any ed constant reater than one
ecent results of ei e, oldwasser, ovas ,Safra,andS e edy 1 and Arora and Safra 2 show

that the independent set pro lem is not appro ima le within a factor of 2 unless

, while results of erman and Schnit er indicate that it may not e appro ima le
within anythin less than some ed power of inally, raph colorin cannot e appro imated
within less than a factor of two assumin 1 ,p 1 ,and the results of inial and

a irani 1 also su est that some ed power of may e the est appro imation that can
e hoped for
e will present lower ounds of a di erent kind, namely for a ed class of al orithms,
similar in spirit to the work of Chvatal 10 e show how most appro imation al orithms for
the a ove mentioned pro lems revolve around the concept of , and how no
al orithm within that framework can do si ni cantly etter than the al orithms presented here
he techni ues used have a stron connection with raph amsey theory, and the amsey
theoretic results may e of independent interest

or an undirected raph , is the of  or the num er of vertices, is
the of the raph or the si e of the lar est independent set, is the
or the independence num er divided y the order of the raph, is the

, and is the or the num er of colors needed to verte color

or a verte refers to the su raph induced ythenei h orsof and similarly

the su raph induced y the non nei h ors of A raph is if it contains no su raph
ed e su set isomorphic to Unless otherwise stated, is the input raph, is the order of

,and isa edfor idden not necessarily induced su raph



Suppose we decide to place a node into a iven independent set It then su ces to search only
in the non nei h orhood of , | for the remainin nodes in the set  his su ests a natural
heuristic, the reedy method e can specify its result formally as

Choose

his can also e formulated in a dual way for ndin cli ues

Choose

his rapid accumulation of an independent set y recursively lookin at non nei h orhoods
is attractive Yet it remains disconcertin to completely i nore the of the pivot
nodes, which may well contain much lar er independent sets Indeed, if we make a ad choice
of a pivot node, we may e left with a minuscule set of independent vertices where there were
plenty, thus reedy performs adly in the worst case

e are led to another rule for searchin for an independent set As efore, choose a verte
and search in the non nei h orhood of that node ut this time also search in the nei h orhood
of the pivot node, and use whichever result is i er A ain, a dual rule applies to the cli ues

ore formally,

Choose
ma
ma

he resultin al orithm is shownin ure21
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Al orithm 21 he amsey Al orithm

If we look at the ehavior of the al orithm, we see that it reaks the pro lem into a tree like
structure of su pro lems In one sense, the al orithm transforms the raph into a inary tree
where each internal node is ad acent to all of its left descendants and non ad acent to all of
its ri ht descendants Under this interpretation, the independent set found y the al orithm
is intimately related to a path in the tree with the lar est num er of ri ht ed es Speci cally,
it consists of the leaf, and the parents of the ri ht ed es in that path  ence, the si e of the
independent set found is e actly the ma imum num er of ri ht ed es in any path in the tree,
plus one Similarly, the si e of the cli ue found is the ma imum num er of left ed es in any
path, plus one

As an e ample, assume the input raph  contains no trian les Clearly, the al orithm
cannot nd any cli ues of si e more than 2, and hence no path in the tree can have more than
a sin le left ed e Tt follows that either the ri htmost path has  nodes, or there are fewer
than  paths in the tree, in which case one of them has more than =~ nodes ither way, the
al orithm nds an independent set of si e no less than



his formulation ives us an e ective way of e pressin the si es of the appro imations A
computation of the al orithm that produces a cli ue of si e and an independent set of si e
corresponds to a inary tree where the lar est num er of left ed es in a path is 1 and the
lar est num erofri hted esis 1 et denote the smallest inte er such that all trees
of si e have paths with at least that many left or ri ht ed es his value is one lar er than the
si e of the lar est tree with no path havin 1left ed esor 1ri hted es, which a ain is one
less than the num er of e ternal nodes in that tree Since each e ternal node has an associated
uni ue path, there can e no more than such nodes  ence, 2

he ne t theorem follows from the precedin discussion

T a se

he al orithm a se isrelated to a classical pro lem in e tremal raph theory et
denote the smallest inte er such that all raphs of order either contain an independent
set of si e or a cli ueofsie his function was named after the n lish mathematician
rank amsey who rst showed that it was well de ned  ur al orithm in his name, and the
associated analysis, provides another proof to an upper ound for the amsey function, rst
proved y rdos and S ekeres in 1 12

