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Multidimensional Point Data

The representation of multidimensiona point dataisacentral issuein database design, aswell as applications
in many other fiel dsthat include computer graphics, computer vision, computati onal geometry, image process-
ing, geographic information systems (GIS), pattern recognition, VLS| design, and others. These points can
represent locations and objects in space as well as more genera records. As an example of a generd record,
consider an employee record which has attributes corresponding to the employee's name, address, sex, age,
height, weight, and social security number. Such records arise in database management systems and can be
treated as pointsin, for thisexample, aseven-dimensiona space (i .e., thereisone dimension for each attribute
or key?) albeit the different dimensions have different type units (i.e., name and address are strings of charac-
ters, sex isbinary; while age, height, weight, and socia security number are numbers).

Formally spesking, a database is a collection of records, termed afile. There is onerecord per data point,
and each record contains severd attributesor keys. In order to facilitate retrieval of arecord based on some of
its attribute val ues, we assume the existence of an ordering for the range of values of each of these attributes.
Inthe case of locational or numeric attributes, such an ordering isquiteobviousasthe vauesof theseattributes
are numbers. In the case of aphanumeric attributes, the ordering is usually based on the a phabetic sequence
of the characters making up the attribute value. Other data such as color could be ordered by the characters
making up the name of the color or possibly the col or’ swavel ength. 1t should beclear that finding an ordering
for the range of values of an attributeis generally not an issue; the only issue iswhat ordering to use!

Therepresentation that isultimately chosen for thiscollection depends, in part, on answerstothefollowing
guestions:
. What operations are to be performed on the data?
. Should we organi ze the data or the embedding space from which the datais drawn?

. Isthe database static or dynamic (i.e., can the number of data points grow and shrink at will)?
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. Can we assume that the volume of datais sufficiently small so that it can all fit in core, or should we
make provisionsfor accessing disk-resident data?

Notethat we have already made use of the distinctionmadein 2 for one-dimensional datain our discussion
of searching in Chapter ?? where we differentiated between tree-based and trie-based methods. Recall that a
trie[41] isabranching structurein which thevalue of adataitem or key istrested asasequence of j characters,
where each character has M possible values and the first character is at position 0 while the last character
isat positionj — 1. A node a depth % in the trie represents an M -way branch depending on the value of
the k'* character. For example, in one dimension, the binary search tree [73] is an example of a tree-based
method since the boundaries of different regionsin the search space are determined by the data being stored.
On theother hand, address computation methods such asradix searching [ 73] (al so known as digital searching)
are examples of trie-based methods, since region boundaries are chosen from among locations that are fixed
regardless of the content of thefile.

The extension of atrieto multidimensional dataisrelatively straightforward and proceeds as follows. As-
sume d-dimensional datawith attribute: (1 < ¢ < d) being a sequence of j; characters where each character
has M; possiblevauesand thefirst character isat position 0 whilethe last character isat position j; — 1. For
the sake of this discussion, without loss of generality, let j; beaconstant ¢ foral ¢ (1 < ¢ < d). A node at
depth £ in the multidimensional trie represents an Hle M;-way branch depending on the value of the k"
character of each of the d attributevalues®. For attributeswhose valueis of type numeric whichistreated asa

?We use the terms key and attribute (aswell asfield, dimension, coordinate, and axis) interchangeably in this chapter. The choicethat
we makeis based on the context of the discussion while attempting to be consistent with their usein the literature.

3When j; differs for the different attributes, there is no branching for attribute ; once we have examined the j; *» character position
in the value of attribute .



sequence of binary digits, thisprocessisusually ahalving process in one dimension, quartering in two dimen-
sions, etc. and isknown as regular decomposition. We use this characterization frequently in our discussion
of multidimensional datawhen all of the attributes are locationd .

Disk-resident data implies grouping the data (either the underlying space based on the volume — that is,
the amount — of the datait containsor the points, hopefully, by the proximity of their values) into sets (termed
buckets) corresponding to physical storage units(i.e., pages). Thisleadsto questionsabout their size, and how
they are to be accessed, including:

1. Do werequireaconstant timeto retrieve arecord from afile or isalogarithmic function of the number
of recordsin thefile adequate? Thisis equivalent to asking if the access isviaa directory in the form
of an array (i.e, direct access) or in theform of atree (i.e., abranching structure)?

2. How large can the directories be allowed to grow beforeit is better to rebuild them?

3. How should the buckets be laid out on the disk?

In this chapter we examine a number of representations that address these questions. Our primary focus
is on dynamic data and we concentrate on the following queries:

1. Point queries— that is, if point p is present. If yes, then the result is the address corresponding to the
record in which p is stored.

2. Range queries (e.g., region search) which yield a set of data pointswhose specified keys have specific
values or values within given ranges. These queries include the partially specified query, also known
as partial match and partia range, in which case unspecified keys take on the range of the key astheir
domain.

3. Boolean combinations of 1 and 2 using the Boolean operations AND, OR, NOT.

When multidimensional data correspondsto locationa data, we have theadditional property that al of the
attributeshave the same unit, which isdistance in space®. Inthiscase, we can combine the attributesand pose
queries that involve proximity. Assuming a Euclidean distance metric, for example, we may wish to find all
citieswithin 50 miles of Chicago. Thisquery isaspecia case of the range query which would seek dl cities
within 50 miles of thelatitude position of Chicago and within 50 miles of the longitude position of Chicago®.
A related query is one that seeks to find the closest city to Chicago within the two-dimensiona space from
which the locations of the cities are drawn. We do not deal with such queriesin this chapter (but see [59]).

In contrast, proximity queries are not very meaningful when the attributes do not have the same type or
units. For example, it is not customary to seek al people with age-weight combination less than 50 year-
pounds (year-kilograms) of that of John Jones, or the person with age-weight combination closest to John
Jones as we do not have acommonly accepted unit of year-pounds (year-kilograms) or definition thereof®. It
should be clear that we are not speaking of queries involving Boolean combinations of the different attributes
(e.g., range queries), which are quite common.

The representations that we describe are applicable to data with an arbitrary number of attributes d. The
attributes need not be locational or numeric, although all of our examples and explanations assume that all of

4 Therequirement that the attribute valuebe aunit of distancein spaceis stronger than onethat merely requiresthe unit to be anumber.
For example, if one attribute is the length of a pair of pantsand the other is the width of the waist, then although the two attribute values
are numbers, the two attributes are not locational.

5 The difference between these two formulations of the query is that the former admits a circular search region while the latter admits
arectangular search region. In particular, the latter query is applicableto both locational and nonlocational datawhile the former is only
applicableto locational data.

6 This query is further complicated by the need to definethe distance metric. We have assumed a Euclidean distance metric. However,
other distance metrics such as the cityblock (also known as Manhattan) and the maximum value (also known as Chessboard) could also
be used.



NAME | x | vy
Chicago | 3b | 42
Mobile | 52 | 10
Toronto | 62 | 77
Buffalo | 82 | 65
Denver 5 | 45
Omaha | 27 | 35
Atlanta | 85 | 15
Miami | 90 | b

Figure 1: Sample list of cities with their x and y coordinate values.

the attributes are locational or numeric. The concluding section contains a discussion of how these represen-
tations can be used to handle records that & so contain nonlocationd attributes. Moreover, in order to be able
to visuaizethe representationswe let d = 2. All of our examples make use of the simple database of records
corresponding to eight cities given in Figure 17. Each record has three attributes NAME, x, and y. We assume
that our queriesonly retrieve onthe basis of thevauesof thex and y attributes. Thusd = 2, and no orderingis
assumed on theNAME field. In particular, the NAME field isjust used toaid usin referring to the actua locations
and is not really part of the record when we describe the various representationsin this chapter.

1 Introduction

There are many possible representations for a file of multidimensional point data. The feasibility of these
representations depends, in part, on the number of attributes and their domains. At one extreme is a pure
bitmap representation of the attribute space with onebit reserved for each possiblerecord (i.e., combination of
attributeval ues) inthe multidimensional point space whether or notitispresent inthefile. Thisrepresentation
isuseful when thenumber of attributesd issmall (i.e., d < 2) and thedomainsof theattributesare discreteand
small (e.g., binary). Unfortunately, most applications have continuous domains and the number of attributes
exceeds 2. Thuswe must ook for other solutions.

The simplest way to store point dataisin asequentia list. In thiscase, no ordering isassumed for any of
the attributes. Given N records and d attributes to search on, searching such a data structureisan O(N - d)
process since each record must be examined. Asan example, consider the set of eight citiesand their x and y
coordinate values as shown in Figure 1.

Another very common technique is the inverted list method [73], in which for each key a sorted list is
maintained of the recordsin thefile. Figure 2 isthe inverted list representation of the datain Figure1. There
aretwo sorted lists; onefor the x coordinate value and onefor they coordinatevalue. Notethat the data stored
inthelistsare pointersinto Figure 1. Thisenables pruning the search with respect to one key. In essence, the
endpoints of the desired range for one key can be located very efficiently by using its corresponding sorted
list. For example, thiscould be done by using abinary search with the aid of data structures such astherange
tree[10, 13] asdiscussed in Section 2. Thisresulting list isthen searched by brute force. The average search
has been shown in [48] to be of O(N'~'/%), under certain assumptions.

It should be clear that the inverted list is not particularly useful for range searches as it can only speed
up the search for one of the attributes (termed the primary attribute). A number of solutions have been pro-
posed. These solutions can be decomposed into two classes. One class of solutions enhances the range tree
corresponding to the inverted list to include information about the remaining attributesin its internal nodes.
For example, the multidimensional range tree stores ranges trees for the remaining dimensionsin theinternal

" Note that the correspondence between coordinate values and city namesis not geographically accurate. We took this liberty so that
the same example could be used throughout the chapter to illustrate a variety of concepts.



X y
Denver Miami
Omaha | Mobile
Chicago | Atlanta
Mobile | Omaha
Toronto | Chicago
Buffalo | Denver
Atlanta | Buffalo

Miami Toronto

Figure 2: Inverted lists corresponding to the data of Figure 1.

nodes of therangetree. Thisisdiscussed in Section 2. The priority search tree [92] formsthe basis of another
solution known as the range priority tree[28] which is also related to the range tree. The priority search tree
makes use of abinary search treewhoseleaf nodesformarangetreefor onedimensionwhileitsinternal nodes
form a heap for the remaining dimension. Such methods are discussed in Section 3.

A second class of solutions, and the onewe focuson in the remaining sections of thischapter, modifiesthe
bitmap representation to form d-dimensional cellsof ranges of attributeval uesso that al pointswhose attribute
values fal within the range associated with cell ¢ are associated with ¢. Thisis analogous to a compressed
bitmap representation.

The compressed bitmap representation forms the basis of the fixed-grid method [12, 73]. It partitionsthe
space from which thedataisdrawn into rectangular cellsby overlayingit withagrid. Each grid cell ¢ contains
apointer to another structure (e.g., alist) which containsthe set of pointsthat liein c. Associated withthegrid
is an access structure to enable the determination of the grid cell associated with a particular point p. This
access structure acts like a directory and is usualy in the form of a d-dimensiona array with one entry per
grid cdl, or atree with one leaf node per grid cell.

There are two waysto build afixed grid. We can either subdivide the space into equal-sized grid cells or
place the subdivision lines at arbitrary positions that are dependent on the underlying data. In essence, the
distinction is between organizing the data to be stored and organizing the embedding space from which the
dataisdrawn [99]. In particular, when the grid cells are equal-sized (termed a uniformgrid), use of an array
access structureis quite simple and has the desirable property that the grid cell associated with point p can be
determined in constant time.

Figure3isan example of auniform-gridrepresentati on correspondingto the dataof Figurel witheach grid
cell havingsize 20 x 20. Assuming a100 x 100 coordinate space, we have 25 squares of equal size. We adopt
the convention that each square is open with respect to its upper and right boundaries and closed with respect
toitslower and | eft boundaries(e.g., thepoint (60, 75) iscontainedinthe square centered at (70,70)). Also,
all data pointslocated at grid intersection points are said to be contained in the cell for which they serve asthe
SW corner (e.g., the point (20, 20) iscontained in the square centered at (30,30)).

When thewidth of each grid cell istwicethe search radiusfor arectangular range query®, then the average
search time is O(F - 2%) where F' isthe number of points that have been found [16]. The factor 2¢ isthe
maximum number of cellsthat must be accessed when the search rectangle is permitted to overlap more than
one cell. For example, to locate al cities within a 20 x 20 square centered at (32,37) we must examine
the cells centered at (30,30), (50,30), (30,50),and (50,50). Thus, four cells are examined and, for our
example database, the query returnsChicago and Omaha.

Useof anarray access structurewhen thegrid cellsare not equal -sized requiresusto have away of keeping
track of their size so that we can determinetheentry of thearray access structure correspondingto thegrid cell

8 This method can also be described as yielding an adaptive uniform grid where the qualifier “ adaptive” serves to emphasizethat the
cell sizeis afunction of some property of the points (e.g., [39, 40]).
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Figure 3: Uniform-grid representation corresponding to the data of Figure 1 with a
search radius of 20.

associated with point p. Oneway to do thisisto make use of what are termed linear scaleswhich indicatethe
positions of the grid lines (or partitioning hyperplanesin d > 2 dimensions). Given a point p, we determine
the grid cell in which p lies by finding the “coordinates’ of the appropriate grid cell. The linear scales are
usualy implemented as one-dimensional trees contai ning ranges of values.

The use of an array access structure isfine as long as the data is static. When the datais dynamic, itis
likely that some of the grid cellsbecome too full whileother grid cellsare empty. This means that we need to
rebuildthegrid (i.e., further partitionthegrid or repositionthegrid partitionlines or planes) so that the various
grid cells are not too full. However, this creates many more empty grid cells as aresult of repartitioning the
grid (i.e,, empty grid cells are split into more empty grid cells). In thiscase, we have two alternatives.

Thefirst dternativeisto merge spatially-adjacent empty grid cellsintolarger empty grid cells, while split-
ting grid cellsthat are too full, thereby making the grid adaptive. The result isthat we no longer make use of
an array access structureto retrieve the grid cell that contains query point p. Instead, we make use of atree
access structure in the form of a k-ary tree where k isusually 2¢. Thus what we have doneis marry a k-ary
tree with the fixed-grid. Thisisthe basis of the point quadtree [37] as well as trie-based representations such
as the MX quadtree [122] and the PR quadtree [103, 124] which are all multidimensional generalizations of
binary trees. They are discussed in Section 4.

Asthe dimensionality of the space increases, each level of decomposition of the quadtree resultsin many
new cells since the fanout value of thetreeishigh (i.e,, 2¢). Thisisalleviated by making use of ak-d tree[9].
Thisis a binary tree where a each leve of the tree, we subdivide along just one of the attributes. Thisis
discussed in Section 5.

The second alternativeisto assign an ordering to all the grid cellsand to impose a tree access structure on
the elements of the ordering that correspond to nonempty grid cells. The effect of thisaternativeis analogous
to using a mapping from d dimensionsto one dimension and then applying one of the one-dimensional access
structures such as a B-tree, a balanced binary treg, etc. discussed in Chapter ?? to theresult of the mapping®.
Thisisthe subject of Section 6. Note that this alternative is applicable regardless of whether or not the grid

9 These mappings have been investigated primarily for purely locational or numeric multidimensional point data in which case they
can also be applied directly to the key values. They cannot be applied directly to the key values for nonlocational point datain which
they can only be applied to the grid cell locations.



cellsare equal-sized. Of course, if the grid cells are not equal-sized (not discussed here), then we must also
record their size in the element of the access structure.

At times, in the dynamic situation, the datavol ume becomes so large that a conventional tree access struc-
ture (i.e., with the limited fanout values described above) isinefficient. In particular, the grid cells can be-
come so numerous that they cannot al fit into memory thereby causing them to be grouped into sets (which
we termed buckets) corresponding to physical storage units(i.e., pages) in secondary storage. Thisisthe sub-
ject of Section 7. In the case of atree access structure, each bucket usually corresponds to a contiguous set
of grid cellsthat forms a hyper-rectangle in the underlying space. The problem isthat, depending on theim-
plementation of the tree access structure, each time we must follow a pointer, we may need to make a disk
access.

This problem is resolved in two ways. The first way isto retain the use of the tree access structure, say
T, and also aggregate the interna (i.e., nonleaf) nodes of 7" into buckets thereby forming a multiway tree
in the spirit of a B-tree [22] (see Section ?? in Chapter ??). The buckets whose contents are internal nodes
of T" correspond to subtrees of 7" and their fanout value corresponds to the sum of the number of possible
branches at the deepest level of each of the subtrees. The resulting structure is now a tree of buckets with a
large fanout value, and isfrequently referred to as atree directory. Examples of such structuresare the R-tree
and the R*-tree, which are discussed in great detail in Sections ?? and sec-di s oint-obj ect-based-hierarchical
of Chapter ??, respectively, as well as the k-d-B-treeand LSD tree which are discussed in Section 7.1.

The second way isto return tothe use of an array access structure. The difference fromthearray used with
the static fixed-grid method described earlier isthat now the array access structure (termed a grid directory)
may be so large (e.g., when d gets large) that it resides on disk as well (athough thisis not the case for al
of the representations that we present), and the fact that the structure of the grid directory can be changed as
the data volume grows or contracts. Each grid cell (i.e., an element of the grid directory) containsthe address
of a bucket (i.e,, page) where the points associated with the grid cell are stored. Notice that a bucket can
correspond to more than one grid cell. Thus any page can be accessed by two disk operations: one to access
thegrid cell and one more to access the actua bucket. The mechanics of the management of the growth of the
access structure isthe interesting issue here and is the subject of Section 7.2.

Section 8 contains a comparison of the various representations that we present. It aso discusses briefly
how to adapt the representati onsto handle nonl ocational attributes. Ingeneral, therepresentationsthat we have
presented are good for range searching (e.g., finding all citieswithin 80 miles of Atlanta) asthey act as pruning
devices on the amount of search that will be performed. In particular, many pointswill not be examined since
their containing grid cells lie outside the query range. Most of these representations are generaly very easy
to implement and have good expected execution times, although the execution times of agorithmsthat use
some of them are often quite difficult to analyze from amathematical standpoint. However, their worst cases,
despite being rare, can be quitebad. Thisisisespecialy truefor the second class of solutionsthat were based
on modifying the bitmap representation. These worst cases can be avoided by making use of members of the
first class of solutionsthat were variants of range trees and priority search trees.

Exercises

1. Given afile containing N records with d keys apiece, implemented as an inverted list, prove that the
average search for a particular record isO(N'~1/4),

2. Given afile containing records with d keys apiece, implemented using the uniform grid method such
that each cell has awidth equal to twice the search radius of arectangular range query, prove that the
average time for the range query is O(F' - 2¢) where F is the number of records found and 2¢ is the
number of cellsthat must be accessed.

3. Assume afile containing records with d keys apiece and implemented using the fixed-grid method such
that each cell has width equal to the search radius of a rectangular range query. Prove that the average
timefor the range query isO(F' - 3¢) where F is the number of records found and 3¢ is the number of
cellsthat must be accessed.



2 RangeTrees

The multidimensional range tree of Bentley and Maurer [10, 13] isan asymptotically faster search structure
compared to the point quadtree and the k-d tree; however, it has significantly higher storage requirements. It
stores pointsand is designed to detect dl pointsthat liein agiven range.

Therangetreeishbest understood by first examining the one-dimensional range searching problem. A one-
dimensional range tree is a balanced binary search tree where the data points are stored in the leaf nodes and
the leaf nodes are linked in sorted order by use of a doubly-linked list. The nonleaf nodes contain midrange
values that enable discriminating between the left and right subtrees. For example, Figure 4 is the range tree
for the data of Figure 1 when they are sorted according to values of their « coordinate. A range search for
[B : E] is performed by procedure RANGE_SEARCH. It searches the tree and finds the node with either the
largest value < B or thesmallest value > B, and then followsthelinksuntil reaching aleaf nodewithavalue
greater than F. For N points, thisprocesstakes O(log, N + F') timeand uses O(N) storage. F' isthe number
of pointsfound.

Denver Omaha Chicago Mobile Toronto Buffalo Atlanta Miami
(5/45) (27,35) (3542) (52,10) (62,77) (82,65) (85,15) (90,5)

Figure 4. Range tree for the x coordinate values of the data of Figure 1.

Procedure RANGE_SEARCH assumes that each node has six fields, LEFT, RIGHT, VALUE, PREV, NEXT, and
MIDRANGE.LEFT(P) and RIGHT(P) denotetheleft and right sons, respectively, of nonleaf node P (they are
null in the case of aleaf node). YALUE is an integer indicating the value stored in the leaf node. PREV(P)
and NEXT ( P) are only meaningful for leaf nodesin which case they are used for the doubly-linkedlist of |eaf
nodes sorted in nondecreasing order. In particular, PREV (P) pointsto anode with valuelessthan or equa to
VALUE(P),whileNEXT(P) pointsto anode with value grester than or equal to VALUE(P). MIDRANGE(P)
isavariant of a discriminator between the left and right subtrees — that is, it is greater than or equal to the
values stored inthe | eft subtree, and lessthan or equal to the values stored in theright subtree (see Exercise 2).
The MIDRANGE field is only meaningful for nonleaf nodes. Note that by making use of a NODETYPE field to
distinguish between leaf and nonleaf nodes, we can usethe LEFT, RIGHT, and MIDRANGE fieldsto indicatethe
information currently represented by the PREV, NEXT, and VALUE fields, respectively, thereby making them
unnecessary.

procedure RANGE_SEARCH(B,E,T);
/* Perform arange search for the one-dimensional interval [B:E] in the one-dimensional range tree rooted at
T.*/
begin
value integer B,E;
value pointer node T;
if NULL(T) then return;
while NOT(LEAF(T)) do



T—if B<MIDRANGE(T) then LEFT(T)
else RIGHT(T);
if NOT(NULL(T)) and VALUE(T)<B then T<—NEXT(T);
while NOT(NULL(T)) and VALUE(T)<E do
begin
output (VALUE(T));
T—NEXT(T);
end;
end;

For example, suppose we want to perform a range search for [28:62] on therange treein Figure 4. In this
example, we assume that the VALUE field of the leaf nodes only contains the = coordinate values. We first
descend thetreeto locate, in this case, the node with the largest value <28 (i.e, (25,35)). Next, following
theNEXT links, we report the points (35,40), (50,10),and (60, 75). We stop when encountering (80,65).

A two-dimensional range treeis abinary tree of binary trees. It isformed in the following manner. First,
sort al of the pointsaong one of the attributes, say , and store them in the leaf nodes of a balanced binary
search tree (i.e, arangetree), say T'. With each node of 7", say I, associate a one-dimensional range tree, say
T, of the pointsin the subtree rooted at 7 where now these points are sorted along the other attribute, say y'°.
For example, Figure5 isthetwo-dimensional range treefor the dataof Figure 1 wherethe z coordinate serves
asthe primary sort attribute. Noticethe use of doublelinesto indicatealink to the one-dimensional rangetree
associated with each nonleaf node, thereby distinguishing them from the singlelines used to indicate linksto
left and right sonsin the two trees. For V points, the two-dimensional rangetree uses O(N - log, V') storage
(see Exercise 7), and requires O(N - log, N) timeto build (see Exercise 8).

(27,35) (5,45) (52,10) (35,42) (82,65) (62,77) (90,5) (85,15)

Figure 5: 2-d range tree for the data of Figure 1.

10 Actually, thereis no need for the one-dimensional range trees at the root and its two sons (see Exercise 6). Also, thereis no need for
the one-element one-dimensional range trees at the leaf nodes as the algorithms can make a special check for this case and use the data
that is already stored in the leaf nodes (but see Exercise 5).



A range search for ([B, : E;], [By : Ey]) isperformed by procedure 2D_SEARCH, given below. It makes
use of procedure 1D_SEARCH, avariant of procedure RANGE_SEARCH not given here.'' Procedure 2D_SEARCH
starts by descending the tree in search of the closest nonleaf node @) (in terms of the number of linksthat are
descended) to theroot whose midrange value liesbetween B, and £.. Let L, and R, betheleaf nodesinthe
two-dimensional rangetreethat are reported by asearch for B, and £, respectively, regardless of whether or
not B, and I, are actualy stored there. L, and R, are termed boundary nodes. For example, using Figure5
if B, is24 and I, is74, then L, and R, aretheleaf nodes containing (25,35) and (80,65), respectively.
@ isknown as the nearest common ancestor of L, and R, in’I" (and hence the furthest from theroot in terms
of nodelinks). Let {L; } and { R; } denote the sequences of nodes (excluding ()) that form the pathsin 7" from
Q@ to L, and from @) to R, respectively.

Procedure 2D_SEARCH assumes that each node hasfivefields, LEFT, RIGHT, MIDRANGE, RANGE_TREE, and
POINT. LEFT, RIGHT, and MIDRANGE have the same meaning as in the one-dimensional range tree with the
exception that MIDRANGE discriminates on theval ues of the z coordinate of the pointsrepresented by thetree.
RANGE_TREE(P) isthe one-dimensional range tree for y that is stored at node P. POINT isa pointer to a
record of type point which stores the point that is associated with aleaf node. A point record has two fields,
XCOORD and YCOORD, that contain the values of the « and y coordinates, respectively, of the point. The POINT
field is not used for nonleaf nodes in the tree. Note that by making 2D_SEARCH a bit more complicated, we
can get by with just one of the POINT and RANGE_TREE fields (see Exercise 5).

For each node P that isan element of {Z, } such that LEFT(P) isdsoin {L;}, 2D_SEARCH performs a
one-dimensional range search for [B, : F,] in the one-dimensional range tree for y associated with node
RIGHT(P). Foreach P thatisan element of { R; } suchthat RIGHT(P) isalsoin{R;}, 2D_SEARCH performs
aone-dimensiona range search for [B, : E,] in the one-dimensional range tree for y associated with node
LEFT(P). A fina step checks (using procedure IN_RANGE not given here) if the points associated with the
boundary nodes (i.e., leafs) L, and R, arein thetwo-dimensiona range.

procedure 2D_SEARCH(BX,EX,BY,EY,T);
[* Perform arange search for thetwo-dimensional interval ( [BX:EX], [BY:EY]) inthetwo-dimensional range
treerooted at T. */
begin
value integer BX,EX,BY,EY;
value pointer node T;
pointer node Q;
if NULL(T) then return;
while NOT(LEAF(T)) do
begin /* Find nearest common ancestor */
if EX<MIDRANGE(T) then T«LEFT(T)
else if MIDRANGE(T)<BX then T+RIGHT(T)
else exit_whilelloop; /* Found nearest common ancestor */
end;
if LEAF(T) then IN_RANGE(T,BX,EX,BY,EY)
ese
begin /* Nonleaf node and must process subtrees*/
Q—T; /* Savevaueto process other subtree*/
T—LEFT(T);
while NOT(LEAF(T)) do
begin /* Processtheleft subtree*/
if BX<MIDRANGE(T) then
begin
1D_SEARCH(BY,EY,RANGE_TREE(RIGHT(T)));
T—LEFT(T);
end

11 The differenceis that in 1D_SEARCH, the leaf nodes are points in two-dimensional space, while in RANGE_SEARCH, the leaf nodes
are pointsin one-dimensional space.



else T—RIGHT(T);
end;
IN_RANGE(T,BX,EX,BY,EY);
T—RIGHT(Q);
while NOT(LEAF(T)) do
begin /* Process the right subtree*/
if MIDRANGE(T)<EX then
begin
1D_SEARCH(BY,EY,RANGE_TREE(LEFT(T)));
T<—RIGHT(T);
end
else T—LEFT(T);
end;
IN_RANGE(T,BX,EX,BY,EY);
end;
end;

For example, the desired closest common ancestor of Ly and Rx in Figure 6 is Q. One-dimensional range
searches would be performed in the one-dimensiona range trees rooted at nodes 4, B, D, E, F, and H since
{L;} = {Ly,Lo,L3,Lgq,Lx} and {R;} = {Ry,Ro,R3,Rq,Rx }. FOr N points, procedure 2D_SEARCH takes
O(logi N + F) timewhere F' isthe number of pointsfound (see Exercise 9).

Asamore concrete example, suppose we want to perform arange search for ([25:85], [8:16]) onthe
two-dimensional range treein Figure 5. We first find the nearest common ancestor of 25 and 85 which is
node &A. The paths {Z; } and { R;} aregivenby {B,D,I} and {C,G,N}, respectively. Since B and B’s|eft son
(i.e, D) arein the path to 25, we search the range tree of B'sright son (i.e,, E) and report (50,10) asin the
range. Similarly, since ¢ and ¢’sright son (i.e,, G) areinthe path to 85, we search therange tree of ¢'sleft son
(i.e, F) but do not report any results as neither (60,75) nor (80,65) arein therange. Finally, we check if
the boundary nodes (25,35) and (85, 15) areintherange, and report (85, 15) asin therange.

Figure 6: Example 2-d range tree to illustrate 2-d range searching.

The range tree aso can be adapted easily to handle k-dimensional data. In such a case, for V points,
a k-dimensional range search takes O(logh N + F') time where F' is the number of points found. The -
dimensional rangetree uses O(N -logh~! V) storage (see Exercise 10), and requires O(N - logh=! V) time
to build (see Exercise 11).
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Exercises

1. Isthere adifference between abaanced binary search tree where all the datais stored in the leaf nodes
and a one-dimensiona range tree?

2. The MIDRANGE field in the range tree was defined as a variant of a discriminator between the left and
right subtreesin the sense that it is greater than or equal to the values stored in the | eft subtree, and less
than or equal to thevaues stored in theright subtree. Why not use a simpler definition such as one that
that stipulatesthat theMIDRANGE valueisgreater than al valuesintheleft subtree and less than or equal
to al valuesin the right subtree?

3. Why does procedure 2D_SEARCH providethe desired result?

4. Provethat no point is reported more than once by the algorithm for executing a range query in a two-
dimensional range tree.

5. Procedure 2D_SEARCH makes use of arepresentation of thetwo-dimensiona rangetree where each node
has a POINT and RANGE_TREE field. In fact, the POINT field is only defined for leaf nodes, while for
leaf nodes, the RANGE_TREE field points to a one-dimensiona range tree of just one node. Rewrite
2D_SEARCH, 1D_SEARCH, and IN_RANGE so that they do not use aPOINT field, and hence interpret the
RANGE_TREE field appropriately.

6. Show that the one-dimensional range trees at thefirst two levels (i.e., at theroot and the two sons of the
root) of atwo-dimensional range tree are never used in procedure 2D_SEARCH.

7. Showthat O(N -log, N) storage sufficesfor atwo-dimensional rangetreefor V points.
8. Show that atwo-dimensional rangetreecan bebuiltin O(N -log, N') timefor N points.

9. Given atwo-dimensiona range tree containing N points, prove that a two-dimensional range query
takes O(log N + F') time, where F is the number of points found.

10. Given a k-dimensional range tree containing N points, prove that a k-dimensiona range query takes
O(logh N + F) time, where F isthe number of pointsfound. Also, show that O(N -logh~! N) storage
issufficient.

11. Show that ak-dimensional rangetreecan bebuiltin O(N -logh =" V') timefor N points.

12. Write a procedure to construct a two-dimensiona rangetree.

3 Priority Search Trees

The priority search tree is a data structure that is designed for solving queriesinvolving semi-infinite ranges
in two-dimensional space. A typical query has arange of theform ([B, : E.],[By, : o]). Itisbuiltinthe
following manner. Sort all the points along the = coordinate, and store them in the leaf nodes of a balanced
binary search tree, say T'. We use a range tree in our formulation'? although in some applications (e.g., the
rectangl eintersection problem as discussed in Section ?? of Chapter ??) therequirement of being abletoinsert
and delete pointsin O(log, N) time, while still requiring the O(N - log, N + F) search behavior, causes
the balanced binary search tree to be implemented using more complicated structures such as a ‘red-black’
balanced binary tree [54] (see Section ?? of Chapter ??). Store midrange « coordinate values in the nonl eaf
nodes. Next, proceed from the root node towardsthe leaf nodes. Associate with each node 7 of 7" the pointin
the subtreerooted at 7 with the maximum vauefor itsy coordinate that has not already been associated with
anode at a shallower depth in thetree. If no such point exists, then leave the node empty. For N points, this
structure uses O( V) storage (see Exercise 1), and requires O(N - log, N') timeto build (see Exercise 6).

12 A Cartesian tree [142] is an alternative. See Exercises 17 and 18.
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For example, Figure 7 isthe priority search treefor thedataof Figure 1. Inthefigure, square boxescontain
therelevant « coordinate values (e.g., the midrange val ues in the nonleaf nodes), whilecircular boxes contain
the relevant y coordinate values (e.g., the maximums). Notice that the leaf nodes contain the pointsand are
shown aslinked together in ascending order of thez coordinatevalue. Thelinksfor thex coordinatevaluesare
only used if we conduct a search for al pointswithinagiven range of = coordinate values. They are not used
in the execution of the semi-infiniterange query and thusthey are frequently omitted from theimpl ementation
of the priority search tree.

Toronto

Buffalo

Denver

190]
Denver Omaha Chicago Mobile Toronto Buffalo Atlanta  Miami
(5,45) (27,35) (35,42) (52,10) (62,77) (82,65) (85,15) (90,5)

Figure 7: Priority search tree for the data of Figure 1. Each leaf node contains
the value of its x coordinate in a square box. Each nonleaf node contains the
appropriate x coordinate midrange value in a square box using a link drawn with a
broken line. Circular boxes indicate the value of the y coordinate of the point in
the corresponding subtree with the maximum value for its y coordinate that has not
already been associated with a node at a shallower depth in the tree.

It isnot easy to perform atwo-dimensional range query of theform ([B,, : E.], [B, : E,]) withapriority
search tree. The problem is that only the values of the z coordinate are sorted. In other words, given a leaf
node C' that storespoint (z ¢, y¢ ), we know that the values of the » coordinate of al nodesto theleft of C are
smaller than or equal to z and the values of al thoseto the right of C' are greater than or equa to . On
the other hand, with respect to the val ues of the y coordinate, we only know that all nodes below nonleaf node
D withvaueyp have valueslessthan or equa to yp ; the y coordinate val ues associated with the remaining
nodesin thetree that are not ancestors of D may be larger or smaller than yp.

Thisisnot surprising because a priority search treeisrealy avariant of arangetreein x (see Exercise 1
in Section 2) and aheap (i.e., priority queue) [71] iny. A heap (see Section ?? in Chapter ??) enablesfinding
the maximum (minimum) value in O(1) time. More generally the largest (smalest) F' out of N values can
be determined in O(F") time, but the 7" values are not sorted. Whether the heap is used to find the largest or
smallest values depends on how it is constructed. The way in which we specify the priority search tree here
enables finding the largest values.

Nevertheless, despitethedifficulty inusing priority search treesto perform atwo-dimensional range query,
priority search trees make it very easy to perform a semi-infinite range query of the form ([B, : E.], By :
oo]). The control structure is quite similar to that of procedure 2D_SEARCH. Descend the tree looking for the
nearest common ancestor of B, and F,, say (). Apply the following tests during this descent, letting P be
the point associated with the examined node, say T". If no such P exists, then we are finished with the entire
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subtreerooted at 7" as al pointsin 7" s subtrees have aready been examined and/or reported. Examine the y
coordinate value of P, say P,. If P, < B,, then we are finished with the entire subtree rooted at 7" since P
is the point with the maximum y coordinatevalueinZ'. Otherwise (i.e., P, > B,), check if the 2 coordinate
vaueof P (i.e, P;)isintherange[B, : E.], and if yes, then output P as satisfying the query. At thispoint,
determineif 7" is the nearest common ancestor by checking if B, and E,; liein 7"sleft and right subtrees,
respectively. If 7" is not the nearest common ancestor, then continue the descent in the left (right) subtree of
Tif £, (B) isintheléft (right) subtree of 7.

Once () has been found, process the left and right subtrees of ) using the appropriate step below where
T denotes the node currently being examined. In both cases, we apply the same sequence of tests described
aboveto determineif an exit can be made due to having processed all pointsin the subtreesor if all remaining
pointsare not in the y range.

1. Left subtree of : check if B, liesin theleft subtree of 7. If yes, then dl of the pointsin the right
subtree of 7" arein the = range and we just check if they arein the y range, whilerecursively applying
thisstep to the left subtree of 7". Otherwise, recursively apply this step to the right subtree of 7'

2. Right subtree of : check if £, liesin theright subtree of 7". If yes, then al of the pointsin the left
subtree of 7" arein the = range and we just check if they arein the y range, whilerecursively applying
thisstep to theright subtree of 7". Otherwise, recursively apply this step to the | eft subtree of 7'

The actual search processis given by procedure PRIORITY_SEARCH. It assumes that each node has five
fields, POINT, MIDRANGE, LEFT, RIGHT, and HEAP_MAX. POINT, MIDRANGE, LEFT, and RIGHT have the same
mesaning as in the two-dimensional range tree. HEAP_MAX isdefined for all nodes. In particular, for any node
|, HEAP_MAX (]) pointsat thenode C in the subtree Srooted at | such that YCOORD (C') isgreater than or equal
to YCOORD (1) for any other nodeD in S, such that neither C nor D are associated with anode at adepthinthe
tree that is shallower than the depth of |. PRIORITY_SEARCH makes use of two auxiliary procedures OUT_-
OF_RANGE_Y and Y_SEARCH.OUT_OF_RANGE_Y determinesif al pointsin asubtree have aready been output
orif they areall outsidethey range. Y_SEARCH performsaone-dimensional range search for the semi-infinite
interval with respect to the y range.

procedure PRIORITY_SEARCH(BX,EX,BY,T);
/* Perform a semi-infinite range search for thetwo-dimensional interval ([BX:EX], [BY:ool) inthepriority
search treerooted at T. */
begin
value integer BX,EX,BY;
value pointer node T;
if null(T) then return;
while true do
begin /* Find nearest common ancestor */
if OUT_OF_RANGE_Y(HEAP_MAX(T),BY) then return
else if BX<XCOORD(HEAP_MAX(T)) and XCOORD(HEAP_MAX(T))<EX then
output (HEAP_MAX(T));
if LEAF(T) then return
else if EX<MIDRANGE(T) then T«LEFT(T)
€lse if MIDRANGE(T)<BX then T+RIGHT(T)
else exit_whilelloop; /* Found nearest common ancestor */
end;
/* Nonleaf node and must process subtrees*/
Q—T; /* Savevaueto process other subtree*/
T—LEFT(T);
while true do
begin /* Processtheleft subtree*/
if OUT_OF_RANGE_Y(HEAP_MAX(T),BY) then exit.while_loop
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else if BX<XCOORD(HEAP_MAX(T)) then output(HEAP_MAX(T));
if LEAF(T) then exit_while_loop
else if BX<MIDRANGE(T) then
begin
Y_SEARCH(RIGHT(T),BY);
T—LEFT(T);
end
else T+—RIGHT(T);
end;
T—RIGHT(Q);
while true do
begin /* Process the right subtree*/
if OUT_OF_RANGE_Y(HEAP_MAX(T),BY) then return
else if XCOORD (HEAP_MAX(T))<EX then output(HEAP_MAX(T));
if LEAF(T) then return
else if MIDRANGE(T)<EX then
begin
Y_SEARCH(LEFT(T),BY);
T<—RIGHT(T);
end
else T—LEFT(T);
end;
end;

Boolean procedure OUT_OF_RANGE_Y(P,BY);
/* Check if dl relevant pointshave already been output or if the y coordinatevalues of al pointsinthe subtrees
aretoosmall. */
begin
return(if null(P) then ‘true’
else YCOORD(P)<BY);
end;

recursive procedure Y_SEARCH(T,BY);
/* Perform a one-dimensional range search for the semi-infiniteinterval [BY:oc] in the priority search tree
rooted at T. */
begin
value pointer node T;
value integer BY;
if null(T) then return
else if OUT_OF_RANGE(HEAP_MAX(T),BY) then return
ese
begin
output (HEAP_MAX(T));
Y_SEARCH(LEFT(T),BY);
Y_SEARCH(RIGHT(T),BY);
end;
end;

For N points, performing a semi-infinite range query inthisway takes O(log, N + F') time. F" isthe number
of pointsfound (see Exercise 2). To answer thetwo-dimensional rangequery ([B, : E], [By : Ey]), perform
the semi-infiniterange query ([B, : E.], [By : oo]) and discard all points(z, y) suchthat y > E,.

Asan exampl e of theexecution of asemi-infiniterange query, supposethat wewant to search for ([35:80] , [50:00])
in the priority search tree in Figure 7. We use Figure 8ato illustrate the space decomposition induced by the
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priority search treeof Figure?. Inthefigure, horizonta linescorrespond tothe partitionscaused by theHEAP _-
uAX field valuesinthetree. Thevertical linescorrespond to the partitionscaused by the M IDRANGE field values
associated with the nonleaf nodes whose HEAP_MAX field isnot NIL.

(0,100) (100,100) (0,100) (100,100)
(62,77) 62,77)
Toronto Toronto
° ®
(82,65) (82,65)
(5,45) Buffalo (5,45) Buffalo
Denver Denver
— - o—
o_| (35,42) o | (35,42)
h i c\ |Chicago
(27,35) | Chicago (27,35)
Omaha (8?115) Omaha SiISa’rlfaz
(52,10) fdlanta (52,10) A
Mobile 905) Mobile (90,5)
Miami| @ Miami—e—
(0,0) X —> (100,0) (0,0) X —> (100,0)

(@ (b)

Figure 8: Space decomposition induced by (a) the priority search tree of Figure 7 and
(b) the inverse priority search tree of Figure 9. Horizontal lines correspond to the
partitions caused by the HEAP_MAX field values in the tree. Vertical lines correspond
to the partitions caused by the MIDRANGE field values associated with the nonleaf
nodes whose HEAP_MAX field is not NIL.

The search proceeds asfollows. We descend the tree starting at theroot (i.e., ). The point associated with
A isToronto with ay coordinate value of 75 which isin the y range. The « coordinate value of Toronto is
80 which isin the 2 range and thus we output Toronto asin the two-dimensional range. Next, we find that
A isindeed the nearest common ancestor since the midrange value is 55 which is between the x range values
of 35 and 80. Thuswe prepare to descend both of 4'sleft and right sons.

We immediately cease processing the left subtree of A (i.e., B) since the maximum of the y coordinate
valuesin B'ssubtreesis 45 whichislessthan the lower bound of the semi-infiniterange of y (i.e., 50). Next,
we processtheroot of theright subtreeof A (i.e., €). Thepoint associated with C isBuffalo withay coordinate
valueof 65 whichisinthey range. The z coordinatevalue of Buffalo is80 whichisinthe «z range and thus
we output Buffalo as in the two-dimensional range. Next, we examine the midrange value of C whichis 83.
Thismeans that we only need to descend theleft subtree of ¢ (i.e., rooted at F) sincetheright subtree of ¢ (i.e.,
rooted a G) isout of the x range. However, since there is no point associated with F, processing ceases as this
means that al nodesin F’s subtrees have already been examined. Thusthe result isthat points (60,75) and
(80,65) areintherange ([35:80], [50:00]).

Edel sbrunner [28] introduces a variation on the priority search tree, which we term arange priority tree,
to obtain an O(log, N + F') agorithm for range searching in a two-dimensional space. Define an inverse
priority search tree to be a priority search tree S such that with each node of 5, say I, we associate the point
in the subtree rooted at 7 with the minimum (instead of the maximum!) valuefor itsy coordinate that has not
already been stored at a shallower depth in the tree. For example, Figure 9 isthe inverse priority search tree
corresponding to Figure 7, and Figure 8b is the space decompositioninduced by it. Therangepriority treeisa
balanced binary search tree (i.e., arangetree), say 7', where all the data pointsare stored in the leaf nodes and
are sorted by their y coordinatevalues. With each nonleaf nodeof 7', say I, which isaleft son of itsfather, we
store apriority search tree of the pointsin the subtree rooted at /. With each nonleaf node of 1", say I, which
isaright son of itsfather we store an inverse priority search tree of the pointsin the subtree rooted at 7. For
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N points, the range priority tree uses O(N - log, ') storage (see Exercise 11), and requires O(N - log, N)
timeto build (see Exercise 12).

Atlanta

Mobile

190]
Denver Omaha Chicago Mobile Toronto Buffalo Atlanta Miami
(545) (27,35) (3542) (52,10) (62,77) (82,65) (85,15)  (90,5)

Figure 9: Inverse priority search tree for the data of Figure 1. Each leaf node
contains the value of its x coordinate in a square box. Each nonleaf node contains
the appropriate x coordinate midrange value in a box using a link drawn with a
broken line. Circular boxes indicate the value of the y coordinate of the point in
corresponding subtree with the minimum value for its y coordinate that has not
already been associated with a node at a shallower depth in the tree.

For example, Figure10istherangepriority treefor thedataof Figure1 wherethey coordinateservesasthe
primary sort attribute. Noticetheuse of doublelinestoindicatealink tothe priority and inverse priority search
trees associated with each nonleaf node, thereby distinguishing them from the single lines used to indicate
linksto left and right sonsin the two trees. In the figure, square boxes contain the relevant range tree values
(e.g., the midrange values in the nonleaf nodes), while circular boxes contain the relevant heap values (i.e.,
maximums for the priority search tree and minimums for the inverse priority search tree). Notice that, asin
the priority search tree, the leaf nodes contain the points and are shown as linked together in ascending order
of the « coordinate value. Again, asin the priority search tree, thellinks for the 2 coordinate values are only
used if we conduct asearch for al pointswithinagiven range of » coordinate values. They are not used inthe
execution of the two-dimensional range query and thusthey are frequently omitted from the implementation
of therange priority tree.

Performing arange query for ([B, : E],[By : E,]) using arange priority tree is done in the following
manner. We descend thetreelooking for the nearest common ancestor of B, and £, say (). Thevaluesof the
y coordinate of all pointsintheleft son of ¢ arelessthan or equal to £,,. Wewant to retrieve just the ones that
are grester than or equal to B, . We can obtain them with the semi-infiniterangequery ([B, : E.], [By : o0]).
This can be done by using the priority tree associated with the left son of ). The priority tree is good for
retrieving al pointswith a specific lower bound as it stores an upper bound and hence irrelevant values can
be easily pruned.

Similarly, the values of the y coordinate of dl pointsin theright son of () are greater than or equal to B, .
We want to retrieve just the ones that are less than or equal to £,. We can obtain them with the semi-infinite
range query ([B, : Eg], [—oo @ Ey]). Thiscan be done by using the inverse priority search tree associated
with theright son of ). The inverse priority treeis good for retrieving all pointswith a specific upper bound
asit storesalower bound and henceirrelevant values can be easily pruned. Thus, for N pointsthe range query
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Figure 10: Range priority tree for the data of Figure 1. Square boxes contain the
relevant range tree values (midrange values in the nonleaf nodes), and circular boxes
contain the relevant heap values. The square boxes containing the midrange values
in the priority and inverse priority search trees are linked to the appropriate nonleaf
node by a broken line. Double lines indicate a link to the priority and inverse priority
search trees associated with each nonleaf node, thereby distinguishing them from
the single lines used to indicate links to left and right sons in the two trees.

takes O(log, N + F') time where I isthe number of pointsfound (see Exercise 13).

Asan example, supposewewant to perform arange search for ([25:60], [15:45]) ontherangepriority
treein Figure 10. Wefirst find the nearest common ancestor of 15 and 45 which isnode A. Second, we search
for ([25:60], [15:00]) inthe priority tree attached to left son of 4 (i.e, B), say p. The point (25,35) is
associated with theroot of p and it isin the range. Hence it isoutput. The left subtree of p isreected asthe
y coordinate value associated with itsroot (i.e., 10) isless than the lower limit of the search rangeiny (i.e,
15). The elements of the right subtree of p are rejected as their 2z coordinate values are outside of the search
range. Third, we search for ([25:60], [—o0:45]) intheinverse priority tree attached to the right son of 4
(i.e, C), say ¢. The point (35,40) isassociated with the root of ¢ and it isin therange. Hence it is output.
The elements of the left subtree of ¢ that have not been reported aready (i.e., (5,45)) arergjected astheir =
coordinate values are outside of the search range. The right subtree of ¢ isregjected as the y coordinate value
associated withitsroot (i.e., 65) isgreater than the upper limit of the search rangein y (i.e., 45).

Exercises

1. Provethat apriority search treefor N pointsuses O( V) space.

2. Prove that for a priority search tree with N points, a semi-infinite range query can be performed in
O(log, N+F)time, where F isthenumber of pointsfound.

3. Procedure PRIORITY_SEARCH can be made considerably shorter by changing its structure dightly as
givenbelow by procedurePRIORITY_SEARCH_2. Thedifferenceisthat procedurePRIORITY_SEARCH_-
2 does not make explicit use of the result of finding the nearest common ancestor. This forces there-
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peated comparison of B, and F,, withthe MIDRANGE field value of the node even after the nearest com-
mon ancestor has been determined. However, it does enable procedure PRIORITY_SEARCH_2 to make
use of recursion as there is no longer a need to distinguish between processing the right and left sons
of the nearest common ancestor, as well as testing if the node and its|eft son are on the path from the
nearest common ancestor to B,;, or testing if the node and its right son are on the path from the near-
est common ancestor to £,. Prove that for N points, procedure PRIORITY_SEARCH_2 executes the
semi-infinite range query in O(log, N + F') timewhere F' is the number of pointsfound. Which of
PRIORITY_SEARCH and PRIORITY_SEARCH_2 performsfewer comparison operations?

recursive procedure PRIORITY_SEARCH_2(BX,EX,BY,T);
/* Perform a semi-infinite range search for the two-dimensiond interval ([BX:EX], [BY:o0]) inthe
priority search treerooted at T. */
begin
value integer BX,EX,BY;
value pointer node T;
if null(T) then return
else if null (HEAP_MAX(T)) then return
/* All relevant points have aready been output */
else if YCOORD(HEAP_MAX(T))<BY then return
/* y coordinate values of dl pointsin the subtrees are too small */
else if BX<XCOORD(HEAP_MAX(T)) and XCOORD(HEAP_MAX(T))<EX then
output (HEAP_MAX(T));
if BX<MIDRANGE(T) then
if MIDRANGE(T)<EX then
begin
PRIORITY_SEARCH_2(BX,EX,BY,LEFT(T));
PRIORITY_SEARCH_2(BX,EX,BY,RIGHT(T));
end
else PRIORITY_SEARCH_2(BX,EX,BY,LEFT(T))
else PRIORITY_SEARCH_2(BX,EX,BY,RIGHT(T));
end;

. Inthe original presentation of the priority search tree, two variants are defined [92]. The first variant,

which isthe one described in the text, makes use of a range tree on the « coordinate value and stores
midrange z coordinate values in the nonleaf nodes. The second variant does not store the midrange
values. Instead, it is based on a trie search where the domain of the # coordinate value is repeatedly
halved. Thus the = coordinate value of al pointsin the left subtree are less than the partition value,
whilethose of al pointsin theright subtree are greater than or equal to the partition value. This means
that the midrangevauesareimplicittothetree. Provethat inthiscase, notwo datapointsin thepriority
search tree can have the same « coordinate value.

. Supposethat you are using the second variant of the priority search tree as described in Exercise 4. Thus

by thetimewereach thefinal partitionthereisjust onevaueleft. How can you get around the restriction
that notwo datapointsinapriority search treehave thesame = coordinateva ue?

. Provethat theconstruction of apriority search treetakes O (N -log, V) timefor N points.
. Write a procedure to construct a priority search tree.
. Writea procedure to construct an inverse priority search tree.

. Modify procedure PRIORITY_SEARCH to dedl with an inverse priority search tree.

Can you extend the priority search tree to handle k-dimensiona data? If yes, show how you would do
it.

Provethat arange priority treefor N pointsuses O(N - log, N) space.
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12. Provethat theconstructionof arangeprioritytreetakesO( N -log, N) timefor N points.

13. Provethat for arange priority treewith N points, atwo-dimensiona range query can be performed in
O(log, N + F') time, where F' isthe number of pointsfound.

14. Canyou extend the range priority tree to handle £-dimensional range queries? What isthe order of the
execution time of the query? How much space doesit use?

15. Writea procedure to construct arange priority tree.
16. Write a procedure to search arange priority tree for a rectangular search region.

17. Inthetext, we characterized a priority search tree as variant of arangetreein » and aheap (i.e., priority
queue) iny. Thepriority search treeissomewhat wasteful of space as the nonleaf nodes duplicate some
of the information stored in the leaf nodes. Vuillemin [142] defines a Cartesian tree which is abinary
search treein « and aheap iny. Inthiscase, each point (a, b) isstored at just one node— that is, both
nonleaf and leaf nodes contain data. Construct aCartesian treefor the data of Figure 1.

18. Isthe Cartesian tree defined in Exercise 17 unique? In other words, can you apply rotation operations
toit to make it balanced?

4 Quadtrees

Recall from Section 1 that the quadtree is the result of imposing a tree access structure on a grid so that
spatially-adjacent empty grid cells are merged into larger empty grid cells. In essence, it isequivalent to mar-
rying a k-ary tree, where k = 2¢, with the fixed grid. There are two types of quadtrees. The first is a point
quadtree [37] where the subdivision lines are based on the values of the data pointswhile the second is trie-
based and forms a decomposition of the embedding space from which the data points are drawn.

In therest of thissection, we elaborate further on the differences between the point quadtree and the trie-
based quadtree by showing how they are updated (i.e., node insertion and deletion) and how they are used
for region searching. In particular, Section 4.1 presents the point quadtree. Section 4.2 discusses trie-based
quadtrees such as the PR and MX quadtrees. Section 4.3 contains a brief comparison of the point, PR, and
MX quadtrees.

4.1 Point Quadtrees

In two dimensions, the point quadtree, invented by Finkel and Bentley [37], isjust atwo-dimensional binary
search tree. Thefirst point that isinserted serves astheroot, whilethe second pointisinserted intotherelevant
quadrant of the tree rooted at the first point. Clearly, the shape of the tree depends on the order in which the
pointswere inserted. For example, Figure 11 isthe point quadtree corresponding to the data of Figure 3.

The rest of this section is organized as follows. Section 4.1.1 shows how to insert a point into a point
quadtree. Section 4.1.2 discusses how to delete a point from a point quadtree. Section 4.1.3 explains how to
do region searching in a point quadtree.

411 Insertion

Inserting record r with key values («, b) into apoint quadtree is very simple. The process isanalogousto that
for a binary search tree. Firgt, if the tree is empty, then alocate a new node containing » and return a tree
with it asitsonly node. Otherwise, search the tree for a node / with arecord having key values (a, b). If 2
exists, then » replaces the record associated with #.. Else, we are at aNIL node which isason of types (i.e,
W, NE, SW, or SE, as appropriate) of node c. Thisiswhere we make the insertion by alocating a new node
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Figure 11: A point quadtree and the records it represents corresponding to the data
of Figure 1: (a) the resulting partition of space, and (b) the tree representation.

t containing » and make ¢ an s son of node ¢. The only difference from the binary search tree isthe need to
perform four-way comparisons at each node of the tree. In particular, at each node ¢ with key values (e, f)
we must determine the quadrant of the subtree rooted at ¢ in which r lies. Thisis done by determining the
position of point (a, b) with respect to (e, f). For example, the tree in Figure 11 was built for the sequence
Chicago,Mobile, Toronto,Buffalo,Denver, Omaha, Atlanta, and Miami. Figure 12 showshow thetree
was constructed in an incremental fashion for these cities by giving the appropriate block decompositions.
In particular, Figure 12a corresponds to the tree after insertion of Chicago and Mobile, Figure 12b to the
tree after insertion of Toronto and Buffalo, Figure 12c to thetree after insertion of Denver and Omaha, and
Figure 12d to the tree after insertion of Atlanta.

To cope with data pointsthat lie directly on one of the quadrant lines emanating from a datapoint, say P,
we adopt the same conventionsthat were used for the grid method: thelower and |eft boundaries of each block
are closed while the upper and right boundaries of each block are open. For example, in Figure 11, insertion
of Memphis with coordinate vaues (35,20) would lead to its placement somewhere in quadrant SE of the
treerooted at Chicago (i.e, a (35,42)).

The amount of work expended in buildingapoint quadtreeisequal to thetota path length (TPL) [72] of the
treeasit reflects the cost of searching for al of theelements. Finkel and Bentley [37] have shown empirically
that the TPL of a point quadtree under random insertionisroughly proportional to NV -log, N, whichyieldsan
average cost O(log, N) of inserting, aswell as searching for (i.e., apoint query), apoint. The extreme caseis
much worse (see Exercise 9) and isafunction of the shape of the resulting point quadtree. Thisis dependent
on theorder inwhich nodesareinserted intoit. The worst case arises when each successive nodeisthe son of
the currently deepest node in thetree. Consequently, there has been some interest in reducing the TPL. Two
techniques for achieving this reduction are described bel ow.

Finkel and Bentley [37] propose one approach that assumes that all the nodes are known a priori. They
define an optimized point quadtree so that given anode A, no subtree of A accounts for more than one half
of thenodesin thetreerooted at A. Building an optimized point quadtree from afile requires that the records
in the file be sorted primarily by one key and secondarily by the other key. The root of thetreeis set to the
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Figure 12: Sequence of partial block decompositions showing how a point quadtree
is built when adding (a) Chicago and Mobile, (b) Toronto and Buffalo, (c) Denver
and Omaha, and (d) Atlanta corresponding to the data of Figure 1.

median value of the sorted file and the remaining records are regrouped into four subcollectionsthat will form
the four subtrees of A. The processis applied recursively to the four subtrees.

The reason that thistechnique worksisthat al records preceding A inthe sorted list will liein the Nw and
SW quadrants (assuming that the 2 coordinate value serves as the primary key) and all records following A
will liein the NE and SE quadrants. Thus, the requirement that no subtree can contain more than one half of
the total number of nodes is fulfilled. Of course, this construction method still does not guarantee that the
resulting tree will be complete'® (see Exercise 3).

13 A t-ary tree containing N nodes is complete if we can map it onto a one-dimensional array so that the first element consists of the
root, the next + elements are the rootsof its ¢ subtrees ordered from left to right, the next ¢ elements are theroots of all of the subtrees of
the previous ¢ elements again ordered from left to right, etc. This process stops once N is exhausted. Thus, each level of the tree, with
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The optimized point quadtree requires that all of the data points are known a priori. Overmars and van
Leeuwen [111] discuss an alternative approach which is a dynamic formulation of the above method — that
is, the optimized point quadtree is built as the data points are inserted into it. The algorithmis similar to the
one used to construct the conventional point quadtree, except that every timethetreefailsto meet apredefined
balance criterion, the tree is partially reba anced using techniques similar to those devel oped by Finkel and
Bentley to build the optimized point quadtree. For more details, see Exercise 6.

Exercises

Assume that each point in a point quadtree is implemented as a record of type node containing six fields.
The firgt four fields contain pointers to the node’s four sons corresponding to the directions (i.e., quad-
rants) W, NE, SW, and SE. If P isapointer to anodeand I isaquadrant, then thesefields are referenced as
SON(P,]). We can determine the specific quadrantinwhichanode, say P, liesrelativetoitsfather by use of
the function SONTYPE(P), which has avalue of [ if SON(FATHER(F),/)= P. XCOORD and YCOORD contain
the values of the « and y coordinates, respectively, of the point. The empty point quadtree is represented
by NIL.

1. Give an dgorithm PT_COMPARE to determine the quadrant of a quadtree rooted at » in which point p
lies.

2. GiveanagorithmPT_INSERTtoinsert apoint p inapoint quadtreerooted at noder. Make use of proce-
durePT_COMPARE from Exercise 1. Thereisno need to make useof theSONTYPE function.

3. Supposethat you could construct the optimized point quadtree (i.e., minimal depth) for N nodes. What
is the worst-case depth of an optimized point quadtree?

4. What isthe maximum TPL in an optimized point quadtree?
5. Anayzetherunningtimeof thea gorithmfor constructing an optimized point quadtree.

6. Inthetext, weintimated that the optimized point quadtree can a so be constructed dynamically. Given
6 (0 < & < 1), we stipulate that every nonleaf node with atotal of m nodesin its subtrees has at most
[m/(2—6)] nodesin each subtree. Giveanagorithmto construct such apoint quadtree.

7. Provethat thedepth of the optimized point quadtree constructedin Exercise 6 isawaysat mostlog, _ s n+
O(1) and that the average insertion time in an initially empty data structureis O(@). n denotes
the number of nodes currently in the tree and NV isthe total number of nodes that have been inserted.

8. The TPL can aso be reduced by applying baancing operators ana ogous to those used to balance bi-
nary search trees. Give the point quadtree anal ogs of the single and double rotation operators [73, p.
454].

9. What isthe worst-case cost of building a point quadtree of N nodes?

4.1.2 De€etion

There are severa ways of deleting nodes in two-dimensional point quadtrees. The first, suggested by Finkel
and Bentley [37], is quite simple in that we reinsert all nodes of the tree rooted at the deleted node. Thisis
usualy avery expensive process, unlessthe deleted node is aleaf node or its sons are leaf nodes. In the rest
of this section we describe a more complex, and more efficient, process developed by Samet [121]. It may be
skipped on an initia reading.

the exception of the deepest level, contains a maximum number of nodes. The deepest level is partially full but has no empty positions
when using this array mapping. For more details, see Knuth [72, pp. 400-401] as well as Section ?? of Chapter ??.
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Figure 13: ldealized point quadtree deletion situation.

Ideally, we want to replace thedeleted node (say A at (z 4, y4)) Withanode(say B at (¢p, yg)), such that
the region between thelinesz = x4 and « = 2 and the region between thelinesy = y4 andy = yg are
empty. The shaded areain Figure 13illustratesthisconcept for nodes A and B in that A is deleted and replaced
by B. We use the term hatched to describe the region that we would like to be empty. Unfortunately, finding
a node that will lead to an empty hatched region involves a considerable amount of search. In fact, it isnot
uncommon that such anodefailsto exist (e.g., when deleting node 4 in Figure 14).
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Figure 14: A point quadtree and the records it represents: (a) the resulting partition
of space, and (b) the tree representation.

The agorithm we describe proceeds in a manner analogous to the method for binary search trees. For
example, for the binary search tree of Figure 15, when node 4 isto be deleted, it can be replaced by one of
nodesD or G — thetwo ‘ closest’ nodesin value. In the case of a point quadtree (e.g., Figure 14), it isnot clear
which of the remaining nodes should replace 4. Thisis because no node is simultaneously the closest in both
the # and y directions. We notice that no matter which of the nodesis chosen, some of the nodeswill assume
different positionsin the new tree. For example, in Figure 14, if L replaced 4, then J would no longer occupy
the ¥'w quadrant with respect to the root (whichisnow L instead of 4) and, thus, J would need to bereinserted,
along with some of its subtrees, in the quadrant rooted at F. Similarly, E and I would have to be reinserted,
along with some of their subtrees, in the quadrant rooted at §.

Figure 15: Example binary search tree.
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Our agorithm determines four candidate nodes for the replacement node, one for each quadrant, as fol-
lows. Let theprimitive0PQUAD(7) denotethequadrant that is180 degreesapart from quadrant ¢ (e.g., OPQUAD(*NW')="SE’).
The candidate in quadrant : of theroot  isobtained by starting at the node SoN(r,¢) and repeatedly following
the branch corresponding to 0PQUAD(?) until encountering a node having no subtree aong this branch. Fig-
ure 16 shows how nodeD issel ected asthe candidate node from the NE quadrant of node A. Asamore complex
example, in Figure 14, the candidates are B, J, M1, and N.

Figure 16: Example of the application of the FIND_CANDIDATEprocedure to the NE
quadrant of node A.

Once the set of candidate nodesisfound, an attempt is made to find the ‘best’ candidate, which becomes
the replacement node. There aretwo criteriafor choosing the best candidate. Criterion 1 stipulatesthe choice
of the candidate that is closer to each of its bordering axes than any other candidate which ison the same side
of these axes, if such a candidate exists. For example, in Figure 14, node B isthe best candidate according to
this criterion. Note that the situation may arise that no candidate satisfies criterion 1 (e.g., Figure 17 or that
severa candidates satisfy it (e.g., B and D in Figure 18). In such a case, the candidate with the minimum L
metric valueischosen. Thisiscaled criterion 2. It isaso known as the city block metric (or the Manhattan
metric).

Figure 18: Example of a point quadtree with two nodes being ‘closest’ to their
bordering axes.

The L; metric is the sum of the displacements from the bordering = and y axes. To justify its use, we
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assume that the nodes are uniformly distributed in the two-dimensional space. Our goal is to minimize the
area which is obtained by removing from the hatched region the rectangle whose opposite vertices are the
root and candidate nodes (e.g., nodes 4 and B, respectively, in Figure 13).

Assume that the two-dimensional space is finite, having sides of length Ly and Ly paralel to the z and
y axes, respectively. Let this space be centered at the node to be deleted. Assume further that the candidate
nodeisat adistanceof dx anddy fromthex and y axes, respectively. Under these assumptions, theremaining
areaisly - dy + Ly - dx — 2 - dx - Ly (see Figure 19). We can ignore the area of the rectangle with sides dx
and dy because the candidate selection process guarantees that it isempty. AsLx and Ly increase, as occurs
in the general problem domain, the contribution of the 2 - dx - dy term becomes negligible and the areais
proportional to the sum of dx and dy**.
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Figure 19: Example of a two-dimensional space.

Criterion 2 isnot sufficient by itself to insurethat the sel ected candidate partitionsthe space so the hatched
region contains no other candidate. For example, see Figure 20, in which 0 has been deleted and A satisfies
criterion 2 but only ¢ satisfies criterion 1. A pair of axes through ¢ leaves al other candidates outside the
hatched region, while a pair of axes through 4 resultsin B being in the hatched region.
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Figure 20: Example of the insufficiency of criterion 2 for an empty hatched region.

If no candidateisfound to satisfy criterion 1, then criterion 2 guarantees that at least one of the candidates,
say X, hasthe property that no morethan one of the remai ning candi dates occupi esthe hatched region between
the original axes and the axes passing through X'. To seethis, we examine Figure 17 and note that whichever
candidateis selected to be the new root (say € inthe Iw quadrant), then the candidate in the opposite quadrant
(i.e, SE) liesoutside of the hatched region. In addition, the candidate in aquadrant on the same side of an axis
asisc, and to which axis C iscloser (i.e., B) lies outside of the hatched region.

We are now ready to present the deletion algorithm. It makes use of the properties of the space obtained
by the new partition to reduce the number of nodesrequiringreinsertion. The agorithm consists of two proce-
duresADJQUAD and NEWROOT. Let A bethenodeto bedel eted and let / bethequadrant of thetree containing B,
thereplacement nodefor A. Notethat no nodesin quadrant 0PQUAD(/) need to bereinserted. Now, separately

14 Actually, this statement only holdsfor Lx = Ly. However, this approximation is adequate for the purpose of this discussion.
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process the two quadrants adjacent lateraly to quadrant 7 using procedure ADJQUAD, followed by application
of procedure NEWROOT to quadrant /.

Procedure ADJQUAD proceeds as follows. Examine theroot of the quadrant, say R. If R liesoutside of the
hatched region, then two subquadrants can automatically remain in the quadrant and need no further process-
ing while the remaining subquadrants are separately processed by arecursive invocation of ADJQUAD. Other-
wise, the entire quadrant must be reinserted in the quadtree which was formerly rooted at A.

As an example of the effect of applying ADJQUAD to the two quadrants laterally adjacent to the quadrant
containing the replacement node, consider Figure 14 where node 4 is deleted and replaced by node B in the
NE quadrant. J and the subquadrant rooted at K remain in the Nw quadrant, while the subquadrant rooted at L
isrecursively processed. Eventualy, L. must be reinserted inthetree rooted at M. The SE quadrant of A (rooted
at IN) does not require reinsertion. The result of these manipulationsis given in Figure 21 which shows the
outcome of theentire del etion. Below, we explain how the contents of the quadrant contai ning the replacement
node have been processed (i.e., I or NE in the example of Figure 14).
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Figure 21: Result of deleting node A from the point quadtree of Figure 14 and
replacing it with node B: (a) the resulting partition of space, and (b) the tree
representation.

Once the nodesin the quadrants adjacent to quadrant / have been processed by ADJQUAD we apply proce-
dure NEWROOT to thenodesin 7. Clearly, al of the nodesin subquadrant I of 7 will retain their position. Thus
NEWROOT must only be applied to the remaining subquadrants of /. NEWROOT starts by invoking ADJQUAD to
process the subquadrants adjacent laterally to subquadrant 7. Thisis followed by an iterative reinvokation
of NEWROOT to subquadrant 0PQUAD(/). This iterative reinvokation process continues until an empty link in
direction 0PQUAD(/) isencountered (i.e., at thispointwe are at B, the node replacing the deleted node). Now,
insert the nodes in the subquadrants adjacent to subquadrant 7 of the tree rooted at B in the quadrants adja
cent to quadrant / of thetreerootedat A. Recall that by virtueof the candidate sel ection process, subquadrant
0PQUAD(/) of thetree rooted at B is empty. Also, subquadrant / of thetree rooted at B replaces subquadrant
0PQUAD(/) of the previous father node of B.

Figure 22 illustrates the subquadrants that NEWROOT calls ADJQUAD (labeled ADJ) to process when node
0 is deleted and the resulting tree is rooted at node 4. For the example of Figure 14 where node 4 is deleted
and whose result isshown in Figure 21, application of NEWROOT resultsin the treerooted at G being left alone.
Treesrooted at H and I are processed by ADJQUAD. Treesrooted at D and E are reinserted in quadrants Nw and
SE, respectively. The tree rooted at C replaces B as the son of F in subquadrant Sw.

Theoretical and empirical resultsfor the above del etion method are described by Samet [121]. It isshown
theoretically that for data that is uniformly distributed, the average number of nodes requiring reinsertion is
reduced by a factor of 5/6 (i.e., 83%) when the replacement node satisfies criterial and 2. The relaxation of
the requirement that the replacement node must satisfy criteria 1 and 2, and its substitution by a selection at
random of one of the candidates as the replacement node, caused the factor by which the average number of
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Figure 22: Subquadrants processed by procedure ADJQUAD (labeled ADJ) when
node 0 is deleted and replaced by node 4.

nodes required reinsertion to decrease to 2/3 (i.e., 67%). Of course, the candidate sel ection process becomes
considerably simpler in this case.

The empirical testsled to the following interesting observations. First, the number of comparison opera
tionsis proportional to log, N versus a considerably larger factor when using the deletion method of Finkel
and Bentley [37]. Second, thetotal path length of thetree after deletion using Samet’s method [121] decreases
dightly, whereas when Finkel and Bentley’s method [37] isused, the total path length increases significantly.
Thisdataisimportant because it correlates with the effective search time (see aso [16, 84]). In other words,
the smaller thetotal path length, the faster a node can be accessed.

It isinteresting to observe that one of the main reasons for the complexity of deletionin point quadtreesis
the fact that the data pointsalso serve to partition the space from which they are drawn. The pseudo quadtree
of Overmars and van Leeuwen [111] simplifies deletion by using arbitrary points, not in the set of data points
being represented, for the partitioning process. The pseudo quadtreeis constructed by repeatedly partitioning
the space into quadrants, subquadrants, etc., until each subquadrant contains at most one data point of the
origina set. This means that the data points occur as leaf nodes of the pseudo quadtree. The partition points
are chosen in amanner that splitsthe remaining set in the most balanced way.

Overmars and van Leeuwen show that for any N data pointsin a d-dimensiona space, there exists a par-
titioning point such that every quadrant containsat most [ N/(d + 1)] datapoints. They aso demonstrate that
the resulting pseudo quadtree has a depth of at most [log,, ; N and can be builtin O(N -log,,; N) time.
For example, Figure 23 isthe pseudo quadtree corresponding to the data of Figure 1. Efficient deletion and
insertion in a pseudo quadtree requires that the bound on the depth be weakened dightly (see Exercise 15).

Exercises

1. Assuming the same quadtree nodeimplementation asin the Exercisesin Section 4.1.1, and that p points
to the son in quadrant ¢ of the node to be deleted, give an algorithm FIND_CANDIDATE to find the can-
didatein quadrant q.

2. Assumingthe same quadtree nodeimplementation asin the Exercisesin Section4.1.1, givean agorithm
PT_DELETE for deleting apoint stored in anode p from a point quadtree rooted at noder. The node does
not have aFATHER field although you may make use of the SONTYPE function. Make use of procedure
PT_COMPARE from Exercise 1. ProcedurePT_DELETE implementsproceduresAD JQUAD and NEWROOT as
described inthetext. You can simplify thetask by making use of primitivesCQUAD(¢) and CCQUAD(gq) to
yield the adjacent quadrantsin the clockwise and counterclockwise directions, respectively, to quadrant
q. Also, assume the existence of procedure INSERT_QUADRANT(¢,p) which inserts the nodes of the sub-
treerooted at nodet inthesubtreerooted a nodep.
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Figure 23: A pseudo quadtree and the records it represents corresponding to the
data of Figure 1: (a) the resulting partition of space, and (b) the tree representation.

3. Supposethat apoint quadtree node isimplemented as arecord with aFATHER field contai ning a pointer
toitsfather. Modify procedure PT_DELETE in the solution to Exercise 2 to take advantage of thisaddi-
tiona field.

4. Let T beatreecontaining N nodeswith TPL(7") denotingitstotal path length. Provethat the sum of the
sizesof itssubtreesisTPL(7")+/V. Show that thisresult holdsfor binary search treesand point quadtrees
aswell.

5. Define anontrivial subtree to be a subtree with two or more nonempty subtrees. Let (V) be the ex-
pected nontrivial subtree size in a complete point quadtree of N nodes. Prove that as N gets large,
Q(N)is4-log, (3 - N)—4/3. Donot taketheroot of the subtreeinto account. Notethat Q(V) isthe
cost of deletion when the method of Finkel and Bentley [37] isused. A complete point quadtreeisused
because such a configuration minimizes the average cost of deletion in this case since, recalling Exer-
cise 4, the sum of the subtree sizes for agiventree’I" containing NV hodesis TPL(7)+N. Thisquantity
isat aminimum when 7" isacomplete tree.

6. Assuming a complete point quadtree of N nodes, let »( V) denote the proportion of nodes that do not
require reinsertion when using the deletion method of Samet [121]. Let A and B be the deleted and
replacement node respectively where B is a hode returned by the candidate selection procedure (see
procedure FIND_CANDIDATE in Exercise 1). Assume further that the nodes are partitioned uniformly
throughout the partition of the two-dimensional spacerooted at A. Use values of 1/2 for the probability
that a node needs to be reinserted. Show that when B satisfies criteria 1 and 2, then »(N') is 5/6 or
3/4 depending on whether none of the adjacent quadrants have their candidate replacement nodein the
hatched region or not. Similarly, show that »( V') is 2/3 when the replacement node is chosen at random
from the set of nodes returned by procedure FIND_CANDIDATE.

7. Can you prove that the point quadtree deletion a gorithm encoded given by procedures ADJQUAD and
NEWROOT isO(log, N)?

8. Why do the resulting trees get bushier when the point quadtree node del etion al gorithm given by pro-
cedures ADJQUAD and NEWROOT isused?

9. Extend the deletion method of Samet [121] to handle d-dimensiona point quadtreesand compute (N ).
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10. Write an agorithm, BUILD_PSEUDO_QUADTREE, to construct a pseudo quadtree for two-dimensional
data

11. Given aset of N pointsin d-dimensiona space, prove that there exists a partitioning point such that
every quadrant contains [N/(d + 1)] points.

12. Givenaset of N pointsin d-dimensional space, provethat there exists a pseudo quadtree for it with a
depth of a most [log,;,; N].

13. Show that the upper bound obtained in Exercise 12 isastrict upper bound in that there exists a configu-
rationof V' pointssuch that thereis no corresponding pseudo quadtree with depth lessthan [log;, ; N1.

14. Provethat the pseudo quadtree of Exercise 12 can be builtin O(N - log,,; N') time.

15. Provethat for any fixed 6 (0 < 6 < 1) thereisan agorithm to perform N insertions and deletionsin
aninitially empty d-dimensional pseudo quadtree such that its depth is always at most log,;,;_sn +
O(1) and that the average transaction time is bounded by O(@). n denotes the number of nodes
currently in thetree.

413 Search

The point quadtree, aswell as thetrie-based quadtree, issuited for applicationsthat involve proximity search.
A typical query is one that requests the determination of all nodes within a specified distance of a given data
point — such as, al cities within 50 miles of Washington, D.C. Since the mechanics of the search are the
same for both point and trie-based quadtrees, in the rest of this discussion we use the term quadtree unless
a distinction between the different quadtrees is necessary, in which case we restore the appropriate qualifier.
The efficiency of the quadtree data structureliesin itsrole as a pruning device on the amount of search that is
required. Thus, many records will not need to be examined.

For example, suppose that in the hypothetical database of Figure 1 we wish to find all cities within eight
units of a data point with coordinate values (83,10). In such a case, there is no need to search the Nw, NE,
and sw quadrants of the root (i.e., Chicago located at (35,42)). Thus, we can restrict our search to the SE
quadrant of the tree rooted at Chicago. Similarly, there is no need to search the Iw and sw quadrants of the
treerooted at Mobile (i.e., located at (52,10)).

As a further illustration of the amount of pruning of the search space that is achievable by use of the
quadtree, we make use of Figure 24. In particular, given the problem of finding all nodes within radiusr of
point 4, use of the figure indicates which quadrants need not be examined when the root of the search space,
say R, isinone of the numbered regions. For example, if R isinregion 9, then dl but itsiw quadrants must
be searched. If R isinregion 7, then the search can be restricted to the Nw and NE quadrantsof R.

Similar techniques can be used to search for data pointsin any connected figure. For example, Finkel and
Bentley [37] givea gorithmsfor searching withinarectangular window of arbitrary size. These adgorithmsare
more generd than the query that we examined here asthey are applicableto both locationa and nonlocational
data. For example, such a a query would seek to find all cities within 50 miles of the latitude position of
Washington, DC and within 50 miles of the longitude position of Washington, DC. The difference between
these two formulationsof the query isthat the former admitsa circular search region whilethelatter admits a
rectangular search region. In particular, thelatter query isapplicableto both locationa and nonlocational data
whiletheformer isonly applicableto locational data. As aconcrete example, supposethat wewishto find all
people of height between 5 and 6 feet (152.4 and 182.88 cm) and of weight between 150 and 180 pounds (68
and 82 kg).

To handle more complex search regions such as those formed by arbitrary hyperplanes (rather than ones
that are parallel to one of the attribute axes as in our examples) as well as convex polygons, Willard [146]
defines a polygon tree where the x-y plane is subdivided by .J lines that need not be orthogonal, although
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Figure 24: Relationship between a circular search space and the regions in which a
root of a quadtree may reside.

there are other restrictions on these lines (see Exercise 6). When J = 2, the result is a point quadtree with
nonorthogonal axes.

Thus, we see that quadtrees can be used to handleall three types of queries specified by Knuth[73]. Range
and Bool ean queries are described immediately above whilesimple queries(e.g., what city islocated at agiven
pair of coordinate values) are a byproduct of the point quadtree insertion process described earlier. Nearest
neighbor queries as well as k-nearest neighbor queries are also feasible [59].

The cost of search in apoint quadtree has been studied by Bentley, Stanat, and Williams [16] (see Exer-
cise 2) and Lee and Wong [84]. In particular, Lee and Wong show that in the worst case, range searching in
a compl ete two-dimensional point quadtree takes O(2 - N''/?) time. This result can be extended to d dimen-
sionstotake O(d - N'=*/4) time, and is derived in a manner analogous to that for ak-d tree as discussed in
Section 5. Notethat complete point quadtrees are not aways achievable asseen in Exercise 3in Section 4.1.1.
Partial range queries can be handled in the same way as range searching. Lee and Wong [84] show that when
ranges for s out of d keys are specified, then the algorithm has aworst case running time of O(s - N1=1/4),

Exercises

1. Writeaprocedure PT_REGION_SEARCH which performsaregion search for acircular region in a point
quadtree. Repeat for arectangular region.

2. Bentley and Stanat [15] define a perfect point quadtree of height m as a point quadtree that (1) has 4°
nodes at level m — i wheretherootisat level m, 0 < i < m — 1, and (2) every nodeis at the centroid
of the finite space spanned by its subtrees. Assume a search space of [0, 1]% and a rectangular search
region of sidesof length  and y where » and y arein [0,1]. Find the expected number of nodesthat are
visited in a perfect point quadtree of height = when a region search procedure is applied to the above
search region.

3. Bentley and Stanat [15] also define the concept of overwork of a search algorithm as the difference be-
tween the number of records visited and the number of records in the search region. Assume a search
space of [0, 1] with N records and a square search region of side length = where z isin[0,1]. Compare
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theamount of overwork for aninvertedlist (i.e., invertedfile) and aperfect point quadtree.

4. Provethat the worst case running time for a partial range query such that ranges for s out of d keysare
specified isO(s - N1=1/4),

5. Perform an average case analysisfor aregion query in a point quadtree.

6. What aretherestrictionson the choice of subdivisionlinesin Willard’spolygontree[146]?

4.2 Trie-based Quadtrees

From Section 4.1 we saw that for the poi nt quadtree, the poi ntsof decomposition are the data pointsthemselves
(e.g., inFigure1l, chicago at location (35,42) subdividesthe two-dimensional space into four rectangular
regions). Requiring that the regions resulting from the subdivision process be of equal size (congruent, to be
precise) leads to atrie-based quadtree.

Trie-based quadtreesare closaly rel ated to theregion quadtree representation of region data(see Section ??
in Chapter ??). Region quadtrees are built on the basis of recursively decomposing aregion into four congru-
ent blocksand stopping the decompositionwhenever the block ishomogeneous. Inthe case of region data, the
homogeneity condition usually means that the area spanned by the block belongs to just one region (assum-
ing that the underlying regions do not overlap). For example, Figure 25 shows aregion and its corresponding
region quadtree. There are many possible adaptations of the homogeneity condition for point data. For ex-
ample, if we treat the points as € ements in a square matrix, then the homogeneity condition could be that the
block contains no more than & nonzero elements (when & = 1, we have a PR quadtree). Alternatively, we
could stipulatethat all elementsin the block must be zero, or that the block contains just one element and this
single e ement must be nonzero (an MX quadtree).

Although conceivably there are many other ways of adapting the region quadtree to represent point data,
our presentation focuses on the MX and PR quadtrees. In particular, we discuss the MX quadtree in Sec-
tion 4.2.1 and the PR quadtreein Section 4.2.2. We outline how they are created and updated as well as give
abrief review of some of their applications. We omit a discussion of search operations because they are per-
formed in the same manner as in point quadtree (see Section 4.1.3).

421 MX Quadtrees

There are a number of ways of adapting the region quadtree to represent point data. If the domain of the
data pointsis discrete and al attribute values are discrete and have the same type and range, then we can
treat the data pointsas if they were black pixelsin aregion quadtree corresponding to a square image. An
aternative characterization isto treat the data pointsas nonzero e ementsin asquare matrix. We shall usethis
characterization in the subsequent discussion. In fact, we use the term MX quadtree to describe the structure
on account of the analogy to the matrix (where MX denotes matrix), athough the term MX quadtrie would
probably be more appropriate.

The MX quadtreeis organized in a similar way to the region quadtree. The differenceis that leaf nodes
are black ccorresponding to regionsof size 1 x 1, or empty (i.e., white and represented by NIL) in which
case there is no restriction on their size. The leaf nodes correspond to the presence or absence, respectively,
of adata point in the appropriate positionin the matrix. For example, Figure 26 isthe 23 x 23 MX quadtree
corresponding to the data of Figure 1. It is obtained by applying the mapping f suchthat f(z) = z =~ 12.5 to
both « and y coordinate values. The result of the mapping is reflected in the coordinate valuesin the figure.

Each datapointinan MX quadtree correspondstoal x 1 square. For ease of notation and operation using
modulo and integer division operations, the data point is associated with the lower left corner of the square.
This adheresto the general convention followed throughout the text that the lower and | eft boundaries of each
block are closed whilethe upper and right boundaries of each block are open. We a so assume that the lower
left corner of the matrix is located at (0,0). Note that, unlike the region quadtree, when a nonleaf node has
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Figure 25: (a) Sample region, (b) its binary array representation, (¢) its maxi-
mal blocks with the blocks in the region being shaded, and (d) the corresponding
quadtree.

four black sons, they are not merged. Thisis natural since a merger of such nodes would lead to a loss of
theidentifyinginformation about the data points, as each datapoint is different. On the other hand, the empty
leaf nodes have the absence of information as their common property, so, four white sons of a nonleaf node
can be safely merged.

Data pointsareinsertedinto an MX quadtree by searching for them. Thissearch isbased on thelocation of
thedatapointinthematrix (e.g., thediscretized valuesof itsz and y coordinatesin our city database exampl ).
It is achieved by recursively descending the tree while comparing the location of the point with the implied
coordinate values'® of theroot of the subtree being descended. The result of thiscomparison indicates which
of the four subtreesisto be descended next. The search terminates when we have encountered a leaf node. If
thisleaf nodeis occupied by another record s, then s is replaced by a record corresponding to the data point
being inserted (although the location is the same, some of the nonlocationa attribute information may have
changed). If the leaf node isNIL, then we may have to repeatedly subdivide the space spanned by it until it
isal x 1 square. Thiswill result in the creation of nonleaf nodes. This operation istermed splitting. For a
2" x 2" MX quadtree, splittingwill have to be performed at most » times.

The shape of theresulting MX quadtreeisindependent of the order in which data pointsare inserted into
it. However, the shapes of the intermediate trees do depend on the order. For example, Figure 27a-d shows
how the tree was constructed in incremental fashion for Chicago, Mobile, Toronto, and Buffaloby giving
the appropriate block decompositions.

Deletion of nodesfromM X quadtreesis considerably simpler thanfor point quadtreessince al recordsare
storedintheleaf nodes. Thismeansthat we don’t have to be concerned with rearranging thetree asisnecessary
when arecord stored in anonleaf node is being deleted from a point quadtree. For example, to delete Omaha

15The coordinate values are implied becausethey are not stored explicitly as they can be derived from knowledge of the width of the
space spanned by the MX quadtree and the path from the root that has been descended. Thisis one of the properties of atrie.
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Figure 26: An MX quadtree and the records it represents corresponding to the data
of Figure 1: (a) the resulting partition of space, and (b) the tree representation.

fromthe M X quadtree of Figure 26 we simply set the S son of itsfather node, H, to NIL. Deleting Torontois
slightly more complicated. Settingthe sw son of itsfather node, E, toNIL isnot enough. Wemust also perform
merging because all four sonsof E are NIL after deletion of Toronto. Thisleadsto replacing theNw son of E's
father, B, by NIL and returning nonleaf node E to the free storage list. This processis termed collapsing and
isthe counterpart of the splitting operation that was necessary when inserting arecord inan MX quadtree.

Collapsing may take place over several levels. In essence, we apply the collapsing process repeatedly
until encountering a nearest common ancestor with an additional non-NIL son. As collapsing takes place, the
affected nonleaf nodes are returned to the free storage list. For example, suppose that after deleting Toronto
from Figure 26 we also delete Buffalo. The subsequent deletion of Buffalo means that nodesF and B are
subjected to the collapsing process with the result that the NE son of node 4 isset to NIL and nonleaf nodes B
and F arereturned to the free storage list. The execution time of the deletion process is bounded by two times
the depth of the quadtree. This upper bound is attained when the nearest common ancestor for the collapsing
processisthe root node.

Performing arange search in an M X quadtreeisdonein the same way asin the point quadtree. The worst-
case cost of searching for al pointsthat lie in a rectangle whose sides are paralel to the quadrant linesis
O(F + 2™) where I isthe number of pointsfound and » isthe maximum depth (see Exercise 5).

The MX quadtree is used in a number of applications. It can serve asthe basis of a quadtree matrix ma-
nipul ation system (see Exercises 6-10). The god isto take advantage of the sparseness of matricesto achieve
space and executiontime efficiencies (e.g., [1, 148, 149]. Algorithmsfor matrix transpositionand matrix mul-
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Figure 27: Sequence of partial block decompositions showing how an MX quadtree
is built when adding (a) Chicago, (b) Mobile, (c) Toronto, and (d) Buffalo corre-
sponding to the data of Figure 1.

tiplicationthat take advantage of the recursive decomposition are easy to develop. Letelier [85] makes use of
theM X quadtreetorepresent silhouettesof hand motionsto aid in thetel ephoni ctransmission of signlanguage
for the hearing impaired. The region quadtree formulation of Hunter and Steiglitz [61, 63] (see Sections ??
of Chapter ?? and ?? of Chapter ?7?) utilizes athree color variant of the MX quadtree to represent digitized
simple polygons. De Coulon and Johnsen [25] describe the use of the M X quadtreein the coding of black and
white facsimiles for efficient transmission of images.

Exercises
In the following exercises assume that each point in an MX quadtree isimplemented as a record of type

node containing five fields. The first four fields contain pointers to the node’s four sons corresponding to
thedirections(i.e., quadrants) Nw, NE, SW, and SE. If P isapointer to anodeand / isaquadrant, then these
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fields are referenced as SoN(P,/). The fifth field, NODETYPE, indicates whether the node contains a data
point (BLACK), is empty (WHITE), or isanonleaf node (GRAY). Thereis no need to store information about
the coordinate values of the data point since thisis derivable from the path to the node from the root of the
MX quadtree. The empty MX quadtreeis represented by NIL.

1. Givean algorithmMX_COMPARE to determine the quadrant of ablock of width 2 x w centered at (w, w)
inwhich apoint (z, y) lies.

2. Give an agorithm MX_INSERT for inserting a point p in an MX quadtree rooted at node r that spans a
space of widthw. Makeuse of procedureMX_COMPARE from Exercise 1.

3. Givean dgorithmMX_DELETE for deleting datapoint («, ¥) from an MX quadtreerooted a node r that
spansaspace of widthw. Make useof procedureMX _COMPARE from Exercise 1.

4. Write an agorithm to perform arange search for arectangular regionin an MX quadtree.

5. Show that the worst-case cost of performing arange search in an MX quadtree isO(F + 2" ), where
I is the number of points found and » is the maximum depth. Assume a rectangular query region.

6. Letting ¢;; and b;; denote the e ements of row ¢ and column j of matrices A and B, respectively, then
the transpose of matrix A is the matrix B with b;; = a;;. Give an agorithm to transpose a matrix
represented by an MX quadtree.

7. How many interchange operations are needed to transpose an M X quadtree representation of a2” x 27
matrix so that it isnot sparse (i.e, al blocksare of size 1)?

8. Compare the savings in space and time requirements when a matrix is represented as an MX quadtree
and as an array. Use the time required to perform a transpose operation as the basis of the comparison.
You should assume the worst case which occurs when thereis no sparseness (i.e., dl blocksare of size
1).

9. Givean agorithmfor multiplyingtwo matrices storedasM X quadtrees.

10. Unlessthereisalarge number of square blocks of zeros, the MX quadtreeis not a particularly attrac-
tive representation for matrix multiplication. The problemis that thisisinherently arow and column
operation. One possiblealternativeisto make use of arunlength representation (see Section ?? of Chap-
ter ??). Thisis aone-dimensional aggregation of consecutive identically-vaued elements into blocks.
The problemisthat we would ideally like to have both the rows and columns encoded using thistech-
nique. Canyou seeaproblemwithusing such adual representation?

422 PR Quadtrees

TheMX quadtreeisfeasibleas|ong asthe domain of the datapointsisdiscrete andfinite. If thisisnot thecase,
then the data points can not be represented using the M X quadtree because the minimum separation between
the data pointsis unknown. This observation leads to an alternative adaptation of the region quadtree to point
data, which associates data points (which need not be discrete) with quadrants. We call it a PR quadtree (P
for point and R for region) although the term PR quadtrie would probably be more appropriate.

The PR quadtree is organized in the same way as the region quadtree. The difference isthat leaf nodes
are either empty (i.e, white) or contain a data point (i.e., black) and its coordinate values. A leaf node's
corresponding block containsat most onedatapoint. For example, Figure 28isthe PR quadtree corresponding
to the dataof Figure 1. To cope with data pointsthat lie directly on one of the quadrant lines emanating from
asubdivision point, we adopt the convention that thelower and | eft boundaries of each block are closed while
the upper and right boundaries of each block are open. For example, in Figure 28, apoint located a (50,30)
would liein quadrant SE of thetree rooted at (50,50).
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Figure 28: A PR quadtree and the records it represents corresponding to the data
of Figure 1: (a) the resulting partition of space, and (b) the tree representation.

A record r corresponding to data point («, b) isinserted into a PR quadtree by searching for it. Thisis
achieved by recursively descending thetree by comparing thelocation of the point with thel ocation of theroot
of the subtree being descended. Note that thelocations of theroots of the subtrees are not stored explicitly in
the tree as they can be derived from knowledge of the space spanned by the PR quadtree and the path from
the root that has been descended so far (thisis one of the properties of atrie). If such anodet exists (i.e.,
containing (a, b)), then r replaces the record associated with ¢.

Actualy, we don’t really search for ». Instead, we search for the block % in which » belongs (i.e., aleaf
node). If h isalready occupied by another record s with different « and y coordinate values, say (¢, d), then
we must subdivide the block repeatedly (termed splitting) until records » and s no longer occupy the same
block. Thismay cause alarge number of subdivision operations, especialy if the two points («, b) and (¢, d)
are both contained in avery small quadtree block. A necessary, but not sufficient, condition for thissituation
to ariseisthat the Euclidean distance between (a, b) and (¢, d) isvery small. Asaresult, weobservethat every
nonleaf nodein aPR quadtree of adataset consisting of more than one data point has at least two descendant
leaf nodes that contain data points.

It should beclear that the shape of the resulting PR quadtreeisindependent of the order in which data points
are inserted into it. However, the shapes of the intermediate trees do depend on the order. For example, the
treein Figure28 washuilt for thesequenceChicago,Mobile, Toronto,Buffalo,Denver, Omaha, Atlanta,
andMiami. Figure29a-d showshow thetreewas constructed in anincremental fashionfor Chicago,Mobile,
Toronto, and Buffalo by giving the appropriate block decompositions.

Deletion of nodes in PR quadtrees is considerably simpler than for point quadtrees since al records are
stored in the leaf nodes. This means that there is no need to be concerned with rearranging the tree as is nec-
essary when records stored in nonleaf nodes are being del eted from point quadtrees. For example, to delete
Mobile fromthe PR quadtree in Figure 28 we simply set the Sw son of itsfather node, D, toNIL.

Continuing thisexample, deleting Toronto is dightly more complicated. Setting the Nw son of itsfather
node, B, to NIL isnot enough since now we violate the property of the PR quadtree that each nonleaf nodein
a PR quadtree of more than one record has at least two descendant leaf nodesthat contain data points. Thus,
we must also reset the NE son of A to point to Buffalo and return nonleaf nodeB to the free storagelist. This
processistermed collapsing and isthe counterpart of the splitting operation that was necessary when inserting
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Figure 29: Sequence of partial block decompositions showing how a PR quadtree
is built when adding (a) Chicago, (b) Mobile, (c) Toronto, and (d) Buffalo corre-
sponding to the data of Figure 1.

arecord in aPR quadtree.

At thispoint, itisappropriateto elaborate further onthe collapsing process. Collapsing can only takeplace
when the del eted node has exactly one brother that isanon-NIL |eaf node, and has no brothersthat are nonl eaf
nodes. When this conditionis satisfied, we can perform the collapsing process repeatedly until encountering
the nearest common ancestor that has more than one son. As collapsing occurs, the affected nonleaf nodesare
returned to the free storage list.

As an example of collapsing, suppose that we delete Mobile and Atlanta in sequence from Figure 28.
The subsequent deletion of Atlanta resultsin Miami meeting the conditions for collapsing to take place.
Miami’s nearest ancestor with more than one son is A. The result of the collapsing of Miami isthat Miami
becomes the SE son of 4. Moreover, nonleaf nodes D and F become superfluous and are returned to the free
storage list. The execution time of the deletion process is bounded by two times the depth of the quadtree.
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This upper bound is achieved when the nearest ancestor for the collapsing process is the root node.

Analyzingthecost of insertionand del etion of nodesin a PR quadtree depends on thedata pointsalready in
thetree. In particular, thiscost is proportional to the maximum depth of thetree. For example, given asquare
region of side length s, such that the minimum Euclidean distance separating two pointsis d, the maximum
depth of the quadtree can be as high as [log,((s/d) - v/2)]. Assuming that the data points are drawn from a
grid of size 2" x 27, for N data pointsthe storage requirements can be ashighas O(N - n). Thisanaysisis
somewhat misleading as N and n do not necessarily grow in an independent manner. Often, the case is that
the storage requirements are proportional to N (see Exercises 5 and 6).

Performing a range search in a PR quadtree is done in basicaly the same way as in the MX and point
quadtrees. The worst-case cost of searching for al pointsthat lie in a rectangle whose sides are parallel to
the quadrant linesis O(F + 2"), where F' is the number of pointsfound and » is the maximum depth (see
Exercise 8).

The PR quadtreeis used in a number of applications. Anderson [6] makes use of a PR quadtree (termed a
uniform quadtree) to store endpoints of line segments to be drawn by a plotter. The goal isto reduce pen plot-
ting time by choosing the line segment to be output next whose endpoint is closest to the current pen position.
Rosenfeld, Samet, Shaffer, and Webber make use of the PR quadtree in ageographicinformation system [117]
as ameans of representing point datain a consistent manner with region datathat is represented using region
quadtrees. In thisway, queries can be made on different data sets which are partitioned at the same locations,
assuming that the space spanned by the data setsis of the same size and relative to the same origin. Thisen-
ablesanswering queries such asfinding all citiesin wheat-growing regionsby simply overlaying the crop map
(represented by a region quadtree) and the city map (represented by a PR quadtree, assuming that the cities
aretreated as points). The overlay operationisimplemented by traversing thetwo treesintandem and making
descents only if encountering two nonleaf nodes in the same position in the tree (for more details, see [123,
Chapter 6]).

When the dataiis not uniformly distributed (e.g., when it is clustered), then the PR quadtree may contain
many empty nodes, and, may become unbalanced. Theimbal ance may be overcome by aggregating the blocks
corresponding to the nodes into larger blocks termed buckets. Thisisachieved by varying the decomposition
rule so that ablock is split only if it contains more than & pointswhere b istermed the bucket capacity [91]).
We use the term bucket PR quadtree to describe this representation. It should be clear that increasing the
number of points permitted in a block reduces the dependence of the maximum depth of the PR quadtree on
the minimum Euclidean distance separation of two distinct pointsto that of two sets of & points. For example,
Figure 30 isthe bucket PR quadtree corresponding to the data of Figure 1 when the bucket capacity is 2.

Nelson and Samet [97, 98] analyze the distribution of nodes in a bucket PR quadtree in terms of their
occupancies for various val ues of the bucket capacity'®. They model aquadtree as acollection of populations
in which each population represents the set of nodesin the quadtree that have a particular occupancy. Thus,
the set of all empty nodes constitutes one population, the set of al nodes containing a single point constitutes
another population, etc. Note that the individual popul ations contain nodes of different sizes.

As points are added to the bucket PR quadtree, each population grows in a manner that depends on the
other populations. For example, when the bucket capacity is ¢, the probability of producing a new node with
occupancy ¢ depends both on the fraction of nodes with occupancy ¢ — 1 and on the population of full nodes
(occupancy ¢), since nodes of any occupancy can be produced when a full node splits.

The result of the analysisisthe determination of a steady state where the proportionsof the various pop-
ulations are constant under addition of new points according to some data model (e.g., uniform distribution,
Gaussian distribution, etc.). This steady state is taken as a representative distribution of populations from
which expected values for structure parameters such as average node occupancies are cal cul ated.

The populationmodel isan alternativeto the use of agtatistical analysistodefinea‘typica’ structure. The
statistical analyses are based onthe computation, relativeto some model of datadistribution, of statistical sums
over the space of possibledatastructureconfigurations. Statistical analysesfor uniformly distributed datahave

16 The rest of the discussion in this section is somewhat technical and may be skipped.

38



(0,100) (100,100)

(62,77)
Toronto
(82,65)
Buffalo
[ ]
{ Toronto
o (5/45) Buffalo
y Denver °
35,42) :
27,35) |® 35, {Denver} f Omaha {Mobile} [ Atlanta
g)mah; Chicago {Chicago} { Miami
(b)
(85,15)
(52,10) Atlanta ®
Mobile |® (90,5)
. @
Miami
(0,0) X —> (200,0)

@

Figure 30: A bucket PR quadtree and the records it represents corresponding to the
data of Figure 1 for bucket size 2: (a) the resulting partition of space, and (b) the
tree representation.

been applied by Fagin et al. to extendible hashing [33], Flgjolet and Puech [38] to tries, Regnier to the grid
file (see Section 7.2.1) [113], and Tamminen to EXCELL (see Section 7.2.2) [133].

The advantage of the population model isthat dependencies between various popul ationsand the steady
state can be determined with relative ease. Moreover, the method is sufficiently flexible that it can be applied
to other data structuresin which the decomposition is determined adaptively by thelocal concentration of the
data

Nelson and Samet [97, 98] computed the average bucket occupancies for a number of different bucket
capacitieswhen pointswere generated under auniformdistribution. They found that thetheoretical occupancy
predictionswere consistently slightly higher than the experimental values, and that the size of the discrepancy
had a cyclica structure. They use the terms aging and phasing, respectively, to describe these phenomena.
They are explained briefly bel ow.

The populationmode of bucket splitting assumes that the probability of apoint falling into anode of type
n; (i.e., occupancy ¢) is proportional to the fraction of the total type n; nodes. This means that the average
size of anodeisindependent of its occupancy. In actudity, we have the situation that nodes with alarger area
are formed before the nodes with asmaller area and, hence, the origin of the term aging. These larger nodes
will tend to have adightly higher average occupancy than the smaller nodes. Therefore, to maintain a steady
state situation, the fraction of high occupancy nodes must be less than predicted by the model, with the result
that we have more lower occupancy nodes, thereby yielding asmaller average bucket occupancy.

When nodes are drawn from a uniform distribution, the nodes in the quadtree will tend to split and fill
in phase with a logarithmic period repeating every time the number of pointsincreases by a factor of four.
In particular, al nodes of the same size tend to fill up and split a the same time. This situation is termed
phasing. It explains why the average bucket occupancy for afixed bucket size oscillates with the number of
data points. In contrast, when the distribution of pointsis nonuniform (e.g., Gaussian), then initially thereis
oscillatory behavior; however, it damps out as node populationsin regions of different densities get out of
phase.
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Exercises

In the following exercises assume that each point in aPR quadtreeisimplemented asarecord of type node
containing seven fidds. The first four fields contain pointersto the node's four sons corresponding to the
four quadrants. If P isapointer toanodeand I isaquadrant, then thesefields are referenced as SON(P,1).
Thefifth field, NODETYPE, indicates whether the node contains a data point (BLACK), isempty (WHITE), or
isanonleaf node (GRAY). XCOORD and YCOORD contain the » and y coordinate val ues, respectively, of the
data point. The empty PR quadtreeis represented by NIL.

1.

Givean agorithm PR_COMPARE to determine the quadrant of ablock centered at (, y) in whichapoint
p lies.

. Givean agorithm PR_INSERT for inserting a point p in a PR quadtree rooted at node » where r corre-

spondsto a lz x ly rectangle centered at (=, y). Make use of procedure PR_COMPARE from Exercise 1.

. Givean agorithmPR_DELETE for del eting datapoint p from a PR quadtreerooted at noder where r cor-

respondstoalz x ly rectanglecentered at (z, y). Make use of procedure PR_COMPARE from Exercise 1.

. Assume that the minimum Euclidean distance separating two pointsisd. Given asquareregion of side

length s, show that [log,((s/d) - /2)] isthe maximum depth of the PR quaditree.

. Supposethat you are given N data pointsdrawn fromagrid of size 2™ x 2. Construct an example PR

quadtree that uses O(N - n) storage.

. Under what situation does the PR quadtree use storage proportional to N ?
. Write an algorithm to perform arange search for arectangular regionin a PR quadtree.

. Show that the worst-case cost of performing a range search in a PR quadtreeis O(F + 2"), where

I is the number of points found and » is the maximum depth. Assume a rectangular query region.

Exercises 9-16 are based on an analysis of PR quadtrees performed by Hunter [62].

9.

10.

11.
12.

13.

14.

15.
16.

Assume that you are given point datathat is uniformly distributed in the unit square. What isthe prob-
ability of anode at depth & containing a particul ar point?

Continuing the previous exercise, for acollection of v points, what isthe probability that none of them
liesinagiven cell a depth &?

What is the probability that exactly one of the v pointsliesin agiven cell at depth k£?

What isthe probability that a given cell at depth % contains two or more points(i.e., it correspondsto a
parent node)?

Each of the nodes that contains two or more pointsin it must be a nonleaf node and hence will have
four sons. From the probability of the existence of anonleaf node at depth %, derive the expected total
number of nodes (i.e., leaf plus nonleaf nodes) at depth £ + 1.

From the expected number of nodes at depth & + 1, derive the expected number of nodes in the entire
PR quadtree, say . Canyou find a closed form solutionto it?

Caculatetheratio of /v, the expected number of nodes per point. Does it converge?

Extend these resultsto datathat isuniformly distributedin them-dimensional unit hypercube.
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4.3 Comparison of Point and Trie-based Quadtrees

A comparison of point and trie-based quadtrees reduces, in part, to acomparison of their decomposition meth-
ods. In this discussion we refer to the MX and PR quadtrees as trie-based quadtrees unless they differ in
the context of the discussion. The trie-based quadtrees rely on regular decomposition (i.e., subdivisioninto
four congruent rectangular regions). Data points are only associated with leaf nodes in trie-based quadtrees,
whereas for point quadtrees, data pointscan also be stored at nonleaf nodes. Thisleadsto aconsiderably sim-
pler node deletion procedure for trie-based quadtrees. In particular, there is no need to be concerned about
rearranging the tree as is the case when nonleaf nodes are being del eted from a point quadtree.

A mgjor difference between thetwo quadtree typesisin the size of the rectangul ar regions associated with
each datapoint. For thetrie-based quadtrees, the space spanned by the quadtreeis constrained to a maximum
width and height. For the point quadtree, the space is rectangular and may, at times, be of infinite width and
height. For the MX quadtree, thisregion must be a square with a particular size associated with it. Thissize
isfixed at thetime the MX quadtreeis defined and is the minimum permissible separation between two data
pointsin the domain of the MX quadtree (equivadently, it is the maximum number of el ements permitted in
each row and column of the corresponding matrix). For the PR quadtree, thisregion is aso rectangular, but
its size depends on what other data points are currently represented by nodesin the quadtree.

Inthecase of theM X quadtree, thereisafixed discrete coordinate system associ ated with the space spanned
by the quadtree, whereas no such limitation existsfor the PR quadtree. The advantage of such a fixed coordi-
nate systemisthat thereisno need to store coordinate information with a data point’sleaf node. The disadvan-
tageisthat the discreteness of thedomain of thedata pointslimitsthegranul arity of the possibledifferentiation
between data points.

The size and shape of aquadtree areimportant from the standpointsof efficiency of both storage and search
operations. The size and shape of the point quadtree is extremely sensitive to the order in which data points
are inserted into it during the process of building it. Assuming that the root of the tree has a depth of 0, this
means that for a point quadtree of N records, its maximum depthis N — 1 (i.e,, onerecord is stored at each
level in the tree) whileits minimum depthis [log, ((3 - N + 1)/4)] (i.e, each level in thetreeis completely
full).

In contrast, the shape and size of thetrie-based quadtreesisindependent of theinsertion order. For theMX
quadtree, all nodes corresponding to data points appear at the same depth in the quadtree. The depth of the
MX quadtree depends on the size of the space spanned by the quadtree and the maxi mum number of e ements
permitted in each row and column of the corresponding matrix. For example, for a2™ x 2™ matrix, al data
pointswill appear as leaf nodes at a depth of 7.

The size and shape of the PR quadtree depend on the data points currently in the quadtree. The minimum
depth of aPR quadtreefor N' > 1 datapointsis [log, N (i.e, al thedatapointsare at the same depth) while
there is no upper bound on the depth in terms of the number of data points. Recall from Section 4.2.2 that
for asquare region of sidelength s, such that the minimum Euclidean distance separating two pointsisd, the
maximum depth of the PR quaditree can be as high as [log,((s/d) - V2)].

Thevolumeof dataa so playsanimportant part inthe comparison between the point and trie-based quadtrees.
When thevolumeisvery high, the M X quadtreeloses some of its advantage since an array representation may
be more economical in terms of space, as thereis no need for links. While the size of the PR quadtree was
seen to be affected by clustering of data points especialy when the number of data pointsisreatively small,
thisis not afactor in the size of a point quadtree. However, when the volume of dataislargeand isuniformly
distributed, the effect of clustering is lessened and there should not be much difference in storage efficiency
between the point and PR quadtrees.

Exercises

1. Use the uniform distribution over [0,1] to construct two-dimensional point quadtrees, MX quadtrees,
and PR quadtrees and compare them using the criteria set forth in this section. For example, compare
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their total path length, maximum depth, etc.

2. Perform an average case anaysis of the cost of a partial match query (a subset of the range query)
for a point quadtree and a PR quadtree when the attributes are independent and uniformly distributed.

5 K-dTrees

Asthe dimensionality (i.e., number of attributes) d of the underlying space increases, each level of decom-
position of the quadtree results in many new cells since the fanout value of the treeis high (i.e,, 29). Thisis
alleviated by making use of variants of ak-d tree[9]. Originaly, intheterm k-d tree, k denotesthedimension-
ality of the space that is being represented. However, in many applications, the convention isto let thevalue
of d denote the dimension, and thisisthe practice we have chosen to follow here. In principle, thek-d treeis
a binary tree where the underlying space is partitioned on the basis of the value of just one attribute at each
level of thetreeinstead of on the basisof thevaues of all d attributes, thereby making d tests at each level, as
is the case for the quadtree. In other words, the distinction from the quadtree is that in the k-d tree only one
attribute (or key) value istested when determining the direction in which a branch is to be made.

Restricting the number of attributesthat are tested at each level of thetree hasanumber of advantagesover
thequadtree. First, wemakejust onetest at each level instead of d tests. Second, each |eaf nodeinthe quadtree
israther costly in terms of the amount of space that isrequired due to a multitude of NIL links. In particular,
the node size getsrather large for ad-dimensional tree, since at least d 4+ 2¢ words (assuming that each pointer
is stored in one word) are required for each node. Third, algorithms can be simplified as at each recursive
step we only have two options since each node only partitions the underlying space into two parts. Finally,
the same data structure (pointer-wise) can be used to represent anode for al values of d, notwithstanding the
partitioning axis val ues which may need to be stored for some variants of the k-d tree.

The disadvantage of replacing atest of d values by a sequence of d testsis, in the case of ak-d tree, that
now decompositionin d-dimensional space has become a sequentia process asthe order in which the various
axes (i.e., attributes) are partitioned is important. In contrast, this ordering is of no consequence in the case
of a quadtree as al d axes are partitioned simultaneoudly (i.e., in paralel). Thislack of an ordering has an
advantage in a paralel environment as the key comparison operation can be performed in parald for the d
key values. Therefore, we can characterize the k-d tree as asuperior seria datastructure and the quadtree asa
superior parallel data structure. For a discussion of the use of quadtreesin a multiprocessor environment, see
Linn [86], while Hoel [60] and Bestul [17] discuss their use in aparallel environment.

Theideaof replacing atest of d attributeval uesby a sequence of d testsisapplicableto both point quadtrees
and trie-based quadtrees, athough it is applied more often to point quadtrees. The use of the term k-d tree to
refer to the data structure is somewhat confusing as thisterm is used uniformly to refer to the point quadtree
adaptation whereas a consistent use of our terminology would result in terming it apoint k-d tree. Infact, we
will use thisterm whenever we need to differentiate it from the trie-based adaptation. There is no consistent
terminology for the trie-based variant although k-d trie would probably be the most appropriate. The region
quadtree counterpart of the k-d tree istermed a bintree [134].

Intherest of thissection we discussanumber of different variationsof thek-dtreewithaparticular empha-
sisonthe point k-dtree (i.e., the one that organi zes the data to be stored rather than organi zing the embedding
space from which the data is drawn). Section 5.1 discusses the point k-d tree while Section 5.2 presents a
number of variants of the trie-based k-d tree.

5.1 Point K-d Trees

There are many variations of the point k-d tree. Their exact structure depends on the manner in which they
deal with thefollowing issues.
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1. Isthe underlying space partitioned a a position that overlaps a data point or may the position of the
partition be chosen at random? Recall that trie-based methods restrict the positions of the partitions
pointsthereby rendering moot the question of whether or not the partition actually takes place at a data
point.

2. Isthere a choice as to the identity of the partition axis (i.e., the attribute or key being tested)? If we
adopt a strict analogy to the quadtree, then we have little flexibility in the choice of the partition axis
in the sense that we must cycle through the d different dimensions every d levelsin the tree although
the relative order in which the different axes are partitioned may differ from leve to level and among
subtrees.

The most common variant of thek-d tree (and the onewe focus on in this section) partitionsthe underlying
space at the data points and cycles through the different axes in a pre-defined and constant order. When the
partitions can be applied to the underlying space in an arbitrary order rather than having to cycle through the
axes, then we preface the name of the datastructurewith the qualifier generalized. For example, ageneralized
k-d tree @ so partitionsthe underlying space at the data points; however, it need not cyclethrough the axes. In
fact, it need not even partition al of theaxes. In our discussion, we assume two-dimensional data, and we test
x coordinate values at the root and a even depths (given that the root is at depth 0), and y coordinate values
at odd depths.

We adopt the convention that when node P is an «z-discriminator, then al nodes having an = coordinate
valuelessthanthat of P areintheleft son of P and all thosewith « coordinate values greater than or equal to
that of P areintheright son of P. A similar convention holdsfor a node that is a y-discriminator. Figure 31
illustrates the k-d tree corresponding to the same eight nodes asin Figure 1.

(0,100) (100,100)
(62.77) o Chicago
Toronto (82,65)
Buffalo .
° Denver Mobile
(5,45) Toronto
Denver Omaha Miami
* (35,42)
y “Chicago Buffalo
(27,35) o
Omaha
Atlanta
(52,10) | (85,15) (b)
Mobile Atlanta ®
- (90,5)4
Miami
(0,0 [ (100,0)
(@)

Figure 31: A k-d tree (d=2) and the records it represents corresponding to the data
of Figure 1: (a) the resulting partition of space, and (b) the tree representation.

In the definition of adiscriminator, the problem of equality of particular key valuesis resolved by stipu-
lating that records which have the same value for a particular key are in the right subtree. As an adternative,
Bentley [9] defines anodeinterms of asuperkey. Givenanode P, let Ky(P), K1(P), etc., refer toitsd keys.
Assuming that P isa j-discriminator, then for any node @ in theleft son of P, K;(Q) < K, (P), and like-
wise for any node R intheright son of P, K;(R) > K;(P). Inthecase of equality, a superkey, S;(P), is
defined by forming acyclical concatenation of all keys startingwith £ (P). Inother words, S;(P) = K;(P)
K;j41(P)... K4_1(P) Ko(P) ... K;j_1(P). Now, when comparing two nodes P and 7 we turn to the | eft
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when S;(Q) < S;(P) and to theright when S; (@) > S;(P). If $;(Q) = S;(P), then al d keys are equal
and a specia value is returned to so indicate. The algorithms that we present below do not make use of a
superkey.

The rest of this section isorganized as follows. Section 5.1.1 shows how to insert a point into ak-d tree.
Section 5.1.2 discusses how to del ete apoint from ak-d tree. Section 5.1.3 explainshow to do region searching
in ak-dtree. Section 5.1.4 discusses some variants of the k-d tree which provide more flexibility as to the
positioning and choice of the partitioning axes.

5.1.1 Insertion

Inserting record » with key values (a, b) into ak-d treeisvery simple. The processisthe essentially the same
asthat for abinary search tree. First, if thetree isempty, then allocate a new node containing » and return a
treewith r asitsonly node. Otherwise, search thetree for anode i with arecord having key values (a, b). If
h exists, then r replaces the record associated with 4. Else, we are at aNIL nodewhichisason of types (i.e,
‘LEFT’ or ‘RIGHT’, as appropriate) of node c. Thisiswhere we make theinsertion by alocating anew nodet
containing » and maket an s son of node c¢. The only difference from the binary search tree isthe fact that we
compare x coordinate values at the root and at even depths of the tree, and y coordinate values at odd depths
of thetree. Bentley [9] shows that given NV points, the average cost of inserting, aswell as searching for (i.e,
apoint query), anodeis O(log, N).

As in the case of point quadtrees, the shape of the resulting k-d tree depends on the order in which the
nodes are inserted intoit. Figure 31 isthe k-d tree for the sequence Chicago, Hobile, Toronto, Buffalo,
Denver, Omaha, Atlanta, and Miami. Figure 32a-d shows how the tree was constructed in an incremental
fashion for these cities by giving the appropriate space partitions. In particular, Figure 32a corresponds to
the space partition after insertion of Chicago and Mobile, Figure 32b to the space partition after insertion of
Toronto, Figure 32c to the space partition after insertion of Buffalo, and Figure 32d to the space partition
after insertion of Denver and Omaha.

It should be clear that in the insertion process described here, each node partitionsthe portion of the plane
inwhich it residesinto two parts. Thus, in Figure 31, Chicago dividesthe planeinto al nodes whose z co-
ordinate value isless than 35, and all nodes whose x coordinate value is greater than or equd to 35. Inthe
same figure, Denver dividesthe set of all nodes whose x coordinate value isless than 35 into those whose y
coordinate valueisless than 45, and those whose y coordinate value is gresater than or equal to 45.

Asin the case of the point quadtree, the amount of work expended in building a k-d tree is equa to the
total path length (TPL) of thetree asit reflects the cost of searching for all of the elements. Bentley [9] shows
that the total path length of ak-d tree built by inserting vV pointsin random order into an initialy empty tree
iISO(N - log, N) and, thus, the average cost of inserting anodeis O(log, ). The extreme cases are worse
since the shape of the k-d tree depends on the order in which the nodes are inserted into it thereby affecting
the TPL.

Exercises

Assume that each point in the k-d tree is implemented as a record of type node containing three plus d
fields. The first two fields contain pointersto the node's two sons corresponding to the directions ‘LEFT’
and ‘RIGHT . If Pisapointertoanodeand / isadirection, thenthesefieldsare referenced as SoN(P,/). At
times, these two fields are al so referred to as LOSON(P) and HISON(P), corresponding to the left and right
sons, respectively. We can determine the side of the treein which anode, say P, liesrelativeto itsfather
by use of the function SONTYPE(P), which has avaue of / if SON(FATHER(P),/)= P. COORD isaone
dimensional array containingthe values of thed coordinate of the datapoint. If P isapointer toanodeand
I isacoordinatename, then thesefieldsarereferenced asC00RD(P,7). TheDISc fieldindicatesthe name of
the coordinate on whose val ue the node discriminates (i.e., tests). TheDISC field is not always necessary
as, for example, when the relative order in which the different axes (i.e., coordinates) are partitioned is
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Figure 32: Sequence of partial k-d tree space partitions demonstrating the addition
of (a) Chicago and Mobile, (b) Toronto, (¢) Buffalo, and (d) Denver and Omaha
corresponding to the data of Figure 1.

congtant. Inthiscase, itiseasy to keep track of the discriminator type of the node being visited asthe tree
is descended. The empty k-d treeis represented by NIL.

1. Give an agorithm XD_COMPARE to determine the son of a k-d tree rooted at » in which point p lies.

2. Givean algorithmKD_INSERT to insert apoint p in ak-d treerooted a node . Make use of procedure
KD_COMPARE fromExercise 1. Thereisno need to make useof the SONTYPE function.

3. Modify proceduresKD_COMPARE and KD_INSERT to handle ak-d tree node implementation that makes
use of a superkey in its discriminator field.

4. Provethat the TPL of ak-d tree of V nodesbuilt by inserting the V pointsin arandom order isO(N -
log, N).
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5. Givethek-dtreeana ogs of thesingleand doublerotation operatorsfor usein balancing abinary search
tree [73, p. 454]. Make surethat you handle equa key vaues correctly.

5.1.2 Deetion

Deletion of nodes from k-d trees is considerably more complex than for binary search trees. Observe that,
unlike the binary search tree, not every subtree of ak-d tree isitself ak-d tree. For example, athough, Fig-
ure 33ais ak-d tree, its right subtree (see Figure 33b) is not a k-d tree. Thisis because the root nodein a
two-dimensiona k-d tree discriminates on the value of the = coordinate, while both children of the root node
in Figure 33b have = coordinate valuesthat are larger than that of theroot node. Thus, we see that specia care
must be taken when deleting a node from a k-d tree.

(10,10) (20,3)

(20,3)
(25,1) (25,5)

(25,1) (25,5)
(@) (b)

Figure 33: (a) Example of a two-dimensional k-d tree whose (b) right son is not a
k-d tree.

In contrast, when deleting a node from a binary search tree, we simply move a node and a subtree. For
example, deleting node 3 from Figure 34aresultsin replacing node 3 with node 4 and replacing thel eft subtree
of 8 by theright subtree of 4 (see Figure 34b). However, thiscan not be done, in general, in ak-d tree asthe
nodeswith values 5 and 6 might not have the same relative relationship at their new depths.

3 4
4 6

6 5

5
(a) (b)
Figure 34: (a) Example of a binary search tree and (b) the result of deleting its root.

Deletioninak-d tree can be achieved by the followingrecursive process. We usethe k-dtreein Figure 35
to illustrate our discussion, and thus all references to nodes can be visualized by referring to the figure. Let
us assume that we wish to delete the node (a,b) from the k-d tree. If both subtrees of (a,b) are empty,
then replace (a,b) with the empty tree. Otherwise, find a suitable replacement node in one of the subtrees

of (a,b),say (c,d), and recursively delete (c,d) from thek-d tree. Once (c,d) has been deleted, replace
(a,b) with (c,d).

At thispoint, it is appropriate to comment on what constitutesa ‘ suitable’ replacement node. Recall that
an z-discriminator is a node that appears at an even depth, and hence partitionsits space based on the value
of itsx coordinate. A y-discriminator is defined anal ogously for nodes at odd depths. Assume that (a,b) is
an z-discriminator. We know that every nodein (a,b)’sright subtree has an = coordinate with value greater
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(ab)

(c.d)

(c.h)

Figure 35: Example of a k-d tree illustrating why the replacement node should be
chosen from the right subtree of the tree containing the deleted node.

than or equa to a. The nodethat will replace (a,b) must bear the same relationshipto the subtreesof (a,b).
Using the analogy with binary search trees, it would seem that we would have a choice with respect to the
replacement node. It must either be the nodein the left subtree of (a,b) withthelargest « coordinate value,
or the nodein theright subtree of (a,b) withthe smalest « coordinate value.

Actualy, we don't really have a choice as the following comments will make clear. If we usethenodein
theleft subtree of (a,b) with themaximum x coordinatevalue, say (c,d), and if thereexistsanother nodein
the same subtree with the same « coordinatevalue, say (c,h),then when (c,d) replaces node (a,b), there
will beanodeintheleft subtree of (c,d) that does not belong there by virtueof having an « coordinatevalue
of c. Thus, we seethat given our definition of ak-d tree, the replacement node must be chosen from the right
subtree. Otherwise, a duplicate = coordinate value will disrupt the proper interaction between each node and
its subtrees. Note that the replacement node need not be aleaf node.

The only remaining question is how to handle the case when the right subtree of (a,b) is empty. We
usethek-d treein Figure 36 to illustrate our discussion, and thusall references to nodes can be visualized by
referring to the figure. Thisisresolved by the following recursive process. Find the node in the left subtree
of (a,b) that hasthe smallest value for its = coordinate, say (c,d). Exchange the left and right subtrees of
(a,b), replace the coordinate values of (a,b) with (c,d), and recursively apply the deletion procedure to
node (c,d) fromitsprior positionin thetree (i.e., in the previous|eft subtree of (a,b)).

(a,b) (c,d)

A

(c.d)
@) (b)

Figure 36: (a) Example k-d tree and (b) the result of deleting (a,b) from it.

With theaid of Figures 35 and 36 we have shown that the problem of deletinganode (a,b) fromak-dtree
isreduced to that of finding the node with the least - coordinate value in asubtree of (a,b). Unfortunately,
locating the node with the minimum « coordinate vaue is considerably more complex than the analogous
problem for a binary search tree. In particular, although the node with the minimum z coordinate value must
bein theleft subtree of an x-discriminator, it could bein either subtree of a y-discriminator. Thus, search is
involved and care must be taken in coordinatingthissearch so that when thedel eted nodeis an «-discriminator
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at depth O, only one of the two subtrees rooted at each odd depth is searched. Thisis done using procedure
FIND_D_MINIMUM (see Exercise 1).

As can be seen from the discussion, deleting a node from a k-d tree can be costly. We can obtain an upper
bound on the cost in thefollowing manner. Clearly, the cost of deleting the root of a subtreeis bounded from
above by the number of nodesin the subtree. Letting TPL(7") denote the total path length of tree 7', it can be
shown that the sum of the subtree sizes of atreeisTPL(7)+/N (see Exercise 4in Section 4.1.2).

Bentley [9] provesthat the TPL of ak-dtreebuiltby inserting N pointsinarandomorderisO(N -log, N),
which means that the average cost of deleting a randomly selected node from a randomly built k-d tree has
an upper bound of O(log, N). This relatively low value for the upper bound reflects the fact that most of
the nodes in the k-d tree are leaf nodes. The cost of deleting root nodes is considerably higher. Clearly, it
isbounded by V. Its cost is dominated by the cost of the process of finding a minimum element in a subtree
whichisO(N'~1/4) (see Exercise 6) sinceon every d'” level (starting at theroot) only one of thetwo subtrees
needs to be searched.

Asan exampl e of the del etion process, consider thek-d treein partsaand b of Figure 37. Wewishtodelete
the root node 4 at (20,20). Assume that 4 is an z-discriminator. The node in the right subtree of 4 with a
minimum valuefor itsz coordinateisC at (25,50). Thus, C replaces 4 (see Figure 37¢), and we recursively
apply the deletion procedure to ¢’s positionin the tree. Since C's position was a y-discriminator, we seek the
nodewith aminimum y coordinateval uein theright subtree of C. However, C’sright subtree was empty, which
means that we must replace ¢ with the nodeinits left subtree that has the minimum y coordinate value.

D a (35,25) isthenode in the left subtree that satisfies this minimum value condition. It is moved up
in the tree (see Figure 37d). Since D was an z-discriminator, we replace it by the node in its right subtree
having a minimum = coordinate value. H at (45, 35) satisfies this condition, and it ismoved up in the tree
(see Figure 37€). Again, H isa z-discriminator and we replace it by I — the nodein its right subtree with a
minimum « coordinate value. Since I isaleaf node, our procedure terminates. Figures 37f and 37g show the
result of the deletion process.

In the above discussion, we had to make a specia provision to account for our definition of a k-d tree
node as a partition of spaceinto two parts: oneless than the key valuetested by the node and one greater than
or equal to the key value tested by the node. Defining a node in terms of a superkey alleviates this problem
since we no longer have to always choose the replacing node from the right subtree. Instead, we now have a
choice. The best algorithmisonethat ‘flip flops between the left and right sons, perhaps through the use of
arandom number generator (see Exercise 5). Of course, nodeinsertion and search are slightly more complex
sinceit is possible that more than one key will haveto be compared at each level inthetree (see Exercise 3in
Section 5.1.1 and Exercise 3 in Section 5.1.3).

Exercises

1. Givenanode P inak-dtreethat discriminatesonkey D, writean agorithm, FIND_D_MINIMUM,to com-
pute the D-minimum nodein itsleft subtree. Repeat for the right subtree of P. Generaize your algo-
rithmtowork for either of thetwo subtrees.

2. Assuming the same k-d tree node implementation asin the Exercises in Section 5.1.1, givean agorithm
KD_DELETE for deleting apoint p fromak-dtreerooted at noder. Thenodedoesnot haveaFATHER field
althoughyou may make use of the SONTYPE function. Make use of procedureskD_COMPARE and FIND_-
D_MINIMUMfromExerciselinSection5.1.1and Exercisel, respectively.

3. Modify procedureXD_DELETE inthesolutionto Exercise 2 to make useof avariant of FIND_D_MINIMUM
that in addition to returning the J-minimum nodet, also returns¢'sSSONTYPE valuesreativetoitsfather
f,aswdl as f.

4. Supposethat ak-d tree nodeisimplemented as arecord with aFATHER field containing a pointer to its
father. Modify procedure KD_DELETE in the solution to Exercise 2 to take advantage of this additional
field.
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Figure 37: Example illustrating deletion in k-d trees where ? indicates the node
being deleted: (a) the original k-d tree, (b-f) successive steps in deleting node A,
(g) final k-d tree.

5. Modify procedure KD_DELETE in the solution to Exercise 2 to handle a k-d tree node implementation
that makes use of asuperkey initsdiscriminator field.

6. Provethat thecost of findinga D-minimumelement inak-dtreeisO(N '~ 1/4).

5.1.3 Search

Like quadtrees, k-d trees are useful in applicationsinvolving search. Again, we consider atypica query that
seeks al nodes within a specified distance of a given point. The k-d tree data structure serves as a pruning
device on the amount of search that isrequired: that is, many nodes need not be examined. To see how the
pruning is achieved, suppose we are performing a region search of distance » around a node with coordinate
values (a, b). In essence, we want to determine al nodes (z, y) whose Euclidean distance from (a, b) isless
than or equal to r — that is, r* > (a — z)* + (b — y)*.

Clearly, thisis a circular region. The minimum z and y coordinate values of a node in this circle can
not be lessthan « — r and b — r, respectively. Similarly, the maximum z and y coordinate values of a node
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in this circle can not be greater than « + r and b + r, respectively. Thus, if the search reaches a node with
coordinate values (e, f) and KD_COMPARE((a — r, b — r), (e, f))='"RIGHT’, then there is no need to examine
any nodes in theleft subtree of (e, f). Similarly, theright subtree of (e, f) need not be searched when KD_-
COMPARE((a + 7, b+ 1), (e, f))="LEFT’.

For example, supposethat in the hypothetical database of Figure 31 wewishto find all citieswithinthree
units of a point with coordinate values (88,6). In such a case, there is no need to search the left subtree of
theroot (i.e., Chicago with coordinatevalues (35,42)). Thus, we need only examine theright subtree of the
treerooted at Chicago. Similarly, thereisno need to search theright subtree of thetreerooted at Mobile (i.e.,
coordinate values (52, 10)). Continuing our search, we find that only Miami, at coordinate values (90,5),
satisfies our request. Thus, we only had to examine three nodes during our search.

Similar techniques are applied when the search region isrectangul ar making the query meaningful for both
locationa and nonlocational data. In general, the search cost depends on the type of query. Given N points,
Lee and Wong [83] have shown that in the worst case, the cost of a range search of a complete k-d tree is
O(d - N*=1/4). To see how this bound is obtained we assume that d = 2 and, without loss of generdlity,
consider arectangular search region (see Exercise 1), marked hatched, in Figure 38. Although not explicitly
showninthefigure, nodesg, H, R, and V arerootsof subtreeswhich may & so beintheshaded region. Similarly,
nodesE, I, s, and W are a so roots of subtrees which may also contain just one node in which case they are | eaf
nodes. We use the number of nodes visited while searching the tree as a measure of the amount of work that
needs to be expended.

S WuA G

Figure 38: Example space partition for a k-d tree that illustrates the worst case
behavior for the k-d tree search procedure.

Since we are interested in the worst case, we assume that B and ¢ (see Figure 38) partition the tree rooted
at A insuch away that the search regionisoverlapped by theregionsrooted at B and €. If B iswithinthe search
region, then the subtree rooted at D need not be searched further. If B isoutside of the search region (asisthe
case here), then E and its subtrees (if any) need not be searched further. Similarly, if F is within the search
region, then H and its subtrees (if any) need not be searched further. Finally, when F is outside of the search
region (as isthe case here), then I and its subtrees (if any) need not be searched further. G is chosen in such
away that both of its subtrees will have to be searched. Further partitioning of G is analogousto arecursive
invocation of thisanalysistwo levels deeper in the tree than the starting level (seethe cross-hatched regionin
Figure 38).

The analysis of the remaining subtrees of B and F (i.e., rooted at D and H) are equiva ent to each other and
enable the elimination of two subtrees from further consideration at every other level. For example, the sons
of the subtreesrooted at D are P and Q, with sonsrooted at R and S, and vV and W, respectively. The subtrees (if
any) rooted at S and W need no further processing.

We are now ready to analyze the worst case of the number of nodes that will be visited in performing a
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range search in atwo-dimensiona k-d tree. Let ¢; denote the number of nodes visited when dealing with a
k-d tree rooted at level i (where the deepest nodein thetreeisat level 0). Let «; denote that number of nodes
that are visited when dealing with a subtree of the form illustrated by the subtrees rooted at nodesD and H in
Figure 38. Thisleadsto the following recurrence relations:

t;, = 14+1+1+4G 04 u—o+1+u_3
u; = 1—|—1—|—1—|—2~u]'_2
withinitia conditionsty = ug = 0 andt; = u; = 1.

t; and u; can best be understood by referring to Figure 39 which isatree-likerepresentation of the k-d tree of
Figure 38. Thetermsin¢; correspond to nodes or subtreesrooted &t 4, B, C, G, D, F, and H in order, whilethe
termsin u; correspond to nodes or subtreesrooted &t D, P, Q, R, and V in order. The square nodes in Figure 39

(e.g. E, I, s, and W) correspond to leaf nodes or roots of subtrees which have been pruned: they do not have
to be searched.

A

Figure 39: Tree representation of the space partition in Figure 38.

When these relations are solved, we find that, under the assumption of acomplete binary tree(i.e, N =
2" — 1), t, isO(2 - N*/?). Note that, unlike the point quadtree, a complete binary k-d tree can always be
constructed (see the optimized k-d tree of Bentley [9] discussed in Section 5.1.1). In general, for arbitrary d,
t,isO(d - N1=1/d),

Partial range queries can be handled in the same way as range searching. Lee and Wong [84] show that
when ranges for s out of d keys are specified, the algorithm has aworst case runningtime of O(s - N1=1/4),
For an alternative derivation, see Exercise 6.

Asisthecasefor the point quadtree, thek-d tree can be used to handleall threetypesof queries specified by
Knuth[73]. The range query is described above while simple queries are a byproduct of the k-d treeinsertion
process. Boolean queries are straightforward. Range queries can be facilitated by use of abounds array B[:]
of 2 - d elements stored at each node. It contains the range of values for al of the coordinates of the points
stored in the k-d tree rooted at the node.

Exercises

1. Whywasthesearch regionin Figure 38 choseninthelower |eft corner of the spaceinstead of somewhere
inthe middle?
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2. Write a procedure KD_REGION_SEARCH to determine all the nodes in a given k-d tree that intersect
a given rectangular region in d-dimensiona space. Use a bounds array to facilitate your task. KD_-
REGION_SEARCH should make use of a pair of auxiliary functions; one to determine if a subtree can be
pruned; and the other, to determine if anodeis indeed in the search region.

3. Modify procedure KD_REGION_SEARCH of Exercise 2 to handle a k-d tree node implementation that
makes use of a superkey in itsdiscriminator field.

4. Solvetherecurrence relationsfor ¢; and u; used to anayze range searching in ak-d tree.

5. A partia match query isclosely related to therange query. Inthiscase, valuesare specified for ¢ (¢ < d)
of thekeysand asearch ismadefor al records having such valuesfor the specified keys. Show how you
would use procedureKD_REGION_SEARCH of Exercise 2torespondto apartia match query.

6. Givenacompletek-dtreeof N nodeswhere N = 24 — 1 and all leaf nodes appear a depthd - h — 1,
prove Bentley’s[9] result that, in theworst case, O( N (?~*)/4) nodes are visited in performing a partial
match query with ¢ out of d keys specified.

7. In Exercise 2 in Section 4.1.3, a perfect point quadtree was defined and used to analyze the expected
number of nodes visited in performing a region query for a 2-dimensional point quadtree. Define a
perfect k-d tree in an analogous manner and repesat thisanaysis.

8. Perform an average case anaysisfor region queries and partially specified queriesin ak-d tree.

5.14 Point K-d Tree Variants

Our formulation of thek-d tree aswell asitsancestral predecessors (i.e., thefixed-grid and the point quadtree)
have the property that al partition lines at a given level of subdivision are parale to the coordinate axes.
When more than one axis is partitioned at a given level in the tree, then all partitionlines at a given level of
subdivision are orthogonal. If thereisjust one partition at a given level of subdivision (e.g., ak-d tree), then
all partitionlinesat all nodesat thissubdivisionlevel are along the same axisand are orthogonal to all partition
lines at the immediately preceding and subsequent level of subdivision. Moreover, we have assumed that the
partitions cycle through the various axes in a pre-defined and constant order, and that the partition lines must
pass through the data points (with the exception of the trie-based methods).

Building k-d trees to satisfy these properties can lead to trees that are unbalanced and hence not very good
for search operations. In particular, thetota path length (TPL) may be quitehigh. There are anumber of ways
of relaxing these rules with the effect that the resulting trees will be more balanced. Thiswill reduce the TPL
and thereby make subsequent searching operations faster. There are two approaches to reduce the TPL: static
and dynamic. They are discussed below.

The static approach assumes that all the data pointsare known apriori. Bentley [9] proposes an optimized
k-d tree, which is constructed in the same manner as the optimized point quadtree of Section 4.1.1. In this
case, the partition lines must pass through the data points and still cycle through the various axes in afixed
and constant order.

An dternative static data structure incorporating ‘ adaptive partitioning’ isthe adaptive k-d tree of Fried-
man, Bentley, and Finkel [49]. Unlikethe standard k-d tree, and in the spirit of the pseudo quadtree of Over-
mars and van Leeuwen [111] (see Section 4.1.2), data is only stored at the leaf nodes. In other words, the
partition lines need not pass through the data points. Each interior node contains the median of the set (along
one key) as the discriminator.

Moreover, the partition lines need not cycle through the various axes. In particular, at each level of subdi-
vision, the discriminator is chosen to be the key for which the spread of the values of the key isa maximum.
Thisspread can be measured by any convenient statistic such asthevariance (e.g., the VAM Splitk-dtree[143]
whichisdescribed in grester detail in Section 7.1), thedistance from the minimum to the maximum val ue (usu-
aly normalized with respect to the median value), etc. All recordswith key values lessthan the discriminator
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are added to theleft subtreeand all recordswith key values greater than or equal to the discriminator are added
totheright subtree. Thisprocessiscontinued recursively until thereare only afew nodesleftinaset, a which
point they are stored as alinked list. Note that since we no longer require acyclical discriminator sequence,
the same key may serve as the discriminator for a node and its father, as well as its son. Thus the resulting
structure could also be characterized as an instance of a generalized pseudo k-d tree. We shall use thisterm
in the rest of our discussion whenever we are not focussing directly on atree construction process that leaves
open the method for choosing the discriminator at each level of subdivision. We shall make use of thisterm
in Section 7.1.

Figure 40 showstheadaptivek-d tree corresponding to the data of Figure 1. Notethat athough Figure 40b
leads to the impression that the adaptive k-d tree is balanced, thisis not necessarily the case. For example,
when severa nodes have the same value for one of their keys, then a middle value is impossible to obtain.
The concept of a superkey is of no usein such a case.

(0,100) (100,100)
(62,77) | o
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Figure 40: An adaptive k-d tree (d=2) corresponding to the data of Figure 1. (a)
the resulting partition of space, and (b) the tree representation: (a) the resulting
partition of space, and (b) the tree representation.
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When the data volume becomes large, we may not want as fine a partition of the underlying space asis
provided by the adaptive k-d tree and the other variantsof thegeneralized pseudok-dtree. Inparticular, it may
be desirable for points to be grouped by proximity so that they can be processed together. The generdized
pseudo k-d tree can be adapted to facilitate this as well as to identify clusters of points by grouping points
by spatial proximity into buckets, and using the generalized pseudo k-d tree decomposition rule (e.g., the one
used for the adaptive k-d tree) to partition a bucket whenever it overflows its capacity. We term the result a
bucket generalized pseudo k-d tree. We have aready seen the use of bucketing in our definition of the bucket
PR quadtree (see Section 4.2.2). However, in contrast to the bucket PR quadtree, in the bucket generalized
pseudo k-d tree, the choice of both the key across which to split aswell as as the positionsof the partition lines
depends on the data. For example, consider Figure 41, the bucket generalized pseudo k-d tree corresponding
to the data of Figure 1 when the bucket capacity is2. The splittingruleis one that uses as a discriminator the
key whose values have the maximum range (i.e., the one used for the adaptive k-d tree and hence the result
can be described as an instance of the bucket adaptive k-d tree).
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Figure 41: A bucket generalized pseudo k-d tree and the records it represents cor-
responding to the data of Figure 1 for bucket size 2: (a) the resulting partition of
space, and (b) the tree representation.

Matsuyama, Hao, and Nagao [91] use the bucket generalized pseudo k-d treein a geographic information
system (seea sothe spatial k-dtreeof Ooi, McDonell, and Sacks-Davis[102], whichisdiscussedin Section ??
of Chapter ??). O’ Rourke[106, 107] also usesthe bucket adaptive k-d tree, callingit aDynamically Quantized
Foace (DQY), for cluster detection aswell asfor multidimensional histogrammingto aid in focusingthe Hough
Transform (e.g., [27]). The DQP (denoting Dynamically Quantized Pyramid) [107, 128] isclosely related to
the DQSin the sensethat it is aso used in the same application. Both the DQP and the DQS are instances of
the bucket pseudo quadtree and the bucket generalized pseudo k-d tree, respectively, with the difference that
in the DQP, the buckets are obtained by partitioning across al of the keys at each step while still varying the
positionsof the partition lines (see Section ?? of Chapter ?? for more details).

Below, we briefly describe the Hough Transform in order to show an application of these bucketing meth-
ods. Thisdiscussion is very specialize and thus may be skipped. Techniques such as the Hough Transform
facilitate the detection of arbitrary sparse patterns, such as curves, by mapping them into a space where they
giveriseto clusters. A DQS (i.e., abucket generaized pseudo k-d tree) has k attributes or dimensions corre-
sponding to a set of parameters that can be mapped by an appropriate function to yield image patterns. The
buckets correspond to the parameter regions. Associated with each bucket isa count indicating the number of
timesthat an element initsregion appearsin thedata. The goal isto find evidence for the presence of clusters
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in parameter space.

The DQSisparticularly useful in parameter spaces of highdimension (i.e., > 2). However, for the sake of
thisdiscussion, wejust ook at two-dimensional data. In particular, consider alarge collection of short edges
and try to determine if many of them are colinear. We do this by examining the values of their dopes and
y-intercepts (recall that the equation of alineisy = m -« + b). It turnsout that a high density of points
(i.e., counts per unit volume) inthe (m, b) planeis evidence that many colinear edges exist. We want to avoid
wasting the space while finding the cluster (most of the space will be empty). To do this, we vary the sizes of
the buckets (i.e., their parameter regions) in an attempt to keep the counts equal .

In two dimensions, the Hough Transform for detecting linesis quite messy unless each detected point has
an associated slope. The same would be true in three dimensions where we would want not only a position
reading (z, v, z) but a so the direction cosines of asurface normal («, 3, ~). We can then map each detection
intothe parametersof aplane, eg., (p, o, 3), where p isthe perpendi cular distance fromthe planetotheorigin.
If there are many coplanar detectors, thisshould yield a cluster in the vicinity of some particular (p, «, 7).

As the buckets overflow, new buckets (and corresponding parameter regions) are created by a splitting
process. This splitting process is guided by the two independent goals of an equal count in each bucket and
the maintenance of auniform distributionin each bucket. Thisisaided by keeping a count and an imbalance
vector with each bucket. When the need arises, buckets are split across the dimension of greatest imbalance.
There is aso amerging rule, which is applied when counts of adjacent neighbors (possibly more than two)
are not too large and the merge will not produce any highly unbalanced region. Thisisespecialy useful if the
datais dynamic.

The DQP addresses the same problem asthe DQSwith theaid of acompl ete bucket pseudo quadtree which
isknown as a pyramid [137] (see Section ?? of Chapter ?? for more details). Thusfor & attributesor dimen-
sionsitisafull balanced tree where each nonleaf node has 2* sons. In this case, the number of buckets (i.e.,
parameter regions), and the relationship between fathers and sons are fixed. The DQP differs from the con-
ventional pyramid in that the partition points(termed cross-hairs) at the variouslevelsare variablerather than
being fixed.

The partition pointsof aDQP are initialized to the midpointsof the different attributes. They are adjusted
as dataisentered. Thisadjustment process occursat al levelsand istermed awarping process. One possible
technique when inserting anew datapoint, say P, in aspace rooted a (), isto take aweighted average of the
positionof P, say «, and of ), say (1 — «). Thischangesthe boundariesof all nodesin the subtreerooted at ;).
P isrecursively added to the appropriate bucket (associated with aleaf node), which causes other boundaries
to change.

Figure 42 is an example of atwo-dimensional DQP for three levels. It should be clear that regions grow
smaller near inserted points and that the shape of the DQP depends on the insertion history, thereby provid-
ing an automatic focusing mechanism. The warping process is analogous to the splitting operation used in
conjunction with a DQS. The advantage of a DQP over the DQS isthat it is easier to implement, and merg-
ing is considerably simpler. On the other hand, the DQP allocates equal resources for each dimension of the
parameter space, whereas the DQS can ignoreirrelevant dimensions, thereby yielding more precision in its
focusing. Also, the DQS takes up less storage than the DQP.

Now, let us return to our more generd discussion. Both the optimized and generalized pseudo k-d trees
are static data structures which means that we must know all of the data pointsapriori beforewe can build the
tree. Thus, deletion of nodesis considerably more complex than for conventional k-d trees (see Section 5.1.2)
since we must obtain new partitionsfor the remaining data. Searching in optimized and generalized pseudo
k-d trees proceeds in an analogous manner to that in conventional k-d trees.

The dynamic approach to reducing the TPL in ak-d tree constructs the tree as the data pointsare inserted
intoit. Theagorithmis similar to that used to build the conventional k-d tree, except that every time that the
treefailsto meet apredefined balance criterion, the treeis partially rebalanced using the techniques devel oped
for constructing the optimized k-d tree. This approach is discussed by Overmars and van Leeuwen [111] (see
also Willard [145]) who present two variations: thefirst is analogousto the optimized point quadtree and the
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Figure 42: Example two-dimensional DQP for three levels.

second to the pseudo quadtree. One of the differences between these two approaches is that in the dynamic
optimized k-d tree, the partitionlines must pass through the data points while this need not be the case for the
dynamic pseudo k-d tree. This does not have an effect on searching. However, deletion will be considerably
simpler in the dynamic pseudo k-d tree than in the dynamic optimized k-d tree.

Methods such as the dynamic optimized k-d tree and the dynamic pseudo k-d tree are characterized by
Vaishnavi [141] asyielding ‘ severely’ balanced treesin that they are generalizations of complete binary trees
for one-dimensiona data. As such, they can not be updated efficiently and this has led Vaishnavi to propose
arelaxation of the balancing criterion by generalizing the height balancing constraint for a height-bal anced
tree (also known asan AVL tree[3, 5]). Thisis done by storing data in a nested sequence of binary trees so
that each nonleaf node P tests a particular key J. Each nonleaf node P has three sons. The left and right
sons point to nodes with smaller and larger, respectively, values for the J * key. The third sonistheroot of a
(k — 1)-dimensional tree containing all data nodes that have the same value for the J** key as the data point
corresponding to P. The ‘rotation’” and ‘ doublerotation’ restructuring operations of height-ba anced treesare
adapted to the new structure, For N points, their useisshown toyield O(log, N + k) boundson their search
and update times (i.e., node insertion and deletion). Unfortunately, this data structure does not appear well-
suited for range queries.

The most drastic relaxation of the rule for the formation of the k-d tree is achieved by removing the re-
guirementsthat the partition lines be orthogonal and parallel to the coordinate axes, and that they passthrough
the data points. This means that the partition lines are arbitrary, and thusit is no longer meaningful to spesk
about the order in which the different coordinate axes are partitioned. Also, theancestral relationship(i.e., the
common bond) between the k-d tree and the fixed-grid is now meaningless as an array access structureto the
results of the space partitionis no longer possible.

The BSPtree of Fuchs, Kedem, and Naylor [50] isan example of ak-dtree wherethesubdivisionlinesare
not necessarily paralld to the coordinate axes, orthogonal, or pass through the data points. Each subdivision
lineisredly a hyperplane which isaline in two dimensions and a plane in three dimensions. Thus in two
dimensions each node’'s block is a convex polygon, whilein three dimensionsit is a convex polyhedron.

The BSPtreeisabinary tree where each son correspondsto aregion. In order to be ableto assign regions
to the left and right subtrees, we need to associate a direction with each subdivision line. In particular, the
subdivisionlinesaretreated as separators between two hal fspaces' . Let thesubdivisionlinehavetheequation
a-z+b-y+c= 0. Wesay that theright subtreeisthe*positive’ sideand containsall subdivisionlinesformed

17 A (linear) halfspacein d-dimensional spaceis defined by theinequality Zf: o @i - @i > 0onthed + 1 homogeneouscoordinates
(zo = 1). The hafspaceis represented by a column vector a. In vector notation, the inequality iswritten asa - z > 0. In the case of
equality, it defines a hyperplanewith « asits normal. It isimportant to note that halfspacesare volume elements; they are not boundary
elements.
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by separatorsthat satisfy a -« +b -y + ¢ > 0. Smilarly, we say that theleft subtreeis‘negative’ and contains
all subdivisionlinesformed by separatorsthat satisfy a -« +5 - y+ ¢ < 0. Asan example, consider Figure43a
which is one of many possible adaptations of the BSP tree to store the point datain Figure 1. Notice the use
of arrows to indicate the direction of the positive halfspaces. Althoughin thisexample, the treeis balanced,
thisneed not be the case. Similarly, the subdivisionlines may pass through the data points themsel ves.
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Figure 43: An adaptation of the BSP tree to points and the records it represents

corresponding to the data of Figure 1: (a) the resulting partition of space, and (b)
the tree representation.

Exercises

1. Writeaprocedure, BUILD_OPTIMIZED_KDTREE, to construct an optimized k-d tree.

2. Inthetext we indicated that the optimized k-d tree can a so be constructed dynamically. Given 6 (0 <
§ < 1), show that there exists an algorithm to build such a tree so that its depth is dways a most
log,_s n 4+ O(1) and that the average insertion timein an initially empty datastructureisO(@).
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In this case, n denotes the number of nodes currently inthetreeand N isthetotal number of nodesin
thefinal tree.

3. Write aprocedure, BUILD_ADAPTIVE_KDTREE, to construct an adaptive k-d tree.
4. Analyzethe running time of procedure BUILD_ADAPTIVE_KDTREE.

5. Define a pseudo k-d tree in an analogous manner to that used to define the pseudo quadtree in Sec-
tion 4.1.2. Repeat Exercise 15 in Section 4.1.2 for the pseudo k-d tree. In other words, prove that the
same result holdsfor V insertions and deletionsin ad-dimensional pseudo k-d tree.

6. How would you use the Hough Transform to detect if somerange data(i.e., x, y, = readings) are copla
nar.

7. Assumethat you are given aBSP treefor aset of points S that yiel dsapartition of space into m regions
r; Witht; (1 < ¢ < m) pointsin each region ;. Can you prove that a space partition could also be
obtai ned with orthogonal subdivisionlinesthat are parallel to the axis so that we again have m regions
u; where each u; (1 < j < m) contains the same points as one of the regions r;? If thisis true, then
you have shown that the BSP tree does not yield amore general partition of space than the most general
form of the adaptive k-d treein the sense that the space is partitioned into orthogonal blocks with faces
that are parallel to the coordinate axes.

8. Doestheresult of Exercise 7 aso hold for BSPtreesfor non point objects(i.e., objectswith extentssuch
as line segments as discussed in Chapter ??)?

5.2 Trie-based K-d Trees

The trie-based k-d tree is a binary tree adaptation of the PR quadtree and is obtained in the same way asthe
point k-d tree is obtained from the point quadtree. However, unlike the point k-d tree, in the trie-based k-d
tree, the positions at which decomposition takes place do not have to coincide with data points. Trie-based
k-d trees are closely related to the bintree representation of region data (see Section ?? of Chapter ??). Inthis
case, we recursively decompose the underlying space from which the pointsare drawn into halves. The exact
identity of the key or dimension which we partition depends on the partitioning scheme that is used.

There are many partitioning options, although the most common, and the one we focus on in this section,
applies the halving process by cycling through the different axes in a pre-defined and constant order. Again,
asin the point k-d tree, in our discussion, we assume two-dimensional data and wetest « coordinate val ues at
the root and at even depths (given that the root is at depth 0), and y coordinate values at odd depths. Such a
treeis described by Orenstein [103] who callsit ak-d trie. Using the terminology of Section 4.2 such adata
structure would be called a PR k-d tree or a PR bintree. For the purpose of consistency with Section 4.2, we
shall use the term PR k-d tree. For example, Figure 44 shows the PR k-d tree corresponding to the data of
Figure 1.

The advantage of the cyclic partitioningis that there is no need to store the identity nor value of the dis-
criminating key. Of course, other partitioning optionsare also possibleathough not as many as in the case of
the point k-d tree since the positions through which the partition lines must pass are restricted. For example,
we can vary the order in which we partitionthevariousaxes and employ rulessimilar to those used to construct
the generalized pseudo k-dtree (e.g., the adaptive k-d tree) except that they can only be used to choose the par-
tition axis rather than both the partition axis and the partition position. When there are absolutely no rules as
to the order in which the axes corresponding to the keys are partitioned, then we term the result a generalized
k-d trie. The generalized k-d trie represents point data in a manner anal ogous to that used for region data by
the AHC (Adaptive Hierarchical Coding) [21] or generalized bintree described in Section ?? of Chapter ??.

One of the shortcomings of some trie-based representations such as the PR k-d tree (as well as the PR
quadtree) isthat when thedataisnot uniformly distributed (e.g., whenthedataisclustered)'®, thetree contains

18 See [136] for an analysis of this situation.
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Figure 44: A PR k-d tree and the records it represents corresponding to the data of
Figure 1. (a) the resulting partition of space, and (b) the tree representation.

many empty nodes and, thereby, becomes unbalanced. For example, inserting Amherst at location (83,64)
inthe PR k-d tree (PR quadtree) givenin Figure 44 (28) will result in much decomposition to separate it from
Buffalo whichisat (82,65). Thiseffect is shown explicitly by the amount of decomposition necessary to
Separate Omaha and Chicago in the PR k-d tree given in Figure 44.

There are anumber of ways of overcoming thisshortcoming. Both of the approaches that we describe are
characterized as making use of bucketing, albeit in a different manner than in Section 7. The first approach
treats each block in the PR k-d tree as a bucket of capacity b and stipulatesthat the block is split whenever it
contains more than b points. Having buckets of capacity » (b > 1) reduces the dependence of the maximum
depth of the PR k-d tree on the minimum Euclidean di stance separation of two distinct pointsto that of two sets
of at most & pointsapiece. Thisisagood solution aslong as the cluster contains b or less points, as otherwise
we still need to make many partitions. The result is termed a bucket PR k-d tree (also known as a hybrid k-d
trie[103]) and isshownin Figure45 for the datain Figure 1 when the bucket capacity is2. The bucket PR k-d
tree assumes a cyclic partitioning. If we permit the order in which we partition the various axes rather than
cycling through them in aparticular order, then the result istermed abucket generalized k-d trie. Itisreferred
to extensively in Section 7.1.

The PMR k-d tree [96, 97, 98] for points'® addresses the clustering problem by making use of a concept
related to bucket capacity which we term a splitting threshold. Given a splitting threshold b, we say that if a
block ¢ contains more than b points, then it issplit once, and only once. Thisisso even if one of the resulting
blocks f still has more than b points. If during the insertion of another point p we find that p belongsin f,
then f issplit, once and only once. Theideaisto avoid many splitswhen morethan b pointsare clustered and
there are no other pointsin the neighborhood. The PMR k-d tree makes use of a cyclic partitioning.

On the other hand, a point is deleted from a PMR k-d tree by removing it from the node corresponding to
theblock that containsit. Duringthisprocess, theoccupancy of the nodeanditssiblingsischecked to seeif the
deletion causes the total number of pointsin them to be less than the predetermined splitting threshold. If the
splitting threshol d exceeds the occupancy of the node and its siblings, then they are merged and the merging
process is reapplied to the resulting node and its siblings. Notice the asymmetry between the splitting and

19 This structure was originally defined as a PMR quadtree but its adaptation for k-d trees is straightforward: we just vary the decom-
position from 2¢ blocks at each level to just 2 blocks at each level.
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Figure 45: A bucket PR k-d tree and the records it represents corresponding to the
data of Figure 1 for bucket size 2: (a) the resulting partition of space, and (b) the
tree representation.

merging rules. Also, observe that, unlikethe bucket PR k-d tree, the shape of the PMR k-d tree does depend
on the order in which the pointswere inserted.

The second approach appliestest compressi on techniquessi milar tothosedevised by Ohsawaand Sakauchi
[100, 101] in their development of the BD tree which isclosaly related to the BANG file[42] and to alesser
extent the hB-tree[88, 89, 118] (see Section sec-tree-directory for more detail s about these two structures). In
essence, toform aBD tree, pathsin the PR k-d tree (al so applicable to the PR quadtree) that consist of nonl eaf
nodes are compressed sothat al nonleaf nodesthat have just one non-NIL son areeliminated. Inparticular, the
nodes are replaced by one nonleaf node that indicates the results of the comparisons performed in accessing
thefirst node in the path that has more than one non-NIL son. Thisissimilar to the notion of Patrician triesin
digital searching [73, p. 490].

Asan exampl e of the use of test compression techniques, let usexaminetheir applicationtothe PR k-dtree
giveninFigure44. The BD tree as described by Ohsawaand Sakauchi isabucket method in the sense that the
nodesin the tree correspond to buckets and are split once they overflow. In our example, we assume a bucket
capacity of 1. Each nonleaf nodein the BD tree contains a variable length bit string (termed a discriminator
zone expression (DZE) by Ohsawa and Sakauchi), say s, consisting of 0sand 1sthat indicates the results of
theteststhat lead to the left son of the node. The right son is accessed when thetest result does not match the
DZE by complementing the last binary digit of s. We say that 0 and 1 correspond to < and ‘>, respectively.

Figure46a-h showshow aBD treeisconstructedin an incremental fashionfor Chicago,Mobile, Toronto,
Buffalo, Denver, Omaha, Atlanta, and Miami, in order. All nonleaf nodes are labeled with their DZEs,
assuming a sequence of aternating =, y, «, y, . . . testsstarting at theleft end of the DZE. For example, in Fig-
ure46b, the root has a DZE of 0, which means that the [eft son correspondsto = < 50 (i.e., theleft haf of the
space spanned by the quadtree). As amore complicated example, theleft son of the root in Figure 46e has a
DZE of 000, which means that the left son of the left son of the root correspondsto = < 25 and y < 50.

At thispoint, let us make afew observations about the BD tree. First, the BD treeisnot unique. Rotation
operations can be applied to reformulate the tests in the nonleaf nodes so that a greater degree of balancing
isachieved. Such transformations are easy to express in terms of the DZEs [101]. Second, when the bucket
capacity isgreater than 1, say B, then we can decide to continue splitting until no region contains more than

60



0
Chicago
0 10 110
Chicago Mobile
|
Chicago  Chicago Mobile Mobile Toronto Toronto Buffalo
(a) (b) (€) (d)
0 0

000 000

110 001101 110

Denver Chicago Mobile Denver Mobile

Toronto Buffalo  Chicago Omaha Toronto Buffalo

(e) ()
0

000

001101 100 110

Denver

Chicago Omaha Mobile Atlanta Toronto Buffalo

©)
0

000

001101

100 110

Denver

Chicago Omaha Mobile Toronto Buffalo

Atlanta Miami

(h)

Figure 46: Sequence of partial BD trees demonstrating the addition of (a) Chicago,

(b) Mobile, (¢) Toronto, (d) Buffalo, (¢) Denver, (f) Omaha, (g) Atlanta, and (h)
Miami corresponding to the data of Figure 1.

z- B (0 <« < 1) points. Ohsawa and Sakauchi suggest choosing + = 2/3 [100, 101]. Third, unlikethe
PR quadtree and PR k-d tree, a BD tree does not result in the partitioning of space into a collection of hyper-
rectangles.

It should be clear that the BD tree can be used for dataof arbitrary dimensionality. For moredetailson how
toimplement basi c operations such asinsertion and deletion, aswell as answering exact match, partial match,
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and range queriesfor BD trees, see Dandamudi and Sorenson [24]. For an empirica performance comparison
of the BD tree with some variations of the k-d tree, see Dandamudi and Sorenson [23].

Exercises

1.

10.
11
12.
13.

Formulate k-d tree variant of a matrix representation ana ogous to the M X quadtree (discussed in Sec-
tion4.2.1) and term it an MX k-d tree or an MX bintree. Give proceduresMX_KD_INSERT and MX_KD_-
DELETE to insert and delete data pointsin an MX bintree.

. Why would an MX k-d tree be a better matrix representation than the MX quadtree?

. Write a pair of procedures PR_KD_INSERT and PR_KD_DELETE to insert and delete, respectively, data

pointsin a PR k-d tree.

. Assuming that key values are uniformly distributed real numbersin [0,1) represented in binary, prove

that the average depth of a PR k-d tree is O(log, N). Can you extend this result to PR quadtrees?

. Let thesize of adataitem be bounded by * (i.e., the maximum total number of bitsin the k keys) and

let the bucket capacity be c. Suppose that a bucket in a bucket PR k-d tree overflows. Assuming that
each bit has an equal probability of being O or 1, find the expected number of bitsthat must betested to
resolve the overflow.

. Writeapair of proceduresPMR_KD_INSERT and PMR_KD_DELETE to insert and del ete, respectively, data

pointsin a PMR k-d tree.

. Ingenerd, the BD tree does not result in the partitioning of space into acollection of hyper-rectangles.

Under what conditionsdo some of the subtrees correspond to hyper-rectangles?

. Isit necessary to store the entire DZE with each node in the BD tree?

. Write a procedure to insert a point into a two-dimensional BD tree.

Write a procedure to delete a point from atwo-dimensional BD tree.
Write a procedure to perform a point search in atwo-dimensional BD tree.
Write a procedure to perform arange search for arectangular region in atwo-dimensional BD tree.

Implement a BD tree with a bucket capacity of ¢. In particular, write procedures to insert and delete
nodes from it. The key issue is how to handle bucket overflow and underflow. Try to use techniques
analogous to those used for B-trees — such as, rotation of elements between adjacent bucketsthat are
not completely full.

6 One-dimensional Orderings

When point datais not uniformly distributed over the space from which it isdrawn, then using the fixed-grid
representation means that some of the grid cells have too much data associated with them. The result is that
the grid must be refined by further partitions. Unfortunately, thisleads to the creation of many empty grid
cells thereby wasting storage. In Sections 4 and 5 we described how to eliminate some of the empty cells
by aggregating spatially adjacent empty grid cellsto form larger empty grid cells. However, not al spatialy
adjacent empty grid cells can be aggregated in this manner as the identity of the ones that can be aggregated
is a function of the specific tree-based space decomposition process that was applied to generate them. In
particular, recall that both the quadtree and the k-d tree are the result of a recursive decomposition process,
and thus only empty grid cells that have the same parent can be aggregated.
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In this section, we describe how to eliminate all empty grid cells by ordering dl the grid cells (regardless
of whether or not they are empty), and then imposing atree access structure such as a balanced binary search
tree, B-tree, etc. onthe e ementsof the ordering that correspond to nonempty grid cells. The orderingisreally
amapping from the d-dimensional space from which the datais drawn to one dimension. The mapping that is
chosen should be invertible. This means that given the positionof agrid cell inthe ordering, it should be easy
to determineitslocation. When the grid cells are not equal-sized but still resulting from afixed grid, then we
must also record the size of the nonempty grid cdlls.

There are many possible orderingswith different properties (see Figure ?? and the accompanying discus-
sion in Section ?? of Chapter ??). The result of drawing a curve through the various grid cells in the order
in which they appear in the ordering is called a space-filling curve. In this section, we elaborate further on
two orderings: bit interleaving and bit concatenation. When all the attributes are either locational or numeric
with identical ranges, then the orderings are applicable to the key values as well as the locations of the grid
cells. Onthe other hand, when some of the attributes are nonlocational, then the orderingsare only applicable
to the locations of the grid cells. In the latter case, we still need to make use of an additional mapping from
the actua ranges of the nonlocational attribute valuesto the locations of the grid cells. We do not discussthis
issue further here,

Bit interleaving consists of taking the bit representations of the values of the keys comprising a record
and forming a code consisting of aternating bits from each key value. For example, for d = 2, the code
correspondingtodatapoint A = (X,Y) = (2m@m—1 - - - 20, Ym¥Ym—1 " Y0) iISYmTm¥Ym—12m — 1 .. . Yozo,
where we arbitrarily deem key y to be the most significant. Figure 47 is an example of the bit interleaving
mapping when d = 2. We have aso labeled the codes corresponding to the cities of the example database
of Figure 1, applying the mapping f defined by f(z) = z = 12.5 to the values of both » and y coordinates.
Recall that the same mapping was used to obtain the MX quadtree of Figure 26. The drawback of using bit
interleavingisthefact that it isnot performed efficiently on general computers. Itscomplexity dependson the
total number of bitsin the keys. Thus, in d dimensions, when the maximum depth is », the work required is
proportiona to d - n.

Bit concatenation consists of concatenating the key values (e.g., for data point A the concatenated code
would be Yy Ym—1 - - - YoTm&m—1 - .. 2o). Bit concatenation isthe same as row order or column order (de-
pending on whether they coordinatevalueor  coordinateval ue, respectively, isdeemed themost significant).
Itisaclassical ordering for storing images and is a so known as raster scan or scan order.

Above, we have shown how to apply the orderings to the key values. Applying the orderings to the lo-
cations of the grid cells is easy. We simply identify one location in each grid cell ¢ which serves as the rep-
resentative of ¢. Thislocationisin the same relative positioninal of thegrid cells (e.g., in two dimensions,
this could be the location in the lower-1eft corner of each grid cell). Once the location has been identified, we
simply apply the ordering to its corresponding key values. Again, if the grid cells can vary in size, then we
must also record their size.

It should be clear that in light of our interest in range searching, bit interleaving is superior to the bit con-
catenation method since the latter results in long narrow search ranges, whereas the former results in more
square-like search ranges. This argument leads to the conclusion that bit concatenation is analogous to the
inverted list method while bit interleaving is analogous to the fixed-grid method. In fact, bit concatenation
resultsin the records being sorted according to a primary key, secondary key, etc.

Range searching using a tree-based representation of the result of applying a one-dimensiona ordering
isfarly straightforward. Below we show how it is performed for a binary search tree by an algorithm pro-
posed by Tropf and Herzog [139]. We use Figure 48 which isthe binary search tree corresponding to the key
values of Figure 1 encoded using bit interleaving as in Figure 47. The range is specified by the minimum
and maximum codes in the search area. For example, to find al the cities within the rectangular area defined
by (25,25), (50,25), (50,63), and (25,63), which isrepresented by codes 12, 24, 50, and 38 (see Fig-
ure49), respectively, we must examine the codes between 12 and 50. The simplest agorithmisrecursive and
traversesthe binary search tree starting at itsroot. If the root lies between the minimum and maximum codes
in the range, then both subtrees must be examined (e.g., code 21 in Figure 48). Otherwise, one subtree needs
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Figure 47: Example of the result of applying the bit interleaving mapping to two keys
ranging in values from 0 to 8. The city names correspond to the data of Figure 1
scaled by a factor of 12.5 to fall in this range.

21-Miami

14-Chicago 54-Buffalo

16-Mobile 22-Atlanta  56-Toronto

10-Denver

Figure 48: A binary search tree corresponding to the data of Figure 1 encoded using
bit interleaving as in Figure 47.

to be searched (e.g., the left subtree of code 54 in Figure 48).

This algorithm is inefficient because many codes lie in the range between the minimum and maximum
codes without being within the query rectangle. Thisisillustrated by the two staircases in Figure 49. Codes
above the upper staircase are greater than the maximum search range code, while codes bel ow thelower stair-
case areless than the minimum search range code. All remaining codes are potentia candidates yet most are

not in the query rectangle.

To prunethe search range when theroot lieswithinthe search range (e.g., code 21 in Figure48), Tropf and
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Figure 49: lllustration of the range search process when using bit interleaving.

Herzog define two codes termed LITMAX and BIGMIN which correspond to the maximum code in the left son
and the minimum code in the right son, respectively, that are in the query rectangle. The subsequent search
of the left son uses LITHAX as the maximum code in therange (e.g., 15 in theleft subtree of Figure 48) while
the search of the right son uses BIGMIN as the minimum code in the range (e.g., 24 in the right subtree of
Figure 48) with the result that many codes are eliminated from consideration (e.g., codes between 16 and 23
in Figure 48) after examining the root for the query rectangle between 12 and 50).

Experiments reported by Tropf and Herzog [139] show that given NV records, for small hypercube ranges,
the average number of records inspected is O(d - log, N + F'), where F' is the number of records found.
White [144] shows how to perform the same task when using a B-tree as the underlying representation with
the same order of execution time.

As pointed out earlier, the ordering methods that we have described can be applied to any of the represen-
tations that make use of a recursive decomposition process to generate a set of grid cells of unequal size. In
this case, recall that since the mapping isno longer onto, we aso need to record some information to enable
us to determine the size of the grid cell. A simple, and different, way to obtain an ordering is to traverse the
underlying tree access structure and assign successively higher numbers to the grid cells. The problem with
such an approach isthat there is no simple correl ation between the number that is assigned to the grid cell and
its actual locationin space (i.e., the mapping is not invertible).

An dternative, and preferable solution, is to assign a unique number to each grid cell ¢ in the resulting
space decomposition based on the path from the root of the access structureto ¢, and to record some informa:
tion about the size of the partition that takes place at each level of thetree. In fact, thisapproach is equivalent
to the solution that we proposed at the start of this section which represents each nonempty block consistently
by some easily identifiablelocation in the block (e.g., the one in the lower-left corner of the block) and then
appliesthemapping (e.g., bitinterleaving) toit. Theresult of themappingisstored inthe one-dimensional ac-
cess structure along with thesizeinformation. In fact, thisisthe basis of alinear index into atwo-dimensiona
spatial database developed by Morton [94] and refined later by a number of other researchers including Gar-
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gantini [51] and Abel and Smith [2].

As we can see, bit interleaving is quite a powerful an idea. In the rest of this section, we give a brief
historical background of its devel opment and mention an interesting application. It is difficult to determine
the origin of the notion of bit interleaving. The first mention of it was by Peano [112]. Bentley [9] attributes
bit interleaving to McCreight as away to use B-trees [22] to represent multidimensiona data. The resulting
B-treeis called an N-tree by White [144], while Orenstein and Merrett [105] term it a zZkd Btree. Note that
the result is different from the k-d-B-tree of Robinson [116] (see Section 7.1.1). It was proposed by Tropf
and Herzog [139] to give alinear order on multidimensiona data and accessing it viaa binary search tree or
balanced variant thereof. Orenstein and Merrett [105] use the term Z order to denote the resulting ordering
whilereviewing its use in anumber of data structuresin the context of range searching. They usethe Z order
to build avariant of a binary search tree which they term a zkd tree, while cautioning that it differsfrom the
conventional k-d tree since an inorder traversal of a k-d tree does not necessarily yield the nodesin Z order.

Aninterestingtwist on bitinterleavingthat improvestheefficiency of partial match queries, and potentialy
also of range queries, isreported by Faloutsos[34]. He suggeststhat the keys be encoded by their Gray codes
(recall the definitionin Section ?? of Chapter ??) prior to the application of bit interleaving. The result isthat
the transitions between successive pointsin the ordering are either in the horizonta or verticd directions—
not diagonal asisthe case for the Z order, which characterizes the normal bit interleaving process. Faloutsos
feels that diagonal transitions between successive records are undesirable because these records do not have
any key valuesin common. Thisis most visible when performing a partial match query (i.e., a partia range
query).

As an example of the use of Gray codes, suppose & = 2 and thekeysare X and Y with ranges between
O and 3. The query X > 2 means that we only need to examine one cluster of points (e.g., Figure 50a) when
bit interleaving is applied after coding the keys with their Gray codes (but see Exercise 6). In contrast, for
the same query, using bit interleaving without a Gray code means that we must examine two clusters of points
(e.g., Figure50b). Using bit concatenation such that key Y ismore significant than X, the same query requires
usto examine four clusters of points (e.g., Figure 50c).

y
T

11

10

01

worit10 X O or101 X %oor o1t

(@) (b) (©)

Figure 50: Orderings induced on points from {1,2,3} and the result of the partial
query x>2 shown shaded. (a) Gray codes prior to bit interleaving, (b) bit interleaving
without Gray codes, (¢) bit concatenation with y being more significant than x.

X

Depending onhow thedataisstructured, amultiplicity of clustersmay have asignificantimpact on the cost
of retrieving the answer. Faloutsos[35] has shown that for a partial match query, using the Gray codes never
increases the number of clustersand can reduce the number of clustersby at most 50%. Fal outsosfurther con-
jecturesthat the use of Gray codes hasasimilar effect on range queries, although at the present thisisan open
problem. The overhead cost incurred by using Gray codes is that of conversion from abinary representation,
whichislinear in the size of the codeword [114].

Exercises

1. Writean algorithmto perform bitinterleaving of the = and y coordinate values of apointin an efficient
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manner.

2. Write aprocedure BI_SEARCH to perform arange search for arectangular region in a two-dimensiona
database implemented as a binary search tree with bit interl eaving as the mapping function.

3. Assume a d-dimensional database implemented as a B-tree with bit interleaving as the mapping func-
tion. Write a procedure BTREE_SEARCH to perform a range search for a d-dimensiona rectangular re-
gion.

4. Givenadatabase of N records, provethat for asmall rectangular d-dimensional region, therange search
in Exercise 3takes O(d - log, N + F') timewhere F' isthe number of records found.

5. Givean algorithm for converting between abinary representation and a Gray code and vice versa.

6. Give an example partial match query involving keys X and Y with ranges between 0 and 3 such that
the use of Gray codes prior to interleaving does not result in a decrease in the number of clustersfrom
the number of clustersthat result from normal bit interleaving.

7. Provethat for partial match queries, using Gray codes prior to bit interleaving never increases the num-
ber of clusters and can reduce them by a maximum of 50%.

8. Derive amethod of enumerating al the possible partial match queriesfor two keys. Also, evaluate the
expected number of clusters when using bit concatenation, bit interleaving, and bit interleaving using
Gray codes.

9. What isthe effect on range queries of using Gray codes prior to bit interleaving?

10. One of the problemswith the Gray code encoding is the existence of long horizontal and vertical tran-
sitionsbetween successive e ementsin the order. Find an ordering that avoids thisproblem (recall Sec-
tion ?? of Chapter ??).

7 Bucket Methods

When the datavolumebecomes very large, much of the dataresidesin secondary storage (e.g., disk) rather than
in main memory. This means that tree access structures such as the quadtree and k-d tree variants discussed in
Sections4 and 5, which are based on making between 1 and d testsat each level of thetree, becomeimpractical
due to the limited fanout at each node. The problem isthat each time we have to follow a pointer, we may
haveto make adisk access. Thisisfar costlier than indirect addressing which isthe case when thetree resides
entirely in main memory. This has led to the devel opment of what are termed bucket methods.

There are many different bucket methods and even more ways of distinguishing between them. One way
to do so isby noting whether they organi ze the datato be stored or the embedding space from which the data
isdrawn. Analternative, and the onewe follow inthissection, isto subdividethem into two principal classes.
The first class consists of aggregating the data objects in the underlying space. The second class consists of
decompositionsof the underlying space with an appropriateaccess structure. Itisimportant to notethat not all
of the methods can be classified so neatly in the sense that some of them can be made to fit into both classes.
We do not dwell on thisissue further in this chapter.

Thefirst class aggregates the actual data objectsinto sets (termed buckets) usually the size of adisk page
in secondary memory so that the buckets are as full as possible. These methods still make use of atree access
structurewhere each nodeinthetreeisthesize of adisk pageand all leaf nodesare a thesame level. Thusthe
fanoutismuch larger than inthe quadtree (and, of course, thek-dtree). It should beclear that decomposing the
underlying space isnot agoal of these representations. Instead, they are more accurately classified as object
hierarchies since they try to aggregate as many objects (pointsin our case) as possibleinto each node. When
the nodes are too full, they are split at which time some of the representations (e.g., the R-tree [55]) attempt
to aggregate spatially proximate objects in the nodes resulting from the split. However, thereis no guarantee
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that the space spanned by the collections of objectsin the nodes (e.g., their convex hull, minimum bounding
box, minimum bounding circle, etc.) isdigoint.

Nondisjointnessis a problem for search agorithms as the path from the root of such structures (eg., an
R-tree) to a node that spans the space containing a given data point or object is not necessarily unique. In
other words, the data point or object can be covered by several nodes of the R-tree yet it is only found in
one of them. Thisresultsin more complex searches. No such problems exist when the decomposition of the
space spanned by the collections of objects in the nodes is digoint. Examples of such methods include the
R*-tree [36, 127, 129] which is redly ak-d-B-tree [116] with bounding boxes around the portions of space
resulting from the decomposition. When the dataobjects have extent (e.g., nonpoint objectssuch asrectangl es,
lines, etc.), the digointness requirement of these representations may result in decomposing the individua
objects that make up the collection at the lowest level into several pieces. The digointness requirement is
usually expressed in the form of a stipulation that the minimum bounding box of the collection of objects at
thelowest level of thetree (i.e., a theleaf nodes) are digointinstead of that the minimum bounding boxes of
theindividual objectsaredisjoint?°. The pricethat we pay for disjointnessisthat thereisno longer aguarantee
that each node will be as full as possible.

Neither of these object aggregation methods(i.e., nondig ointand digjoint) isdiscussed further inthis chap-
ter asthey are covered in great detail in Sections ?? and ??, respectively, of Chapter ?? where their usageis
discussed for nonpoint objects (e.g., region data). Of course, that discussionis also applicable for point data.

Methodsthat are based on adigoint decomposition of space can a so be viewed as el ements of the second
class. Thekey property that isused to distinguish between the different elements of this classiswhether or not
the underlying space is decomposed into a grid of cells. When a grid is used, the access structureis usualy
an array (termed a grid directory) When a grid is not used, an access structure in the form of atreeis used
(termed atree directory). Such methods are the focus of the rest of this section with tree directory methods
being discussed in Section 7.1 and grid directory methods being discussed in Section 7.2.

7.1 TreeDirectory Methods

The tree access structures that form the basis of bucket methods that make use of atree directory differ from
the quadtree and k-d tree access structures discussed in Sections 4 and 5, respectively, in terms of the fanout
of thenodes. Asinthe case of an R-tree, the data pointsare aggregated into sets (termed point buckets for the
moment) where the sets correspond to subtrees S of the original access structure 7" (assuming variants of 1"
with bucket size 1 and where all data pointsare stored in theleaf nodes). They are made tolook likethe R-tree
by also aggregating theinternal (i.e., nonleaf) nodesof 7" into buckets (termed region buckets for the moment)
thereby also forming amultiway tree (i.e., likeaB-tree). The elements of the region buckets are regions. The
tree access structures differ from the R-treein the following respects:

1. the aggregation of the underlying space spanned by the nodes isimplicit to the structure, and
2. dl nodes at agiven level are digoint and together they span the entire space.

In contragt, for the R-tree, the following must hold:

1. thespatial aggregation must be represented explicitly by storing the minimum bounding boxes that cor-
respond to the space spanned by the underlying nodes that comprise the subtree, and

2. the bounding boxes may overlap (i.e., they are not necessarily digoint).
A region bucket R, whose contentsare internal nodes of 7', correspondsto asubtree of 7" and itsfanout value

correspondsto thenumber of leavesin the subtreerepresented by R. Again, notethat theleavesinthe subtrees
represented by the region bucket are internal nodes of the access structure 7'

20 Requiring the minimum bounding boxes of the individual objects to be disjoint may be impossible to satisfy asis the case, for ex-
ample, for acollection of line segmentsall of which meet at a particular point.
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Theuseof adirectory intheform of atreeto access thebucketswasfirst proposed by Knott[70]. Thenodes
in aB-tree can aso be used as buckets. A linear ordering on multidimensional point data can be obtained by
using bitinterleaving, as mentioned in Section 6, and then storing theresultsin aB-tree (recall thezkd Btree).
Unfortunately, in such a case, a B-tree node does not usually correspond to a k-dimensional rectangle. Thus,
the representation is not particularly conducive to region searching.

A number of different representations have been devel oped to overcome these deficiencies. They are the
subject of therest of this section which is organized as follows. Section 7.1.1 describes the k-d-B-tree which
isthe simplest tree directory method from a conceptua point of view. The drawback of the k-d-B-treeisthe
possible need to split many nodes when a node overflows. Section 7.1.2 presents the LSD tree which tries
to overcome some of the drawbacks of the k-d-B-tree athough use of the LSD tree may lead to low storage
utilization. Section 7.1.3 contains an overview of the hB-tree which has better storage utilization than the
LSD tree. Thisis achieved by removing the requirement that all blocks are hyper-rectangles. Section 7.1.4
discusses methods where the underlying space from which the datais drawn is partitioned at fixed positions
(i.e., based on atrie) rather than in a data-dependent manner asinthe k-d-B-tree, LSD tree, and hB-tree. This
includesthe multilevel gridfile, the buddy tree, and the BANG file. Section 7.1.5 explainsthe BV-tree which
isanovel method that has excellent performance guarantees for searching, All of the above techniques are
dynamic. Section 7.1.6 describes a couple of static methods based on the adaptive k-d tree.

711 K-d-B-trees

A simple example of amethod that makes use of atree directory isthe k-d-B-tree[116]. It isbest understood
by pointing out that it is a bucket variant of a k-d tree similar in spirit to the bucket generalized pseudo k-d
tree (see Section 5.1.4) in the following sense:

1. the partition lines need not pass through the data points,
2. thereisno need to cyclethrough the keys, and
3. dl thedataisin the leaf nodes.

The blocks corresponding to theleaf nodes of thisvariant are buckets of capacity b (termed point pages) where
abucket is split in two whenever it contains more than b points. What differentiates the k-d-B-tree from the
bucket generalized pseudo k-d tree isthat in order to form the k-d-B-tree, the nonleaf nodes comprising sub-
trees of the bucket generalized pseudo k-d tree are aso grouped into buckets of capacity ¢ (termed region
pages). In thiscase, ¢ corresponds to the number of pointersin each subtree to point pages or other region
pages. In other words, ¢ is the number of leaf nodes in the extended binary tree?! representation of the k-d
tree corresponding to the space partitioninduced by theregion page. Thus ¢ isthe maximum number of regions
that can make up aregion page. Notethat ¢ does not have to bethe same asb, and, infact, itisusually smaller
asthesize of theindividua entriesin the region pagesis usually larger since they represent the boundaries of
regions.

Asnoted above, the nodes of the original bucket generalized pseudo k-d treethat make up each region page
formavariant of ak-dtree’l” corresponding to the space partition induced by the region page. 'I" storesregion
partitionsinits nonleaf nodes and pointersto other region pages or point pagesinitsleaf nodes. Therefore, T
isneither ageneralized k-d tree since no actua dataisstoredinitsnonleaf nodes, nor is’/" ageneralized pseudo
k-dtree as no actual dataisstored initsleaf nodes. Thusweterm 7" ageneralized kT -d tree in recognition of
itssimilarity in spirit to a BT -tree since their nodes only contain partitionsrather than actual data.

It isinteresting to observe that obtaining a k-d-B-treeis equivalent to taking a bucket generalized pseudo
k-d tree B and replacing it by a multiway tree B’ which is a variant of a B*-tree?> where the nodes of B’

211n an extended binary tree, each nodeis either a leaf nodeor has two sons. For more details, see Section ?? of Chapter ??.
22\We have an analogy with a B -tree rather than a B-tree becausein the k-d-B-tree all the data points arein the leaf nodes, while the
nonleaf nodes only contain the boundariesof the partitions.
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are aggregates of subtrees of B containing a maximum of ¢ elements. One of the reasons for stating that the
resulting structureis a variant of the B+ -tree isthat, unlike BT -trees, we cannot guarantee that each bucket
in the k-d-B-tree will be 50% full. However, asin BT -trees, all point pages (i.e., leaf nodes) in ak-d-B-tree
are a the same depth.

Of course, the resulting structure of the k-d-B-tree has many of the same properties as the B-tree athough
updates (i.e., insertion and deletion) cannot always be achieved in analogous ways. In particular, when new
datavaluesareinsertedinto (del eted from) aB-tree, an overflowing (underflowing) bucket iseither split (merged
with an adjoining bucket) and a middle partition value promoted to (demoted from) the father bucket. Alter-
natively, we could try to make use of what istermed deferred splittingto rotate val ues from adjacent buckets.
Unfortunately, the latter is not possible in the case of multidimensional point data (i.e., d > 1) asthe buckets
are not split on the basis of an ordering— that is, that partitionsare made on the basis of therel ative positions
(i.e., locations) of the pointsin the underlying space that is spanned by the bucket. Moreover, recall that only
theleaf nodes contain actual data

If insertion of a point into the k-d-B-tree causes a point page p to overflow, then a partition line and axis
are chosen and the corresponding bucket is split. Thisresultsin the creation of two new point pages s; and sz,
and thedatain p isinserted into the appropriate new point page based on its position relative to the partition
line. Finally, p isdeleted from the region page f that containsit, while s; and s, are added to f.

Adding s; and s» to f may also cause f to overflow. If thisis the case, then we pick a partition line !
and axisin the region corresponding to f and split f into region pages f; and f,. For example, consider the
region page given in Figure 51a and let its capacity be 9. As we can see, this page has 10 regions and has
overflowed. Suppose that we splititat + = 50 as shown in Figure 51b. This means that we must check the
relative positions of al of the regions corresponding to the elements of f with respect to the partition line
(e.g., z = 50in Figure51b). In particular, we must determineif they are entirely to theleft (e.g., regionss, C,
and D in Figure 51b) or entirely to theright (e.g., regionsE, F, H, I, and J in Figure 51b) of / and insert them
into f1 or f» asisappropriate. All elementse of f whoseregionsareintersected by / (e.g., regionsa and G in
Figure 51b) must be split and new regions created which are inserted into f; or f,. Thisadditiona splitting
processis applied recursively to the sons of e and terminates upon reaching the appropriate point pages.

If aregion page f has overflowed and f is not a root page of the k-d-B-tree, then f is deleted from its
parent page g, the newly-created region pages f; and f-» are inserted into ¢, and the check for overflow is
applied again (thistimeto ¢). If f has overflowed and f isaroot page of the k-d-B-tree, then a new region
page h is created containing region pages f; and f-» asits dements and [ as the partition line. Thus we see
that the k-d-B-tree grows at theroot (i.e., its height increases by one) which isthe same way that the Bt -tree
grows.

Too many deletionsmay result in very low storage utilization. Thiscan be overcome by either joining two
or more adjacent point pages (i.e., catenating them) provided they arejoinable(i.e., they have the same father
region, their combined region forms a hyper-rectangle, and the total number of pointsin the new page n does
not cause n to overflow), or redistributingthe contents of the adjacent point pageswhich isthe case when there
is underflow in one of the point pages. If there is areduction in the number of point pages, then this process
isrecursive in the sense that the parent region pages should be checked as well. For example, in Figure 51,
region pages H and I arejoinable. On the other hand, region page G is not joinable with region page H norisG
joinablewithregion pageI asneither of their combined regionsformsahyper-rectangle. Note, however, that G
isjoinablewith the combination H and I astheir combined region doesform ahyper-rectangle. An aternative
solution, which can aso be applied in the case of overflow, isto reorganize the region pages by changing the
positions (as well as the number) of partition lines. Thiswill mean that descendant pages must be checked
aswell since thismay cause the regions corresponding to the point pages to change thereby necessitating the
movement of points between pages which may lead to overflow and creation of new partitions by going up
thetree.

The drawback of the k-d-B-treeis that the insertion process is quite complex in the sense that we must be
quite careful in our choice of a partition line ! and partition axis when aregion page f overflows. There are
two problems. Thefirst problem isthat we must choosethe new partitionline so that the newly-created region

70



(0,100) (100,100) (0,100) (100,100)

A A x=50
C C
E E
J J
B B
D D
G H G H
I |
(0,0 X —> (100,0) (0,0 X ——> (100,0)
(@) (b)
(0,100) (100,100) (0,100) (100,100)
A A x=70
y=80
C C
E E
J J
B B
D D
F y F
G H G H
I |
(0,0 X — > (100,0) (0,0 X —> (100,0)

(c) (d)

Figure 51: (a) A region page in a k-d-B-tree with capacity 9 that overflows. The
partitions induced by splitting it into two region pages at (b) x=50, (¢) y=80, and
(d) x=70.

pages do not overflow.

For example, suppose that we choose to partition the region page f in Figure5laat linel a y = 80 as
shown in Figure 51c. Recall that this page has capacity 9. Let f; and f> represent the newly-created region
page corresponding to the area below and above y = 80, respectively. Therefore, al elements of f that are
below ! (e.g., regionsB, C,D, E, F, G, H, and I in Figure 51c) are inserted into f;, whileal elements of f that
are above ! (eg., nonein Figure 51c) are inserted into f,. In addition, the elements of f whose regions are
intersected by [ (e.g., & and J) must be split and new regions created which are inserted into £, and f». The
resultisthat f; contains 10 regions and has overflowed which means that it must also be split thereby causing
thek-d-B-treeto grow by an additiona level. Withtheappropriatechoice of partitionlines, thisprocess can be
applied repestedly to create much larger k-d-B-trees. Clearly, thisisundesirable and we should choose another
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partitionlineand axis. Infact, it isnot difficult to construct another example where both of the newly-created
region pages have overflowed (see Exercise 1).

The second problemisthat even if neither of the newly-created region pages f; and f-» overflow, then we
may still haveto recursively apply the splitting processto f; and f» which may, in turn, cause a descent to the
point pages. This recursive application of splitting can be avoided by choosing a partition line which is not
intersected by any of theregionsthat make up the overflowing region page. For example, thisisthecaseif we
choose to partitionthe region page in Figure 51aat + = 70 as shown in Figure 51d. By thevery nature of the
k-d tree, such a partition line can aways be found (see Exercise 2). The shortcoming of such a partitioningis
that it may lead to very poor storage utilization in the region pages.

Exercises

1. Consider ak-d-B-tree. Givean example partition lineand axiswhose use to split an overflowing region
page f with acapacity ¢ (i.e, f hasc+ 1 regions) yieldstwo newly-created region pages f; and f, that
also overflow.

2. Why can we adways find a partition line for aregion page in a k-d-B-tree so that when aregion page
issplit upon overflow we do not have to recursively apply the splitting process to the son pages of the
overflowing region page?

. Write a procedure, KDB_INSERT, to insert apoint in an k-d-B-tree.
. Write a procedure, KDB_DELETE, to delete a point from an k-d-B-tree.

. Writea procedure, KDB_POINT_QUERY, to perform a point query in an k-d-B-tree.

o o1 B~ W

. Writea procedure, KDB_RANGE_QUERY, to perform arange query in an k-d-B-tree.

712 LSD Trees

The LSD tree [56] chooses a partition line which is not intersected by any of the regions that make up the
overflowing region page in the k-d-B-treethereby avoiding the need for arecursiveinvocation of the splitting
process. Thisisachieved by partitioning each region page of the k-d-B-treeat theroot of the generalized k*-d
tree corresponding to the space partition induced by the overflowing region page. As mentioned above, such
a partitioning may |ead to poor storage utilization by creating region pages which could be almost empty. An
extreme example of this situation results from repeated partitions, assuming a bucket capacity ¢, that create
two region pageswhose underlying spaceis spanned by two generalized kT -d trees, having 1 and ¢ leaf nodes,
respectively. Recall that these newly-created pages contain pointersto region pages at the next lower level of
the k-d-B-tree. Observe that a generalized kT -d tree containing n |eaf nodes has aheight that can be as large
asn — 1, where we assume that a tree with one leaf node has a height of 0. Thus the generdized k*-d tree
corresponding to the space partition induced by aregion page with ¢ leaf nodes may have aheight aslarge as
c— 1.

Clearly, if the bucket capacity ¢ (the number of pointersto region or point pages here) islarge, then the
maximum height of the generalized k*-d tree corresponding to the space partition induced by a region page
could aso be large thereby requiring many tests in performing basic operations on the data such as a point
query. TheL SD treedleviatesthisproblem, in part, by choosing the maximum height % of the extended binary
tree representation of the generalized k* -d tree corresponding to the space partitioninduced by theregion page
to be |log, c|. In other words, for a given value of ¢, k ischosen so that 2 < ¢ < 2°*!. Thustheregion
page utilization is optimal when the generalized k™ -d tree corresponding to the space partitioninduced by the
page is a complete binary tree (i.e., 2" leaf nodes), whileit isat its worst when the space partitionisalinear
binary tree(i.e,, h + 1 leaf nodes). Notice a so that when ¢ isnot apower of 2, then the region page utilization
will never be 100%.
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Asinthek-d-B-tree, the LSD treeis best understood by assuming that we start with a variant of a bucket
generalized pseudo k-d tree. Similarly, the key idea behind the LSD tree lies in distinguishing between the
treatment of the nonleaf nodes of the tree (i.e., the bucket generalized pseudo k-d tree) from the treatment
of leaf nodesthat contain the actua data and termed data buckets (i.e., point pages using the terminol ogy of
the k-d-B-tree). The nonleaf nodes are aso grouped into pages of a finite capacity, termed directory pages
(i.e., region pages using the terminology of the k-d-B-treg). The result is a variant of a BT -tree where the
root, termed an internal directory page, dways resides in main memory and correspondsto the nonleaf nodes
closest to the root of the bucket generalized pseudo k-d tree, while the nodes in the remaining levels, termed
external directory pages, adways reside in externa storage. The root (i.e., the internal directory page) is a
generalized kT -d tree of finite size whose |eaf nodes point to external directory pages or databuckets. Below,
we first describe the external directory pages. Thisisfollowed by adescription of theinternal directory page.
We usethe LSD treein Figure 52ato illustrate our explanation.

Each externd directory page (aswell astheinternal directory page) isageneralized kT -d treeimplemented
as an extended binary tree of a pre-defined maximum height ~. The leaf nodes of each of the binary trees
that make up an externa directory page are either pointersto data buckets (i.e., point pages, using k-d-B-tree
terminology) or other external directory pages (i.e., region pages using k-d-B-treeterminology). Theinternal
nodes correspond to the partition values. The LSD tree definition stipul ates that the length of the paths (in
terms of the number of external directory pages that are traversed) from a particular leaf node in theinternal
directory to any databucket isthe same, whilethelengths of the pathsfrom different leaf nodesintheinternal
directory to any data bucket differ by at most one [56] (e.g., Figure 52a).

The pointer structure connecting the elements of the set of externa directory pages and the data buckets
yields a collection of trees (we are not speaking of the generalized k*-d trees that make up each externd di-
rectory page here). The interna nodes of these trees are externa directory pages. Each interna nodein each
tree in this collection has a maximum fanout 2”. In addition, in each tree, the paths from the root to the leaf
nodes (i.e., the data buckets) have the same length, in terms of the number of external directory pages, which
isanalogousto a stipulation that the trees are *balanced’ (although the individual internal nodes may have a
different degree). Moreover, the heights of any two trees can differ by at most one.

When insertion of a dataitem into the LSD tree causes a data bucket (i.e., a point page using k-d-B-tree
terminology) to overflow, the data bucket is split according to anumber of possiblerulesthat range between a
rulethat ensuresthat the number of dataitemsin theresulting data bucketsisapproximately the sametoarule
that ensures that the size of the space spanned by the two data buckets is the same. These rules are examples
of what are termed data-dependent and di stribution-dependent strategies, respectively. Thelatter issimilar to
the trie-based decomposition strategies. They differ from the generalized pseudo k-d tree as they are based
on alocal rather than aglobal view (i.e, thereis no need to know the entire data set). The split will cause the
addition of a data bucket (i.e., point page using k-d-B-tree terminology) which will cause an additional node
to beinserted into the corresponding ancestor external directory page p.

External directory pages are split if the addition of the new data bucket causes their height to exceed the
pre-defined maximum value h. If asplit occurs, then the directory page issplit at theroot of its corresponding
generalized kT -d tree and the split is propagated further up the treg, which may, in turn, eventually cause a
node to be added to the internal directory page.

The internal directory page has afinite capacity ¢« which isthe maximum number of leaf nodes that it can
contain. Note, that the leaf nodes correspond to the regionsinduced by the generalized k*-d tree partition of
the underlying space. i isusualy much larger than the capacity of the externd directory pages. The internal
directory page is kept in main memory. Again, as in the case of the externa directory pages, the interna
directory page is an extended binary tree. When the interna directory page is too full, one of its subtrees s
is made into an external directory page p and s is removed from the internal directory page (we say that s
has been paged) In this case, s isreplaced by aleaf node that pointsto p. Subtree s is chosen to be as large
as possible subject to the pre-defined maximum height of an external directory page and the ‘ path length to
abucket’ constraints. The latter constraint implies that the path lengths, in terms of the number of externa
directory pagesthat are traversed, of all pathsfrom theroot of the subtree s to adata bucket must be the same,
and that the path length is the minimum of the permitted path lengths (recall that the path lengths may differ
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Figure 52: Example LSD tree showing the result of inserting a point in data bucket
J which causes it to overflow. (a) Original tree; (b) effect of splitting data bucket
J on external directory page G; (c) effect of splitting external directory page G on
external directory page E; (d) effect of splitting directory page E on the internal
directory page; (e) effect of making new external directory pages upon detecting
overflow of the internal directory page so that the lengths of all paths from the root
of the internal directory page to any of the data buckets are the same; (f) final tree.

by one). Satisfaction of these constraints ensuresthat the external directory pages are aslarge as possible, and
also preventstheinterna directory page from overflowing too often.

If the subtree s that was chosen has just one node, which must be aleaf node, then the size of the internal
directory page has not been reduced. Recdll, that leaf nodes are pointers to external directory pages or data
buckets. Thus after paging subtree s consisting of just asingle leaf node, a pointer to s must be included in
theinternal directory page in anewly created leaf nodet which means that theinternal directory pageisstill
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overflowing. However, we have created a new externa directory page consisting of one leaf node and thus
thepath length/ from to al of the databuckets { B} accessible from ¢ hasincreased by one without violating
our constraint that { is the same for al elements of { B} and that [ differs by at most one from those of the
remaining trees that make up the collection of externa directory pages. In this case, the paging agorithm
must be reapplied but now the algorithm has the opportunity to choose another subtree to be made into an
externa directory page which hopefully consists of more than one leaf node.

For example, lettingi = 4, h = 2, and ¢ = 4, consider the situation when data bucket J overflowsin
the LSD tree whose directory map is given in Figure 52a. Data bucket J is split into data buckets J1 and J2
with g serving as the new partitioning hyperplane which is promoted to the parent external directory page G
(see Figure 52b). This causes G to have height 3, which istoo large (as h = 2). Therefore, G is split into
external directory pages G1 and G2 with partitioning hyperplane ¢ serving as the new partition value which
is promoted to the parent external directory page E (see Figure 52¢). Again, this causes E to have height 3,
which istoo large. Therefore, E is split into external directory pages E1 and E2 with partitioning hyperplane
a serving as the new partition value which is promoted to the parent who isthe internal directory page (see
Figure 52d). This causes the internal directory page to overflow as it has pointersto five externd directory
pages while thereis only room for four since i = 4.

At this point, the definition of the LSD tree requires that we locate the largest subtree s in the internal
directory page such that thelength of the path fromitsroot, in terms of the number of external directory pages
that are traversed, to a data bucket isaminimum and make s into an external directory page. Continuing our
example, this means that we make, in order, external directory pages 4, B’, and ¢’ out of the leaf nodes
which are the left sons of the interna nodes x, y, and z, respectively in Figure 52d yielding Figure 52e. We
now have the situation that the lengthsof al pathsfrom theinternal directory page to any of the data buckets
are the same. Of course, the internal directory page is still too full. Next, we convert the subtree rooted at
internal node z in Figure 52¢, asiit isthe largest, into an external directory page as shown in Figure 52f and
the insertion process is complete. Notice that the lengths of the pathsto any data bucket are the same for any
of the nodes in theresulting internal directory page whilethey differ by just onefor the different nodesin the
resulting internal directory page.

It should be noted that the exampl e that we described is an example of aworst case in the sense that we
had to make externa directory pages that were essentially empty (i.e., did not correspond to a partition of the
underlying space) when we created external directory pages4’,B’,andC’,aswell asE1 and G1 in Figure52e.
Thisworst caseisunlikely to arisein practice asthe capacity i for theinterna directory pageisusualy chosen
to be quite large while the external directory pages and the data buckets are usually the size of apage in the
underlying operating system. For example, in experiments reported in [56], the interna directory contained
1000 nodes, whiletheexterna directory pages and data bucketswere 512 bytes. Assuming an extended binary
tree representation for theinterna directory page leads to a value of 500 for ¢ as the number of leaf nodesis
one greater than the number of nonleaf nodes. Moreover, using 8 bytes per node, the maximum number of
nodes that can be stored in an external directory page is 64 which corresponds to an extended binary tree of
height h = 5 asthereare 2° = 32 leaf nodesand 2° — 1 = 31 nonleaf nodes. Thus the page can hold as many
as ¢ = 32 pointersto other externa directory pages and data buckets.

If a cyclic partition order is used, then there is no need to keep track of the partition axes. In this case,
the generalized k* -treein each external directory pageissimplified considerably and its extended binary tree
representation can be stored using the compl ete binary tree array representation (see Section ?? of Chapter ??
which isaso often used to represent heaps and is sometimes called a sequential heap).

It isinteresting to observe (asin the k-d-B-tree) that the structure of the LSD treeissimilar to that which
would be obtained by taking a binary search tree B of height mh and replacing it by a multiway tree B’ of
height m» wherethenodesof B’ correspond to aggregates of subtreesof B of height 4. Again, thisisanal ogous
to themotivatingideafor aB-treewith the exception that thefanout at each nodeof B’ isat most 2”, whereasin
aB-treethereisapredetermined minimum fanout aswell as amaximum fanout (usually rel ated to the capacity
of apage which is also usually the case in the LSD tree [56]). The difference, of course, isthat in the case
of an LSD tree, the binary search treeisak-d tree, and each node in the resulting multiway tree represents a
sequence of successive binary partitionsof a hyper-rectangular region.
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Both the k-d-B-tree and the LSD tree result in partitioning the space corresponding to an overflowing re-
gion page into two region pages each of which is a hyper-rectangle. The k-d-B-tree permits quite a bit of
latitudein the choice of the position of the partition line and identity of the partition axis at the expense of the
possibility of further overflow on account of the need for further partitioning of the regionsintersected by the
partitionline. In contrast, thereisno further partitioningin the case of the LSD tree as each region page of the
k-d-B-treeis partitioned at the root of the generalized k*-d tree corresponding to the space partition induced
by the overflowing region page. The drawback of this approach is that the storage utilization of the region
pages resulting from the split may be quite poor.

Exercises

1. Writeaprocedure, LSD_INSERT, to insert apointinan LSD tree.
2. Write aprocedure, LSD_DELETE, to delete a point from an LSD tree.
3. Writeaprocedure, LSD_POINT_QUERY, to perform apoint query in an LSD tree.

4. Writeaprocedure, LSD_RANGE_QUERY, to perform arange query in an LSD tree.

7.1.3 hB-trees

The hB-tree [89, 30, 31] overcomes the low storage utilization drawback of the LSD tree by removing the
requirement that the portions of the underlying space spanned by the region pages resulting from the split are
hyper-rectangles. Instead, the hB-tree splits each region page into two region pages so that each resulting
region pageisat |east one-third full thereby making the other region page no more than two-thirdsfull? (see
Exercises 2). The portionsof space spanned by the resulting region pages have the shapes of brickswith holes
wherethe hol es correspond to region pages spanning a hyper-rectangul ar space which has been extracted from
the region page that has been split?*. Thisanalogy serves as the motivation for the name hB-tree where hB is
an abbreviation for aholey-brick. Notethat the one-third/two-thirdsbal anced splitting property & so holdsfor
the point pages (see Exercise 3).

Each node corresponding to a region page in the hB-tree contains a generalized k*-d tree?® describing a
partition of a corresponding hyper-rectangular area. However, the space spanned by the node may not cover
the entire hyper-rectangle. In this case, some of the generalized k™ -d tree | eaf nodes (corresponding to parti-
tions of the hyper-rectangle) are flagged as being external (denoted by ext) and thus spanned by other nodes
of the hB-tree at the samelevel (such asitsbrothers). The best way to understand the hB-treeisto look at how
it would deal with the overflowing region page, denoted by P, in Figure51a. It has 10 regionswhileits capac-
ity is9. Let Figure 53 be the generdized k* -d tree corresponding to the region page P in Figure 51 which has
overflowed. Inthiscase, the space spanned by P isarectangle and thusnone of the nodesinthe corresponding
k*-d tree are marked as being external. Noticethat thisexampleis quite simpleas there are no external nodes
in the generalized k*-d trees of any of the child nodes of P since they are al aso rectangles. We shall look at
more complex examples | ater.

First, we must determine how to split the overflowing region page, say P. Thisis done by traversing its
corresponding generalized kt-dtree(i.e., Figure53) in atop-down manner descending at each step thesubtree
withthelargest number of leaf nodes(i.e., regions). The descent ceases as soon asthenumber of regionsin one
of the subtrees, say .S, liesbetween one third and two thirds of the total number of regionsin the overflowing
region page P. The space spanned by S’ corresponds to the brick which is being extracted from P.

In our example, the stopping condition is satisfied once we have made two |eft transitions followed by
two right transitions in the generalized kt -d tree of Figure 53. At this point, the brick that we will extract
corresponds to the subtree of P’s generalized k*-d tree consisting of the child nodes ¢, D, E, and F (i.e., these

22 This notion of minimum occupancy is also used in the BD tree [100, 101] (see Section 5.2).
24 Note that subsequent splits may result in region pages that span areas that are not contiguousbut thisis not a problem [89]).
25\We characterizethe structure as a generalized k-d tree rather than a k-d tree because the partitions need not be cyclic.
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Figure 53: The generalized kT-d tree of the hB-tree node corresponding to the
region page in Figure 51a. The nonleaf nodes are labeled with the name of the key
that serves as the discriminator.

are hB-tree nodes at the next lower level in the hB-tree). We let S refer to a new hB-tree node consisting of
the subtree of P’sk*-d tree and | et q refer to the remaining portion of P2 (i.e., the result of extracting s from
P). Thegeneralized k*-d trees associated with @ and s are shown in Figures 54aand 54b, respectively. Notice
the use of thelabel ext in Figure 54ato mark the portions of the space covered by the generalized k*-d tree
(recall that this space is a hyper-rectangle) that are spanned by another node in the hB-tree. Thisis needed
because the underlying space spanned by its hB-tree node is not a hyper-rectangle. In contrast, no nodes are
labeled ext in Figure 54b as the underlying space spanned by its hB-tree node is a hyper-rectangle.

Figure 54: The generalized k*-d trees associated with the results of splitting the
hB-tree node corresponding to the region page in Figure bla with the generalized
kT-d tree given in Figure 53 into nodes (a) Q and (b) S. The nonleaf nodes are
labeled with the name of the key that serves as the discriminator.

We must aso propagate the result of the split to the father hB-tree node ' of the node P corresponding
to the overflowing region page (termed posting [89]). In our example, after the split, we post a subtree that
discriminates between Q and S to the father hB-tree node F. Thisresultsin merging the generalized k-d tree
in Figure 55 into the generalized k*-d tree for F. Of course, we must also check if 7' has overflowed which
may cause further splitting and posting eventually culminating in the growth of the hB-tree by oneleve.

Note that as a result of a split we may have the situation that some nodes in the hB-tree will have more
than one parent. This means that the directory in the hB-tree isreally a directed acyclic graph (i.e., there are

26 |n an actual implementation, @ can occupy the same disk page asP did.
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Figure 55: The generalized k*-d tree associated with the father of the hB-tree node
corresponding to the region page in Figure 51a with the generalized kT-d tree given
in Figure 53 which has been split into nodes Q and S whose generalized kT-d trees
are given by Figures b4a and 54b, respectively. The nonleaf nodes are labeled with
the name of the key that serves as the discriminator.

no cycles and the pointers are unidirectiona) and thusis not actually atree. As an example of thissituation,
consider theregion page, say P, in Figure56awhosegeneralized kt -dtreeisgivenin Figure 56b. Supposethat
P has overflowed. Of course, thisexample istoo small to beredlistic, but it is easy to obtain a more realistic
example by introducing further partition linesinto the regions corresponding to A and B in thefigure. In this
case, wetraverse P’sgeneralized kt -d tree looking for apartition that will satisfy our requirement that at |east
onethird of the total number of regionsliein one of the partitionswhile at most two thirdsof thetotal number
regionsliein the other partition. In thisexample, thisis quite easy as al we need to do is descend to the left
subtreeof theroot. Theresult isthe creation of two hB-tree nodes (Figures 56¢ and 56d) whereregion 4 isnow
split so that it has two parents and the partition line between these parentsis posted to the father hB-tree node
of P27, If subsequent operationsresult in further splitsof region A, then we may have to post the result of these
splitsto al of the parents of A. The greater the number of such splitsthat take place, the more complicated the
posting situation becomes. In fact, this complexity was | ater realized to cause aflaw in the origina split and
post algorithmfor the hB-tree [29, 119] and was subsequently corrected as part of the hB™-tree [30, 31].

y j\y: j\:
B
----- X
A A ext A B
(©) (d)

(a) A B
(b)

Figure 56: (a) Example region page where (b) is the generalized k*-d tree of its
hB-tree node and whose overflow is resolved by partitioning it thereby creating
two hB-tree nodes having (c) and (d) as their generalized k-d trees. The actual
partition is of the region page is shown by the broken line in (a). The nonleaf nodes
are labeled with the name of the key that serves as the discriminator.

Exercises

1. Givean example point set with 4% pointsin two dimensionswhich cannot be partitioned by a vertica

27 The splitting procedurefor the hB-tree would actually truncates the generalized k* -d tree in Figures 56¢ to yield asingleleaf node
pointing to A. In general, thisis done by traversing the generalized k+ -d tree from the root and discarding nonleaf nodes until neither of
the sonsare external markers. However, in thehB -tree [30, 31], which is an adaptation of the hB-tree designedto provide better support
for recovery and concurrency, such atruncation is not performed. Thisis becausein the hB -tree the external markers are replaced by
sibling pointerswhose value provides useful information. In particular, for anode P, asibling pointer in its generalized k* -d tree points
to the node that was extracted (as aresult of splitting) from P whose underlying space spans the corresponding area.
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or ahorizontal lineinto two sets each of which has 2% points.

2. Provethat it is aways possible to split a region page in an hB-tree into two region pages so that each
resulting region pageisat least one-third full (thereby making the other region page no more than two-
thirdsfull). Recall that the splitting of aregion page is achieved by extracting a portion of the k-d tree
that describesthe partitioning of theregion page.

3. Provethat it is always possibleto split apoint page in an hB-treeinto two point pages so that each re-
sulting point pageisat least one-third full (thereby making the other point page no more than two-thirds
full).

. Write a procedure, HB_INSERT, to insert apointin an hB-tree.
. Write a procedure, HB_DELETE, to del ete a point from an hB-tree.

. Writeaprocedure, HB_POINT_QUERY, to perform a point query in an hB-tree.

N~ oo o b~

. Writeaprocedure, HB_RANGE_QUERY, to perform arange query in an hB-tree.

714 K-d-B-tries

Partitions in the k-d-B-tree (as well as the LSD tree and the hB-tree) are usualy made in a data-dependent
manner?®. An aternativeisto recursively decompose the underlying space from which the dataisdrawn into
halves. The exact identity of the key being partitioned at each level of the decomposition process depends
on the partitioning scheme that is used (e.g., whether or not we need to cycle through the keys, etc.). Such
decompositions are characterized as being trie-based and have been used earlier in distinguishing between
different forms of quadtrees (Sections 4.1 and 4.2) and kT -d trees (Sections 5.1 and 5.2). Some examples of
atrie-based decomposition are the PR k-d tree and the generalized k-d trie discussed in Section 5.2.

Trie-based decompositions have the obvious drawback of requiring many decomposition steps when the
dataisclustered which resultsin empty subtrees. Thisisalleviated, in part, by making use of buckets thereby
leading to the bucket PR k-d tree and the bucket generalized k-d trie discussed in Section 5.2. The effects
of clustering can be further mitigated by increasing the capacity of the buckets. Below, we discuss a number
of extensions of the bucket generaized k-dtrie (i.e., the multilevel grid file?® [78] and the buddy-tree[126])
which have additional desirable characteristics. They differ from the bucket generalized k-d trieinthat, asin
the k-d-B-tree (and the LSD tree), they also aggregate the nonleaf nodes of the bucket generalized k-d trie.
We use the term k-d-B-trie to refer to thisgeneral class of representations.

Our explanation of the k-d-B-trieis heavily influenced by the manner in which two of itsvariants, namely
the multileve grid file and the buddy-tree, areimplemented. They yield atighter decomposition of the under-
lying space in the sense that they eliminate some of the empty space that isinherent to the bucket generalized
k-dtrie. Thisisachieved by basing the overflow conditionfor an aggregated nonleaf node (i.e., aregion page)
on the number of nonempty regionsor sonsthat compriseit. Of course, other variantsof thek-d-B-trieare also
possible and they often have different definitions. However, what they all havein common isthe aggregation
of the nonleaf nodes of a bucket generalized k-d trie and their organization using some variant of ak-dtrie.

A k-d-B-trie hastwo types of pages. point pages (capacity ») containing the actual data and region pages
(capacity ¢) that contain pointersto point pages or to other region pages. Initialy, we have one empty point
page p and one region page r containing p which spans the entire underlying space U/3°. When p becomes
full, p is splitinto two point pages p; and p» using avariant of a recursive decomposition process described
below. We may think of the splitting of p to be the result of applying a sequence of halving operations on the

28 But see the discussion of distribution-dependent decompositionsin LSD tree [56].

29 Although the qualifier grid file is used in the name of the data structure, it has little connection with the grid file as described in
Section 7.2.1).

30 Actually, most implementations dispense with the initial region page. However, in our explanation, we find it useful to assume its
existence so that we can see how the underlying space is decomposed once the initial point page, which covered no space at the start,
becomesfull.

79



underlying space U. The sequence terminates once the last halving operation resultsin two nonempty halves,
spanning u; and u». Since the k-d-B-trieis based on the bucket generalized k-d trie, the order in which the
halving operations are applied to the domains of the different keys is permitted to vary. This leads to many
possible different partitions of the underlying space and configurations of resulting point pages.

We term the result of the application of each halving operation to U/ a B-rectangle [126]. Thus, we see
that u; and u, are B-rectangles. Depending on the configuration of the underlying space, we often find that
p; coversjust avery small part of «;. Thiswill lead to inefficiencies in search and thus we attempt to store a
tighter approximation of thedatain p;. Let M (p;) betheminimum boundingrectangleof p;31. Each minimum
bounding rectangle M (p;) has a minimum bounding B-rectangle B( M (p;)) termed the B-region of M (p;).
The B-region of M (p;) isobtained by continuing the application of recursive halving operationsto ;. With
each entry for a point page p; in the father , we associate the B-region of M (p;). Thus we can now see
that 4, and w2 may be obtained by the application of just one halving operation on the B-region of M (p). In
the following, when we spesk of the B-region of a node o, we mean the B-region of the minimum bounding
rectangle of the datain the subtree at o.

As an example of the tighter approximation that can be obtained, assuming a bucket capacity of 4, con-
sider the insertion of point X into the point page in Figure 57a. Figure 57b is one possible result of splitting
the overflowing page into two nonoverflowing halves, while Figure 57¢ shows the B-regions and minimum
bounding rectangles that will be stored in the newly-created region page. Thus we see that the k-d-B-trie ob-
tained in Figure 57c has smaller point pages than would have been the case had we not used the B-regions.
At acursory glance we might think that the use of B-regions leads to the creation of more regions by virtue
of the presence of the empty regions (e.g., the upper-right quarter of Figure 57c which is marked with diag-
onal lines). However, thisis not a problem as the overflow condition for a region page only depends on the
nonempty regions that compriseit.

(@) (b) (©)

Figure b7: Example showing the insertion of point X into a point page of capacity
4 in k-d-B-trie. (a) Original point page. (b) One possible result of splitting the
overflowing point page into two halves. (¢) The B-regions and bounding rectangles
(shown shaded) that will be stored in the newly-created region page. Empty regions
which have no corresponding entry in the region page are marked with diagonal
lines.

Each region page r consists of the B-regions of its constituent pages which form a B-partition of ». The
B-partition has the property that its constituent B-regions are pairwise digoint. Note that requiring that the
B-regions are pairwise digoint is stronger than just requiring that the minimum bounding rectangles of the
son pages (which are point or region pages) are digoint. For example, although the two minimum bounding
rectangles A and B in Figure 58 are digjoint, their B-regionsare not digjoint asthey are infact the same. Empty
B-rectangles (corresponding to empty point or region pages) are not represented explicitly in the region page
and thus they are not counted when determining if the capacity of » has been exceeded.

Oncetheinitial point page has been split, insertion continuesinto the existing point pages with splitsmade
as hecessary until the number of B-regions (i.e., point pages) exceeds the capacity ¢ of the region page r. At
this point, we split  into two region pages r; and - by halving the B-region of » and propagate the split up

31 \We assume that the sides of the minimum bounding rectangle are parallel to the axes corresponding to the keys.
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Figure 58: Example pair of disjoint minimum bounding rectangles (shown shaded)
whose B-regions are not disjoint.

thetree. If we are at the root of the tree, then we create a new region page s having »; and r, asitssons. As
this process of insertion is continued, s may eventually gain more sons by virtue of splitting »; and r» until
the number of region pages comprising s exceeds ¢ at which time another split operationis applied to s.

Of course, thereare timeswhen the newly inserted point ¢ isnot contained in any of the existing B-regions
of the sons of ». We have two options. Thefirst isto extend the B-region of one of the sons to cover ¢q. The
second is to create a new son with a B-region that covers ¢. Choosing the second option means that we may
have to create a chain of new region pages until reaching the leaf level of the k-d-B-trie, unlesswe alow the
k-d-B-trieto be unbalanced (which is alowed in the buddy-tree implementation of the k-d-B-trie).

When aregion pageis split, we want to avoid the problem that arose in the k-d-B-tree where the partition
of aregion page could cause the partitioning of some of its constituent region pages. Thisproblemis avoided
by requiring that the B-partition that corresponds to each region page forms a generalized k-d trie®? (such a
B-partitionistermed regular [126]). For example, assuming aregion page capacity of 4, the partitiongivenin
Figure59[126] isnotregular. In particular, no hyperplaneexiststhat can partitionitintotwo digoint sets. The
above problem can only arisein the k-d-B-triewhen two son pages of aregion page are merged, which means
that the merging process must ensure that the result of the merge does not violate the regularity requirement
(see Exercise 1).

Figure 59: Example of a nonregular B-partition where each of the partitioning hy-
perplanes will pass through a B-region.

Observe that the generalized k-d trie need not be unique which means that the B-partition need not be
unique. For example, consider Figures 60b—d which are three possible generalized k-d tries for the region
page in Figure 60a. Observe that in thisfigure, and for the purposes of facilitating the process of determin-
ing whether a B-partitionis regular, each leaf node in the generalized k-d trie represents the largest possible
bounding B-rectanglefor the B-region corresponding to the nodethereby obviating the need for empty nodes.

It should be clear that each region page r in ak-d-B-trieis a collection of digjoint B-regionswhose union
(in terms of the portions of the underlying space that they span) is a subset of the underlying space spanned
by . This property is useful in making the k-d-B-trie a better structure for the execution of search queries

32We could have also used the term generalized k* -d trie to describe this k-d trie to reinforce the similarity of the representation of
the nodes of the k-d-B-trie to those of the k-d-B-tree.
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Figure 60: (a) A region page and the generalized k-d tries corresponding to three
possible partitions upon overflow given in (b), (¢), and (d). The nonleaf nodes are
labeled with the name of the key that serves as the discriminator.

(e.g., range queries) as we can avoid examining regions which cannot possibly contain data (e.g., notice the
empty regionin the upper-right corner of Figure 57¢). Thusthe B-regionshave similar propertiesto minimum
bounding boxes that form the basis of the R-tree. B-regionsdiffer from minimum bounding boxes by virtue
of thefact that their sizes and positionsare restricted to being aresult of the application of arecursive halving
process to the underlying space.

Since each B-partition can be represented by ageneralized k-d trie, we can represent the B-regionsmaking
up both the point and region pages of the k-d-B-triecompactly by just recording the minimum number of bits
(i.e., the paths in the generalized k-d trie, one per key, to the B-region, with left and right transitions being
represented by 0 and 1, respectively®?®) necessary to differentiate them from the remaining B-regions. Note
that in this case we are representing the full generalized k-d trie in contrast to the one depicted in Figure 60
which employed just enough partitions to distinguish the different minimum bounding B-rectangles for the
pages making up the B-partition. In contrast, in the k-d-B-tree, we need to store the whol e partition value for
each key3*.

The k-d-B-trie has great flexibility in determining which nonfull point and region pages are to be merged
when deletions take place, as well as when page splitting resultsin pages that are underfull. This permitsthe
k-d-B-trie to have good dynamic behavior. In particular, assuming d-dimensiona data, if we used a PR k-d
treeinstead of ageneralized k-d trie, then a page a could be merged with just one page (i.e., the brother of «).
In contrast, inthe k-d-B-trie, a can be merged with up to d pages corresponding to the d possible keys whose
domain axes could have been split in half when « was created (i.e., as aresult of a split). The pages with
whom a can be merged aretermed itsbuddies. Infact, the definition of abuddy could be made lessrestrictive
by stipulating that two son pages ¢ and & in region page p are buddies if the intersection of the B-region of
their union with the B-regionsof all remaining pagesin p isempty. This means that the maximum number of
pages with which « can be merged (i.e., buddies) is even greater than d (see [125, 126]). To see why thisis
true, recall that the B-regions of the son pages of aregion page p can be represented by a number of different
generalized k-d tries (whereas there is only one way to do so with a PR k-d tree). Therefore, apage b; isa
buddy of page « if « and b; occur in sibling leaf nodesin some generdized k-d trie representing the partition
of p. For example, in Figure 60, a can be merged with by, by, Of bs.

There are a number of variants of the k-d-B-trie. The most notable are the multilevel grid file [78] and
the buddy-tree[126]. The key difference between the multilevel grid file and the buddy-treeisthefact that in
the buddy-tree, a minimum bounding rectangleis stored for each of the son pages (instead of their B-regions,
which may be computed from the minimum bounding rectangl es as needed), whilethe multilevel gridfilejust
stores the B-regionswith the bit string approach described above (see Figure 61). Another difference is that

33 A separate path for each key isneeded instead of just one sequenceof interleaved Osand 1s becausethe attributes are not being tested
in cyclic order and thus the correspondence between the identity of the tested attribute and the result of the test must be recorded.

34|n fact, for someimplementations of the k-d-B-tree, associated with each region entry in aregion pageis arectangle, requiring two
valuesfor each key, representing the region.
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the buddy-tree exploitsthe less restrictive definition of a buddy thereby permitting a page to be merged with
alarger range of pages. In addition, the buddy-treeis not dways baanced in order to prevent the existence
of region pages with only one son page (see below for more details). Finally, the multileve grid file employs
a hashing function which is applied to the various keys prior to the application of the trie-like decomposition
process. This enablesindexing on awider variety of key types, such as strings of characters, etc.

S ]
(@) (b)

Figure 61. Example illustrating the difference between a (a) multilevel grid file and
(b) a buddy-tree. Notice the use of minimum bounding rectangles (shown shaded)

in (b).

The fact that empty B-rectangles are not represented in a region page » leads to an interesting situation
when apoint ¢ being inserted into » does not liein the B-regions of any of the son pages of ». In other words,
q isin an empty B-rectangle. Recall that the point insertion procedure istop-down in the sense that we start
at theroot of the k-d-B-trie and search for the point page containing ¢. The search ceases once we encounter
such apoint page or if we encounter an empty B-rectangle e inaregion pager. Inthelatter case, we havetwo
options. The first option is to attempt to enlarge one of the existing B-regions to accommodate the point. If
thisis not possible, then the second optionisto create a new page for ¢. Let uslook more closely at how we
attempt to enlarge one of theexisting B-regions. Thisisachieved by checking whether the B-region of ¢ (i.e.,
the B-region of the minimum bounding rectangle of ¢) can be merged with the B-region of one of itsbuddies
inr. If such abuddy « exists, and if a isnot aready filled to capacity, then we enlarge the B-region of « to
accommodate ¢ in the corresponding entry of region page » and continue by inserting ¢ into «. If no nonfull
buddy exists, then we resort to the second option and create a new point page v of one point.

The newly-created point page should be at the deepest level of the k-d-B-trie. However, thiswould lead
to along sequence of region pages with just one nonempty entry. Thisis quite inefficient, and thusin some
implementations of the k-d-B-trie (e.g., in the buddy-tree but not in the multilevel grid file) an unbalanced
structureisused where the new point page v isadded at the depth ¢ of the empty B-rectanglet inwhich ¢ fell.
However, if this new point page v a depth ¢ overflows at some later instance of time, then v is pushed one
level down in thek-d-B-trieto depth ¢ + 1 and then split. Thisaction istaken instead of splitting v at depth ¢
and possibly having to split theregion page w at depth i — 1 when w overflows as aresult of the split at depth

2.

Note that when the keys are clustered, methods such as the k-d-B-trie do not yield a very good partition
of the underlying space. However, results of experiments with the buddy-tree [126] show that the fact that
empty B-rectangles are not represented explicitly ameliorates this drawback to such an extent that it is no
longer significant. Nevertheless, the definition of the multilevel grid file does take thisinto consideration by
virtue of the hashing functions which, we recall, are applied to the various keys prior to the application of
the trie-like decomposition process. However, it should be noted that, in general, it isquitedifficult to devise
an order-preserving hashing function that significantly reduces clustering. Moreover, the use of a nonorder
preserving hashing function (which can be devised to spread the hash values virtual ly uniformly) isadrawback
for range queries.

The BANG file [42, 46, 47, 43] is a variant of the k-d-B-trie which requires that the underlying space
be decomposed by a sequence of partitions that cycle through the keys in a fixed order. Moreover, unlike
other variants of the k-d-B-trie (such as the buddy tree and multilevel grid file), the BANG file removes the
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requirement that the portionsof the underlying space that are spanned by theregion pages are hyper-rectangles.
Instead, the BANG file only requires that the space spanned by the set of regions that comprise each region
page be capable of being described by a PR k-d tree where the individua regions are unions of the blocks
corresponding to collections of leaf nodes of the PR k-d tree. In this sense, the region pages are similar to
thoseinthehB-tree except that the BANG filemakes use of regular decomposition. In particular, as mentioned
above, in the BANG file, the underlying space is decomposed by cycling through the various keysin afixed
and predetermined cyclicorder (e.g., xyzyx - - -). ThustheBANG fileisavariant of thek-d-B-trieinasimilar
way asthe hB-treeis avariant of the k-d-B-tree.

As an example of the type of space decomposition permitted by the BANG file, consider the region page
in Figure 62aand its corresponding PR k-d treein Figure 62b which consist of the four regionsa, B, ¢, and D.
Observe that using the parlance of hB-trees, regions A and B play the role of holey brickswhileregionsB and
D play therole of the bricksthat are removed from 4, and region ¢ playstherole of the brick that is removed
from B. Inthe BANG file, the variousregions prior to theremoval of the bricks are represented by abit string
corresponding to the path from the root of the PR k-d tree of the region page to the nearest common ancestor
of al leaf nodes belonging to the same region. For example, letting 0 correspond to branches to the left and
below the partitionlinewhileletting 1 correspond to branches to the right and above a partition line, we have
that 4 isrepresented by the empty bit string (as the nearest common ancestor is the root of the PR k-d tree),
whileB isrepresented by 10.

B A
C B A D
a) (b)

Figure 62: (a) Example illustrating a region page in the BANG file and (b) its
corresponding PR k-d tree.

The execution of operationssuch as apoint query using the BANG fileisfacilitated by sorting the regions
corresponding to each region pageinthe BANG filein order of increasing size of their blocks. The point query
is performed by testing the regions for containment of the query point p in this order and stopping the search
as soon as aregion isfound to contain p. Thiswill guarantee that the smallest region enclosing p is selected.
The process of searching for the block containing p can be implemented by sorting the bit stringsin lexica
order (eg., empty, 0, 011, 1, 101, etc.). Noticethat thiswill order the bit stringsof larger blocks before the bit
strings of small blocks contained in them. The search itsalf isdone by performing a prefix bit matching in the
resulting list in reverse order (i.e., starting from the end) for the bit string describing p.

The use of bit strings to represent the various regions in the BANG fileis similar to that used in the BD
tree [100, 101]5, while quite different from the one used in the multilevel grid file [78]3°. Nevertheless, a
key difference between the BANG file and the BD tree is the fact that the BD tree does not aggregate the
nonleaf nodes of the structure into buckets. In particular, in the BD tree, only the leaf nodes are aggregated
into buckets. Therefore, the BANG fileis related to the BD tree in away similar to the way that the k-d-B-
treeisrelated to the bucket generalized pseudo k-d tree. An even more precise analogy isthat theBANG file

35The difference is that in the BANG file the bit strings corresponding to the regions are kept in a sorted list according to their size
whilein the BD treethey are kept in abinary tree. Thisresultsin adifferent search process, possibly visiting different regions, although,
of course, the end result for both representationsis the same!

36 Recall that in the multilevel grid file, a set of bit strings, one per key, is associated with each page since the keys are partitioned in
arbitrary order rather than acyclic order asin the BANG file, thereby precluding the possibility of using just onebit string, which iswhat
is donein the BANG file. However, more importantly, in the multilevel grid file, the bit strings represent rectangular regions asin the
BANG file, but all the regionsin agiven page are disjoint rather than being allowed to be nested as is the case for the BANG file.
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isrelated to the BD tree in the same way as the k-d-B-trie (e.g., the buddy tree or the multilevel gridfile) is
related to the bucket PR k-d tree as they all also make use of regular decomposition.

Unfortunately, the BANG file hasa seriousflaw [45] inthat the possi bility of nodeshaving multipleparents
was not taken into account in the origina design. Thismay occur, just asit doesin the hB-tree, when the only
way of splittinganode a in abalanced manner viathe extraction of a hyper-rectangle from the region covered
by @ isto split « so that the region covered by some child node intersects the regions of both of the nodes
resulting from the split. For an example of such a situation, recall Figure 56. Of course, it could be argued
that this example is not redistic in the sense that we can usudly find an aternative partition which avoids
this problem. However, in order to demonstrate a situation where no aternative partition is possible, a very
complex example must be constructed, which we do not do here.

Exercises

1. Givean dgorithmto test whether two pagesin a k-d-B-trie can be merged. Recall that two pages can
be merged only if the resulting page is not too full and if the result is a B-partition.

. Dowe need to test if the result of apage split in ak-d-B-trieis a B-partition?

. Writea procedure, BUDDY_INSERT, to insert a point in a buddy-tree.

. Writea procedure, BUDDY_DELETE, to del ete a point from a buddy-tree.

. Writea procedure, BUDDY_POINT_QUERY, to perform apoint query in abuddy-tree.

. Writea procedure, BUDDY_RANGE_QUERY, to perform arange query in a buddy-tree.

N~ oo o~ WDN

. What is the maximum number of possible buddiesin a buddy-tree?

7.15 BV-trees

Thelifting of the requirement that the portions of the underlying space spanned by the region pages are hyper-
rectangles isa central principle behind the development of both the hB-tree and the BANG file. Recall that
both the hB-tree and the BANG file are designed to overcome the cascading split problem that is common to
the k-d-B-tree in the sense that the insertion of a split line may cause a recursive application of the splitting
process al the way to the point pages. This means that we do not have a bound on the number of nodesin
the directory structure as a function of the number of data points. Moreover, as we saw, the directories of
neither the hB-tree nor the BANG file are trees (recall that they are directed acyclic graphs) since it may be
impossible to avoid the situation that some of the regionsin the directory node (i.e., region page) being split
will fal partialy into both of the directory nodes resulting from the split.

The occurrence of this problem in the BANG file is addressed by Freeston [45] by use of a clever inno-
vation. Theinnovationisto decouple the hierarchy inherent to the tree structure of the directory (made up of
point and region pages) from the containment hierarchy associated with the process of the recursive decom-
position of the underlying space from which the datais drawn. Below, we use the term BV-tree to denote the
tree structure of the directory obtained from applying the technique described in [45]. The god isfor the BV-
tree to have properties similar to the desirable properties of the B-tree while avoiding the problems described
above. In particular, a bounded range of depths (and hence a maximum) can be guaranteed for the BV-tree
based on the maximum number of data points, and capacity (i.e., fanout) of the point and region pages (they
may differ). These bounds are based on the assumption that each point page is a least one-third full [45].
Moreover, in spite of the fact that the BV-treeis not quite balanced, search procedures always proceed level
to level in the decomposition hierarchy. For exact match point search, this means that the the number of steps
to reach a point page is equa to the depth of the decomposition hierarchy.

In order for the BV-tree technique to be applicable, the regionsin the containment hierarchy are required
to be digoint within each level. Furthermore, the boundaries of regions at different levels of the containment
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hierarchy are aso required to be non-intersecting. These requirements hold when the decomposition rules
of both the BANG file and the hB-tree are used for the containment hierarchy. However, in the case of the
BANG file, their satisfaction when splitting and merging nodes is almost automatic due to the use of regular
decomposition whereas in the case of the hB-tree we need to make use of ak-d tree to represent the history
of how the regions were split. In contrast, in the case of the BANG file, the splitting history is implicitly
represented by the bit string corresponding to each region.

AsintheBANG fileand inthe hB-tree, thereare twowaysinwhich regionsin the BV-treeare created that
satisfy these properties. In particular, the underlying space (e.g., Figure 63a) is recursively decomposed into
digoint regions either by splitting them into what we term distinct regions (e.g., Figure 63b) or contained re-
gions(e.g., Figure63c). Splittinginto contai ned regionsisachieved viatheextraction of smaller-sized regions
thereby creating one region with holes. The digointness of the regions at a particular level in the decompo-
sition hierarchy ensures that the outer boundaries of the regions do not intersect (although they may touch
or partially coincide). The BV-tree isbuilt in a bottom-up manner so that data is inserted in point pages (of
course, the search for the point page to insert into is done in atop-down manner). Overflow occurs when the
point page is too full at which time the point pageis split thereby leading to the addition of entriesto the re-
gion page that pointsto it which may eventually need to be split when it pointsto more point pages than its

capacity.
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Figure 63. (a) Example region and the result of splitting it into (b) distinct regions
or (c) contained regions.

Before proceeding further, let usdefine some of the naming and numbering conventionsthat we usein our
presentation. For a BV-tree of height 4 (i.e.,, with & levels of decomposition), thelevelsin the decomposition
hierarchy are numbered fromQ0to 2 — 1, where O isthelowest leve (i.e., corresponding to point pages). Each
level has a number of regions associated with it that span the entire underlying data space. The levelsin the
directory hierarchy are numbered from 1 to &, with level 1 containing the leaf nodes. The reason for the ap-
parent discrepancy in the numbering isto enable anode at level v in the directory hierarchy to be (hormally)
associated witharegion at level v inthe decomposition hierarchy. For example, we can view theregion repre-
senting the entire data space asbeing at level h in the decomposition hierarchy, and theroot node (at directory
level h) aso representsthe entire data space. Aswe see, the use of theterm level can be quite confusing. Un-
lessqualified by explicitly using thefull expression directory level, when we talk about thelevel of adirectory
node n, we are actualy referring to the level in the containment hierarchy of the region that corresponds to
n. It isimportant to distinguish between alevel in the decomposition hierarchy and a leve in the directory
hierarchy, sincethese two hierarchies are decoupled inthe BV-tree. In fact, theresult of the decouplingisthat
anode at (decomposition) level v may actually reside in the directory at a higher (i.e., shallower) directory
level, but not lower (i.e., deeper), than v. Note, however, that this stipulation is equivalent to one that states
that the region associated with the node at level v appears as an entry of anode at directory level v + 1 or
higher. The full ramification of the decoupling innovation will become clearer as our explanation unfolds.

As mentioned above, the containment relationship (i.e., the nonintersection of the outer boundaries) holds
for the boundaries of all pairs of regions including those a the same level of decomposition. However, the
containment relationship does not require that regions at deeper levels of decomposition (i.e., smaler level
numbers) be contained in regions at shallower levels of decomposition (i.e., larger level numbers).

The containment condition can be restated as stipulating that the interiorsof any two regionsa and b (re-
gardless of whether or not their holes are taken into account) are either digjoint (with boundariesthat are per-
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mitted to partially coincide) or one region is completely contained in the other region (i.e, aisinb or b isin
a). From the standpoint of the structure of the directory hierarchy, the containment condition impliesthat if a
region pagen (i.e., adirectory node) is split (on account of having overflowed) into region pages « and & such
that the area spanned by one of the child region pages r of n (which must be redistributed into a and b) inter-
sects the areas spanned by both « and b, then the area spanned by » must completely contain either the area
spanned by « or the area spanned by 4. In the BV-tree, when this happens, » (and most importantly the area
spanned by it) will be ‘associated’ with the resulting region page (termed its guard) whose area it compl etely
contains (see below for more detail s about the mechanics of this process).

The BV-tree definition does not stipulate how the underlying space spanned by the elements of the direc-
tory structure (i.e., region pages) is to be decomposed nor the shape of the resulting regions, provided that
their outer boundariesdo not intersect. In particular, the underlying space may be decomposed into regions of
arbitrary shapeand size— that is, neither the space spanned by theregionsneed be hyper-rectangular nor, asis
the case for the hB-tree and BANG file, must thefaces of the regionsbe parallel to the coordinate axes. How-
ever, since the space decomposition generated by the BANG file satisfies the nonintersecting outer boundary
requirement, the BV-tree method may be used to obtain avariant of the BANG file (i.e., aregular decompo-
sition of the underlying space) that does not suffer from the multiple parent flaw.

Thefact that regions created at certain levels of decomposition of the underlying space may be associated
with region pages (i.e., directory nodes) at shallower directory levelsin the directory structure means that the
union of the regions associated with all of the region pages found at directory leve ¢ of the directory structure
of the BV-tree does not necessarily contain al of the datapoints. Thisisnot aproblemfor searching operations
because in such a case each region page (i.e., directory node) aso contai ns entries that correspond to regions
resulting from splits at deeper levels of the decomposition hierarchy. These node entries are present at the
shallower directory level because otherwise they and their corresponding regions would have had to be split
when the node corresponding to the region page in which they were contained was split. Instead, they were
promoted to the next shallower directory level aong with the newly-crested region page that they contained.
The directory structure entries that correspond to space decompositions whose corresponding region pages
werecreated at deeper level sof thedecomposition hierarchy (i.e., theonesthat were promoted) serve asguards
of the shallower directory level region pages and are carried down the directory structure as the search takes
place.

Since promotion can take place at each directory level, a situation could arise where guards are promoted
from level to level. For example, supposethat region a has been promoted from directory level : to directory
node « at directory level i + 1 where a serves as aguard of region b. Next, suppose that « overflows, such
that itsregion ¢ is split into regions d and e, which replace ¢ in the parent node y of x. Now, it is possible
that region & contains either d or e, say e. Inthiscase, b is promoted to y at directory level ¢ + 2 where it
serves as aguard of e, and thus a must be promoted to directory level i 4+ 2 asit isaguard of 5. Subsequent
splits can result in even more promotion for a. Thus we see that every unpromoted entry in a region page
at (decomposition) level ¢ (which may be as deep in the directory hierarchy as directory level ¢) can have as
many asi — 1 guardswherewe once agai n assume that the degpest region pages are a level 1 (but they contain
entries that correspond to regions at level 0).

The best way to see how the BV-tree worksisto consider an example of how itisbuilt. In our description
we will usethe term directory node instead of region pageto make it clearer that we are dealing with entries
in thedirectory. As mentioned above, each directory node a correspondsto aregion in the underlying space.
The entriesin « contain regions and pointersto their corresponding point page or directory node (i.e., entries
with regions at level 0 correspond to point pages but regions at a higher level correspond to directory nodes).
When a is at leve i (i.e., itscorresponding region is at decomposition level ), its entriesmay be at level 0
to: — 1. The entries whose corresponding regions are at levels lower than i — 1 have been promoted to the
node ¢ which isat ahigher level inthe directory where they serve as guards of some of theentriesin a. Each
entry in « aso contains information about the decomposition level of the region it contains, so that we may
distinguish promoted and unpromoted entries.

a contains a maximum of m entries where m isthe fanout of a. « issplitif it overflows — that is, if the
total number of entriesin a (not distingui shing between promoted and unpromoted entries) exceeds m. In our
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example, we assume afanout value of four for the directory nodes. When adirectory nodeissplit, the BV-tree
definition [45] claimsthat it should be possibleto distributeits entriesin the newly-created directory nodes «
and b so that each of « and b isat least one-third full asthisisone of the properties of the BV-treethat enables
it to guarantee an upper bound on the maximum depth of the directory hierarchy. Aswewill see, thismay not
always be possible for al fanout vaues thereby requiring some adjustmentsin the definition of the fanout.

Let usstart with alarge set of pointswhich exceeds the capacity (i.e., fanout) of the region so that we split
it into two regions a, and by having a decomposition and directory hierarchy given in Figures 64a and 64b,
respectively.

(b)

Ao bo

(@)

Figure 64: Initial step in creating a BV-tree. (a) Decomposition hierarchy. (b)
Directory hierarchy.

Next, enough pointsare added so that the underlying space is split three timesthereby resultinginfivere-
gionsay, by, ¢o, do, and eq @ shownin Figure65a. However, thiscauses the singledirectory nodeto overflow
and it is split into two nodes corresponding to regions a; and by shown in Figure 65b. Sinceregion a, isin-
cluded inboth a; and by, while completely containing a;, a, ispromoted to the newly-created directory node
where it serves as aguard on region a; . The resulting directory hierarchy isshown in Figure 65c. Note that
ao istheregionwhich, if it were not promoted, we would have to split a ong the boundary of a,. By avoiding
this split, we are also avoiding the possibility of further splitsat lower levels of the directory hierarchy. Thus
thefact that a, appears at thisshallower level in the directory hierarchy ensuresthat ao will be visited during
any search of the BV-treefor a point on either side of the branch that would have been made if wewould have
split ag which we would have had to do if we did not promote it.
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Figure 65: Second step in creating a BV-tree. (a) Decomposition hierarchy at
the lowest level. (b) Decomposition hierarchy at the highest level. (c) Directory
hierarchy.

Now, suppose that more points are added so that the underlying space is split a number of times. We do
not go into as much detail asin our explanation except to indicate one possible sequence of splits.

1. Splitd, intody, fo, and go. Thisisfollowed by splittingd, into dy and ho. Thisresultsin the directory
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Figure 66: Sequence of intermediate directory hierarchies illustrating the node split-
ting operations taking place when points are added to the BV-tree of Figure 64 until
obtaining the BV-tree of Figure 67.

(e)

hierarchy given in Figure 66a where the directory node corresponding to a,, labeled 4, must be split
asit overflows. 4 issplit into two directory nodes corresponding to regions a; and d; resulting in the
directory hierarchy givenin Figure 66b.

. Split ¢o into ¢o and i,. Thisisfollowed by splitting do into do and jo. This resultsin the directory
hierarchy given in Figure 66¢ where the directory node corresponding to a4, labeled B, must be split
asit overflows. B issplit into two directory nodes corresponding to regions a; and ¢4 resulting in the
directory hierarchy given in Figure 66d where the directory node corresponding to the root, labeled ¢,
must be split asit overflows.

. Cissplitintotwo directory nodescorresponding to regionsa, and b, resultingin thedirectory hierarchy
givenin Figure 66e. A number of items are worthy of note.

(8 The directory node corresponding to the root aso containsregion a; asa; isincluded in both a,
and b,, while completely containing a,. Thusa,; becomes aguard of a,.

(b) Sincea, originally guarded a,, a, continuesto do so, and we find that a, is aso promoted to the
root of the directory hierarchy.

(c) The directory node corresponding to region b, only contains the single region b;. This means
that our requirement that each directory node be at least one-third full is violated. This cannot
be avoided in thisexample and is a direct result of the promotion of guards. This situation arises
primarily a shallow levelsin the directory when the fanout value is low compared to the height
of thedirectory hierarchy. It isusualy avoided by increasing the value of the fanout as described
later in our discussion.

. Spliteo into &g, ko, andmy. Thisisfollowed by splittingag into a, and ny. Thisresultsin thedirectory
hierarchy given in Figure 66f where the directory node corresponding to b,, labeled D, must be split
asit overflows. There are a number of ways to split D. One possibility, and the one we describe, isto
split D into two directory nodes corresponding to regionsb; and e, resulting in the directory hierarchy
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givenin Figure67d. Sinceregion e, isincluded in both e; and by, while completely containing e4, eo
is promoted to the directory node containing b, and e; where it serves as a guard on region e;. The
three level s that make up the final decomposition hierarchy are shown in Figure 67a—c. Notice that we
could have also splitD so that e; contains e, ko, andm,. INnthiscase, e, would not be needed asaguard
in the directory node containing b, and e;.
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Figure 67: Final step in creating a BV-tree. (a) Decomposition hierarchy at the low-
est level. (b) Decomposition hierarchy at the intermediate level. (c) Decomposition
hierarchy at the highest level. (d) BV-tree.

Having shown how to construct the BV-tree, we now examine the process of searching a BV-tree for the
region that contains a point p (termed an exact-match search here). The key idea behind the implementation
of searching in the BV-tree isto perform the search on the decomposition hierarchy rather than on the direc-
tory hierarchy. At afirst glance this appears to be problematic as the BV-tree only represents the directory
hierarchy explicitly, while the decomposition hierarchy isonly represented implicitly. However, thisisnot a
problem at al as the decomposition hierarchy can be, and is, reconstructed on-the-fly as necessary with the
aid of the guardswhen performing the search. In particular, at each level of the search, therelevant guardsare
determined and they are carried down the directory hierarchy asthe search proceeds. Notethat all exact-match
searches are of the same length and aways visit every level in the decomposition hierarchy (see Exercise 2).

We explain the search process in greater detail below. Initialy, we differentiate between the search de-
pending on whether the directory node being searched is the root of the directory hierarchy. Recall that al
unpromoted entriesin theroot correspond to regionsat level v — 1 in thedecomposition hierarchy. The search
startsat theroot of the directory hierarchy at level v (assuming that the deepest directory nodeisat level 1 and
describes regions at level 0 in the decomposition hierarchy). It examines the regions corresponding to al of
the entries (i.e., including the guards) and selects the smallest region » (corresponding to entry e,.) that con-
tains the query point p. ¢, istermed the best match. The level v — 1 directory node at which the search is
continued depends on whether e, isaguard.

1. e, isnot aguard: Continuethe search at the directory node pointed at by e, with aguard set formed by
the current set of guards of ¢, (as many asv — 1 guards).

2. e, isaguard: Find the smallest region s containing » whose corresponding entry e, is not a guard.
es must exist (see Exercise 3). The area spanned by s may also contain other regions, say the set O,
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corresponding to guards whose regions contain r. Continue the search at the directory node pointed
at by e, withaguard set consisting of e,., the set of entries corresponding to the regions that comprise
O, and the guards that correspond to regionsthat contain s. The guards that correspond to regions that
contain s are from levels for which O does not contain guards. For each of these levels, choose the
guard which has the smallest region that contains p. In other words, the guard set can contain at most
one guard per level and a maximum of v — 1 guards.

Searching at directory node « at level « other than theroot uses asimilar procedure as at the root. Again,
we wish to determine the level u — 1 directory node at which the search isto be continued. Thisis done by
finding the smallest region r (termed the best match) containing p. The difference is that the best match is
obtained by examining the guard ¢ at level v — 1 (if it exists) of the u guards at levels O through v — 1 that
comprisethe guard set that was brought down from the previous search (i.e., from level « + 1) and the entries
in a that are not guards (notethat it may be the case that none of the entriesin a are guards as can be seen by
examining point w and the directory node corresponding to a, in Figure 67a). There are two options:

1. If the best match isthe region corresponding to ¢, then continue the search at thelevel « — 1 directory
node pointed at by ¢. The guard set must a so be updated as described bel ow.

2. Otherwise, the best match is», which correspondsto an entry in a (say e,.), and continue the search at
level v — 1 at the directory node pointed at by e,.. Use aguard set obtained by merging the matching
guards found at level « with those brought down fromlevel « + 1. Discard ¢, thelevel « guard brought
down fromlevel u + 1 (if it exists), as ¢ cannot be a part of adirectory node at level v — 1 since each
entry at level i of the directory hierarchy can contain a most ¢ guards. Note that two guards at a given
level are merged by discarding the one that provides the poorer match.

3. Otherwise, the best match is, which correspondsto an entry in a (say e,-), and we continuethe search
at level v — 1 at thedirectory node pointed at by e,.. Use aguard set obtained by merging the matching
guardsfoundina at level u with those brought down from level « + 1. Discard ¢, thelevel v — 1 guard
brought down from level « + 1 (if it exists), as the search will next be on regions at level « — 2. Note
that two guards a a given level are merged by discarding the one that provides the poorer match.

Interestingly, thereisreally no need to differentiate the trestment of root nodesfrom that of nonroot nodes.
In particular, in both cases, only the unpromoted nodes (i.e., entries whose corresponding regions are not
guards) need to be examined. In the case of the root node, initially no guard set is brought down from the
previouslevel. Thusitisinitialy empty. In thiscase, the new guard set isformed by finding the guard for
each level that has the smallest region that contains p.

In order to understand the algorithm better, let us see how we find the regionsin the BV-tree of Figure67a
that contain the pointsw, x, y, and z which are a,, ag, a0, and e, respectively. Notice that each region has
been label ed with subscripts denoting the decomposition level whereit occurs. Thisisalso two more than the
deepest directory level at whichit can serve asaguard, and one more than the deepest directory level at which
it will get carried down in the guard set.

1. The search for w first examinestheroot, at level 3, and determines a, to be the best match. The search
continues at the directory node pointed at by a, at level 2 (i.e.,, containing c; and d,) with aguard set
consisting of a, and a;. There isno match in the entriesin a, (i.e., neither ¢, nor d; contain w) and
thus we use the guard a; brought down from level 3 as the best match. The search continues at the
directory node pointed at by a, at level 1 (i.e., containing co, io, and j,) with aguard set consisting of
ao. Again, thereisno best match in the entriesin a; (i.e., neither ¢, nor i, Nor j, contain w) but the
guard a, containsw, and, sincewe are at level 0, we are done. Therefore, wisin ag.

2. Thesearch for x first examinestheroot, at level 3, and determines a; to bethe best match. However, a,
isaguard and thusit findsthe smallest nonguard region containing a; whichisb,. The search continues
at thedirectory nodepointedat by b, at level 2(i.e., containing b, eo, and e; ) withaguard set consisting
of ap; and a;. The best match inthisnodeisb,. However, thelevel 1 guardintheguard setisa; andits
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corresponding region is a better match. The search continuesin the directory node pointed at by a; at
level 1 (i.e, containing ¢, i0, and j,) withaguard set consisting of a,. Thereisno best matchin this
node but the guard a, contains x and, sincewe are a level 0, we are done. Therefore, x isin ag.

3. Thesearchfor y first examinestheroot, at level 3, and determinesa, tobethebest match. However, a, is
aguard and thusit findsthe smallest nonguard region containing a; whichisb,. The search continuesat
thedirectory nodepointedat by b, at level 2 (i.e., containingby, e,, and e;) withaguard set consi sting of
ao. Thebest matchinthisnodeisb,. Thereisnolevel 1 guardinthe guard set and the search continues
at the directory node pointed a by b, at level 1 (i.e, containing b, and n,) with a guard set consisting
of ag (weignore e, asit does not contain y). There isno best match inb, but theguard ao containsy
andsincewe are at level 0, we are done. Therefore, y isin ao.

4. Theonly differencein searching for z from searching for y isthat the search is continued at thedirectory
node pointed at by b, (i.e., containingb, and n,) withaguard set consisting of e, asit providesthebetter
match (i.e., both ¢, and a, contain z but a, containsey). Therefore, z isin eq.

One of the main reasons for the attractiveness of the BV-treeisits guaranteed performance for executing
exact-match queries, its storage requirements in terms of the maximum number of point pages and directory
nodes, and the maximum level of the directory structure that are necessary for a particular volume of data
given thefanout of each directory node. The fanout isequal to the quotient of the number of bitsin each node
(i.e, page size) and the number of bits need for each directory entry. The reason that these bounds exist for
the BV-tree while they may not exist for other representations such as the hB-tree and the BANG file is that
in the BV-tree there is no need to worry about the multiple posting problem. Thus each region is pointed at
just oncein the BV-tree.

The BV-tree performance guarantees are based in part on the assumption that each point pageis at least
one-third full [45]. Thisisjustified by appesling to the proof given for the hB-tree's satisfaction of this prop-
erty [89] (and likewisefor the BANG file). The presence of the guards complicatesthe use of the assumption
that each directory nodeis at least one-third full (which holdsfor the hB-tree and the BANG file). For exam-
ple, whileillustrating the mechanics of the BV-tree insertion process, we saw an instance of a directory node
split operation wherethe nodesresulting from the split were not at |east one-thirdfull (recall Figure 66€). This
situation arose because of the presence of guardswhose number was taken into account in the node occupancy
when determining if adirectory node overflows. However, the guards are not necessarily redistributed among
the nodes resulting from the split. Instead, they are often promoted thereby precipitating the overflow of di-
rectory nodes at shallower levels of the directory hierarchy.

At this point, let us re-examine the situation that arise when a directory node overflows. As mentioned
earlier, adirectory nodeat level v (assuming that the deepest directory nodeisat level 1), may have amaximum
of v — 1 guardsfor each entry init which isnot aguard. An overflowing directory nodea at level v has F' + 1
entries. Let a be split into directory nodes b and ¢. Now, suppose that after the split, entry d in a servesas a
guard for directory node ¢ and that d has v — 1 guardsin a. Therefore, d will be promoted as a guard to the
directory nodee at level v + 1 which serves asthefather of «. In addition, we have to promoteal of thev — 1
guards of d in a. Thismeanstha weonly have F' 4+ 1 — v) entriesto distributeinto 4 and ¢ which must each
be at least one-third full (i.e., contain at least F'/3 entries each). Thuswe must be careful in our choice of F.
In particular, if ¥ < 3v — 3, then it is not possible to guarantee the one-third full condition (e.g., when the
promoted node has v — 1 guards so that atotal of v nodes get promotedto level v + 1).

Clearly, choosing /' to belargeis oneway to increase thelikelihood of avoiding such problems. An alter-
native method of avoiding this problem altogether isto permit the directory nodes to be of variable size and
only take the number of unpromoted entriesinto account when determining how to split an overflowing node.
In this case, we can avoid most problems by increasing the capacity of a directory node at (decomposition)
level v to be I - v thereby guaranteeing enough space to store the maximum number of guards (i.e., v — 1)
for each unpromoted entry in the directory node (see Exercises 12— 14). Interestingly, this haslittle effect on
the overall size of the directory since so few of the directory nodes are at the maximum level [45] (see Ex-
ercise 15). An added benefit of permitting the directory nodesto vary in size and only taking the number of
unpromoted entriesinto account isthat now the execution timefor the search query isthe same asit would be
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for a balanced tree with the same number of point pages (assuming the same fullness percentage guarantee).

The number of guardsthat are present also has a direct effect on the number of point pages and directory
nodes in the BV-tree of level v. It can be shown that regardless of the number of guards present, given the
same fanout value F' for both point pages and directory nodes, the ratio of directory nodes to point pagesis
1/F [45] (see Exercise 11). Assuming that the deepest directory nodes are a level 1, the maximum number
of point pagesin aBV-tree of height v is /'Y and arises when there are no guards (see Exercise 8 for arelated
result). Thisis the case when each directory node split resultsin two disjoint halves as no guards need to be
promoted. The minimum number of point pagesfor aBV-treeof height v andfanout ' isF¥ /v! where F' > v
and arises when each directory nodeat level ¢ containsi — 1 guardsfor each unpromoted entry in the node (see
Exercises 9 and 10). From a practical standpoint, in order to accommodate the same number of point pages,
for afanout value of 24, aBV-tree of height 3 will have to grow to height 4. Similarly, BV-trees of heights4
and 5 will haveto grow to heights6 and 10, respectively. For afanout value of 120, the effect iseven smaller.
In particular, for this fanout value, BV-trees of heights 4 and 6 will have to grow to heights 5 and between 8
and 9, respectively. Thus when the data pages are of size 1024 bytes, a 200GB file will contain about 200M
pages. These 200M pages will fill up a BV-tree of height 4, and in the worst case will require the BV-tree to
grow by onelevel to be of height 5.

Theimplementation of the searching process demonstratesthe utility of theinnovationinthedesign of the
BV-tree. Thedirectory isstored economically by reducing the number of nodes necessary dueto theavoidance
of needless splitting of regions. Recall that thiswas achieved by decoupling the directory hierarchy from the
decomposition hierarchy3”. Nevertheless, in order to perform searching efficiently (i.e., to avoid descending
nodes needlessly as isthe case in the R-tree where the space containing the desired data can be covered by
severa nodes due to the nondig oint decomposition of the underlying space), the regions must be split, or at
least examined in away that simulatesthe result of the split, thereby posing apparently contradictory require-
ments on the data structure. Inthe BV-tree, thisisavoided by the presence of the guards which are associated
with the relevant nodes of the directory hierarchy. Infact, the guards are always associated with the directory
nodethat correspondsto the nearest common ancestor of the directory nodeswith whom they span some com-
mon portion of the underlying space. Thisisvery similar to the notion of fractional cascading [19, 20] (see
Section ?? of Chapter ??) which isused in many computational geometry applications.

Although up to now, we have looked at the BV-tree as an attempt to overcome the problems associated
with variants of the k-d-B-tree, the BV-tree can also be viewed as a special case of the R-tree which triesto
overcome the shortcomings of the R-tree. In this case, the BV-treeis not used in its full generality sincein
order for the analogy to the R-tree to hold, all regions must be hyper-rectangles. Of course, athough these
anal ogi es and comparisons are matters of interpretation, closer scrutiny does reveal some interesting insights.

The main drawback of thek-d-B-treeand itsvariantsisthefact that region splitsmay be propagated down-
wards. Thisisadirect result of thefact that regionsmust be split into digoint subregionswhere one subregion
cannot contain another subregion. The hB-tree and the BANG file attempt to overcome this problem but they
il suffer from the multiple posting problem. In thiscase, instead of splitting point pagesinto several pieces,
directory nodes are referenced severd times. In terms of efficiency of the search process, the multiple post-
ing problem is ana ogous to the multiple coverage problem of the R-tree. In particular, the multiple coverage
problem of the R-treeisthat the area containing a specific point may be spanned by several R-tree nodes since
thedecomposition of the underlying spaceisnot digoint. Thusjust because apoint was not found in the search
of one pathin the tree, does not mean that it would not be found in the search of another path inthetree. This
makes search in an R-tree somewhat inefficient.

At afirgt glance, the BV-tree suffers from the same multiple coverage problem as the R-tree. Thisistrue
when we examine the directory hierarchy the the BV-tree. However, the fact that the search processin the
BV-tree carriesthe guardswith it asthe tree is descended ensures that only one path isfollowed in any search,
thereby compensating for the multiple coverage. Noticethat what isreally taking placeisthat the search pro-
ceeds by levelsin the decomposition hierarchy, even though it may appear to be backtracking in the directory
hierarchy. For example, when searching for point x in the BV-tree of Figure 67a, we immediately make use

37 See[26] for arelated approach to triangular decompositions of surfaces such asterrain data.
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of theguardsag and a; inour search of regionb,. We see that these three regions have quite abit in common.
However, aswedescend the BV-tree, wefind that some of theregionsare eliminated from consideration resul t-
ing in the pursuit of just one path. One way to speed the searches in the BV-tree isto organize each directory
node into a collection of trees corresponding to the containment hierarchy represented by the node.

The use of the containment hierarchy in the BV-tree can be thought of as leading to a specia case of an
R-tree in the sense that the containment hierarchy serves as a restriction on the type of bounding rectangles
that can be used. In particular, an R-tree could be built subject to the constraint that any pair of bounding
rectangles of two sons a and b of node » must be either disjoint or one son is completely contained in the other
son (i.e, aisinbd or b isin ). In addition, if we were to build an R-tree using the BV-tree rules, then we
would have to modify the rules as to the insertion of a point that does not lie in the areas spanned by any of
the existing bounding rectangles. In particular, we must make sure that the expanded region does not viol ate
the containment hierarchy requirements. Overflow must aso be handled somewhat differently to ensure the
promotion of guards so that we can avoid the multiple coverage problem. Of course, once thisis done, the
structure no longer satisfies the property that all leaf nodes are at the same level. Thusthe result is somewhat
likethe S-tree[4] (see Section ?? of Chapter ??) which isavariant of the R-tree designed to deal with skewed
data

Exercises

1. Supposethat aregion r at decompositionlevel v inaBV-treeservesasaguard g for aregionat level v —
1, and the directory node corresponding to » overflows. How would you handlethe situation? In partic-
ular, what are theramificationsof splitting into two digjoint regionsin contrast to onewhere oneregion
containstheother?

2. Provethat all exact-match searches in a BV-tree have the same length and always visit every leve in
the decomposition hierarchy.

3. Consider an exact-match search for apoint p in a BV-tree. This requires traversing the directory hier-
archy of the tree while applying a process that finds the best match entry in aparticular directory node
a. When processing the root node, if the best match e, corresponding to region » isaguard, then we
need to find the smallest region s containing » whose corresponding entry e isnot aguard. Prove that
es exists.

4. ContinuingExercise 3, provethat any matching guardsenclosed by region s also encloser.

5. Let ustry to generalize Exercise 3 to nodes other than theroot. In particular, suppose that during the
search for apoint p in aBV-tree we have reached anonroot node ¢ at level ». Note, that this means that
the nonguard entriesin a correspond to regions at level v — 1 in the decomposition hierarchy. Let e,
corresponding to region r be the best match among theentriesin a plusthelevel v — 1 entry intheguard
set brought down from higher levels. If e, isaguard in «, then we need to find aregion s containing r
whose corresponding entry e, iseither anonguard entry in « or isthelevel v — 1 member of the guard
set (to seethat ¢, can be anonguard consider the search for z in Figure 67 where the best match inthe
directory node pointed at by b, is eq while being enclosed by by which is not a guard). Provethat e,
exists.

6. Suppose that you modify the exact-match search procedure in a BV-tree so that when a search of adi-
rectory node « at level v findsthat thebest matchisaguard ¢ at level v — 2, then the search is continued
inthelevel v — 2 directory node correspondingto ¢. Thisisinstead of the regular search processwhich
leads to the following actions:

1. Finding the best match d inthe entriesin « that are not guards and applying the same process to
thelevel v — 2 entriesin d obtaining e as the best match.

2. Checking if e isabetter match than the guard ¢ at level v — 2 (if one exists) in the guard set that
was brought down from the previous search (i.e, from level v).
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In other words, if thismodificationisvalid, thenit would appear that thereisno need to do the search at
thelevel v — 1 directory node. once wefound that the best match at level v isaguard. Proveor disprove
thevalidity of thismodification. If it isnot valid, then construct a counter-exampl e using the BV-tree of
Figure67.

7. How would you deal with deletionin aBV-tree

8. Prove that the maximum number of directory nodesin a BV-tree of height v and fanout 7' is approxi-
mately F*~! for F > 1.

9. Provethat the minimum number of point pagesin aBV-tree of height v and fanout 7 is approximately
FY/vlfor F > v.

10. Provethat themaximum number of directory nodesintheBV-treeof height v and fanout # for whichthe
number of point pagesisaminimumisapproximately £V =1 /v! for F > v.

11. Provethat theratio of directory nodes to point pagesin aBV-treeis 1/ F' regardless of whether amini-
mum or maximum number of guards are present.

12. Suppose that nodes in the BV-tree are of varying size. In particular, assume that a node a level i of a
BV-tree with fanout 7 is large enough to contain F' unpromoted entriesand /' - (¢ — 1) guards (i.e,
unpromoted entries). Show that the total number of point pages we can now have in the worst-case of
aBV-tree of height v and fanout F' is~ F" for ¥ > 1.

13. Usingthevariable BV-tree node si ze assumption of Exercise 12, show that thetotal number of directory
nodes we can now have in the worst-case of a BV-tree of height » and fanout Fis~ F*~! for I/ >>
1.

14. Using the variable BV-tree node size assumption of Exercises 12 and 13, Prove that the ratio of di-
rectory nodes to point pages in a BV-tree is 1/ F' when the maximum number of guards are present.

15. Supposethat you usethevariable BV-tree node size assumption of Exercises 12 and 13. Thismeansthat
the directory nodes are not all the same size. Assuming that each node at level v originally required B
bytes, the variable node size means that each node will be of size Bv bytes. Show that thismodification
leadsto avery nomina growthinthe number of bytes needed to represent theindex nodes. In particular,
given a BV-tree of height v and fanout #, prove that the storage requirements for the index nodesis
approximately BFv~! —thatis, B timesthenumber of directory nodes asderivedin Exercise 13. Thus
the increased size of the nodes close to the root has a negligible effect on thetotal size of the directory
inthat when we used B bytesfor each directory nodewe also obtainanindex sizeof BFY~! inthebest
case.

7.1.6 StaticMethods

The LSD tree, k-d-B-tree, hB-tree, k-d-B-trie, BANG file, and BV-tree are al dynamic structures where data
isinserted at the leaf nodes and splitsare propagated upwards. Thusthey are often characterized as bottom-up
data structures. A pair of related data structures are the VAM Split k-d tree (denoting variance approxi mate
median split) [143] and the VAM Split R-tree [143]. They differ from the LSD tree, k-d-B-tree, hB-tree, and
BANG filein that they are static structures where the partitions (i.e., splits) are made in a top-down manner
on the basis of knowledge of the entire data set.

The VAMSplit k-d tree [143] isreally abucket variant of an adaptive k-d tree in the sense that each |eaf
node correspondsto adisk bucket or block of capacity b and thusweonly split aset of elementsif itscardinality
exceeds b. Notice that the tree need not be complete. However, the depths of any two leaf nodes differ by at
most one. The partitioning axis is chosen corresponding to the dimension with the maximum variance. The
partitioning position is chosen with the goa that the leaf nodes (i.e., buckets) are as full as possible. Thus
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the partitioning position is not necessarily the median value along the partitioning axis, although it is usually
within arelatively close range of the median (hence the use of the qualifier approximate median split) [143].

In particular, assuming a set of N nodes, if N < 25, then we choose the median value as the partitioning
position so that the left son has | V/2]| elements whilethe right son has N — | N/2] elements. Otherwise,
N > 2b, and we choose a partitioning position so that the left son contains mb elements where mb isthe
largest multiple of b which isless than N /2, while the right son contains the remaining elements. Such an
action will minimize the number of leaf nodesin the final k-d tree by maximizing the number of completely
full nodes so that at most two will not be full (see Exercise 3).

As an example, suppose that we have a set with 22 elements and bucket capacity of 5 for which we want
to build a VAMSplit k-d tree. There are many ways to partition this set. Below, we only consider the way
in which the partitioning positions are chosen thereby assuming that the partitioning axes have aready been
determined. Figure 68a shows the size of the subtrees in the resulting k-d tree when the partitioning position
isthe median with 6 leaf nodes (i.e., buckets), while Figure 68b shows the resulting VAM Split k-d tree when
the partitioning positionis chosen so as to minimize the total number of leaf nodes whichis5 here. Note that
although the difference in the number of leaf nodesisjust onein thiscase, examples can be constructed with
more elements where the difference in the number of leaf nodesis considerably higher.

22 22
N N
11 11 10 12
/N /N /N /N
5 6 5 6 5 5 5 7
/N /\ /\
3 3 3 3 3 4
(@) (b)

Figure 68: k-d trees with 22 elements and a bucket capacity of 5 which are built by
using a partitioning position (a) at the median of the elements in the subtree, and
(b) at the position which minimizes the total number of leaf nodes (i.e., a VAMSplit
k-d tree with no aggregation of the internal nodes). The nonleaf nodes indicate the
number of elements in the corresponding subtree.

Once the partitioning positionshave been chosen, theinternal nodes of thetree are aggregated into buckets
of capacity ¢ proceeding from theroot downwardsin abreadth-first traversal of the subtreesuntil enough nodes
have been accumulated to fill the bucket (i.e., ¢)This processis applied recursively to the rest of the tree until
encountering the leaf nodes. The similarity to a top-down LSD tree and and a top-down k-d-B-tree should
be clear. The search performance of the VAMSplit k-d tree is enhanced by associating with each node ¢ in
the VAM Split k-d tree a minimum bounding box of the part of the underlying space that is spanned by the
internal nodes which have been merged intoi. Theresultistermed aVAMSplit R-tree[143]. However, unlike
the real R-tree, minimization of overlap or coverage plays no role in deciding which internal nodes should
be aggregated. This decision is based purely on the k-d tree splits. Thus we see that the VAM Split R-tree is
related tothe VAM Split k-d treein the same way that the Rt -tree[36, 127, 129] isrel ated to the k-d-B-tree(see
Section ?? of Chapter ?7?). In fact, amore appropriate name for the VAM Split R-treeisa VAM Split Rt -tree.

Exercises
1. Assuming abucket size of 5, can you come up with a simpler example than that given in Figure 68 to

illustrate the advantage of not using a partitioning position at the median of the set of elementsin an
adaptive k-d tree such as the VAM Split k-d tree?

2. Givean agorithmto build aVAMSplit k-d tree.
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3. Provethat thenumber of nonfull leaf nodesinaVAM Splitk-dtreeisat most two.
4. Givean algorithmto build aVAM Split R-tree.

7.2 Grid Directory Methods

There are anumber of methods of decomposing the underlying spaceintoagrid of cellstermed grid cells. The
contentsof thegrid cellsare storedin pages (termed buckets) in secondary memory. Some of themethods(e.g.,
grid file and EXCELL) permit a bucket to contain the contents of several grid cells, but do not permit agrid
cell to be associated with more than one bucket. Other methods (e.g., linear hashing and spiral hashing) do
not permit abucket to contain the contents of more than onegrid cell, but do permit agrid cell to beassociated
with more than one bucket. When more than one grid cell isassociated with abucket, then the union of these
grid cells must form a d-dimensiona hyper-rectangle. The actual buckets associated with the grid cells are
usually accessed withthe aid of adirectory in the form of an array (termed grid directory) which can change
as the data volume grows or contracts.

Below, wefocusonwhat to doif thedatavolumegrowsto such an extent that either one of thegrid cellsor
bucketsistoo full. There are anumber of possible solutions. When abucket istoo full, wejust splitit. When
agrid cel istoo full, we usualy need to make a new grid partition. In this case, the most extreme solutionis
to make anew grid by refining the entire grid of ¢ d-dimensional grid cells by doublingit aong all keys(i.e.,
halving the width of each side of a grid cell) thereby resultingin 2¢ - ¢ grid cells. Thisis quite wasteful of
space and is not discussed further here.

Whatever action we take, we must maintain the grid while al so resolving theissue of the overflowing grid
cell (usudly by splittingit). This can be achieved by refining the partition along just one of the keys through
the introduction of of one additional partition. The drawback of such an action is that the grid cells are no
longer equal-sized. This means that given a point, we cannot determinethe grid cell in whichiit is contained
without the aid of an additional data structure (termed a linear scale and discussed briefly in Section 1) to
indicate the positions of the partitions. If thereare originaly Hle ¢; gridcellswith ¢; — 1 partition positions
along key ¢, then, without loss of generality, refining key d resultsin (g4 + 1) - Hf:_f ¢; gridcdlls. Thisisthe
basis of thegrid file [99, 57, 58].

We can avoid the need for the linear scales by uniformly partitioning all grid cellsin the same way rather
than just the cellsin the (d — 1)-dimensional hyperplane that passes through the overflowing grid cell. In
essence, what we dois halve thewidth of just oneof thesides of each grid cell thereby doublingthe granularity
of the decomposition along one of theaxes. Thisresultsin doublingthetotal number of gridcellstoyidd 2 - ¢
grid cells. Thisisthebasis of the EXCELL [131] method.

An alternative approach isto order thegrid cellsaccording to one of asubset of the one-dimensional order-
ings of the underlying space described in Section 6 and use linear hashing (recall Section ?? of Chapter ??) to
resolve an overflowing grid cell. In thiscase, we start witha grid of equal-sized grid cells (initially containing
just one grid cell) which are split into two halves in succession in a consistent manner (i.e., along the same
key) according to the particular one-dimensiona ordering that is used until al grid cells have been split at
which point the process isrestarted with a split across the same or another key. The drawback of thismethod
isthat thegrid cell that issplitis not necessarily the one that has become too full. Thisis resolved by making
use of what are termed overflow buckets.

It isimportant to observe that for linear hashing the grid directory is aone-dimensional array instead of a
d-dimensional array asfor thegridfileand EXCELL. Thisis because theresult of the hashing functionisjust
an address in one dimension although the underlying space is partitioned into sets of ranges of vaues which
for most variants of linear hashing (with the notable exception of spira hashing) correspond to grid cellsin
d dimensions. For most variants of linear hashing, the ranges have a limited set of possible sizes. Infact, if
there is a one-to-one correl ation between the numbering of the grid cells and the bucket labels, then thereis
no need for agrid directory in linear hashing.
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Therest of thissection isorganized asfollows. Section 7.2.1 describesthegridfile. Section 7.2.2 presents
EXCELL. Section 7.2.3 reviewslinear hashing and explainshow it can be adapted to handle multidimensional
point data. Section 7.2.4 discusses some variants of linear hashing that address the drawback that the grid
cell that has been split most recently is not necessarily the one that is full. This discussion also includes an
explanation of how to adapt therelated method of spiral hashing to multidimensional point data. Section 7.2.5
contains a brief comparison of the various bucket methods that make use of a grid directory.

7.2.1 GridFile

Thegridfileof Nievergelt, Hinterberger, and Sevcik [99, 57, 58] isavariation of the fixed-grid method, which
relaxes the requirement that grid subdivision lines be equidistant. Itsgoal isto retrieve records with at most
two disk accesses, and to handle range queries efficiently. Thisis done by using agrid directory in theform
of an array to thegrid cells. All recordsin onegrid cell are stored in the same bucket. However, severa grid
cells can share a bucket as long as the union of these grid cellsforms a d-dimensiona hyper-rectanglein the
space of the data. Although the regions of the buckets are piecewise digoint, together they span the entire
underlying space.

The purpose of the grid directory isto maintain a dynamic correspondence between the grid cells and the
buckets. The grid directory consists of two parts. The first isa dynamic d-dimensiona array, containing one
entry for each grid cell. The values of the elements are pointersto the relevant buckets. Usually buckets will
have a capacity of 10 to 1000 points. Thus, the entry in the grid directory issmall in comparison to a bucket.
We are not concerned with how the pointsare organized within abucket (e.g., linked list, tree, etc.). The grid
directory isusually stored on disk asit may be quitelarge especially when d islarge.

The second part of thegrid directory isaset of d one-dimensional arrays called linear scales. These scales
define a partition of the domain of each key. They enable access to the appropriate grid cells by aiding the
computation of their address based on the value of the relevant keys. The linear scales are kept in core. It
should be noted that the linear scales are useful in guiding a range query, by indicating the grid cells that
overlap the query range. The linear scaes can aso be implemented using binary trees (see Sections 7.2.3
and 7.2.4 aswell as Exercise 1).

Thus, we see that the two goals of the grid file are met. Any record is retrieved with two disk accesses:
one disk access for the grid cell and one for the bucket. Range queries are efficient, athough since the sizes
of thegrid cells (i.e., the ranges of their intervals) are not related to the query range, it is difficult to andyze
the amount of time necessary to execute a range query.

Asan example, consider Figure 69, which showsthe grid file representation for the datain Figure 1. Once
again, we adopt the conventionthat agrid cell isopenwith respect to itsupper and right boundaries and closed
with respect toitslower and left boundaries. The bucket capacity is2 records. Thereared = 2 different keys.
The grid directory consistsof 9 grid cells and 6 buckets labeled A-F. We refer to grid cells asif they are array
elements: grid cdll (¢, j) istheelement in column ¢ (starting at the left with column 1) and row j (starting at
the bottom with row 1) of the grid directory.

Gridcdls (1,3), (2,2),and (3,3) are empty; however, they do share buckets with other grid cells. In
particular, gridcell (1,3) sharesbucket Bwithgridcells(2,3) and (3, 3),whilegridcdlls(2,2) and (3,2)
share bucket E. The sharing is indicated by the broken lines. Figure 70 containsthe linear scales for the two
keys (i.e, the z and y coordinate values). For example, executing a point query withz = 80 and y = 62
causes the access of the bucket associated with the grid cell in row 2 and column 3 of the grid directory of
Figure 69.

Thegridfileisattractive, in part, because of itsgraceful growth as more and morerecords areinserted. As
thebucketsoverflow, we apply asplitting process, whichresultsin thecreation of new bucketsand amovement
of records. To understand the splitting process, let us examine more closdly how the grid file copes with a
sequence of insertion operations. Again, we assume a bucket capacity of 2 and observe how a grid file is
constructed for the records of Figure 1 in the order in which they appear there: Chicago, Mobile, Toronto,
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Figure 69: Grid file partition for the data corresponding to Figure 1.
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Figure 70: Linear scales for (a) x and (b) y corresponding to Figure 69.

Buffalo,Denver, Omaha, Atlanta, and Miami.

The insertion of Chicago and Mobile resultsin bucket 4 being full. Insertion of Toronto leads to an
overflow of bucket 4 causing a split. We arbitrarily split along the y axisat y = 70 and modify the linear
scalefor key y accordingly. Toronto isinserted in B, the newly allocated bucket (see Figure 714a).

Next, wetry to insert Buffalo and find that the bucket in which it belongs (i.e., 4) isfull. We split the
z axisat « = 45 and modify the linear scale for key . Thisresultsin theinsertion of Buffalo in bucket ¢
and the movement of Mobile from bucket A to bucket C (see Figure 71b). Note that as a result of this split,
both grid cells (1,2) and (2,2) share bucket B, although grid cell (1,2) isempty. Alternatively, we could
have marked grid cell (1,2) as empty when the z axiswas split. This has the disadvantage that should we
later wish toinsert arecord in grid cell (1,2) we would have to either allocate a new bucket or search for a
neighboring bucket that is not full and whose grid cells form a convex region with grid cell (1,2).

Theinsertion of Denver proceeds smoothly. Itisplaced inbucket A. Omaha also belongsin bucket A which
means that it must be split again. We split the y axisat y = 43 and modify the linear scale for key y. In
addition, we creste a new bucket, D, to which Denver ismoved whileOmaha and Chicago remain in bucket A
(seeFigure71c). Notethat asaresult of thissplitbothgridcells (2, 1) and (2, 2) sharebucket C, contributing
Buffalo and Mobile, respectively.

Attempting to insert At1lanta findsit belonging in bucket ¢, which isfull yet grid cell (2,1) isnot full.
Thisleadsto splittingbucket ¢ and the creation of bucket E. Bucket ¢ now containsMobile and Atlanta and
correspondstogrid cell (2, 1) whilebucket E now containsBuffalo and correspondstogridcell (2,2) (see
Figure 71d). Note that we did not have to partition the grid in this case. Thus, no change needs to be made
to the linear scales; however, the grid directory must be updated to reflect the association of grid cell (2,2)
with bucket E instead of bucket C.
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Figure 71: Sequence of partial grid partitions demonstrating the result of the inser-
tion of (a) Chicago, Mobile, and Toronto, (b) Buffalo, (c¢) Denver and Omaha, and
(d) Atlanta.

Finally, insertion of Miami findsit belonging to bucket ¢, whichisfull. We split the z axisat « = 70 and
modify the linear scale for key =. A new bucket, F, is created to which Atlanta and Miami are moved (see
Figure 69). Once again, we observe that as a result of thissplit, grid cells (2,3) and (3, 3) share bucket B,
athough grid cell (3,3) isempty. Similarly, grid cells (2,2) and (3,2) share bucket E, athough grid cell
(2,2) isempty.

At this point, we are ready to elaborate further on the splitting process. From the above we see that two
types of bucket splitsare possible. The first, and most common, arises when several grid cells share abucket
that has overflowed (e.g., the transition between Figures 71c and 71d upon theinsertion of Atlanta). Inthis
case, we merely need to alocate anew bucket and adjust the mapping between grid cells and buckets.

The second type of a split arises when we must refine a grid partition. It is triggered by an overflowing
bucket, al of whoserecordslieinasinglegridcdl (e.g., the overflow of bucket A uponinsertion of Toronto

100



in Figure 714). In this case, we have a choice with respect to the dimension (i.e., axis) and the location of the
splitting point (i.e., we do not need to split at the midpoint of an interval). Without any external knowledge
or motivation, areasonable splitting policy is one that cycles through the various keys (e.g., first split on key
z, thenkey y, key z, etc., aswas donein Figure 71) and uses interval midpoints. Thisisthe approach used in
the grid file implementation [99].

An aternative splitting policy is an adaptive one favoring one key over others. Thisis akin to afavored
key inaninverted file. It resultsin an increase in the precision of answersto partially specified querieswhere
thefavored key isspecified. Such apolicy istriggered by keeping track of themost frequently queried key (in
the case of partia match queries), and by monitoring dynamic file content, thereby increasing the granularity
of the key scales. Splitting at locations other than interva midpointsis also an adaptive policy.

The grid refinement operation is common at the initia stage of constructing a grid file. However, as the
grid file grows it becomes relatively rare in comparison with the overflowing bucket that is shared among
several grid cells. Nevertheless, the frequency of grid refinement can be reduced by varying the grid directory
asfollows. Implement the grid directory asad-dimensional array whose sizein each dimensionisdetermined
by the shortest interval in each linear scale (i.e,, if thelinear scale for key « spans the range 0 through 64 and
the shortest interval is4, then the grid directory has 16 entries for dimension x).

Thisvariationisamultidimensional counterpart of thedirectory used in extendible hashing [33] and isthe
basis of EXCELL [131] (see Section 7.2.2). Its advantage is that a refinement of the grid partition will only
cause achange in the structure of thedirectory if the shortest interval issplit, in which case the grid directory
will doublein size. Such a representation anticipates small structural updates and replaces them by a large
one. Itisfine aslong as the datais uniformly distributed. Otherwise, many empty grid cellswill arise.

The counterpart of splitting is merging. There are two possible instances where merging is appropriate:
bucket merging and directory merging. Bucket merging, the more common of the two, arises when a bucket
isempty or nearly empty. Bucket merging policy isinfluenced by three factors. First, we must decide which
bucket pairs are candidates for merging. This decision can be based on a buddy system or a neighbor system.

In abuddy system[72], each bucket, say X, can be merged with exactly one bucket, say B;, in each of the
d dimensions. ldedlly, the chosen bucket, say B;, should have the property that a some earlier point it was
split toyield buckets X and B;. Wecall thisbuddy the*true’ buddy. For example, consider thegrid directory
of Figure 72 which contains buckets A—X and X. Assume that when abucket is split, it issplit into two buckets
of equal size. Sinced = 2, theonly potential buddies of bucket X are I and J. We can keep track of the ‘true’
buddies by representing the splitting process as a binary tree, thereby maintaining the buddy relationships.

ESRD
B m_ E
ERED

G

H ‘EK

Figure 72: Example grid directory illustrating bucket merging when using the grid
file.

In aneighbor system, each bucket can be merged with either of itstwo adjacent neighborsin each of the
d dimensions (the resulting bucket region must be convex). For example, in the grid directory of Figure 72,
bucket X can be merged with any one of its neighbors, bucketsc, I, or J. Notethat X can not be merged with
neighbor bucket G since the resulting bucket region would not be convex.

The second factor influencing bucket merging policy deal swiththe ordering among possibl e choi ces should
there be more than one candidate. 1n the case of the buddy system, we give priority to the ‘true’ buddy. Oth-
erwise, thisfactor isonly relevant if it is desired to have a varying granularity among keys. In particular, if
the splitting policy favors some keys over others, then the merging policy should not undo it.
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The third factor is the merging threshold: when should a candidate pair of buckets actually be merged? It
should be clear that the sum of the bucket occupancy percentages for the contents of the merged bucket should
not betoolarge, as otherwiseit would soon haveto be split. Nievergelt et a. [99] conducted simulation studies
showing the average bucket occupancy to be 70% and suggest that thisis an appropriate merging threshold
for the occupancy of the resulting bucket.

Directory merging arises when all thegrid cellsin two adjacent cross sections (i.e., slices along one axis)
in the grid directory are associated with the same bucket. For example, consider the two-dimensiona grid
directory of Figure 73, where al grid cellsin column 2 are in bucket ¢ and al grid cellsin column 3 arein
bucket D. Insuch acase, if themerging thresholdis satisfied, then buckets ¢ and D can be merged and thelinear
scales modified to reflect this change.

B|C|D|G

Figure 73: Example grid directory illustrating directory merging when using the grid
file.

Generdly, directory merging is of little practical interest since even if merging is alowed to occur, it is
probablethat splittingwill soon haveto take place. Neverthel ess, there are occasions when directory merging
isof use. Firgt, directory merging is necessary in the case of a shrinking file. Second, it is appropriate when
the granularity of certain keysisbeing changed to comply with the access frequency of thekey. Third, itisa
useful technique when attempting to get rid of inactive keys. In such acase, the key could be set to a*‘ merge
only’ state. Eventually, the partition will be reduced to one interva and the corresponding dimension in the
grid directory can be removed or assigned to another key.

Exercises

1. Thelinear scales areimplemented asone-dimensiond arrays. They could also beimplemented asbinary
trees. What would be the advantage of doing so?

2. Implement a database that uses the grid file to organize 2-dimensiona data.

3. Thegrid fileis considered to be an instance of the general bucket method of fanout 2 (which aso in-
cludes the B-tree, EXCELL, and EXHASH) with 0.69 average storage utilization [99]. The twin grid
file [65, 66] is arepresentation which makes use of two grid files which has been observed to result in
improving the average storage utilization of the grid file to 90%. Give an intuitive explanation of why
thisisso.

4. How can you improve the performance of the twin grid file discussed in Exercise 3?

5. Cadlculate the expected size of the grid directory for uniformly distributed data.

722 EXCELL

The EXCELL method of Tamminen [131] issimilar in spirit to the grid file in that it al so makes use of agrid
directory and retrieves al records with at most two disk accesses. The principa difference between themiis
that grid refinement for the grid file splits only one interval in two and results in the insertion of a (d—1)-
dimensional cross section. In contrast, a grid refinement for the EXCELL method splits al intervalsin two
(the partition pointsare fixed) for the particular dimension and resultsin doubling thesize of the grid directory.
Thismeans that all grid cells are of the same size in EXCELL whilethisis not the case for the gridfile.
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The result is that the grid directory grows more gradually when the grid file is used, whereas use of EX-
CELL reduces the need for grid refinement operations a the expense of larger directories, in general, due to
a sensitivity to the distribution of the data. However, alarge bucket size reduces the effect of nonuniformity
unless the data consists entirely of afew clusters. The fact that al grid cells define equal-sized regions (and
convex as well) hastwo important ramifications. First, it means that EXCELL does not require a set of linear
scales to access the grid directory and retrieve a record with at most two disk accesses, as is needed for the
gridfile. Thus, grid directory access operationsare considerably faster for EXCELL. Second, it meansthat the
partition points are fixed and are not chosen on the basis of the data, asisthe case for thegrid file. Therefore,
range queries are efficient with an execution timethat is proportional to the number of buckets corresponding
tothe grid cells that comprise the range being searched (i.e., to the size of therange). In contrast, the number
of grid cells that comprise arangein the grid file is not proportional to the size of the range.

An example of the EXCELL method is given in Figure 74, which showsthe representation for the datain
Figure 1. Herethe « axisis split beforethe y axis. Again, the convention is adopted that arectangle is open
with respect to its upper and right boundaries and closed with respect to its lower and left boundaries. The
capacity of the bucket is 2 records. There are d = 2 different keys. The grid directory isimplemented as an
array and in this case it consists of 8 grid cells (labeled in the same way as for the grid file) and 6 buckets
labeled A-F. Notethat grid cdlls (3,2) and (4,2) sharebucket ¢ whilegrid cells (1,2) and (2,2), despite
being empty, share bucket D. The sharing isindicated by the broken lines. Furthermore, when a bucket size
of 1 isused, the partition of space induced by EXCELL isequivalent to that induced by a PR k-d tree [103],
although the two structures differ by virtue of the presence of a directory in the case of EXCELL.

(0,100) (100,100)
i i
! (62,77) |
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: }Bu.ffalo
| |
© © © ©
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Atlanta
(5210)|, *
Mobile 90,5
® ® Miam®
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Figure 74: EXCELL representation for the data corresponding to Figure 1 when the
x axis is split before the y axis.

As a database represented by the EXCELL method grows, buckets will overflow. This leads to the ap-
plication of a splitting process, which resultsin the creation of new buckets and a movement of records. To
understand the splitting process, we examine how EXCEL L copeswith aseguence of insertion operationscor-
responding to the data of Figure 1. Again, we assume a bucket capacity of 2 and that the records are inserted
inthe order in which they appear in Figure 1, that is, Chicago, Mobile, Toronto,Buffalo,Denver, Omaha,
Atlanta,and Miami.

The insertion of Chicago and Mobile resultsin bucket 4 being full. Insertion of Toronto leads to an
overflow of bucket 4, which compels us to double the directory by splitting long key =. We split bucket A
and moveMobile and Toronto to B, the newly alocated bucket (see Figure 75a). Next, we insert Buffalo
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and find that the bucket inwhich it belongs (i.e,, B) isfull. This causes usto doublethe directory by splitting
along key y. We now split bucket B and move Toronto and Buffalo to C, the newly allocated bucket (see
Figure 75b). Notethat bucket A still containsChicago and overlapsgrid cells (1,1) and (1,2).
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Figure 75: Sequence of partial EXCELL partitions demonstrating the result of the
insertion of (a) Toronto, (b) Buffalo, and (¢-d) Omaha.

The insertion of Denver proceeds smoothly and it is placed in bucket A. Omaha also belongsin bucket &,
which has now overflowed. Sincebucket A overlapsgridcells (1,1) and (1,2), wesplititthereby allocating
anew bucket, D, such that buckets 4 and D correspond to grid cells (1,1) and (1,2), respectively (see Fig-
ure75c). However, neither Denver, Chicago, Nor Omaha can be moved to D, thereby necessitating adirectory
doubling along key x. We now split bucket A and move Chicago and Omaha to E, the newly allocated bucket
(see Figure 75d). Notethat bucketsB, ¢, and D retain their contents, except that now each bucket overlapstwo
gridcdls.

Next, Atlanta isinserted in bucket B. Insertion of Miami causes bucket B to overflow. Since B overlaps
gridcells (3,1) and (4,1), wesplitit, thereby alocating anew cell, F, such that bucketsB and F correspond
togridcdls (3,1) and (4,1), respectively. Atlanta and Miami are moved to F (see Figure 74).
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From the discussion, we see that two types of bucket splitsare possible. The first, and most common, is
when severa grid cells share a bucket that has overflowed (e.g., the transition between Figures 75d and 74
caused by the overflow of bucket B asAtlanta and Miami areinserted in sequence). Inthiscase, we alocate
anew bucket and adjust the mapping between grid cells and buckets.

The second type of asplit causes adoubling of thedirectory and ariseswhenwe must refineagrid partition.
Itistriggered by an overflowing bucket that is not shared among several grid cells(e.g., the overflow of bucket
A uponinsertion of Toronto in Figure 758). The split occurs along the different keysin acyclic fashion (i.e.,
first split along key z, then y, then «, etc.).

For both types of bucket splits, the situation may arise that none of the el ements in the overflowing bucket
belong to the newly created bucket, with the result that the directory will have to be doubled more than once.
Thisisbecause the splitting pointsare fixed for EXCELL. For example, consider bucket 4 in Figure 76awith
bucket capacity 2 and containing pointsX and Y. Insertion of point Z (see Figure 76b) leads to overflow of A
and causes 3 directory doublings (see Figure 76¢). In contrast, the fact that the splitting point is not fixed for
the grid file means that it can be chosen so that only one grid refinement is necessary. Thus, we see that the
size of the EXCELL grid directory is sensitive to the distribution of the data. However, alarge bucket size
reduces the effect of nonuniformity unless the data consists entirely of afew clusters.

X X X
oZ oZ
oY oY oY

(@) (b) (©

Figure 76: Example showing the need for three directory doubling operations using
EXCELL when inserting point Z, assuming a bucket capacity of 2.

The counterpart of splittingis merging. Howevey, it is considerably more limited in scope for EXCELL
than for the grid file. Also, itislesslikely to arise because EXCELL has been designed primarily for usein
geometrical applicationswhere deletion of recordsis not so prevaent. There are two cases where merging is
appropriate.

The first, and most common, is bucket merging, which arises when a pair of bucketsis empty or nearly
empty. The bucketsthat are candidates for merging, say X and Y', must be buddiesin the sense that at some
earlier point in time one of them was split, say X, toyield X and Y (e.g., A and E in Figure 74 but not 4 and
€). Once such abucket pair has been identified, we must see if its elements satisfy the merging threshold. In
essence, the sum of the bucket occupancy percentages for the contents of the merged bucket should not be too
large, as otherwiseit might soon have to be split.

The second instance where merging is possible, is directory merging. It arises when each bucket-buddy
pair in the grid directory either meets the merging threshold (e.g., B and ¢, and D and E in Figure 77), or the
bucket overlaps more than one grid cell (eg., bucket A overlaps grid cells (1,2) and (2,2), and bucket F
overlapsgridcells (3,1) and (4,1) inFigure77). Thisisquiterare.

Exercises

1. Implement a database that uses EXCELL to organize 2-dimensional data.
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Figure 77: Example demonstrating the possibility of directory merging when using

EXCELL.

7.2.3 Linear Hashing

Linear hashing [80, 87] isatechniquefor avoiding drastic growth in the size of a hash tablewhen it becomes
toofull (i.e., when ahash bucket overflows). In essence, use of linear hashing enablesthe hash tableto grow by
just one hash bucket instead of doubling the number of hash bucketsasis the case with some hashing methods
such as EXHASH [33], the extendible hashing function that forms the basis of EXCELL [132]. Although
linear hashing has been described in Section ?? of Chapter ??, we review its basic principles here so that our
discussion of its adaptation to multidimensional data can be meaningful.

Our adaptation is based on starting with a grid of equal-sized grid cells, ordering the grid cells using a
mapping from d dimensions to one dimension (perhaps one of the ones discussed in Section 6), and then,
if necessary, splitting the grid cells one-at-a-time in a manner consistent with the chosen order until al grid
cellshave been split. Thisresultsin creating anew grid of equal-sized grid cells, at which timethe processis
reapplied. Each bucket isassociated with just one grid cell.

The key ideabehind linear hashing isthe decoupling of the decision astowhich grid cell isto besplit from
theidentity of the grid cell whose bucket has overflowed. Thisisadirect result of the pre-determined order in
which thegrid cellsare split. Since we must till deal with the fact that abucket istoo full, we have two types
of buckets: primary and overflow. Each grid cell has adifferent primary bucket. When attempting to insert a
datapoint p whose grid cell ¢’sprimary bucket b isfull, then p isinserted into an overflow bucket associated
with ¢. Generaly, the overflow buckets are chained to the primary buckets. Assuming that there are m grid
cells, we use aone-dimensional directory addressed from 0 tom — 1 to access the primary buckets associated
with the grid cells. However, if there is a one-to-one correl ation between the numbering of the grid cellsand
the primary bucket labels (as we will assume in our example€), then thereis no need for agrid directory.

Formally, we treat the underlying space as having a complete grid 7" imposed on it, said to be at level n,
and a partia grid, 7", said to be a level n + 1, where some of the grid cellsin 7" have been split into two
equal-sized parts®®. n denotes the number of total grid partitionsthat have been applied where atotal grid
partition means that the number of grid cellshasdoubledin size. Givenacompletegridat level n, we havem
(2" < m < 27t _ 1) digoint grid cells that span the entire underlying space. 2°+! — m of thegrid cellsare
d-dimensional hyper-rectangles of size v (both in volume and orientation), whilethe remaining 2 - (m — 27)
grid célls are d-dimensiona hyper-rectangles of sizev/2. The set of grid cellsof size v arethe ones that have
not been split yet.

In order to make this method work, we need an ordering for the grid cells. In addition, we need away to
determinethegrid cell associated with each data point. Moreover, if we do not assume aone-to-onecorrel ation
between the numbering of the grid cells and the primary bucket [abels, then we also need away to determine
the directory element associated with each grid cell so that the relevant bucket can be accessed. Sincewe are
using an ordering, we will need to make use of at least one mapping from d dimensionsto one dimension.

In the following, we describe the approach that we use. Identify each grid cell ¢ by the location of the

38 Notethat in this case the term level hasthe same meaning as depth for representationsthat make use of atree or trie access structure..
Aswewill see, in many other applications(e.g., the region quadtree aswell asthe BV-tree in Section 7.1.5), the term level hasadifferent
meaning in the sense that it indicates the number of aggregation steps that have been performed.
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pointin the underlying space at the corner of ¢ that is closest to the origin (e.g., the lower-leftmost corner for
two-dimensional datawith an originat thelower-leftmost corner of the underlying space) and denoteit as!(c).
Also, let u(c) be thelocation of the point in the underlying space at the corner of ¢ that is furthest from the
origin (e.g., the upper-rightmost corner for two-dimensional data with an origin at the lower-leftmost corner
of the underlying space).

We need two mappings. First, we need a mapping ¢ from d dimensions to one dimension that assigns
a unique number to each data point in d dimensions (i.e., an ordering). For this mapping we use one of the
orderingsdiscussed in Section 6 that satisfies the propertiesgiven below. The orderingisimplemented in such
away that the first element in the ordering corresponds to the point closest to the origin.

1. Thepositioninthe ordering of each datapoint p in grid cell ¢ is greater than or equal tothat of /() (i.e.,
after) —that is, g(p) > g(I(c)).

2. Theposition in the ordering of each data point p in grid cell ¢ islessthan or equal to that of u(c) (i.e,
before) — that is, ¢(p) < g(u(c)).

3. Thepositionin the ordering of any datapoint not in grid cell ¢ iseither before that of /(¢) or after that
of u(c).

All of these properties are satisfied for both bit interleaving and bit concatenation. Observe that these prop-
erties ensure that the ordering aso applies to the grid cells. For both bit interleaving and bit concatenation,
the ordering also indicates the order in which the grid cells are partitioned. In particular, the partition order is
equa to the order from left to right in which the bits of the binary representation of the keys are combined to
form the position of the point in the ordering.

Second, we need a mapping h from the one-dimensional representative k of each point p and gridcell ¢ in
acompletegridat level n (i.e, k = g(p) and k = g(I(c)), respectively) to anumber « intherangeOtom — 1.
The result of thismapping « = h(k) serves as an index in the directory to access the buckets whichisaone-
dimensional array. The mapping 4 issuch that the 27 +! — m grid cells of size v are associated with directory
addresses m — 2" through 2” — 1, whiletheremaining 2 - (m — 2”) grid cells of size v/2 are associated with
directory addresses O throughm — 2" — 1 and 2™ throughm — 1. Each directory element at address a contains
the identity of the bucket corresponding to the grid cell associated with a.

Linear hashing implements the function & as two hash functions 4,, and h,1. The function h, (k) =
k mod 2™ isused to access the buckets associated with the grid cells at directory addresses m — 2™ through
2" — 1, while h,, +1(k) = k mod 2"+ isused to access the buckets associated with the grid cells at directory
addresses 0 through m — 2™ — 1 and those a directory addresses 2" through m — 1. Such afileissaid to be
of level n, n+ 1 so that the grid cells accessed by £, are a level n whilethose accessed by h,,4, areat level
n + 1. Notethat when m = 2", nogrid cells are accessed by Ay, 4 1.

Our adaptation of linear hashing to multidimensiona datarequiresafunction ¢ which hasthe property that
all of the data points associated with a particular directory element (i.e., grid cell) are withinagiven range (re-
call properties 1-3). Unfortunately, thisis not the case when we use the hash function h,, (k) = & mod 27
where k& = g¢(p). In particular, for any binding of &, h, (k) has the property that dl of the pointsin a given
directory element agree in the n least significant bitsof k. Thisisfine for random access; however, it does
not support efficient sequentia file access (in terms of spatia proximity) since different directory elements
and hence different buckets, must be accessed. On the other hand, if A,, would discriminate on the most sig-
nificant bits of k, then al of the points mapped to a given directory element would be within a given range
and hence in the same grid cell thereby satisfying to properties 1-3 of the mapping. Assuming k is of fixed
length (i.e,, the number of bitsis fixed), this can be achieved by redefining the hashing function A, to be
hn (k) = reverse(k) mod 2”. Animplementation of linear hashing that satisfies this property is termed or-
der preserving linear hashing (OPLH).

In one dimension, OPLH isanaogousto atrie. For multidimensiona data(e.g., d dimensions), the same
effect is obtained by combining the bits from the various keys (e.g., viainterleaving, concatenation, etc.),
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reversing the result, and then performing a modulo operation. When the combination is based on bit inter-
leaving, theresult is ana ogousto ak-d trie and its behavior for range searching was discussed in some detail
in Section 6. In the rest of this section, we use the combination of bit interleaving as the function ¢ with re-
verseto form ahashing functionthat weterm rever sed bit interl eaving which we usein conjunctionwith linear
hashing.

Reversed bit interleaving results in partitioning the underlying space in a cyclic manner. For example,
assuming abit interleaving order of yzyxy . . . (i.e., they coordinateisthe most significant), then thefirst par-
titionsplitsevery grid cell intwo using the y coordinate, the second partition splitsevery grid cell intwousing
the  coordinate, the third partition splits every grid cell in two using the y coordinate, etc. After each parti-
tion, the number of grid cells doubles. After each cycle of partitions(i.e., one partition per key), the number
of grid cells grows by afactor of 2¢. Of course, a different partitioning order could be obtained by combin-
ing the keys in a different order. For example, we could have defined a similar function termed reversed bit
concatenation which would complete al partitionsaong one key before starting a partition on another key.
However, reversed bit concatenation has the drawback of favoring some of the keys over the others, and thus
we do not discussits use further here.

It isinteresting to notethat the use of reversed bit interleaving with linear hashing seems to have been pro-
posed independently by Burkhard [ 18] (who termsit shuffle order), Orenstein [104], and Ouksel and Scheuer-
mann [109] (see dso [135]). This combination is applied to range searching by Burkhard [18] and Orenstein
and Merrett [105], although they each used different search algorithms.

Now, let usbriefly review the mechanics of linear hashing and then give an example of its use with multi-
dimensional data. Recall that afile implemented using linear hashing has both primary and overflow buckets.
One primary bucket isassociated with each grid cell. The storage utilizationfactor, 7, isdefined to betheratio
of the number of records (i.e., points) in the file to the number of positionsavailable in the existing primary
and overflow buckets.

When the storage utilizationfactor exceeds apredetermined value, say «, then one of thegrid cellsissplit.
When grid cell ¢ associated with thedirectory element at address b issplit, itsrecords are rehashed using 4, 41
and distributed into the buckets of the grid cells associated with directory elements at addresses b and b + 27.
Theidentity of the directory element correspondingto thenext grid cell to be splitis maintained by the pointer
s that cyclesthroughthevalues0to 2" — 1. When s reaches 2", dl of thegrid cellsat level n have been split
which causes n to be incremented and s to bereset to 0. It isimportant to observe that a grid cell split does
not necessarily occur when a point isinserted that liesin agrid cell whose primary bucket isfull nor does the
primary bucket of the grid cdll that is split have to befull.

As an example of the partitioning that results when ¢ is bit interleaving, consider, again, the database of
Figure 1 after the gpplication of the mapping f(z) = z = 12.5 to the values of both the z and y coordinates.
The result of this mapping is given in columns 2 and 3 of Figure 78. Next, apply reversed bit interleaving to
its keys to yield the mappings given in columns 4 and 5 of the Figure. Two mappings are possible since we
can either take the value of the 2 coordinate as the most significant (column 4 and labeled CODE(x)) or the
y coordinate (column 5 and labeled CODE(y)). In our example, we treat the y coordinate value as the most
significant and thus make use of the values in column 5.

Assume that the primary and overflow buckets are both of size 2 and that a bucket will be split whenever
T, the storage utilizationfactor, is greater than or equal t0 0.66 (i.e., « = 0.66). We aso assumethat thereisa
one-to-one correl ation between the numbering of the grid cells and the primary bucket labels and thusthereis
no need for agrid directory. Therefore, we use numbersto refer to both the grid cells and the primary buckets
associated with them. Insertingthecitiesintheorder Chicago,Mobile, Toronto,Buffalo,Denver, Omaha,
Atlanta, and Miami yieldsthe partition of the database shown in Figure 79. which has six primary buckets,
labeled 05, and two overflow buckets. To understand the splitting process, we examine more closely how
Figure 79 is constructed.

Initially, thefile consistsof just grid cell 0 and bucket 0 whichisempty. Thefileisof level 0,1. The pointer
tothe next grid cell to be split, s, isinitializedto 0. Chicago andMobile whichlieingridcel 0, areinserted
in bucket 0 whichyieldsr = 1.00. This causes grid cell 0 to be split and bucket 1 to be allocated. s retains
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Name | x | y | CODE(x) | CODE(y)
Chicago | 2 | 3 44 28
Mobile | 4 | 0 1 2
Toronto | 4 | 6 11 7
Buffalo | 6 | 39 27
Denver | 0 | 3 40 20
Omaha | 2 | 2 12 12
Atlanta | 6 | 1 37 26
Miami |7 | 0 21 42

Figure 78 Reversed bit interleaving applied to the result of f(z)=z+12.5.
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Figure 79: The representation resulting from applying linear hashing using OPLH
with reversed bit interleaving corresponding to the Figure 1. The y coordinate value
is assumed to be the most significant. Overflow bucket contents are enclosed by
broken lines. A leftward-pointing arrow indicates the next bucket to be split.

itsvalue of 0 and both Chicago and Mobile remain in bucket 0 (see Figure 80a).

Toronto liesingrid cell 1 and isinserted in bucket 1. However, now r = 0.75 thereby causing grid cell
0 to be split, s to be set to 1, bucket 2 to bealocated, and Mobile to be placed init (see Figure 80b). Our file

isnow of leve 1,2.

Next, wetry to insert Buffalo which liesin grid cell 1 and hence isinserted in bucket 1. However, now
7 = 0.67 thereby causing grid cell 1 to be split, s to be reset to 0, bucket 3 to be allocated, and Toronto and

Buffalo to beplaced in it (see Figure 80c).

Denver liesin grid cell 0 and isinserted in bucket 0. Omaha liesin grid cell 0 and hence it is inserted
in bucket 0. However, now = = 0.75 thereby causing grid cell 0 to be split, s to be set to 1, bucket 4 to be
alocated, and Denver and Chicago to be moved intoit. Our fileis now of level 2,3. Unfortunately, Omaha
asoliesingrid cell 4 but bucket 4 isfull and thus an overflow bucket must be allocated, attached to grid cell

4, and Omaha is placed in it (see Figure 80d).
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Figure 80: Snapshots of the representation resulting from applying linear hashing
using OPLH with reversed bit interleaving after the insertion of (a) Chicago and
Mobile, (b) Toronto, (c) Buffalo, and (d) Denver, and Omaha. The y coordinate
value is assumed to be the most significant. Overflow bucket contents are enclosed
by broken lines. A leftward-pointing arrow indicates the next bucket to be split.

Atlantaliesingrid cell 2 and isplaced in bucket 2. Miami alsoliesingrid cell 2 and isplaced in bucket
2. However, now = = 0.67 thereby causing grid cell 1 to be split, s to be set to 2, and bucket 5 to be alocated.
After thegrid cell split wetill have too many itemsin bucket 2 and thus an overflow bucket must be alocated,
attached to grid cell 2, and Miami isplaced init (see Figure 79).

The drawback of using OPLH with reversed bit interleaving as the hashing function 4 isthat the order in
which the grid cells are split is not consistent with a splitting policy that introduces a (d — 1)-dimensional
partitioning hyperplane (asin the grid file), and then splitsthe group of grid cells intersected by ! (termed a



dicethereby creating an additional slice) before attempting to split other grid cells®®. Such asplittingorder is
moreinlinewiththe manner inwhichthegridfilegrowsand isfrequently desired asit preserves somelocality,
at least across the key k that is being split. In particular, these grid cells are spatially contiguous within the
range of k that has been split and hence are morelikely to be full when the splitismade (thisis especialy true
when we use the PLOP hashing variant of linear hashing described in Section 7.2.4). Thus we need another
hashing function f. f must also stipulate the order in which the grid cellsin the dice intersected by [ are to
be split and buckets allocated for them (aswell as dedllocated, if necessary, should there have been overflow
buckets associated with some of the corresponding grid cellsin[).

f resultsin partitioning the axes corresponding to the d keysin acyclic manner starting with one partition
for each of the keys thereby resulting in 2¢ grid cells after completing the first cycle of partitions. Next, f
cycles through the keys partitioning each key* s axistwice, each key* s axisfour times on the next cycle, etc.”
Asgrid cells are partitioned, new ones are created which are assigned numbers in increasing order, assuming
that initialy the entire set of dataisingrid cell 0. The centra property of f isthat al thegrid cellsin dicea
are splitintwo before any grid cellsin any of the other dlices, while splittingthegrid cellsin a inthe order in
which they were created*!. In contrast, the reversed bit interleaving hashing function A uses a different split
policy inthat it doesnot introducea(d— 1)-dimensiona partitioning hyperplane. Instead, / resultsin splitting
the grid cellsin the order in which they were created, regardless of theidentity of the dlicesin which they are
contained.

In order to see this distinction between f and &, assume that the partitions are made on a cyclic basis
yryxy . . . (i.e, they coordinateva ueismoresignificant than thex coordinatevalue). Figures81 and 82 show
theorderinwhichthefirst 16 grid cells(startingwiththeinitial grid cell 0) are partitionedfor both 4 and f (also
known as MDEH as described below), respectively. The numbers associated with the cells correspond to the
order inwhich they were created. Assume that the underlying space isaunit-sized square with an originat the
lower-left corner and that it is partitioned by arecursive halving process a ong the range of the corresponding
key so that after each cycle of partitionsthrough all of the keys, the result isagrid of cells having auniform
width across all keys. The labels aong the axes in Figure 82 indicate the relative time at which the partition
was performed along the axis (subsequently referred to as the partition number).

Note that in the transition from Figure 81b to Figure 81c, grid cells 0 and 1 are split thereby creating grid
cells4 and 5. However, these grid cells (i.e., 0 and 1) are not partitioned by the same one-dimensiona hyper-
plane (which would be alinein two dimensionsasisthe case here). In contrast, thetransitionfrom Figure 82b
to Figure 82c¢ does proceed by completely partitioning one dlice before partitioning another slice. Thus we
find that thefirst two grid cellsthat are split (i.e., 0 and 2) are partitioned by the same hyperplane(i.e, theline
y = 0.25) thereby creating grid cells 4 and 5.

Figure 83 shows the correspondence between the partition numbersin Figure 82 (i.e., thelabels along the
axes) and the numbers of the grid cells that are created by thefirst three partitionsaong each key (i.e., two
cycles for each key) when d = 2. This correspondence can be cal culated by using MDEH (denoting Multidi-
mensional Extendible Hashing [108]*?) which serves as the desired hashing function f thereby obviating the
need for the directory shown in Figure 83.

To convince ourselves that the MDEH function really doeswhat it is supposed to do, let us determine the
grid cell that containsthe point (x = 0.3, y = 0.6). Once again, we assume again that the underlying space
of Figure 82 is a unit-sized square with an origin at the lower-left corner which is partitioned by a recursive
halving process dong the range of the corresponding key so that after each cycle of partitions through al
of the keys, the result is a grid of cells having a uniform width across al keys. The labels along the axes
in Figure 82 indicate the partition number that causes the creation of the (d — 1)-dimensiona region of grid

39 This problem also holds for reversed bit concatenation. We do not discussit here asit favors some keys over others.

*0\We shall see later that the cyclic partitioning order is not a requirement on the definition of . In other words, other partition orders
are also possible as long as the number of partitions along the axis of each key doublesfor each subsequent partitioning along that key.
However, for the present, we assume a cyclic partition order.

*1Thegrid cellsin a that are being split were not necessarily created in immediate succession (i.e., they are not necessarily numbered
in consecutive order). In other words, grid cell ¢; in a is split beforegrid cell c; in « if grid cell ¢; was created earlier than grid cell ¢;
although, of course, other grid cells in different slices than « could have been created in the time between the creation of ¢; and¢;.

42 Also referred to as the access function for a uniform extendible array of exponential varying order (UXAE).
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Figure 81: The order in which the underlying space is partitioned while creating
the first 16 grid cells when applying linear hashing using OPLH with reversed bit
interleaving (i.e., h) where the y coordinate is the most significant. The grid cells
are numbered in the order in which they were created.
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Figure 82: The order in which the underlying space is partitioned while creating the
first 16 grid cells when using a hashing function that splits all grid cells within a slice
before splitting other grid cell (i.e., f which is also MDEH) where the y coordinate
is the most significant. The grid cells are numbered in the order in which they were
created. The labels along the axes indicate the relative time at which the partition
was performed along the axis.

112



S 3|6 |7 (11|15
y
21415 |10|14
1113|913
0|0 |2 12
0 1 3
Sy —>

Figure 83: Correspondence between partition numbers (shown as horizontal and
vertical axes of the table) and the number of the grid cells that are created by the
first three partitions of the keys when all grid cells in one slice are split before splitting
other grid cells. Assume that d=2 where the y coordinate is the most significant.
This table is the same as the function MDEH.

cellsimmediately to its right (for the » coordinate) or above (for the y coordinate). We & so assume that the
partitioning process has cycled through both keys twice thereby resulting in Figure 82f. Thisinformationis
used to determine from Figure 82f that our query pointisin thegrid cell created by the second partitionalong
the = axis and thefirst partition along the y axis. Looking up the entry in Figure 83 corresponding to .S, = 2
and S, = 1yieldsgridcell number 9 whichisindeed the number associated with the grid cell containing the
point in Figure 82f.

Our explanation of how to determine the grid cell ¢ that contains a point p at location r with »; (1 <
i < d) asthevauesfor key i omitted one crucia step. In particular, we need to find away to compute the
partition numbers corresponding to the different partitioning hyperplanesfor the keys so that they can be used
asparametersto MDEH. In our explanation, the existence of d one-dimensional directoriessuch asthosefound
along the axes of Figure 82f which correlate the locations of the partitioning hyperplanes with the partition
numberswas implicitly assumed, wherein fact such directories do not exist. When the partitionsare obtained
by arecursive halving process of therange of the keysthat comprise the underlying space (asisthecaseinthis
example), theequivalent effect of these one-dimensional directories can be achieved by applyingthefollowing
five-step process to each key value .. Assume that key & has been partitioned ¢, times such that 2" < ¢; <
27+1 where n isthe number of timesafull cycle of partitions have been made through k.

Determinetherange¢; of valuesfor key k.
Calculate the width wy, of agrid cell for key & (i.e., wy = t,/2711).

Computethe position u; (0 < uy, < 27+1) of thegrid cell containing r (i.e., ux =t + wy).

A W NP

Reversethen+ 1 least significant bitsof thebinary representation of «j, to obtain v, whichisthedesired
partition number.

5. If vy > ¢z, then recalculate v, using steps 2—4 with 2” instead of 271! in steps 2 and 3.

Anadternativeto thefive-step process described aboveisto use aset of d one-dimensional directoriesinthe
form of linear scales (asinthegridfile), oneper key, implemented asbinary trees (see Exercise 3). The nonleaf
nodes of the binary treesindicate the key value corresponding to the partition*3, and the leaf nodes indicate
the partition number. For example, Figure 84 shows the linear scales for the « and y axes corresponding to
the partition of the underlying space given in Figure 82f. Note that after each full cycle of partitionsthrough
the d keys, thelinear scales are identical (asisthe case in our example).

43 Thereis no need to store the key value in the nonleaf nodes, as they can always be determined from knowledge of their ranges and
the path followed when descending from the root of the binary tree corresponding to the linear scale to the appropriate leaf node.
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Figure 84: Linear scales showing the correspondence between coordinate values and
partition numbers for the (a) x and (b) y axes corresponding to the partition of the
underlying space given in Figure 82f. This can also be obtained by use of a five-step
process outlined in the text.

The method outlined abovefor determiningthegrid cell ¢ that containsapoint p givenitslocationr demon-
strates the second principal way in which f (i.e., MDEH) differs from the hashing functions used with linear
hashing. In particular, ¢ isnot obtained by directly applying f to » (or to the result of reversing the bit inter-
leaved or bit concatenated representation of the key values that make up » asin linear hashing with OPLH).
Instead, ¢ isdetermined by applying f to the partition numbers a ong the axes corresponding to the val ues of
itskeysthat caused ¢ to be created. The actua correspondence between partition numbers and key valuesis
obtained by use of either the linear scaes or the five-step process outlined above given the number of times
each key has been partitioned.

Upon some reflection, it should be apparent that f, in conjunction with the partition numbers, playsthe
sameroleasthetablegiven in Figure 82f toindicate the two-dimensional correspondence between key values
and grid cell numbers. Unfortunately, we do not have the luxury of having space to store thistable whichis
why we make use of f. It should be clear that the lack of this of thistable is what sets linear hashing apart
from the grid file (for which the table exists), which, after al, is the point of this discussion (i.e, to avoid
the table). