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Abstract

We study the static membership problem: Given a set S of at most n keys drawn from
a universe U of size m, store it so that queries of the form “Is v in S?” can be answered
by making few accesses to the memory. We study schemes for this problem that use space
close to the information theoretic lower bound of €)(nlog(™)) bits and yet answer queries
by reading a small number of bits of the memory.

We show that for € > 0, there is a scheme that stores O(Z logm) bits and answers
membership queries using a randomized algorithm that reads just one bit of memory and
errs with probability at most e. We consider schemes that make no error for queries in S, but
are allowed to err with probability at most € for queries not in S. We show that there exist
such schemes that store O((2)*logm) bits and answer queries using just one bitprobe. If
multiple probes are allowed, then the number of bits stored can be reduced to O(n'*? logm)
for any § > 0. The schemes mentioned above are based on probabilistic constructions of set
systems with small intersections.

We show lower bounds that come close to our upper bounds (for a large range of n
and €): Schemes that answer queries with just one bitprobe and error probability ¢ must
use Q(m logm) bits of storage; if the error is restricted to queries not in S, then the

scheme must use Q(% logm) bits of storage.

We also consider deterministic schemes for the static membership problem and show
tradeoffs between space and the number of probes.

1 Introduction

In this paper, we study the static membership problem: Given a subset S of at most n keys
from a universe U = {1,2,...,m}, store it so that queries of the form “Is u in S?” can be
answered by making few accesses to the memory. This is a fundamental data structure problem
with a long history. Yao [36] showed that if the data structure consists of a table with n cells
where the keys are stored explicitly and the universe from which the set S is chosen is large
enough, then the sorted table with binary search is optimal. In order to study data structures
where elements of the set S are not stored explicitly, Yao (in the same paper) proposed the cell
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probe model. In this model, the set S is stored as a table of cells, each capable of holding one
element of the universe; that is, if the universe has size m, where m is a power of two, then
each cell holds logm bits. Queries are to be answered by probing the table adaptively; that is,
each probe can depend on the results of earlier probes and the query element u. The goal is to
process membership queries with as few probes as possible, and at the same time keep the size
of the table small.

Fredman, Koml6s and Szemerédi [15] gave a solution for the static membership problem in
the cell probe model that used a constant number of probes and a table of size O(n). We shall
refer to this scheme as the FKS scheme. Note that if one is required to store sets of size at most
n, then there is an information theoretic lower bound of [log Y~ ()] on the number of bits
used. For n < m'~®(), this implies that the data structure must store Q(nlogm) bits (and
must, therefore, use ©(n) cells). Thus, up to constant factors, the FKS scheme uses optimal
space and number of cell probes. In fact, Fiat et al. [11], Brodnik and Munro [5] and Pagh [24]
obtain schemes that use space (in bits) that is within a small additive term of [log";<,, (V)]
and yet answer queries by reading at most a constant number of cells.

An important variation of the cell probe model is the bitprobe model, where each cell holds
just a single bit, rather than an element of the universe. Thus, in this model, the query algorithm
is given bitwise access to the data structure. Arguably, the bitprobe complexity of a data
structure problem is a fundamental measure; this, in particular, applies to decision problems
such as the membership problem, where the final answer to a query is a single bit. The bitprobe
model is older than the cell probe model. The membership problem was studied in the bitprobe
model already by Minsky and Papert in their 1969 book Perceptrons [23]. They were interested
in average-case upper bounds for this problem, and did not study worst case bounds. Although
the bitprobe complexity of several other static and dynamic data structure problems has been
studied since then [8, 12, 13, 14, 21, 35], the bitprobe complexity of the static membership
problem has received very little attention since the work of Minsky and Papert.! In this paper,
we study worst-case bounds for the membership problem. Thus, our goal is to answer queries
using the minimum number of bitprobes, and at the same time keep the number of bits stored in
the table small.

1.1 Randomized schemes

We investigate the complexity of the static membership problem when the query processing
algorithm tosses coins to decide which bits of the memory to read and is allowed to answer
incorrectly with a certain small probability. Though using Las Vegas-style randomization to
construct data structures is a well known and established technique (used, for instance, in many
hashing based data structures, such as the FKS-scheme), Monte Carlo style randomization in
the query algorithm has been used in the field of data structures only very recently [22, 18].
We consider two kinds of randomized schemes: (a) those that make one-sided errors, where the
errors are restricted to negative instances alone (that is, these schemes never say ‘No’ when the
query element v is in the set S); (b) schemes that are allowed to make two-sided errors (that

!The only exception we are aware of is a remark by Yao and Yao [35] stating without proof that if one ignores
constant factors, the FKS scheme is optimal in the bitprobe model as well: that is, every scheme that uses
O(nlog m) bits of storage must use Q(logm) bitprobes (assuming n < m). For justification and generalization
of this remark, see Theorem 6 of this paper.



is, errors are allowed for positive as well as negative instances). It is also possible to consider
schemes that make errors on positive instances alone, but for the important case of one-probe
schemes, we show that such schemes cannot do better than deterministic schemes.

1.1.1 Randomized schemes with two-sided error

Our main result says that there are randomized schemes that use just one bitprobe, and yet use
space close to the information theoretic lower bound of Q(nlogm) bits.

Theorem 1 For any 0 < € < i, there is a scheme for storing subsets S of size at most n of
a universe of size m using O(Zz logm) bits so that any membership query “Is u € S?” can be
answered with error probability at most € by a randomized algorithm which probes the memory
at just one location determined by its coin tosses and the query element u.

In contrast, deterministic schemes that answer queries using a single bitprobe need m bits of
storage (see Theorem 11 of Section 4.1). By allowing randomization, we can reduce this bound
(for constant €) to O(nlogm) bits. This is within a constant factor of the space used by a sorted
table or a hash table; for n < m!~®(1) it is within a constant factor of the information theoretic
minimum number of bits needed to store the data. Yet membership queries can be answered
with small error probability by looking at a single bit of the data structure. Note that we allow
randomization only in the query algorithm; it is still the case that for each set S, there is exactly
one associated data structure ¢(S). Also, the probability of error is at most € for all sets and
all queries.

Many of the previous results for the membership problem have been based on hashing [15,
36, 35]. We depart from this tradition. The proof of Theorem 1 is based on two-colorings
of set systems. The set systems we use are related to those considered by Erdés, Frankl and
Fiiredi [9] in their study of r-cover-free family of sets. Similar set systems have been used to
great advantage in the construction of pseudorandom generators and extractors, starting with
the papers of Nisan [25] and Nisan and Wigderson [26] (for recent applications, see [34, 30, 29, 2]);
we refer to them as NW-designs.

The properties of NW-designs are, unfortunately, not strong enough for our proof. So, we
construct an appropriate set system ourselves. In Section 3, we describe this set system in more
detail and relate it to the existence of a certain kind of strong ezpander graphs. Although we
believe that such schemes can have practical uses, our proof relies on an existential argument,
which we have not been able to make constructive. Subsequently, Ta-Shma [31], using recent de-
velopments in pseudorandomess [32, 33], has obtained an explicit one-probe randomized scheme
with two-sided error e for a certain range of » and e. This scheme uses less space than the
scheme in Theorem 9 (of Section 3.1).

