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Abstract

We show a nloglogn lower bound for translational cost from circuits to permutation
branching programs.

1 Introduction

An elegant theorem of Barrington states that any language recognized by an NC! circuit (fan-
in 2, depth O(log(n))) can also be recognized by a bounded width branching program with only
polynomial length. Thus a super-polynomial lower bound for the majority function for branching
programs does not exist, as conjectured by Borodin, Dolev, Fich and Paul [BDFP].

Barrington’s construction is remarkably simple to describe. Suppose an AND gate is given f Ag.
Let’s represent the truth values of f and g (true or false) by some elements of a finite group, in such
a way that the AND gate f A g can be represented likewise. This can be accomplished as follows.
Represent f = true by some 5-cycle a € A5 and f = false by the identity 1 € Ay, where A,, is the
alternating group on n letters. Represent g by some b € A5 and 1 likewise. Call the representation
a(f) and (g) respectively. Consider the commutator [«(f), 3(b)]. Since the identity 1 commutes
with any element of the group, we see immediately that the commutator evaluates to 1 if f A g is
false. The commutator construction is completed by choosing a and b carefully so that [a,b] is yet
another 5-cycle. The case with an OR gate is dual. It should be clear how this is translated to a
statement about width 5 branching programs.

Barrington showed that any NC? circuit of depth d could be recognized by a branching program
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of width 5 and length at most 25¢ where B was 2. Thus, if the NC?! circuit was “balanced”, it had
size s equal to 2¢, then the length of the branching program would be at most sZ. Since Barrington
proved that B was at most 2, he proved that the length was at most quadratic in the size of the
circuit.

Ben-Or and Cleve [BC] extended Barrington’s construction to algebraic rings, with the same
quadratic blow-up in the size.

Cai and Lipton [CL] showed that in fact over the group As, one can do better than quadratic.
It was shown that by carefully combining several levels of the circuit, every “balanced” NC' circuit
of size s can be simulated by a width 5 permutation branching program of length s't1082 Ax+o(1)

st81L where

1. 2% 3 2% 3
A= 524 (5 + V9P + (5 - V69 ~ 17549

Cai and Lipton [CL] further conjectured the following

Conjecture 1.1 Any NC* circuit of size s can be simulated by a width k (permutation) branching

program of length O(s'T¢x), where e — 0, as k — oo.

Conjecture 1.2 Width k (permutation) branching programs simulating any NC*' circuit of size s

requires length Q(s'*e*), for some g > 0.

It was very gratifying that Cleve [C] has settled Conjecture 1.1 in the affirmative, using the idea
of combining several levels of the simulated circuits.

As to the lower bound, however, Conjecture 1.2 remains open. In this paper a first step is taken
toward this goal; we present an (nloglogn) lower bound for the translational cost from NC?!
circuits to permutation branching programs over any finite group.

Several super linear lower bounds are known for branching programs. Chandra, Furst and Lipton
[CFL] showed that the function ), z; = n/2 requires Q(nw(n)) in the length of any bounded width
branching program, where w(n) is the inverse function of the van der Waerden numbers [GRS].
Pudlék [P] proved an ©(nloglog n/logloglog n) lower bound for threshold functions. A lower bound
of Q(nlogn) was achieved by Ajtai et. al. [Ajtai et. al.]. However it is not known any lower bound
applies to functions with linear circuit size.

Our lower bound applies only to permutation branching programs, and not to (unrestricted)
branching programs in general. In fact, we will establish the Q(n loglogn) lower bound for the AND
function /\?:1 x;, which has a trivial width two branching program of length n. Thus, the lower is

not subsumed by the previous results.

2 Proof of the nloglogn lower bound

Let a permutation branching program over a finite group G be given that computes the logical AND
function of n Boolean variables 1, z2,...,Z,.

We assume the branching program has the following normal form

BP(z1,22,...,75) = g1(2i,)92(Ti,) - - - 9r(73, )-



Thus for each step, the transition depends on one Boolean variable z. Furthermore if z is true,
then the transition is identity gx(1) = 1, and if z is false then the transition is some element of the
group G, gx(0) = gx € G. Without loss of generality, every permutation branching program can be
brought to this form without any increase of length.

We wish to prove a lower bound on the length of the branching program L. Let nj = the
number of variables that occur exactly k times in the branching program, then ), ., n, = n and
Dpsihne = Lo If Zkzlogg logy ny2 Tk = n/2, then we are done: L = Q(nloglogn)ﬁ We assume
> k<log, log, ny2 Tk = n/2, and thus there exists k < logzlogsn/2, n > n/logslogs n. Set all other
variables to true we get a branching program on nj variables, each variable appears exactly k times,
where k < logglogsz n/2. Denote N = ny.

