The Bit Probe Model for Membership Queries:
Nonadaptive Bit Queries

Exposition by William Gasarch

1 Introduction

This is an exposition of parts of the excellent papers [1],[2], and private email with Peter
Bro Miltersen.

Def 1.1 If z € N then [z] = {1,2,...,2}.

Consider the following problem: The universe is [U]. You want to store a subset of [U]
of size < m such that you do not use too much space, and the question “x € A?” can be
answered easily.

Example 1.2 Let A C [U] of size < n.

1. Store the |A| elements in sorted order in the first |A| cells of an array of length n. Store
NULL in the other cells.
e Probes needed to determine e € A: O(logn). Note that the queries are adaptive.
e Space needed to store: n cells of O(log U) bits each.

2. Use an array of U cells of 1-bit each. Ula] =1 iff a € A.

e Probes needed to determine e € A: 1.

e Space needed to store: U cells of 1 bits each.

We will look at variants of bit vectors. Is there a way to still have O(1) bit queries but
use < U cells of 1-bit each? We will see in Section 2 that the answer is YES.

We will now define the bit probe model. We only define and (for now) work with the
non-adaptive case where all of the queries are made at the same time. Formally we should
include the phrase “nonadaptive” but will omit it in this treatment.

Def 1.3 An (U,n;s,q) bit probe data structure for membership (henceforth BPDS) consists
of the following. (U is the size of the universe, n is the size of sets we will be storing, s is the
number of bits in the data structure (s stands for space), and ¢ is the number of bit queries.)

1. A function that will, given A C [U] of size < n, output a vector CELL € {0,1}".
2. (Assume that the function in step 1 has been done.) Two functions:

(a) A function that takes as input u € [U] and outputs (iy,...,%,) where 1 <
i1,...,1iq < s. The intuition is that on input u we ask the bit queries CELL][i4],
.-+, CELL[i;|. When ¢ = 2 we will use (a, by).
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(b) A function that takes input u € [U] and outputs a boolean function f, on ¢
boolean variables. We require that

we U iff f,(CELL[iy),...,CELL[i,)) = IN.

(We use IN for TRUE and OUT for FALSE since the real info is IN and OUT.)

Note 1.4

1. The function and process in Definition 1.3 need not be computable. Hence our lower

bounds will be very strong. Our upper bounds will use easily computable functions.

. The process in Definition 1.3 was nonadaptive: questions asked could not depend on
prior answers given. If the questions can depend on prior ones then this is called
adaptive. We will not be studying this.

. We will often use the notation s and ¢ rather than s(n,U) and ¢(n,U).

. Assume that we have a (U, n; s,2) BPDS. Assume that to make the membership querey
“2 € A?” we need to make the bit queries CELL[12] and CELL[84]. The following is
possible:

(a) If the set {1,2,7} is stored then CELL[12] =1 and CELL[84] = 0.
(b) If the set {2,4,9} is stored the CELL[12] =0 and CELL[84] = 1.

In this case it may be that the membership query algorithm on the question “2 € A?”
might tell you to, after making the bit-probe queries CELL[12] and C ELL[84], XOR
the bits together to get the answer to the membership query. The points is that, given
a number, you know which queries are asked, but how those bits are set may depend
on which set was stored.

5. The following is possible:

(a) If the membership query 717 € A?” is made then the bit probe queries asked are
CELL[4] and CELLIS].

(b) If the membership query 725 € A?” is made then the bit probe queries asked are
CELL[4] and CELLI§].

(¢) How could this be? Well, it could be that
17 € Aiff CELL[4] = 1 xor CELL[8] = 0

and
25 € Aiff CELL[4] =0



In this case here is how the types of sets are stored: (1) If 17,25 ¢ A then set
CELL/4 =1and CELL[8] =1. (2) If 17 € A and 25 ¢ A then set CELL[4] =1
and CELL[8] = 0. (3) If 17 ¢ A and 25 € A then set CELL[4] = 0 and
CELL[8] = 0. (4) If 17,25 € A then set CELL[4] = 0 and CELL|[8] = 1. The
point is that you can have two different membership queries use the same two bit
probe queries.