Is the result of Theorem 1 the best possible? As remarked above, 2(nlogm) bits of space
is necessary if n < m*~1), So, let us concentrate on the dependence of the size on the error
probability e. Unfortunately, our construction does not permit us to have sub-constant error
probability and still use optimal space. We show that this limitation is unavoidable: if € is made
sub-constant, then we must use more than nlogm space.

Theorem 2 Suppose —75 < € < %. Then, any two-sided e-error randomized scheme which
m

answers queries using one bitprobe must use space Q(elog”w logm).

Interestingly, the proof uses upper bounds as well as lower bounds for r-cover-free families [9].



1.1.2 Randomized schemes with one-sided error

As stated above, we do not use NW-designs in our proof of Theorem 1, but instead use a related
set system. If we use NW-designs, then we don’t get the same savings in space. However, we
can now ensure that the error made while processing the query is one-sided.

Theorem 3 For any 0 < € < i, there is a scheme for storing subsets S of size at most n of
a universe of size m using O((2)?*logm) bits so that any membership query “Is u € S?” can
be answered with error probability at most € by a randomized algorithm which makes a single
bitprobe to the data structure. Furthermore, if u € S, the probability of error is 0.

Note that the dependence on n is now quadratic, unlike in the two-sided scheme where it was
linear. Though this scheme does not operate with optimal space, it still uses significantly less
space than a bitvector. We also show that the scheme we have is essentially optimal: there is
necessarily a quadratic dependence on 7 for any scheme with one-sided error.

Theorem 4 Suppose # <e< i. Consider the static membership problem for sets S of size

at most n from a universe of size m. Then, any scheme with one-sided error € that answers
. . . 2 .

queries using at most one bitprobe must use Q(élngLW logm) bits of storage.

To prove this theorem, we again use the lower bounds for r-cover-free families.

Remarks

1. The proof of Theorem 3 is non-constructive. We also show that there is an explicit one-
sided error randomized scheme that uses O(("—loegﬂ)z) bits of storage and answers queries
using one bitprobe. This result uses the explicit NW-designs (see Theorem 9 of Section 3.1).

2. One might also consider one-probe one-sided error schemes where no error is made for
query elements not in the set S. In this case, we show (Theorem 11 of Section 4.1) that
randomness does not help at all: such a scheme must use m bits of storage.

Thus, there is no one-sided error, one-probe scheme that uses optimal space. But the space
requirement can be reduced if we allow more probes.

Theorem 5 Suppose 0 < § < 1. There is a randomized scheme with one-sided error n=° that
solves the static membership problem using O(n'T0logm) bits of storage and O(%) bitprobes.

To prove this, we combine a two-sided scheme obtained from Theorem 1 with ideas for one-sided
schemes from Theorem 3.

Connection with communication complexity. Theorems 1-4 can also be viewed in the
communication complexity setting: Alice gets u € {1,...,m}, Bob gets S C {1,...,m} of size
at most n, and Alice sends a single message to Bob after which Bob announces whether u € S.
Indeed, as was pointed out in [22], this communication game characterizes the data structure
problem in the following way: If s is the optimal number of bits in the data structure that
can be queried with one bitprobe and a particular bound on the error on positive and negative
instances, then log st o(log s) is the number of bits sent from Alice to Bob in an optimal protocol
for the communication problem with the same error bounds. Thus, Theorems 1-4 give bounds
for the communication problem which are optimal within a low order term.
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Connection with coding theory. The membership problem in the bitprobe model has an
interesting coding theoretic interpretation: We are trying to give an encoding ¢(u) of any m-bit
string u with at most n 1’s so that the length of the encoding is close to the first order entropy
of u and so that any bit of u can be retrieved by looking at a few bits of ¢(u). Thus, we are
trying to construct a locally decodable source code, analogous to the locally decodable channel
codes of [4, 20].

1.2 Deterministic schemes

As noted previously, the FKS hashing scheme is a data structure for storing sets of size at most
n from a universe of size m using O(nlogm) bits, so that membership queries can be answered
using O(log m) bitprobes. We show that the FKS scheme makes an optimal number of bitprobes,
within a constant factor, for this amount of space. This fact follows from the following general
time-space tradeoff.

Theorem 6 Suppose a deterministic scheme stores subsets of size n from a universe of size
m using s bits of storage and answers membership queries with t bitprobes to memory. Then,

(™) < maxj<p (7).

Corollary 1.1 Lete > 0,¢ > 1 be any constants. There is a constant § > 0 so that the following
holds. Let n < m'~€ and let a scheme for storing sets of size at most n of a universe of size m as
data structures of at most cnlogm bits be given. Then, any deterministic algorithm answering
membership queries using this structure must make at least § logm bitprobes in the worst case.

While the FKS scheme makes an optimal number of probes, the probes made are adaptive. In
fact, adaptiveness seems to be quite inherent in hashing-based schemes. Somewhat surprisingly,
as a corollary to the proof of Theorem 1, we can prove that there is a scheme that uses O(n logm)
bits and answers membership queries with O(logm) non-adaptive bitprobes. Thus, adaptive
probes do not help much when we consider deterministic schemes that use O(nlogm) space.

More generally, from Theorem 6, it follows that any deterministic scheme that answers
queries using ¢ bitprobes must use space at least ntm®(/Y) in the worst case. We show the
existence of schemes which almost match the lower bound.

Theorem 7 1. There is a non-adaptive scheme that stores sets of size at most n from a

2
universe of size m using O(ntmi1) bits and answers queries using 2t + 1 bitprobes. This
scheme is non-explicit.

2. There is an explicit adaptive scheme that stores sets of size at most n from a universe
of size m using O(m'/*nlogm) bits and answers queries using O(logn + loglogm) + ¢
bitprobes.

Thus, somewhat surprisingly, if we only care about space up to a polynomial, adaptive schemes
are not more powerful than non-adaptive ones.

Finally, we turn our attention to deterministic two probe schemes and ask if they can do
better than one probe schemes, where bitvectors are optimal. We have not been able to answer
this question in general. We can show that this is the case, if the two bitprobes made are



non-adaptive. Thus, the second bitprobe is useless for non-adaptive schemes. However, we show
that there is a scheme with two adaptive bitprobes that does better than any scheme with two
non-adaptive bitprobes for n = 2. We do not know whether a second adaptive probe helps for
values of n greater than 2.

Theorem 8 1. Any scheme for storing subsets S of size at most n (n > 2) of a universe of
size m such that membership queries can be answered by two non-adaptive bitprobes uses
space s > m bits.

2. Let m > 2 and let n = 2. Then there is a scheme with two adaptive bitprobes and space
s = O0(m?*).

1.3 Organization of the paper

We start with the formal definitions in the next section. In Section 3, randomized schemes with
one-sided error and two-sided error are presented. In Section 4, we prove lower bound results
for randomized schemes. We end with results on deterministic schemes in Section 5.

2 Notation and definitions

Notation: Unless mentioned explicitly, all logarithms in this paper are to the base 2. We use
[m] to denote the set {1,2,...,m}. For a set A4, (ﬁ) denotes the set of all subsets of A of size n,

and (2) denotes the set of all its subsets of size at most 7.

Definition 2.1 (Storing schemes) An (n,m, s)-storing scheme is a method for representing
any subset of size at most n of a universe of size m as an s-bit string. Formally, an (n,m,s)-
storing scheme is a map ¢ from ([Zﬂ) to {0,1}%.