Let /;; be the location of the jth appearance of the ith variable z;. By renaming variables if
necessary, we assume the first appearances are in order, i.e. £17 < o1 < ... < £n1. Consider the
second appearances of these variables. We will select a subset of the variables of cardinality ©(N 1/ 3,
such that the second appearances of these variables are nicely correlated to the first appearances of
the same variables. More precisely, we show that there exists a subsequence i1 < is < ... < i,
where m > N1/3, such that one of the following three alternatives are true:

1. £i12 > &22 >0 > Eimg, or,
2. &‘12 < &'22 <. < gimZ and @12 > fiml, or,
3. Eill < £i12 < éizl < Eiﬂ <. < Eiml < EimQ-

To prove that, we first obtain either a monotonic decreasing subsequence of length m’ > N'/3 or
a monotonic increasing subsequence of length m’ > N?2/3 [Erdés| of the sequence £33, £2s,.. ., {no.
If the subsequence is monotonic decreasing, then the first alternative holds.

Suppose it is monotonic increasing. Set all other variables to true, we may assume the subse-
quence is f12 < log < ... < lyo. For 1 <i < m/, let p(i) = max{ p | lix > {,1 }, i.e., its relative
place in the first sequence. Clearly p(i) > i for all 4, and 1 < p(1) < ... < p(m’) = m’'. Now we ask
the key question: Is there an 4, 1 < i < m/, such that p(i) —i > v/m/. If so, then we choose the
subset as that between i and p(4):

big <Uliz12<...<Ulyy o,

and £;3 > £p(4)1. Thus the second alternative holds.
Now suppose the answer is no, i.e., Vi, p(7)—i < v/m/. Then we are going to select our subsequence

greedily as follows: Let ¢(¢) = p(i) + 1, and
ij=qU (1), 1<j<Vm,

where f(¥) denotes the kth iterate of a function f. That all ij,1 <j < Vm/!, are well defined is a
consequence of our hypothesis. This implies the third alternative, and completes the proof of our
claim.

Now one can iterate this process. Suppose s iterations are done, N’ = N!/3°, By renaming the

variables, we assume inductively x1, zo, ..., TN’ are remaining, and

lrpay < lipyo < oo <lys < lopyg <Ulopro...<los < ...<ALlynr1 <Llnrgya <...<ALpys,



and the ¢th and t + 1st sequence are related as in 1. or 2. (The other possibility regarding the above
{-sequence is symmetric.)
We will select a subsequence of 1541, ...,0Nrs11, 11 < dg < ...< iy, where m > N1/3_such that

one of the following three alternatives are true:
1. £i15+1 > £i25+1 >0 > fimSJrl, or,
2. 67;15+1 < €i25+1 <...< »gimerl and Eilerl > Eimsa or,

3. £i1t+1 < £i1t+2 <... < E,‘ls < £i1s+1 < £i2t+l < £i2t+2 <...< Eigs < £i25+1 <... <
Ei'm,t+1 < éimt+2 <... < Eims < fim5+1.

The proof is the same as before. Since k < logs logs n/2 < logs logs N, the process can be iterated
k times. We end up with k sequences each of which has n/ > N/ a* variables, and the branching
program computes the AND function of these variables (all others are set to true). Moreover, all
adjacent sequences are related in one of three ways as above. Clearly any adjacent sequences can be
collapsed if they are related as in 3. After the collapse (and renaming the variables) we have &/ < k
sequences, and the branching program looks like

5152 - Skr,

where each §; is either
91j($1)92j($2) .- -gn’j<xn’)a
or
9§ (Tn )G —15 (T —1) - - - g1 (21)-

Consider the map F from 1 <7 <n’ to GF'.

7 — <51(i), 82(7:), e Sk (l)>7

where
55(1) = 915925 - - - Gij»s
in the first case of S;, or
Sj(i> = 9ij9i—1j - - - 915,
in the second case of S;. (Here we recall that g,; = g,;(0) € G.)

Since k < logslogsn/2, it follows that n’ = N3 > |GI¥', thus F(i) = F(i') for some i < .

Therefore for all 7, git1j...9v5 =1 € G, or girj...giy1 5 = 1 € G, which ever the case may be.
This impies that the original branching program evaluates to 1 when all variables (after renaming)
between z;1 and x; are set to false and others set to true. Hence it does not compute the AND
function.
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