Example 1.5

1.

2.

Example 1.2.1 did not fit the model since the content of the cells was elements of [U]
not elements of {0, 1}.

Example 1.2.2 used s(n,U) = U and ¢(n,U) = 1.

In this exposition we prove the following.

1.

There is a (U, n; ¢,U°, q)-BPDS where § = [q}n]'

If there is a (U, n; s, q)-BPDS then s > ¢ U4,

. There is a probabilistic (U, n; s, q)-BPDS FILL IN.

If there is a (U, n;s,2)-BPDS and n > 4 then s > U.
If there is a (U,n; s,3)-BPDS then s > con?/3U/3.

. If there is a (U, n; s,3)-BPDS and n > 16log U then s > ¢ nl/201/2

(logU)1/2
There is a (U,n; s,4) BPDS where s = ¢on!/6U°/°,
There is a (U,n; s,4) BPDS where s =. FILL IN

Easy Upper Bound: There is a (U, n;c, U’ q)-BPDS

1
where § = o

Lemma 2.1 Assume there is a map from [U] to ([Z]). We will denote the set u maps to by
B,. Assume that, for all u,uy,...,u, € [U],

|BuﬂOBui| <q.

=1

Then there is a (U,n;s,q)) BPDS.



Proof:
Setting up the Data Structure:
Initially all of the cells are set to 0.
Let A C [U], |A] < n.
For each u € A set the bits of B, to 1.
Making a Query
To ask "u € A?” you make g probes to the bits specified by B,. If all g are 1 then output
YES else NO.

Why does this work?

Clearly if u € A then the answer returned will be YES.

Let A C {uy,...,u,}. Let u & {uy,...,u,}. We need to show that if A is stored and
“u e A7 is asked then the answer will be NO. Note that

| B, N CJB“| <q
i=1

Therefore the ¢ bits of B, cannot all be set to 1. |

Theorem 2.2 Let n,q € N. Let § = Wln]' There exists constants Uy, co such that, for all
U > Uy, there is a (U,n;c,U° q) BPDS.

Proof:

Let d be a quantity to be named later. Let § = 1/(d + 1). Let p be a prime such that
U’ < p < 2U°. Let TUPLE be an injection of [U] to [U°] x --- x [U°] (d + 1 times). If
TUPLE(u) = (agq,...,ap) then let

fu(z) = agz® + - - + ay.
Let

B, ={(1,p.(1)),---, (¢ pu(q))}-
Note that

|B,N B,| <d

Hence

1B,N | Bu,| < dn.
i=1
We need dn < ¢ in order to apply Lemma 2.1. Taking d = [¢/n] — 1 will suffice. Note
that 0 =d+1=[g/n]. 1



3 Easy Lower Bounds: If there is a (U,n;s,q)-BPDS
then s > cUY4

Theorem 3.1 Let n,q € N. Let M be the least number such that

(e ()2

If there is an (U,n;s,q) BPDS then (;) >

U
a
Proof:

Assume, by way of contradiction, that there is a (U, n; s, ¢) BPDS with (Z) < %
Let f: [U] — ([Z]) that maps u to the set of queries that it asks. Since (Z) < & there
exists M elements of [U] that map to the same set of queries. Let the M elements of [U] be

W ={w,...,up}. Let the bit queries be X = {xy,..., 2.}

Map
e ([VOV]) Ul (W:])

to the way the bits of X are set to store A. This function has a domain of size

(e ()2

and a codomain of size 29. Hence there are two sets that map to the exact same structure.
This causes a contradiction. |

Corollary 3.2 Let n,q € N, n,q < 100 (any constant would do). There exists Uy and co
such that, for all U > Uy, if there is an (U,n;s,q) BPDS then s > cU'Y1.