Definition 2.2 (Deterministic query schemes) A deterministic (m, s, t)-query scheme is a
family {Ty}uejm) of m Boolean decision trees of depth at mostt. Each internal node in a decision
tree is marked with an index between 1 and s, indicating the address of a bit in an s-bit data
structure. For each internal node, there is one outgoing edge labeled “0” and one labeled “1”.
The leaf nodes of every tree are marked ‘Yes’ or ‘No’. Such a tree T,, induces a map from {0,1}°
to {Yes, No}; this map will also be referred to as Ty.

Definition 2.3 (Deterministic schemes) An (n,m,s)-storing scheme ¢ and an (m, s,t)-query
scheme {Ty}yelm) together forms an (n,m, s,t)-scheme if VS € (@),Vu € [m] : Ty(4(S)) =Yes
if and only ifu € S. -

In a non-adaptive scheme, the next probe to be made depends only on the input query ¢. It
does not depend on the results of the previous probes.

Definition 2.4 (Non-adaptive query schemes) A non-adaptive query scheme is a deter-
ministic scheme where in each decision tree, all nodes on a particular level are marked with

the same index between 1 and s (but nodes on the same level in different trees may be marked
differently).



In a randomized scheme, the storing scheme is deterministic as before. However, the query
algorithm is allowed to make random coin tosses to decide the next location to be probed.

Definition 2.5 (Randomized schemes) A randomized (m, s,t)-query scheme is a family {7y }uem]
of probability distributions on the set of all Boolean decision trees of depth at most t. We answer
the query “Is u in S?” by picking a decision tree according to the distribution m,, and return
the answer it gives. An (n,m,s)-storing scheme and a randomized (m,s,t)-query scheme to-
gether form an (n,m, s,t)-randomized scheme. We say that a randomized scheme has positive
one-sided error € if, for u € S, the error probability on queries “Is u in S?” is 0, i.e., the
answer ‘No’ is always returned, while if u € S, the error probability on the query “Is u in S?”
is at most €. Similarly, a randomized scheme has negative one-sided error €, if, for u € S, the
error probability on queries “Is u in S?” is 0, i.e. the answer ‘Yes’ is always returned, while if
u & S, the error probability on the query “Is u in S?” is at most . We say that a randomized
scheme has two-sided error € if on query “Is u in S?”, the scheme returns the wrong answer
with probability at most e.

We will be interested in one-probe randomized schemes where, in particular, m, will be a prob-
ability distribution on Boolean decision trees that make at most one probe.

We say that a scheme is explicit if there are efficient algorithms that can simulate the storing
scheme and the query scheme.

Definition 2.6 (Explicit storing schemes) A family of storing schemes, indezxed by (n,m, s),
is explicit if there is a Turing machine, running in time s, which given S C {0,1}™ of size
n, outputs the representation ¢(S).

Definition 2.7 (Explicit query schemes) A family of (randomized) query schemes, indezed
by (mn, s,t), is explicit if there is a (probabilistic) Turing machine, running in time (t+logm)°™)
which on input u and with oracle access to $(S) executes the correct sequence of probes according
to the query scheme and accepts or rejects accordingly.

Definition 2.8 (Explicit schemes) A family of schemes is explicit if the associated storing
and query schemes are explicit.

3 Upper bounds for randomized schemes

In this section, we show that there exist randomized one-probe schemes that use small space.
We first describe the randomized scheme with one-sided error; the scheme with two-sided error
can then be seen as a generalization. Randomized multi-probe schemes with one-sided error will
be obtained by combining one-probe schemes with one-sided error and one-probe schemes with
two-sided error.

All our schemes will be based on set systems with small intersections. In particular, we will
use a set system of the form {T'y},¢[m), where T'y C [s]. The query algorithm, on receiving the
query “Is u in S7”, will probe a location in I';, uniformly and answer ‘Yes’ if and only if it finds
a 1 there.

We will describe our schemes using a bipartite graph with vertex sets U and V: U is the
universe from which the set S to be stored is drawn and V is the set of locations in the memory.



We connect u € U to v € V if on query “Is w in S?” the cell v in the memory is probed by the
algorithm (for some outcome of coin tosses). Thus, when the query element is u, the algorithm
probes the memory locations in the neighborhood, I'(u), of u with uniform distribution.

3.1 Randomized scheme with one-sided error

Proof of Theorem 3: Our randomized scheme is based on a bipartite graph with vertex
sets U and V, where U = [m] and |V| = O((2)?logm). Any instance of the data structure
corresponds to a coloring of V' using colors from the set {0,1}. Hence, if the set S C U is
to be stored correctly, then all locations in |J,cgI'(u) must be colored 1. This is because the
algorithm is not allowed to say ‘No’ when the query element  is in S. Furthermore, since the
error probability is at most €, for all v’ ¢ S, at most €[T'(u’)| locations in T'(u’) can be colored
1. Thus, we get the following condition on the bipartite graph:

VS € <<Un> Vu' €U = 8, [T(u') — |J T(u)| > (1 — ¢)|T()]- (1)
- u€S

We are thus required to pick neighborhoods for vertices u € U so that the resulting bipartite
graph satisfies (1). An NW-design allows us to do this.

Definition 3.1 A family of sets F is an (m,£,a)-design if F has m sets each of size £, and two
different sets in F have at most a elements in common.

Lemma 3.2 (Erdé8s, Frankl and Fiiredi [9, Theorem 2.1]) If m < (Z)/(E)Q, then there is
an (m,£,a — 1)-design all of whose elements are subsets of [s].

We will use an (m, £, a)-design with a = [logm] and £ = [na/e]. If s = [2e2/2/a] (which is
O((%)?logm), then

; () _ (EH .,
((f))z 2 (e e 2=

and by the above lemma, there is an (m, £, a)-design (in fact, an (m, £, a— 1)-design), all of whose
elements are subsets of [s]. Let {TI';,T's,...,T',,} be such a design.

Storing scheme: Suppose the set to be stored is {u1,...,ur},k < n. Store a bitstring T' of
size s with 1’s in all locations in M =T, UT',, U...UT,, and 0 elsewhere.

Query scheme: On query “Is u in §7”, do the following:

Step 1: Pick a random location ¢ uniformly from I',,.

Step 2: If T'(i) is 1, say ‘Yes’, otherwise say ‘No’.

Correctness: If u € S, then every location in I';, has a 1 and hence we say ‘Yes’. On the other
hand, if u ¢ S, then |[M NT,| < na. Hence, the probability that the algorithm says ‘Yes’

when we choose a random location in T';, is at most % =" <e
u



The following theorem gives a slightly weaker bound than the one stated in Theorem 3 but
it has the advantage that the scheme is explicit. It is based on the explicit version of Lemma 3.2
(see [9, Example 3.2] or [26]).

Theorem 9 For any € > 0 and any n,m, there is an (n,m,s)-storing scheme with s =
O((ﬂofgﬂ)z) and an associated randomized one probe query scheme with a negative one-sided
error at most €. This scheme is explicit.

