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The Unique Coverage Problem

* Simple Oflog n) approximation algorithm
— Partition the elements into log n classes according to

their degrees, i.e., the number of sets that cover an
element

— Leti be the class of maximum cardinality
— Choose asetin § to be in §’ with prob. 1/2/

* Proof Sketch: we uniquely cover 1/e? fraction of
elements of class i in expectation

* Can be de-randomized by the standard method of
conditional expectation

Hardness Result

The algorithm seems naive

Several other problems have the same solution
* Can we do better?
* It seems combination sometimes can be hard

* Theorem: This problem is hard to approximate
within a factor better than Oflog® n), O<c<1, unless
NP has a sub-exponential algorithm.

* Oflog"”? n) hard or even Oflog n) hard under
stronger but plausible complexity assumptions

Proof ideas & Elements
* A bad instance that we cannot B
uniguely cover > 1/log n fraction ¢
A: Sets
2! random
subsets
Oflog n;

In this graph, at most & Class / H
O(n) elements of B

can be uniquely n By
covered by sets of A

Proof Ideas

+ Bipartite Independent Set (BIS) problem:
~ Given a bipartite graph G(A UB,E) where |A|=|B|=n
— Find a bipartite sub-graph G'(A’ UB| £') where [A’[=g, [B’|=b and E’is an empty
set,

* Theorem: Unless NP has sub-exponential algorithm, it is hard to
decide between (n ,n/log®n)-BIS and (n ©,n/log” n)-BIS where O<c’<c
<1and 0<d<d’ <1

* Now between A and B; we put a random matching and an instance nf
BIS where the edges remain with probability 1/2"1

* For Yes instance, we have a unique cover of size Q({c-c’)nlog*? n)

* For No instance, we have a unique cover of size at most
O{{c-c')nlog™*n) (idea: the matching with independent set makes

unigque cover)

* The inapproximability threshold can be improved under other
stronger but still piausible complexity assumptions
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