Proof:
Let M be the least number such that

M M
( )+-.-+( > 2141,
0 n

Note that M is a constant. By Theorem 3.1 (2) > % Note that (Z) < s9. Hence we have
. <s U
st > > —
q M
1 1/q 1/
> | — U1
s ( L

Let co = (37)"1.



4 Probabilistic BPDS

5 Lower Bound: If there exists a (U, n;s,2)-BPDS and
n > 2 then s > U

The proof of the following lemma is left to the reader.

Lemma 5.1 If a graph has more edges than vertices then it must have a cycle.

Theorem 5.2 Letn > 2. In any (U,n;s,2) BPDS, s > U. (Note that there is no S in this
result.)

Proof:

We will prove this by induction on U. Note that U = 1, n > 2 makes sense since A C U
such that |A| < n. In that case |A| < 1.

Base Case: U = 1. If s < U then s = 0. So no queries can be made. Thus if A = () or
A = {1}, the membership algorithm gives the same answer. This is a contradiction.

We do not need the U = 2 nor the U = n case; however, we present it for enlightenment.
Case U = 2 For Fun!: U = 2. If s < U then s = 1. Map 0, {1} and {2} to how they
are stored. Since there is only one bit, two of them map to the same storage. If its () and
{1} then the query “1 € A?” will be answered incorrectly. If its () and {2} then the query
“2 € A?7” will be answered incorrectly. If its {1} and {2} then query “2 € A?” will be
answered incorrectly.

Case U = n For Fun!: (In this case we are storing all subsets of U.) If s < U then we can
take s = n — 1. Map all elements of 2V to how the n — 1 bits are set. Since this map had
domain of size 2" and co-domain of size 2", two different sets map to the same setting.
Call the sets A, B. Let a € A® B (so either a € A — B or a € B — A). The membership
query algorithm will make a mistake on the query “a € A?”.

Induction Step: We can assume U > 2. Assume there exists a nonadaptive (U,n;s,2)
bit-probe data structure where s < U.

Let u € [U]. Note that to determine if v € U you make two queries, which we denote
a, and b, (so the actual queries are to CELL|a,| and CELL[b,]). Then you apply some
boolean function of two variables to the answers, which we call f,(—, —). There are several
case of what f, can be which lead to several cases for our theorem. Most of them are easy.

1. There exists u such that f, is the constant function. We take f,(z,y) = TRUE (FALSE
is similar). Let Ag = (). If you store Ag in your data structure and ask “u € Ag?” you
get answer TRUE. This is incorrect. Contradiction.

2. There exists u such that f,(x,y) depends on only one of the variables. We take

fu(z,y) = x (the cases f,(z,y) = -z, fu(r,y) =y, and f,(z,y) = -y are similar).
Hence we have
ue [U]iff a, = 1.
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Claim 1: If A C [U] — {u} and |A| <n. When A is stored, CELL|a,] = 0.
Proof of Claim 1:

Assume that when A is stored CELL[a,] = 1. Then the query "u € A?” will be
answered YES when it should be NO.

End of Proof of Claim 1

We can now create a nonadaptive (s— 1, 2) bit-probe data structure where the universe
is [U] — {u}. This will contradict the induction hypothesis. Use the same storage you
did for U; but do not use CELL|a,]. If this cell is ever asked about then hardwire the
answer 0 into it. Hence it does not count as a cell. Thus we use s — 1 cells.

. We are now in the case where all of the queries depend on both z and y. Create an
edge-labelled multigraph with vertex set [s] and edge set

E = {(ay,by) : u € [U] this edge is labelled wu}.

It is possible that two different elements of U ask the same two questions which is why
it is a multi-graph. (If this puzzles you then see the last item in Note 1.4.)

KEY: This graph has s vertices but U > s edges. Hence it must have a cycle. Let C'
be that cycle. By renaming let the cycle be (z1, xs, z3,...,21). We do not know what
L is, nor do we care. Let the labels on the edges be uq,...,ur.

There are several cases.

(a) The cycle contains an edge labelled u such that f,(z,y) = Ay We assume
fu,(z,y) = & A y. The other cases are similar.