Proof Let F be a finite field of size ¢, where ¢ is the smallest power of two which is at least
(nlogm)/e. If d = [logm] — 1, then the number of univariate polynomials of degree at most d

is g%t > m. We will associate with the element u € [m] a unique polynomial
o 108
pu(X) = Z u; XL
1=1

where w; is the ¢-th bit in the binary representation of u. Now, we store S as a g X g bitmap,
indexed by F x F, with bit (z,y) on, if and only if p,(z) = y for some u € S. The size of the
data structure is as claimed. To answer the query “Is w in S?”, we pick z € F at random, and
say ‘Yes’ if and only if bit (z,py(z)) of the bitmap is 1. Clearly, if u € S, we always say ‘Yes’. If
u & S, then for all u’ € S, the graphs of p, and p,, have at most d points in common. Thus, at
most nd locations of the form (z,py,(z)) of the bitmap will contain a 1. Note that nd/qg <e. ®

Remark: By choosing parameters more carefully in the above proof, we can reduce the space
requirement in the above theorem to O(w%)?

3.2 Randomized scheme with two-sided error

We now present a scheme that uses space O(eﬂ2 logm) and answers queries using a single bit
probe, making an error with probability at most €. The space needed depends linearly on n,
and when € is a constant, it is within a constant factor of a sorted table or a hash table.

Proof of Theorem 1: We may assume that m is large, say m > 100. We first describe
the main ideas of our randomized scheme using the the bipartite graph G = (U,V, E), where
U = [m] and V = [s]. On query “Is u in S?”, the query algorithm probes a random location
in I'(u), and says ‘Yes’ if and only if the location probed contains 1. Now, suppose we need to
store the set S C U (|S| < n). Then, we need a coloring xs : V — {0,1}, such that for all u € S,
at least (1 — €)|T'(u)| elements of I'(u) are colored 1, and for all ' ¢ S, at least (1 — €)|T'(u')]
elements of I'(u') are colored 0. Thus, we need to find neighborhoods for the vertices so that
the system of sets {I'(u)}ycy admits such a coloring xs for all S € (<U;L) This motivates the
following definition.

Definition 3.3 Let C1,Co C 2Y'. We say that (C1,Co) is e-two-colorable if there exists x : V —
{0,1} such that:



1. YT € C1,|x 1 (0)NT| < €|T|; and
2. VT € Co, |x (1) NT| < €T
We say that C C 2V is (n, €)-two-colorable if (C1,Co = C—C1) is e-two-colorable for all C1 € (<Cn)

In this terminology, our goal can be stated as follows: find a bipartite graph G = (U, V, E), with
U = [m] and V = [s], such that {I'(u)}yer is an (n, €)-two-colorable collection of m distinct
non-empty sets. We will show that such a graph exists with [V| = O(% logm). For this, we first
identify a sufficient condition, which we call the (n, €)-intersection property, for a collection to be
(n, €)-two-colorable. We then observe that if G has a certain expansion property then {I'(u)}yer
has the (n, €)-intersection property. Finally, using a probabilistic argument, we show that graphs
with the required expansion property exist. To outline the main steps of our proof, we show the
following implications, and the existence of an (m, s, n,d, ¢)-expander with s = O(Z logm).

‘G = (U,V,E) is an (m, s, n,d, e)—expander‘ Def. 3.8

HLemma 3.9

‘ {T(u) }yev has the (n, €)-intersection property‘ Def. 3.5

HLemma 3.6

‘{I‘(u)}ueU is (n, €)-two-colorable ‘ Def. 3.3

ﬂClaz'm 3.4

‘ (n,m, s,1)-randomized scheme with error e‘ Def. 2.5

Colorable families and randomized schemes:

Lemma 3.4 Suppose the bipartite graph G = (U, V, E), with U = [m] and V = [s], is such that
{T(u) }uer is an (n,€)-two-colorable collection of m non-empty sets. Then there is a random-
ized scheme for the membership problem that uses s bits to store sets S € (<Un), and answers

membership queries using one bitprobe, and with error probability at most €.
Proof

The storing scheme: To store the set S € () consider the collections C; = {I'(u)}yes and
Co = {T'(u)}ugs- Since {T'(u)}uer is an (n,€)-two-colorable collection, (Ci,Cp) is e-two-
colorable. Let x : V' — {0,1} be a coloring satisfying the two conditions of Def. 3.3. We
store x as a table of s = |V| bits.
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The query scheme: Given a query “Is w in S7”, pick ¢ uniformly at random from I'(u), and
return ‘Yes’ if x(7) = 1, and return ‘No’ if x(i) = 0.

Correctness: If u € S, then I'(u) € C; and |x~1(0) NT'(u)| < €|T'(u)|. Thus, Pr[x(i) = 0] < e.
Similarly, if u ¢ S, I'(u) € Cyp and Pr[x(i) = 1] <e.

Intersection property and coloring: Suppose we wish to e-two-color (C1,Cp). The first
thing to try would be to color all the elements in (Jgce, S with 1 and the rest with 0. Unfor-
tunately, some sets in Cy might get more than an e fraction of their elements colored 1, and
our coloring might not be proper. So, we need to first identify those sets in Cy that might be
badly colored in this method: these are precisely the sets that have large intersection with the
union of the sets in C;. Let C be the collection of these sets. We will now modify our coloring
method to pay special attention to sets in Cj. For now, ignore the sets in Cy — C, for they are
at no risk of being badly colored while ensuring that the sets in C; are properly colored. So,
we are left with the problem of e-two-coloring (C1,Cp). If |Cy| < |Ci], this is a smaller problem,
and we can use induction for this. This motivates the following definition of the e-intersection
property. That this definition is sufficient for e-two-colorability is the main observation of this
section, which we state formally in Lemma 3.6 below.

Definition 3.5 Suppose C; and Cy are collections of sets. We say that (C1,Co) has the e-
intersection property if

] C ' ' '
ve; (<1n)< DS eco:rn( U T >l < [l ond @
= T'eC]
! CO ! ! !
VCy C << n)(Co#(b),l{T€Cl=lTﬂ( U ) >TlH < Gl (3)
- T'eCy

We say that a collection of sets C has the (n, €)-intersection property if (C1,Co = C —C1) has the
e-intersection property for all C1 € (<Cn)

Lemma 3.6 Suppose C1,Co C 2. If |C1| < n and (C1,Co) has the (n,€)-intersection property,
then (C1,Co) is e-two-colorable.

Corollary 3.7 If C has the (n,e€)-intersection property, then C is (n,€)-two-colorable.

Proof (of Lemma 3.6) We use induction on |C;|+ |Cy|- The base case, when either C; or Cy is
empty, is obvious. For the induction step, consider a pair (C1,Cp) of non-empty collections, with
|C1| < m, that has the (n, €)-intersection property. We may assume that |C1| < |Cp|; otherwise,
interchange the roles of 0 and 1. Let

Y Tec:ITn(|J T > T}
T'eCy

11



Since (C1,Cp) has the (n,€)-intersection property and 1 < |Ci| < n, |C)| < |C1] < |Col- By
induction, there exists a two-coloring x : V' — {0, 1} such that

VT €Ci,|x 1(0)NT| < €T|; and (4)
VT € G, [x (1) NT| < €T (5)

We may assume that if x(v) = 1 then v € Upee, T (otherwise, change x(v) to 0—this cannot
hurt (4) and can only help (5)), that is,

x'mecyr (6)

TeC

We claim that x is also an e-two-coloring of (Ci,Cq). For, if T € Cy, this follows from (4), if
T € C{, then it follows from (5), and if T' € Cy — Cj, then

X)) NnT|<|ITn | T < €T,
T'eCy

where the first inequality follows from (6) and the second from the definition of Cj. O

Expanders and the intersection property: We now relate the (n, €)-intersection property
of {T'(u) }yer to a certain expansion property of G = (U, V, E).