9 2
De ne min min 2 Note that if the raph contains no
cli ueofsi e 1,theindependent set found must e ofsi e at least As colora le raphs
are a su set of 1 cli ue free raphs, the same ound holds for them e can appro imate
fairly accurately y , for 2lo ,andlo lo —, for 2lo
Notice also, that the product of and is minimi ed when they are e ual, at which
point each e ceeds 21lo ence,
a se -lo 2
hen carefully implemented, al orithm 2 1 involves work Select pivot nodes

accordin to ale ico raphic rstrule aintain a list or array to inde the vertices in the current
su raph, and divide the list into two, representin the nei h orhood and non nei h orhood
of the pivot node, efore makin the recursive call If care is taken to con uer the smaller
su pro lem rst, only linear in e tra space is re uired

or small values of , we are a le to improve on a se sli htly A techni ue y A tai,
omlos, and S emeredi 1 treated y Shearer 20 asa reedy al orithm, can e made
deterministic to nd an independent setin cli ue free raphsofsi e lo 2
in polynomial time

e have seen that if the raph contains no lar e cli ues, then a se performs uite well
Unfortunately, if that precondition does not hold, we cannot make any statement a out its
performance Nevertheless, if we could somehow et rid of these lar e cli ues, we could do well
on the remainin  raph

e are led to a simple method

emove a ma imal set of dis oint cli ues from , for some constant
Apply a se to the remainin raph



he rst concern is whether anythin will e left of the raph once we have removed all
vertices in dis oint cli ues or an ar itrary raph, the answer is no, ut if the raph contains
a lar e enou h independent set, the remainin raph will e si a le A key o servation is that
a cli ue and an independent set can share no more than a sin le verte If the independence
num er of the raph is at least 1 for some constant 0, then at least a fraction

1 - of the vertices remain

he second pro lem is that ndin a cli ue in the raph re uires operations for all
al orithms known, hence the a ove al orithm is not fully polynomial in oth and owever,
we need not remove cli ues that we do not run into, only those that et in our way It su ces to
remove the cli ues as we o alon ecall that a se nds othacli ueand anindependent set
appro imation If the cli ue that a se ndsissmall, then the independent set must e lar e,
while if the cli ue is lar e, then we can remove it and repeat the process his is formali ed in
al orithm 2 2

re urn ma , 2
en
Al orithm 2 2 Al orithm for appro imatin independent sets
i ue e a repeatedly calls a se and removes the cli ue found until the raph is e

hausted It then returns the lar est of the independent sets found alon with the se uence
of cli ues found Since that collection is a partition of the verte set into cli ues, it forms
an appro imation to the Cli ue Cover pro lem oreover, if the al orithm is applied to the
complement of the raph, we o tain appro imations to the Cli ue and the raph Colorin
pro lems

he followin lemma is useful in relatin the cli ue and colorin appro imations and vy
duality, the independent set and cli ue cover appro imations

A

A 1

e can now prove ti ht ounds on the si es of the appro imations

3

T i ue e a

ma — —

et us rst consider the rst claim Since the independence fraction of the raph
is strictly reater than 1 , the al orithm must eventually nd no cli ue, at which point



1 1 vertices remain in the raph Also, the point when the al orithm nds no

1 cli ue occurs even earlier, when at least 1 1 1 11 1 2
vertices remain in the raph he ound then follows from theorem 1

or the second claim, we shall, for pure convenience, analy e the appro imations uaranteed

for the Cli ue and Colorin pro lems, with the understandin that the same applies immedi

ately to the Independent Set and Cli ue Cover pro lems, respectively et e the cli ue

appro imation, and e the colorin appro imation
ecall that the appro imations produced y a se satisfy 5lo 2 ence,
if represents the value of  when , then - lo 2 - lo 2
Applyin lemma 1, we et that lo 2 lo 2 [ |
Now consider the product of the two performance uarantees
lo 2
Since isnever reater than , this ound immediately yields the claimed lo

individual ounds on the performance uarantees or classes of instances for which the mea
sures are apart, the performance uarantees are even stron er In particular, random raphs
almost always have a cli ue num er asymptotically 2lo  and chromatic num er 2lo
and for raphs with these parameters the product of the performance uarantees is a constant
no more than 20 his also implies that the stated relationship etween the si es of the two

appro imations is optimal within a constant

he a ove appro imation and performance uarantee for the independent set and y duality
the cli ue pro lem are the est known he appro imation for raph colorin is also the est

known for raphs with chromatic num er etween and ——  or raphs with a
smaller chromatic num er the method of lum performs est, while for lar er chromatic
num ers alldorssons 1 improvement of er er and ompels result  is stron er

et us formally de ne a framework that properly captures all the al orithms for ndin inde
pendent sets iven in this paper