We build a set A C [U], |A| < n, which will help us get a contradiction.

i. Stage 1: A= {u;}. CELL[x;] =1 and CELL[z5] = 1 are forced.

ii. Stage 2: If CELL[xs] = 1 forces uy € A then we are done: the set A = {u;}
will cause a mistake on the query “us € A?”. Hence we can assume that
fus(z,y) is not forced by the choice x = 1.

Claim 2: The decision to have us ¢ A forces the value of CELL[x3].
Proof of Claim 2:

Assume not. Say that A = {u,} is stored. Clearly CELL[x,] = CELL[xs] =
1. What about CELL[x3]. By assumption it is not forced. Hence both the
data structures

CELL[z,| =1, CELL[z5) =1, CELL[z3] = 1.

and

CELL[z,| =1, CELL[zy) =1, CELL[z3] = 0.

correctly answer all membership queries for the set {u}.

How do we encode B = {uy,us}? To get the data structure to answer yes to
“up € A?”, we must set CELL[z,] = CELL|[xs] = 1. We know that the bit
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probe queries made to answer “uy € A?” are C ELL[x5] and CELL[xz3]. But
whether you set CELL[x3] to 0 or 1 you will get the answer NO based on
what we know about storing {u;}. Hence {u,us} cannot be stored.

End of Proof of Claim 2

Hence CELL[z3)] is forced to some value.

iii. For ¢ =3 to L—1 assume inductively that (1) u; € A, (2) ug, us, ..., u;_1 ¢ A,
and (3) CELL|x;], CELL[zs], ..., CELL[z;] have been forced.

iv. Stage 4. If the setting of C ELL[x;] forces the status of u; then we are done:
one of the sets {uy,u;} or {u;} will cause a mistake on the query “u; € A?”.
Let b be such that CELL[z;] be forced to be b. Do not put u; into A. This
forces CELL[x;11] to some value (proof similar to claim proved above).

We now have that if A = {u;} then CELL[xy], ..., CELL[xy] are forced. This
forces the status of {ur}. Hence one of the sets {u;} or {uy,u;} will cause a
mistake on the query “uj € A?”.

The cycle contains an edge labelled u such that f,(x,y) is one of the following:
ANy, ~x Ay,~x Ay, zVyxV-y -xVy -xV -y These cases are just like
case a. The key to case a is that there was a setting of f,(x,y) that forced both
x and y. The same is true here.

For all edge labels u on the cycle f, is of the form x @y or =(x @ y). (These
are the only that are not constant, depend on only one variable, or are covered in
cases a and b.) Hence we have that there exists by,...,b € {0,1} such that

Alu) = 1+ 22+ b1 (mod 2)
A(ug) = o+ 23+ by (mod 2)
A(U3) = T3+ x4+ bg (IIlOd 2)

A(ur) = xp+2x1+b, (mod 2)
Note the following

e If A = () then the bits must be set such that, forall 1 < i < L, z;+x;,1+b; = 0.
Summing over all 1 < < L all of the x;’s cancel and you get Zle b, = 0.

o If A={u} then 21 +x9+b; =1but, forall 2 <i<L, z;+x;,1+b =0.
Summing over all 1 < i < L all of the z;’s cancel and you get Zle b; = 1.

It cannot be that Zle b; is both = 0 and =1 so this is a contradiction.



6 Lower Bounds: If there is a (U,n;s,3)-BPDS and n >
4 then s > con?/3UY?

This section is based on [1].
We first prove a lemma that links lower bounds for nonadaptive (U,n;s,q) BPDS to a
problem in pure combinatorics.

Notation 6.1 A bipartite graph of the form ([U], [s], E') will be denoted (U, s, E).
Def 6.2 A bipartite graph (U, s, E') where every element of U has degree ¢ is called g-reqular.