Definition 3.8 We say that G = (U,V, E) is an (m, s,n,d, €)-expander if U = [m], V = |[g],
each vertex in U has degree d and the following condition holds:

VS € (5,), ID(S) > (1 = 3)ISd. (7)

Lemma 3.9 Suppose € < 1 and G = (U,V, E) is an (m, s,n,d,€)-expander with d > 1. Then,
{T'(u) }uev is a collection of m non-empty sets, and has the (n,€)-intersection property.

Proof Since ¢ < 1, we have from (7) that |I'({u,u'})| > d for distinct u,u’ € U. Thus,
I'(u) # I'(u'), and there are m non-empty sets in {I'(u)}yey. Suppose {T'(u)}yer does not have
the (n,€)-intersection property, then there exists a set S = {u1,...,ug,v1,...,vx} C U of 2k
(for some k € [n]) distinct elements such that for j =1,...,k,

k
IT'(vj) N U I(u;)| > ed.
i=1

But then |T'(S)| < 2kd — ked < (1 — §) - 2kd = (1 — §)|S|d, violating (7). O
Existence of expanders: Finally, we show that the required expander graph exits.

Lemma 3.10 For ¢ > 0, m > 8 and n < m/2, there is an (m, [%m],n, Llﬂgeﬂj,e)—
expander.

12



Proof We show the existence of the expander graph G = (U, V, E), where U = [m] and V = [s],
using a standard probabilistic argument?. For each vertex v in U, we independently choose
its set of neighbors in V', T'(u), by picking without replacement d = Llﬂgeﬂj elements from V at
random. We wish to show that with non-zero probability the resulting graph is an expander

(satisfying (7)). For, T € (), let

o
Hn

€

(1) = |D(@)] < (1-3)Tld.

We wish to show that with non-zero probability we can (simultaneously) avoid £(T) for all
Te(Y).

Claim 3.11 Pi[£(T)] < (2)

Proof Lett & |T'|. We prove the claim under the assumption that the neighbors of u €

U are chosen by sampling with replacement. This will imply the claim even for sampling
without replacement: to pick a random set of size d, first pick d elements with replacement,

resulting in d' distinct elements (say), and then add d — d' new elements randomly. Suppose

T = {u1,ug,...,u}. Let N 4 4d. With the choice of elements for I'(u1),...,T'(u), where

[(uj) = {eG-1)a+1,- - - »€ja}, we associate N random variables Xi, ..., Xy such that:

def 1 ife; 6{61,...,61'_1}
0 otherwise )

Thus,
N €
E(T) = izlei> - (8)

Now, for all 4 € [N] and o € {0,1}""1,

(1—1) 2nd — 1 €
PrX;=1| X1 X0 X;_1 =0 < < < £
X =11 XXy Xy =0] < —— < —— < 9

Let p def 105> and define N independent random variables Y7, ..., Yy such that

Y, = 1 with pljobability 60 _
0 otherwise
2The argument we use is different from what is usually used for showing the existence of expander graphs.

Consider the random graph G obtained by choosing d random neighbors from V (with replacement) for each
vertex in U. We wish to avoid the event 35 C U (|S| < 2n) : [T'(S)| < (1 — $)d|S|. One usually [3, p. 331] bounds

the probability of this event by
f: m\( V| (1—g)di\*
2\ J)\a-9ai) \"VT )

For our choice of parameters, d = L”%J and |V| = f%"g—’ﬂ, this quantity is not less than 1 (for example,
consider the term with ¢ = n), although in Lemma 3.10, we show that G has the required expansion property
with high probability.

13



Then, for all &,
N N
Pr(> X; > k] <Pr[> Y > k. (9)

i=1 i=1
We will use the following form of Chernoff’s bound (see, for example, Alon and Spencer [1,
Theorem A.12]):

PS Y, 5)N e )7
;> < . 10
vz o+ ON < (75) (10)
Thus,
N eN/2
€ e€/100
;> = <
Prip Yz g < ( /2 )
i=1
1
< ~\etd
< &
1\ et(* e —1)
< (1)
- \4
2 2t
ey
m
Claim 3.11 now follows from (8) and (9). ]

Since Pr[€(#)] = 0, Claim 3.11 implies that

P\ ) < 22(’:‘) (2)" < > () <1

Te(sgn) =1 =1

where we use our assumption, m > 8, to justify the last inequality. Thus, with non-zero proba-
bility, G is an expander. ]

3.3 Multiprobe randomized scheme with one-sided error

We now show that the space requirement for schemes with one-sided error can be reduced if
more bitprobes are allowed.

Proof of Theorem 5: Our scheme will have two tables. The first table, T1, will come directly
from Theorem 1 (with an appropriate choice of €); the second table will be based on ideas used
in Theorem 3. Our multiprobe query algorithm will, correspondingly, have two phases. In the
first phase, it will probe 77 several times (to reduce the error). In the second phase, it will probe
T5 just once. The scheme is non-adaptive: the locations to be probed are completely determined
by the query element and the random string, but don’t depend on the actual values read.

We will view the first half of our scheme as a randomized multiprobe scheme with small
two-sided error.

Lemma 3.12 There is a randomized (n,m,O(% logm),t)-scheme that makes an error of at

most (2e€)t/?.

14



Proof We use the randomized (n,m, s, 1)-scheme of Theorem 1, but run the query algorithm
t times (with independent coin tosses) and say ‘Yes’ if and only if at least ¢/2 of the ¢ runs give
the answer ‘Yes’. Using Chernoft’s bound (see (10) above), we conclude that

Pr[Error] < (2ee)"/2.

a

We will use the above lemma with ¢ = n=%/2/(2¢) and ¢ = [4/6]. This will give us an
(n,m,O(n'*t91logm), [4/8])-scheme II with error probability at most n~2. We use II to construct
our multiprobe scheme II. The first table, T1, of our scheme is exactly what II uses; it has
s = O(n't9logm) bits. The second table, Ty, has s’ = [2n'T9logm] bits. To see how the
contents of T, are decided, let us first describe how the query algorithm uses 75.

The query algorithm: Suppose the query algorithm of II uses random strings of length £.
In our query algorithm, for each u € [m], we have a sequence o, = (r1,r9,...,7s), of strings
r; € {0,1}*. On receiving the query “Is u in S?”, the algorithm first chooses i uniformly at
random from [s'], and then uses the query algorithm of scheme IT with the ith element of o,
(that is, r; above) as the random string and T} as its table. If the answer returned by I is ‘Yes’,
we say ‘Yes’. If the answer is ‘No’, we move on to table 75, probe the location % there, and
say ‘Yes’ if and only if we read a 1. Thus, to completely specify the query algorithm, we must
fix sequences o, for each u € [m]. We will show later how suitable sequences o, can be found.
First, let us determine the contents of table T5.

The table T3: Once the query algorithm is specified, there is a natural choice for the contents
of Ty. Let Error(S,u,r) denote the event “after storing the set S in its table, the protocol
IT gives a wrong answer for the query “Is u in S7” when it uses the random string r.” For
S e (1), let

def

R(S,u) = {i:Errorn(S,u,o,(7))}; and
R(S) ¥ |JR(S,u).
ues

Since we allow no error for query elements u € S, T5(i) must be 1 for all i € R(S), when
we store the set S in our tables. Let the remaining bits of 75 be 0. This clearly ensures
that Pr;[Errory(S,u,4)] = 0 for all § € ([g;]) and v € S. It remains only to ensure that

Pr;[Errorg (S, u,1)] < n~% when u ¢ S. For this, we need to choose o, carefully.

Choosing o,: For u € S, we have Errory(S,u,4) = Errory(S,u,0,(3)) Vi € R(S). Thus,

Pr[Error(S,u,1)] < Pr[Error (S, u, 0, (i))] + Prfi € R(S)]. (11)
3 7 2
To bound the first term on the right we show

Vu, S, [R(S,u)| < nlogm; (12)
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to bound the second, we show
VS, |R(S)| < nlogm. (13)

Since nlogm < %, using these bounds in (11), we obtain Pr;[Errorg (S, u,i)] < n™%.

Thus, we need to choose g, such that (12) and (13) hold. Let each o, be a sequence of s
randomly (uniformly and independently) chosen strings from {0, 1}*. Now,

1
Pr [Errory(S < =.
re{ol,rl}f[ rorn(S,w )] < o

Since o, is obtained by picking s' = [2n!1%logm] strings from {0,1}* independently, we get
using Chernoff’s bound (see (10) above) that

nlogm 1
e/n? 4e\" 8™
Pr [|R(S,u n m| < < — .
{af}“ (8,u)| > nlogm] < (1/(4”5)> B ( )

[Note (nlogm)/s' > 1/(4n?).] Thus,

[m]
{E’ur}[ﬂu €[m],S € <<

nlogm
n) |R(S,u)| > nlogm] < m"! (4—6) <

1
n 2°

Thus, (12) holds with probability more than 1.
To ensure (13), we first observe that for each i € [s'],

Pifi € R(S)] < Y Prli € R(S,u)] < nx % _ %
u€eS

Furthermore, the events ‘i € R(S)’ are independent for different 7 € [s']. Thus, using Chernoff’s
bound (see (10) above), we obtain

nlogm nlogm
e/n de 8
< < —_—
{EMT}HR(S” >nlogm| < (1/(4n5)) < (n15> )

and
[m)] de

nlogm 1
Pr [3 1 < m"{— —.
{0_5}[ S e << n) |R(S)| > nlogm] < m (n) <3

Thus, (13) holds with probability more than 3.
Since (12) and (13) both hold with probability more than %, they hold simultaneously for
some choice {0y }yefm)- We fix one such choice in our query algorithm. ]

4 Lower bounds for randomized schemes

Consider a scheme that uses space s and just one bitprobe. In general, on receiving a query
the algorithm does one of three things based on the outcome of its coin tosses and the query
element:
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1. It decides to answer ‘Yes’, regardless of what is stored in the table (which it may or may
not read);

2. Tt decides to answer ‘No’, regardless of what is stored in the table;
3. It computes, based on the coin tosses and the query element, an index i € [s] and

(a) answers ‘Yes’ if and only if the ith bit of the table is 1; or
(b) answers ‘Yes’ if and only if the ith bit of the table is 0.

It will be convenient if our query algorithm has the following standard form: it always reads
some bit of the table and answers ‘Yes’ if and only if it reads a 1. A scheme with a general query
algorithm can be modified easily so that the new query algorithm is in standard form. This
modification will roughly double the space required but keep the error probability the same.
Suppose the original algorithm used the table T" : [s] — {0,1}. The new algorithm will use a
table T' : [s + 1] x {0,1} — {0,1}, whose contents are defined by

T(G) ifiefsjandb=1
T'(i,6) ¥ { —1@) ifiels]andb=0 .
b ifi=s+1

The query algorithm is then modified as follows: in case (1) above, when the old algorithm
always said ‘Yes’, the new algorithm reads the bit T'(s + 1,1); in case (2) the new algorithm
reads T'(s + 1,0); in case (3a) it reads T'(4,1); and in case (3b) it reads T"(7,0). In all cases,
the answer is ‘Yes’ if and only if the bit read is 1.

Our lower bounds for randomized one-probe schemes are based on bounds for r-cover-free
families.

Definition 4.1 A family of sets F is r-cover-free if for Ty, T1,..., T, € F such that Ty ¢
{Tl,TQ,...,TT}, TogThU...UT,..
Theorem 10 (Fiiredi [16]) If F is an r-cover-free family of sets and r < |F|'/3, then

2

T
U T2
ToF 4logr + O(1)

log | F|.
[Similar bounds have been shown by [7, 28, 6].]

4.1 Randomized schemes with one-sided error

Proof of Theorem 4: Suppose there is a randomized (n,m, s, 1)-scheme with negative one-
sided error e. As discussed earlier, this implies that there is a randomized (n,m,2s + 2,1)-
scheme with negative one-sided error €, whose query algorithm is in standard form. Consider
the bipartite graph G = (U,V, E), where U = [m], V = [2s + 2], and (u,v) € E if and only if
location v is probed (with non-zero probability) on query “Is u in S?”. In particular, on query
“Is u in S7”, the algorithm picks an element v € I'(u) at random, according to some distribution

D,, and answers ‘Yes’ if and only if there is a 1 in location v of the table.

Let r & [2]—1; note r < 2.
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Claim 4.2 {I'(u)}uecr is an 7-cover-free family.

Proof Suppose the claim is false. Then, there exist distinct u,u1,us,...,u, € U such that
I'(u) C Uj=; I'(u;). Let S be a random subset of {u1,us,...,ur} of size n. Then, for each

i € M(u), Prli € T(S)] > . For T C V, let Dy(T) wof > icr Dy (i). By linearity of expectation
ED.TS) = ¥ Du@PieT(S)] >= 3 Duli) = = > e
. r . r
1€l (u) €0 (u)

Fix a choice for S with D, (I'(S)) > e. When S is stored, all locations in I'(S) must contain a
1 (because the error is negative one-sided). Then, on query “Is u in S?”, the query algorithm
answers ‘Yes’ with probability more than €, but the error allowed is at most e. O

Claim 4.2 and Theorem 10 imply that if » < m!/3, then

7‘2

Vi > ——————
vi = 4logr + O(1)

log m.

Thus, s = Q(—Q% logm). [

n
e log(n/e
We next consider positive one-sided error and observe that bitvectors are optimal in this
case.

Theorem 11 Lete <1 and m > 1. Any randomized (1,m, s,1)-scheme with positive one-sided
error € must have s > m.

Proof Since e < 1, for each u € [m] there must be a coin toss sequence r, for which the query
algorithm says ‘Yes’ when the set {u} is stored and the query “Is w in S?” is posed. In this
case, the algorithm must probe some location of the table, for otherwise, it would say ‘Yes’ with
non-zero probability even when the empty set is stored. Let £, € [s] be the location probed,
and let b, € {0,1} be the bit read. We claim that £, # £,/ for u # u'. For, suppose u # u' and
£y, = £,,. We have two cases.

by = by: Store S = {u}. On query “Is v’ in S?” and coin toss sequence 7,/ the algorithm will
answer ‘Yes’, which is not allowed.

b; # bj: Store the empty set. Either on query “Is w in S?” with coin toss sequence 7, or on
query “Is w' in S?” with coin toss sequence r,/, the answer will be ‘Yes’. But when the
empty set is stored the answer should be ‘No’ with probability 1 for all queries.

Thus, £, # £, when u # v/, implying s > m. [ ]

4.2 Randomized schemes with two-sided error

To prove the lower bound for randomized schemes with two-sided error, we need to use upper
bounds on r-cover free families together with the lower bound.
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Proof of Theorem 2: Fix a randomized (n,m, s, 1)-scheme that answers queries with prob-
ability of error at most e. We assume that the query algorithm is in standard form, and, as
before, model it using the bipartite graph (U, V, E), where U = [m] and V = [s]: on query “Is u
in 877, the algorithm probes a random location in [s] according to a distribution D,, (D, (i) # 0
iff i € I'(u)), and answers ‘Yes’ if and only if the location contains a 1.

For our lower bound, we will need an r-cover-free family F C ([Z}), where r = L%J We first
present the argument assuming such a family; later we will obtain our lower bound by choosing
a suitably large F. For S € F, let T's C [s] be the set of locations of the table that contain a 1

when S is stored. Let £ = [4-]. Since € < I, we have £ > 1.
Claim 4.3 {Ts: S € F} is £-cover-free.

Proof Suppose Ts, C Ts, UTs, U ... UTs,, for some Sy, S1,...,5¢ € F such that Sy ¢
{81, 52,...,S¢}. We will derive a contradiction.

Since F is r-cover-free and r > £, we have Sy € Ule S;; let u € Sy — Ele S;. Since u € Sy,
Dy(Ts,) > 1 —e. Thus, D (U, Ts,) > 1 — € and D, (Ts,) > 12¢ for some i € [n]. Fix one such
1. Now, when the scheme stores the set S; and receives the query “Is w in S;7”, it says “Yes”
with probability at least % > 2¢(1 — €) > e. But this is not possible. O

Using the above claim and Theorem 10, we obtain that if £ < |F|'/3, then

2

>—— 1 . 14
5= 4logl + O(1) i (14)

To prove our lower bound, we need to find a r-cover-free family of large size. If € > %, we use
Lemma 3.2 to obtain F C (™)) of size at least

(rem) me\ "
> ()

[en

where the pairwise intersection of sets is of size at most [en| —1. Such a family is L%J-cover-free,
for otherwise some pair of sets would intersect on at least [ﬁ] > [en] elements. Then, (14)
gives us (using our assumption n < m'/3)
1 2 en
s> (1/¢) log(ﬁ> :Q(L
4log(1/e) + O(1) elog(1/e)

e’n
If e < 1, we use the r-cover-free family (™)) and use (14) to obtain

e
~ 4log(1/e) + O(1)

log m) .

logm:Q( logm>.

elog(1/e)

5 Deterministic schemes

We now show a time-space tradeoff result for deterministic schemes.
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Proof of Theorem 6: Recall that the bitstring used to store the set S € ([7:]) is called ¢(S).
Let

Ts def {{£,¢(S)(£)) : location £ of ¢(S) is probed on query “Is u in S?” for some u € S}.

We now observe that the sets T's have to be incomparable for different S. For, if T, D T, for
S1 # Sy, store the set S; and ask the query “Is u in S§1?” for an element u € Sy —.S1. The scheme
will err on this query which is a contradiction. Now, each Tg is a subset of size at most nt of
the set [s] x {0,1}. It follows, from the LYM inequality (see, for example, Alon and Spencer [1,
p. 183]) that () < max;<p (225) [
We now study deterministic schemes, when the number of probes allowed is small.

Proof of Theorem 7, Part (1): We will obtain our deterministic scheme from a randomized
(m,n, O(tnm? (1)), 1)-scheme with error probability less than 3. The randomized scheme we
use will be in the standard from: on query “Is u in S?”, the query algorithm will pick a location
randomly from a set I'(u), and say ‘Yes’ if and only if a 1 is stored there. The size of T'(u) will
be exactly 2¢ + 1. To obtain the deterministic scheme, we read all locations in I'(u), and say
‘Yes’ if a majority (at least ¢ + 1) of them contain 1.

To construct the randomized scheme, we use the method of Theorem 1. Using calculations
similar to those in the proof of Lemma 3.10, one can show that there is a graph G = (U, V, E),
where U = [m] and V = [s], such that s = O(tnm?/ 1) and |T,| = 2t + 1 for u € U, such that
{T'(u) }uev has the (n, Qttﬁ)—intersection property. By Lemmas 3.6 and 3.4, it follows that there
is an (m,n, O(tnm?/(*+1)) 1)-scheme with error probability less than 1. [

Proof of Theorem 7, Part (2): Our adaptive scheme uses a combination of the FKS scheme
and the bitvector scheme.

Storing Scheme: Given a set 7', do the following.

Step 1: Find a prime p < n?logm such that if z # y,z,y € T, then £ mod p # y mod p. The
fact that such a prime exists has been shown by Fredman, Komlés and Szemerédi [15].
Store p using O(logn + loglogm) bits.

Step 2: Now, the set 7' mod p consists of n elements, each less than n?logm. Store this set
using the FKS data structure. This requires space O(n(logn + loglogm)).

Step 3: For every x € T', do the following: divide the string z into ¢ blocks By, ..., B; each of
size log m/t. For each such block B;, construct a look-up table of size 2'° m/t with a 1 in
the index given by B;. Space required is nt21°8™/t bits.

Space used by the storing scheme is O(n(logn + loglog m) + nt2198™/t).

Query Scheme: Given a query u, do the following.

Step 1: Read the prime p. This requires O(logn + loglogm) bitprobes.
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Step 2: Find v mod p. Now, check if there is an element y in T such that v mod p = y mod p
using the FKS structure. This requires O(logn + loglogm) bitprobes.

Step 3: If there is no such y, say no.

Step 4: If there is such a y, retrieve a pointer to it using O(logn) bitprobes. Then divide u
into t blocks and check if z = y block by block. This requires ¢ bitprobes.

Time used by the query scheme is O(logn + loglog m) + t. [ |

Finally, we consider deterministic schemes that use two bitprobes. We show that two non-
adaptive probes do not help even for n = 2. We also show that adaptiveness helps for n = 2.

Proof of Theorem 8, Part(1): There are 16 different functions mapping {0, 1} to {0, 1}.
We will divide them into 3 classes.

1. Degenerate functions. These are the functions depending on at most one variable. There
are 6 such functions, namely 0, 1, u, y, T, y.

2. Inflexible functions. These are the functions f, so that there there is a value of f(z,y) which
determines the value of u as well as the value of y. For instance zx Ay =1=>2x =y = 1.
There are 8 such functions, namely x Ay, ZAy, cAY, TAY, zVY, TVYy, VY, TVY.

3. Flexible functions. These are functions which are neither degenerate nor inflexible. There
are 2 such functions, namely z & y, and Z & y.