A amsey
type

2 su raph e clusion

here are a few ways in which such an al orithm can e clude a su raph
All copies of the for idden su raph, or parts of it, can e pulled out of the raph
se uentially A necessary and su cient precondition for the removal process to retain at least a
constant fraction of the vertices is that , for some constant 0
he e clusion of the su raph can e uilt into the statement of the pro lem  his
applies particularly to the raph colorin pro lem  or instance, the cli ue on 1 vertices
cannot appear in colora le raphs




In certain cases, vertices can e fused to ether, causin a certain type of a su raph
to disappear
he issue ecomes ndin raphs that force raphs free of to contain lar e independent
sets, as well as comin up with al orithms to actually nd those independent sets in  free
raphs  he previous section descri ed al orithms that use cli ues  ther su raphs discussed
in this section include odd cycles, wheels, and color critical su raphs  he followin section
will then illustrate that these su raphs are in some sense the est of their kind

A , denoted y , is a raph that consists of an odd cycle of nodes, and 0
, which are nodes that connect to all other nodes in the raph A wheel with spokes is
referred to as a wheel hecli ue num er of an wheel is 2 e cept when , Whereas
the chromatic num er is
Note that if a raph does not contain a wheel, then no nei h orhood raph can contain a
1 wheel nor can any non nei h orhood raph containa wheel ence we o tain the same
recursive relationship as in the amsey al orithm  nly the ase caseis di erent we capitali e
on the fact that colorin a ipartite raph is easily solva le in linear time

egin
i is iparie enreurn someed e thelar er color set
ses e
ee ree a se
2 2 ee ree a se
re urn arger o arger 2
en

Al orithm 1 amsey Al orithm for heels

De ne to e the minimal such that all raphs of order contain some wheel
or an independent set of si e e nd that and
2 1 and 2 An inductive ar ument shows that

2 , only a factor of two from the upper ound of the re ular amsey function
iven a raph with no 2 wheels, ee ree a se nds an independent set of si e at
least y applyin a version of al orithm 2 2 that utili es ee ree a se , we

2 colors

can color a raph without 2 wheels usin

Al orithm 1 is closely related to i derson s colorin al orithm 21 y considerin the
whole uncolored portion of the raph in each iteration, instead of fully colorin the pivot nodes
nei h orhoods efore colorin their non nei h ors, ee ree a se improves the appro ima
tion y a factor of  Also, y focusin alternately on nei h orhoods and non nei h orhoods it

ains another factor of i derson s method, however, has the advanta e of

time comple ity, compared to the comple ity of our method Compared
with the raph colorin al orithm deduced from the amsey al orithm for cli ue free raphs,

this al orithm improves the e ponent from — to —2

or raphs with independence ratio in the ran e of 3 5 , the amsey al orithm o tains

an independent set appro imation of y removin trian les  amilies of odd cycles as
e cluded su raphs allow us to re ne the appro imations in this ran e

he method starts y removin all odd cycles of si e up to 2 1 In contrast to the case

for cli ues, this can e done in linear time independent of  Note that a cycle of len th 2 1



has an independence ratio 5 So if 35—, we can remove these cycles and then apply
al orithm 2
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Al orithm 2 Al orithm for independent sets on raphs with no short odd cycles

Since each independent set  selected causes only times as many other nodes to

e removed from the raph, the raph is not e hausted until an independent set of at least
has een collected Assume there was no satisfyin hen

2 2 , and the pro lem is

solved
Since each verte and each ed e are looked at only once, the al orithm runs in linear time
n the other hand, when applied to eneral raphs the al orithm must e run for many di erent
values of , in which case it may e useful to com ine the cycle removal process see 1
he techni ue of A tai, omlos, and S emeredi can also e applied here hen is ed,
we can nd an independent set of si e lo in polynomial time for raphs
with no odd cycles of len th 2 1 or less

or raphs of ed chromatic num er, an al orithm A lum , improves on the previously

3 colors for colora le

mentioned al orithm of i derson In particular, it uses only
raphs, down from - is complicated method can e summari ed in the followin three

steps

1 Destroy all copies of the su raphs and 12  raphs y collapsin certain pairs of
nodes

2 Classify vertices accordin to de ree, producin a polynomial num er of su raphs, one
of which has an independence ratio close to one half