Def 6.3 Assume we have a (U,n;s,q) BPDS. We associate to it the following bipartite
graph: G = (U, s, F) where

E ={(u,z): to answer "u € A?” one of the bit-queries is z .}

Note that every u € [U] has degree ¢q. Also note that the bipartite graph has no information
about how the answers to the queries are used. We refer to this graph as the graph associated
to the bit-probe data structure.

Def 6.4 Let G = (U, s, E).
1. If u € U then N(u) is the set of all neighbors of u.

2. Let Y C [s]. Then
ANSBY(Y)={ueU:N(u) CY}.

Def 6.5 Let G = (U, s, E) and n € N. GG is n-nice if, for all Y € (<7[f}—1)7 |ANSBY (V)| < |Y|.

Lemma 6.6 Assume there exists an (U, n;s,q) BPDS. Then there is a q-regular bipartite
graph G = (U, s, E) that is n-nice.

Proof:  Assume there exists an (U,n;s,q) BPDS. Let G = (U, s, E) be the associated
bipartite graph.

Assume, by way of contradiction, that there exists Y € ( <7[1$]71)’ such that ANSBY(Y) >
Y|+ 1. Let Z be a subset of ANSBY(Y) of size |Y| + 1. Note that |Z| < n. Hence every
A C Z has a representation in the data structure. Note also that the answers given by the
data structure for the elements of Z depend only on the bits of Y.

Let A C Z. If A is the set you are trying to store then you will set the bits of Y. Map
each such A to the way you set the bits of Y. This is a mapping of a set of size 2¥*1 to a
set of size 2/¥!. Hence two different A;, Ay C [Z] set the bits the exact same way. This will

cause some membership query to be answered incorrectly, and is hence a contradiction. |

We will now prove a combinatorial lemma which will enable us to get a lower bound.
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6.1 The Lower Bounds

Lemma 6.7 Let s,n,U € N. Let 4 < n < U. If G = (U,s,E) is any n-nice 3-reqular
bipartite graph then s > n?3U'3 /4. (Note that there is no Q in this result.)

Proof:

Let G = (U,s, FE) be a 3-regular n-nice bipartite graph. We will pick a set Y C [s],
Y| = n — 1, at random and find the expected value of ANSBY (Y).
Fix u € U. Note that |N(u)| = 3.

=) (s —3)! (n—1!(s—n+1)!
PriN(w) € ¥) = (%) B (n—4)(s—n+1)! s! B
(n—1)(n—2)(n—3) n—3\°
s(s—1)(s—2) Z( s ) '

Hence

Pr(N(u) C V) > (”‘3)3.

S

Let EX be the expected number of u such that N(u) C Y. By the above calculation

3
EXzU(n_3> .

S

Since G is n-nice we know that £ X <n — 1. Hence

3
U(n 3) <n-—1.
s

n—3

U1/3 < (n_ 1)1/3.

S

n—3 (n—1)71Y3
<
s = Ui/

S Ut/
> .
n—3" (n—1)173
) UY3(n — 3)
~ (n—1)13"
; UY3(n — 3)
— (n—1)13"

Since n > 4 we have n — 3 > 7. Clearly n — 1 < n. Hence we have
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Ul/3p
§2 4n1/3

> n2/3U1/3/4

Theorem 6.8 If there is a (U,n;s,3) BPDS and n > 4, then s > n?3U"Y3/4. (Note that
there is no § in this result.)

Proof: This follows from Lemma 6.6 and Lemma 6.7. |

7 Lower Bounds: If there is a (U, n;s,3)-BPDS and n >

nl/201/2
16logU then s > Q(W)

FILL IN

Theorem 7.1 There exists Uy and co such that, for all U > Uy, if there is an (U, n;s,3)

BPDS withn > 16logU, then
/207172

8 There is a (U,n;s,4)-BPDS where s =

8.1 Combinatorial Set Up

Def 8.1 Let G = (U, s, E) be a bipartite graph. Let A C U. Then G4 is the labeled
bipartite graph Then G 4 is the labeled bipartite graph where the elements of A are labeled
IN and the elements in [U] — A are labeled OUT.

Def 8.2 Let a,b,q € N such that 0 < a,b < q. Let G = (U, s, E) be a g-regular labeled
bipartite graph. Let A C U. An (a, b)-coloring of G 4 is a partial 2-coloring of [s], using the
colors {0, 1} such that the following occurs.

1. Every u € A then at least a neighbors of u are colored 1.

2. Every u ¢ A then at least b neighbors of u are colored 0.

Note 8.3 We allow the 2-coloring of [s] to be partial since all we care about is the conclusion
that IF v € A then ... and IF u ¢ A then . ...
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Def 8.4 Let a,b,q € N such that 0 < a,b < q. Let G = (U, s, E).

1. G is (a,b,q)-useful if it is g-regular and has the following property: for any subset
A C [U], G4 is (a,b)-colorable.

2. G is (n;a,b,q)-useful if it is g-regular and has the following property: for any subset
A C U], |A|l <n, Gy is (a,b)-colorable.

Lemma 8.5 If there exists a 4-reqular (n;3,2,4)-useful bipartite graph G = (U, s, E) then
there is a (U,n;s,4) BPDS.

Proof:
Setup: Let A C U, |A| < n. Let COL be the (3,2)-coloring of G 4. For each z € [s] that is
colored 0 (1) let the corresponding bit be 0 (1).

Query: To determine if u € A ask the 4 bit-queries that correspond to the elements in N (u).
If at least 3 of them are 1 then answer IN. If at most 2 of them are 1 then answer OUT.

Why does this work?

If u € A then A was labeled IN. Hence at least 3 of its neighbors are colored 1. Hence
the algorithm will return IN.

If u ¢ Athen A was labeled OUT. Hence at least 2 of its neighbors are colored 0. Hence
at most 2 neighbors are colored 1. Hence the algorithm will return OUT. |

Note 8.6 Lemma 8.5 can be generalized.

So our job is reduced to finding such bipartite graph.

8.2 %—Expansion Implies (3,2,4)-Useful
Def 8.7 Let a > 1. Let G = (U, s, F) be a bipartite graph.
1. G has ezpansion « if for every A C [U], |[N(A)| > alA].

2. G has expansion o if for every A C [U], IN(A)| > a|A|.

Note 8.8 Looking at the definition of expansion it looks like you would need s > U to have
an a-expanding graph. This is true. Hence it would seem that such graphs are not useful to
us. But they will be later as a subroutine of what we need to do.

14+

Lemma 8.9 Let G = (U, s, E) be a 4-reqular bipartite graph with expansion ~%-.

1. G is (3,2,4)-useful.
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2. Let A C [U]. Informally, we want to say that a partial (3,2)-coloring of G4 can be
extended to a full (3,2)-coloring of G 4. We proceed formally. Let A C U. Assume the
right hand side of G has been partially (3,2)-colored such that

(a) if u € U is IN then either at least 3 elements of N(u) are colored 1 or no elements
of N(u) are colored 0, and

(b) if uw € U is OUT then either at least 2 elements of N(u) are colored 0 or no
elements of N(u) are colored 1.

Then this partial coloring can be extended to a full (3,2) coloring.

Proof:
We prove part (2). Part (1) follows. Let A C [U]. Assume there already is a partial col-
oring as described in the premise. The following algorithm will complete the (3, 2)-coloring.

1. Initialize ACTTV E to be the union of the following two sets.
{u € U : wuislabeled IN and < 2 of its neighbors are colored 1 }
{u € U: wislabeled OUT and < 1 of its neighbors are colored 0 }
2. Initialize NCOL to be

NCOL = {z € [s] : x has not been colored yet }.

3. Forall z € NCOL

(a) If N(z) N ACTIV E are all IN then COL(z) =1 and NCOL = NCOL — {x}.
(b) If N(z) N ACTIV E are all OUT then COL(z) =0 and NCOL = NCOL — {x}.

4. For all u e ACTIVE

(a) If at least 3 elements of N(u) are colored 1 then ACTIVE = ACTIVE — {u}.
(b) If at least 2 elements of N(u) are colored 0 then ACTIVE = ACTIVE — {u}.

5. If ACTIVE # § then GOTO Step 3

Clearly all u ¢ ACTIV E that are labeled IN (OUT) have at least 3 (2) neighbors colored
1 (0). We need to show that eventually ACTIVE = (). (Note that this is all we need- we
do not need that NCOL = () since the coloring can be partial.) We show that so long as
ACTIVE # () either some u € [U] will become inactive or some x € [s] will get colored.

Assume ACTIVE # () but during an iteration of the algorithm no element of [s] is
colored and no element of [U] is made inactive. We will get a contradiction. Let ACTIV E =
ACT;y U ACToyr where the IN (OUT) elements of ACTIV E are ACT;n (ACTour).

We count |N(ACT;ny UACTpyr)| in two different ways.
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1. Every elements of ACT;y has 4 neighbors. Look at u € ACToyr. We look at the
neighbors of u and determine how many of them are not already counted in N(ACT;y).
No neighbor of u is colored 1 since u € ACTpyr. At most one neighbor of u is colored

0 (if two were colored 0 then u ¢ ACTIV E). Of the non-colored neighbors of u all of
them are in N(ACT;y), else they would have been colored. Hence

IN(ACT;x U ACTpur)| < 4|ACTyn| + |ACTour.

Hence (we’ll need this later)

2IN(ACTn U ACTopr)| < 8|ACTn| + 2| ACTour|.

2. Every elements of ACTpyr has at most 4 neighbors. Look at u € ACT;y. We look
at the neighbors of v and determine how many of them are not already counted in
N(ACToyr). No neighbor of u is colored 0 since u € ACT;y. At most two neighbor
of u are colored 1 (if three were colored 1 then u ¢ ACTIV E). Of the non-colored
neighbors of u all of them are in N(ACTpyr), else they would have been colored.
Hence

IN(ACTyx U ACTour)| < 2| ACTn| + 4| ACTour|.

Hence (we’ll need this later)

3IN(ACT Ny U ACTour)| < 6|ACT N| + 12|ACTouT|.
Adding together the two equations that we claimed we would need later you get

5IN(ACTrn U ACTour)| < 14|ACTy| + 14| ACTorr].

or

14
IN(ACT Ny U ACTour)| < g(’ACTIN’ + |ACTour)|).

Hence if X = ACT;y U ACTopr then |[N(X)| < 2|X|. This contradicts G being %—
expanding. |

This looks good: if we can find a graph G = (U, s, E') that is 4-regular and %—expanding
then it will be (3,2,4)-useful. However, since the expansion condition as we have stated it
applies even to the entire set U, the resulting data structure would use space greater than
%, which is no good. But we only need an (n; 3,2, 4)-useful graph, and for that, a weaker
condition will suffice.
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8.3 (2n, %)-Expansion implies (n;3,2,4)-Useful
Def 8.10 Let @ > 1 and L € N.
1. G=(U,s, E) has ezpansion (L,«) if for every A C [U], |A| < L, IN(A)| > a|A|.

2. G = (U,s, E) has expansion (L,a™) if for every A C [U], |A| < L, [N(A)| > afA].

Lemma 8.11 Let G = (U,s, E) be a 4-regular bipartite graph with expansion (Qn,%).
Then G is (n; 3,2, 4)-useful.

Proof:

Let A C [U] such that |A] < n. We exhibit a (3,2) coloring of G4. Actually we just do
the algorithm from Lemma 8.9. We need to show that eventually ACTIVE = ().

Assume ACTIVE # () but during an interaction of the algorithm no element of [s] is
colored and no element of [U] is made inactive. We will get a contradiction. Let ACTIV E =
ACT;y U ACToyr where the IN (OUT) elements of ACTIVE are ACT;n (ACTour).
Claim 1: ‘ACTOUT’ < |ACT1N|
Proof of Claim 1:

Assume, by way of contradiction, that |[ACToyr| > |[ACTN|.

Choose V' C ACTpyr of exactly the same size as ACTry. Note that

|V| = |ACTn| < n (since originally |A| < n).

SO

. . + .
Hence, since G is (2n, 1+ )-expanding,

14
Since |V| = |ACTx| we have

28
IN(ACT iy U V)| > E(|ACT1N|)'

This is what we will contradict.
By the same reasoning used in Lemma 8.9 we have that

’N(ACT[N U V)‘ < 4|ACT1N| + |V| = 5|ACT1N|
Note that we have

28

This is a contradiction.
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End of Proof of Claim 1

The set of active elements of [U] has size < 2n. Hence the bipartite graph that is left
to color has < 2n elements in the left hand side. By the premise this graph is a-expanding.
It is partially colored. By Lemma 8.9 it can be extended to a full coloring. Formally this
contradicts the assumption that the coloring stopped. 1

Note 8.12 Lemma 8.11 used the o > %. This is not optimal.

8.4 There exists a Bipartite Graph Such That. ..

Now we need to show that such a graph exists.

Lemma 8.13 There exists a constant ¢, Uy such that the following is true. For every § > 0,
for every U,n with U > n, and U > Uy, for every s > cn® I UYA+0) there is a f-reqular
(2n, (3 — 0)T)-expanding bipartite graph G = (U, s, E).

Proof:

We show the graph exists by the probabilistic method. For every u € [U] pick 4 elements
of [s] at random to be its neighbors. Let A = (3 —9).

We bound the expected number of X such that |X| < 2n and |[N(X)| < AJ]X]|. Since
|N(X)] is an integer this is equivalent to |[N(X)| < |A|X]|]. Let 1 <r < 2n. We first bound
the expected number of X, |X| = r, such that |[N(X)| < |Ar].

There are (L ~ J) subsets of [s] of size | Ar]. Let Y be one of them. What is the probability

that N(X) CY? It is

((%”))’“ _ (LATJ (Lar] — 1)([Ar] —2)(|Ar] — 3))7"
(3) s(s = 1)(s —2)(s = 3)

There exists a constant ¢; such that

(LmJ m;i :11))(<8LA_T§)(—52_)<3L)M _3))r - (LAT”)M'

Hence the expected number of such X (of size r) is bounded above by

(a) ()

Hence the total number of such X (of size 1 <r < 2n) is

() ()

r=1

By Stirling’s formula there exists constants ¢y, c3

16



()=o)
s es \ A7
(&)=l

(The e really is the e you know: 2.718....)
Putting this all together, and letting ¢4 = c1coc3, we get that the expected number of X

is bounded above by
. i eU ([ es Arar YT
! —~\ r \|Ar] s

We look at the summand.

(D) (1)) < (Prulansy (s sveey,

Since A =3 — ¢ and r < 2n we get that this quantity is bounded above by

gl+é gl+é gl+é

(e4—5(3 — 5)1+5Ur5>’” < (64—5(3 — 5)1+5U(2n)5)7“ _ <e4—5(3 — 5)1+525U(n)5)’"

Let ¢5 be a bound on e*~%(3 — §)1192° that is independent of n, U and even §. Then the
quantity above is bounded above by
esUn®\"
s1+0

Hence we have that the expected number of such X is bounded above by

2n S\ T
csUn
(%)
r=1

The sum is geometric. We (cleverly!) set the multiplier to be i and then sum the series.

csUnd 1
sl+d — 2c4

2c4c5Und < slt0
(2c4c5Un%)/I+) - < g

Let cg = 2c4c5. We have that if s > cgn® 1)U/ (49 there is a 4-regular (2n,3 — §)-
expanding bipartite graph. |

Theorem 8.14 There exists Uy and co such that, for all U > U,, for all n, there is a
(U,n;s,4) BPDS where s = [con'/SU/®].

Proof:  This follows from Lemmas 8.5, 8.11, and 8.13 with 6 = 1/5. 1
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9 OTHER RESULT ON 4 probes
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