Suppose the theorem fails. Fix m at the smallest value for which this happens. Note that
the theorem is trivially true for m = 1. Let U be a universe of size m. The corresponding
scheme associates with each z € U two locations u, and v, in {1, .., s} and a Boolean function
f-:{0,1}2 = {0,1}. Clearly, if for some z, f, is constant, the scheme is incorrect. Now assume
that for some z, f, is degenerate. Assume that it depends on its first variable. We can get a
scheme for a universe of size m — 1 by fixing the value of u,, yielding a structure of size s — 1.
This is a contradiction. Thus we can assume that all functions f, are inflexible or flexible. Now
assume, to the contrary, that s < m. Let the multi-graph G = (V, E) be given by V' = {1,..., s}
and F = {e, = (u,,v;) : z € U}. Let an edge e, be denoted flexible if the corresponding function
f» is flexible and let it be denoted inflexible otherwise. As |E| = m, |V| = s, and s < m, G
contains a cycle C (as G is a multi-graph, it may be the case that C consists of exactly two
identical edges).
Now there are two cases:

1. The cycle C' contains only flexible edges. Let Z be the elements corresponding to the
edges in C. Fix any setting 7 of the bits in the data structure. Each edge e, on the cycle
corresponds to an element z € Z, and we can see if z € S by adding, modulo 2, the setting
7(u,) of the bit u, and the setting 7(v,) of the bit v, or the setting 7(u,) of the bit %, and
the setting 7(v,) of the bit v,. This quantity summed over all z in Z uniquely determines
the parity of the number of elements of S N Z. But this sum is zero or one depending on
the number of z of the second type. As the sum determines the parity of |Z N S|, either ()

or {z}, where z is any element of Z, has no valid representation.
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2. The cycle C contains an inflezible edge. Let this edge be e,. There is a choice of z € §
or z ¢ S which makes only one configuration of the values of the bits u,,v, possible. Fix
this choice. Let us assume that it is z € S (the case z ¢ S is similar). Now let z; be the
other edge on C, adjacent to v,. Having already fixed v, = u,,, there are two possibilities:
either having thus fixed u,, determines whether z; € S or it doesn’t. If it does, either {z}
or {z,z1} has no valid representation and we are done. If it doesn’t, we fix the setting of
vy, in the unique way so that z; ¢ S. Now let 22 be the other edge on C, adjacent to
vy, . Having already fixed v,, = u,,, there are two possibilities: fixing u,, in this manner
either determines whether or not zo € S, or it doesn’t. If it does, either {z} or {z, 2}
has no valid representation and we are done. If it doesn’t, we fix the setting of v,, in the
unique way so that zo ¢ S. Now let z3 be the other edge on C, adjacent to v,,, etc... Thus
working our way around the cycle, we finally come to an edge e,, adjacent to u,. Thus, we
have fixed u,, as well as v, = u, and we conclude that either {z} or {2,2} has no valid
representation.

Thus, we have arrived at a contradiction, and we conclude s > m. ]
It is easy to get a 3 probe non-adaptive scheme for sets of size at most 2 using space O(ml/ ).
Such a scheme can be obtained, for instance, from the explicit one-sided error scheme by setting
the parameters appropriately.

Proof of Theorem 8, Part(2): The structure of the proof is as follows. We will first define
a certain combinatorial object. We then show that the existence of this object implies the
two-probe scheme claimed in the Theorem. Then we show, using the probabilistic method (in
particular, the alteration technique), that the desired object exists.

Thus, let U = {1,2,...,m}. Let an augmented s-partition of U be a system consisting of

1. A partition of U into classes Uy, Us, ..., Us

2. a set system My, My, ..., Ms;on {1,2,...,s}

3. a set system N1, Na,...,Ns;on {1,2,...,s}

4. a family of one-to-one maps f; : U; = M;

5. a family of one-to-one maps g; : U; — N;
with the following property

For all U; # Uj, z € U; and y € Uj, we have either f;(z) ¢ M; and f;(y) € M; or gi(z) € N;
and g;(y) € N;.

Claim 5.1 If an augmented s-partition exists, there is an adaptive two probe scheme using 3s
bits solving the membership problem.

Proof
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Storing scheme: The scheme will make use of three tables 7', 7y and 77 each of size s. Given
a set S = {z,y}, there are three cases.

1. u and y are in the same class, U;. We let T[i] = 0 and T[j] = 1 for all j # i. We let

To[fi(z)] = To[fi(y)] = 1 and let Tp[j] = O for all j & {fi(z), fi(y)}. We let T1[j] = O for
all j.

2. u and y are in different classes, x € U; and y € U;. Furthermore fi(x) € M; and f;(y) ¢
M;. Welet T[i] =T[j] =0and T[k] =1 for all k & {3,5}. We let Ty[fi(z)] = To[f;(y)] =1
and let Ty[j] = 0 for all j & {fi(z), fj(y)}. We let T1[j] =0 for all j.

3. z and y are in different classes, x € U; and y € U;. Furthermore g;(xz) € N; and g;(y) ¢
N;. Welet T[i] =T[j] =1and T[k] =0 for all k & {7,5}. We let T1[gi(x)] = Ti[g;(y)] =1
and let Ty[j] = 0 for all j & {g:(x),g;(v)}. We let Ty[j] = 0 for all j.

Query scheme: Given a query ¢ in class U; , do the following;:
1. Read T7i].
2. If it is 0, read Tp[fi(q)]- If 1 is seen, say yes. Otherwise say no.
3. If it is 1, read Ti[gi(g)]- If 1 is seen, say yes. Otherwise say no.

It is easily seen that the augmented partition property ensures that the scheme is correct. O

The theorem now follows from the following claim. [ |

Claim 5.2 For any m, an augmented O(m3/*)-partition exists.

Proof Let U' = {1,2,...,2m}. We shall construct a “blemished” augmented partition of U’
and then alter it so that it has the right property.

We assume without loss of generality that s = 2(2m)°/* is an integer and divides 2m. Thus,
we can partition U’ evenly into Uy, Us, ..., Us, each of size %(Qm)l/‘l. Now we choose M; and N;

3/4

independently at random from among all subsets of size %(2m)1/ 4 of {1,2,...,5}. We choose f;
and g; independently at random from all one-to-one functions.

Now, consider fixed z € U;,y € U; for i # j. We will bound the probability that the property
fails for this particular pair. Clearly,

(2m)1/4 1

Pelf. arl = Ml _ 3 _
I'[fz(.’E) € J] S 2(2m)3/4 4(2m)1/2

By the union bound,
Pr(fi(z) € M; V fj(y) € My] <

and similarly
1

Prlgi(z) € N; V gj(y) € Ni] < 2@m)
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As the two events are independent, we get

Pr{(fi(z) € M; V fj(y) € Mi) A (gi(z) € N; V gj(y) € N;)] <

8m’
Therefore, the expected number of pairs (z,y) for which the desired property does not hold is

less than (2;”) ﬁ < m. Hence there is a choice of M;, N;, f;, g; such that the number of bad pairs

(z,y) is at most m. Now from each such bad pair, remove one of the elements. We remove at
most m elements, yielding a universe of size at least m, as desired. For the remaining elements,
the property holds, and we are done. O

The bound of O(m?/*) in the above claim has been improved to O(m?/?) by Venkatesh Raman
and S. Srinivasa Rao (see [27]).
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