Apply al orithm 2 on each of these su raphs

he raph is the cli ue on  vertices with one ed e removed A 12 raph is
our term for a raph with three speci ¢ parts A, consistin of two disconnected nodes , an
independent set of at least nodes and C, an odd cycle, where parts A and C are completely
disconnected, A and  are completely connected, and the connections etween and C are
such that each node in C is connected to some node in ~ Since C re uires three colors, needs
two, and thus the two nodes in A must have the same color under any le al colorin of the
su raph, whence the name 1 2 Similarly, the two dis oint nodes in must share the
same color



he rst and the third steps are strictly amsey type, whereas the second does use the si e
of the independent sets promised y the colora ility property ence the al orithm appears
to lack the for etfulness property of amsey style al orithms

he main result of this section is that e cludin su raphs other than cli ues and series of odd
cycles does not help much in forcin a raph to contain a lar e independent set  his implies
that no su raph removal al orithms, even super polynomial ones, can yield asymptotically

etter performance uarantees for the ma imum independent set, raph colorin , and verte
cover pro lem than the al orithms iven

et us e tend the amsey function from cli ues to ar itrary raphs et denote
the minimal such that every raph on vertices either contains a copy of the raph  or has
an independent set of si e Note that  does not need to e isomorphic to a

su raph of , only that all the ed es of e contained in such a su raph It immediately
follows that whenever is an ed e su set of tainin an upper
ound on shows that not all  free raphs contain very lar e independent sets, showin

a limitation on the power of e cludin

A few de nitions are in order or a raph |, let e the num er of ed es, and
denote the ma imum of over all su raphs of tend these de nitions to a
collection  of raphs De ne to e the ma imum of over all in De ne
and to e the minimum of and , respectively, over all  in Also,

is the minimal such that every raph on vertices either contains a copy of some in  or
has an independent set of si e
here are some well known relations etween these uantities ne relation is 1,
which holds ecause a colorin is ust a partition into independent sets Another relation is
2 1, which holds ecause has a verte of de ree 2 or less  oth relations
enerali e to a collection of raphs

e will ive the central theorem for a function sli htly stron er than

De ne min 5 Where ran es over su raphs of on at least vertices

Similarly e tend to a collection of raphs he value of is always at least as lar e as
and for small raphs the improvement makes a di erence

he proof follows the pro a ilistic method usin the ovas local lemma e follow

closely the presentation of ollo as ,p2 ofalower ound on the ordinary amsey num ers
e ive a proof only for a sin leton collection the eneral case is similar

et and , and let — e claim that — , for

1 2

ind positizve num ers , , and such that 0 1, 2 1, and
1 2 2 5 Such a choice is possi le since if we take 0, and replace the ine ualities
a ove y e ualities, the solutions for and are positive

Consider in , a random raph on  vertices with ed e pro a ility , with

lo and lo et e the space of all verte su sets of si e ,and  the space
of all sets et e the event that a iven instance of contains the for idden su raph

, and let e the event that a iven instance of isindependent he s all have the

same pro a ility, which we denote y , and similarly denotes the pro a ility of each

Consider the raph on in which two vertices are oined yaned ei the correspondin
su sets of have at least two vertices in common  his is precisely the raph of dependencies



amon the events et e the num er of eventsin  intersectin

with the num er of events in  intersectin with , the num er of events in
intersectin with , and the num er of events in  intersectin with
e have that
lo
1 2
2 2
2 2 lo
2 2
2 2
2 2 2 2 2 2 lo

ollo as derived the followin version of a theorem of ovas , for dependence raphs with
two kinds of events

I 1 1 2 1 1 2
lo 1 1
lo 1 1
N 0
ur main claim will follow if we can nd values for and that satisfy the conditions
in the a ove fact e claim that 1 and will su ce, provided 1is su ciently

lar e e nd that

2 10 lo

and

since y the ound on , the e ponent of 1is ne ative if is lar e enou h  ence, the rst
condition of the fact holds

y the last ine uality, 1 urthermore,
2
1 lo S
2 2
1 2 lo 1 lo
2
ecause of the constraint on Since 1 this implies the second condition, if is

su ciently lar e

10



e have shown that r containsan or 1 and thus there e ists a raph on

vertices that contains no independent set of si e , nor a su raph isomorphic to ence, the
amsey num er must e lar er than lo

inally, since the a ove ar ument applies as well to any su raph of ,in particular, such

that 3 , the fact that allows us to improve the e ponent in

the value of from 5 to ma 5 |

ecall that lum s al orithm made use of su raphs that contain two nodes that must e of

the same color under any le al colorin A raph is 1 it has a pair of vertices that
et assi ned the same color for every colorin of the raph Note that this is vacuously true
for non colora le raphs Alternatively, avoida le raphs can e characteri ed as ein no

more than one ed e away from ein 1 chromatic A collection is avoida lei every
in is
2 _ 2
If is avoida le, then is 1 chromatic for some ed e ence
5 ut min 722 , when 1 his holds for
all in , hence the conclusion follows from theorem |

his result implies that a amsey type al orithm on a colora le raph that relies solely on
the lack of some set of avoida le su raphs cannot uarantee ndin an independent set of si e
2 o , and hence cannot uarantee a colorin with less than 2
colors As an e ample, no such al orithm can uarantee colorin a colora le raph with less

more than lo

than 3 lo colors
e can make a stron er statement re ardin the colorin pro lem

3
I 3 T
et ea avoida le raphin , and e chromatic A raph is a
chromatic raph with the property that removin any node will make it colora le  allai
1 showed that critical raphs, with the e ception of , have an ed e to verte ratio of
at least % 5 If contains a  , then —5 2 therwise,
—_— % 5, y allaisresult In either case, % 5~ for any in |
As a result, amsey type al orithms re uire at least - 7 lo 3 lo

colors on colora le raphs Notice that lum s techni ue also reaks down in the re ion of

3 even thou h it is not known to e of asu raph e cludin type

et us now derive a limitation for eneral raphs It can e shown, in the spirit of the

ounds on the dia onal amsey function , that if is a avoida le collection then
2 ence if all raphs of order contain either a su raph inthe chromatic
collection  or an independent set of si e , then must e lo ence no amsey type

al orithm that relies solely on the lack of avoida le su raphs can o tain a etter performance
uarantee than lo 2 for raph colorin
ur emphasis so far on raph colorin is ecause the lower ounds for raph colorin are
also lower ounds for the independent set pro lem Since - implies that 1,
corollary 2 holds as well for raphs with lar e independence ratio Similarly, the limitation
result on performance uarantees for the eneral colorin pro lem carries over immediately to
the ma imum independent set pro lem

11



ur ne t oal is to show that our cycle ased al orithm is close to optimal for raphs with
independence ratio near 5
e need the followin structural result on raphs without short odd cycles

1 2

2 1 —

y induction on the num er of vertices in If there is a verte  of de ree 0 or 1, then
remove and its nei h or from the raph y induction, the remainin raph has independence
ratio at least ;——  ut addin  to the lar est independent set of the remainin  raph shows
that  itself has independence ratio reater than 5—

hus, assume that every verte has de ree 2 or more Suppose there is a cycle passin

throu h only vertices of de ree e actly 2 Since  has no odd cycles of len th 2 1 or less,

the independence ratio of this cycle is at least 5— hen we could apply induction to the
remainder of the raph and e nished

hus, assume there are no such cycles et e the su raph induced y the vertices of

de ree e actly 2  he su raph must e the dis oint union of paths, so 5 Since

1 ——, the su raph contains at least a fraction 1 5 of all the vertices

herefore is at least 5 1  5— 35—, which completes the proof [ |

inally, we can prove the followin limitation result

2
3 — —

y theorem a ove, every in  either has an odd cycle of len th 2 1 or less, or
satis es 1 ——  he rst case implies that % 15—, thus in either
case 1 — |

his result implies that for a raph with independence ratio 5—, no su raph removal

al orithm can uarantee an independent set lar er than 3 ecall that our cycle

ased al orithm will nd an independent set of si e and thus the cycle ased al orithm
is close to optimal
he a ove result also implies that for appro imately solvin the verte cover pro lem, no
su raph removal al orithm can achieve a performance uarantee etter than 2 —— , the
performance uarantee o tained y the al orithm of onien and Speckenmeyer

he central open pro lem is determinin the est possi le performance uarantees for the in
dependent set and raph colorin pro lems All si ns seem to indicate that the wulk of the
improvements must come from the lower ounds  hile eneral lower ounds are hard to come
y, we would like to see lower ounds for further classes of al orithms or models of computation
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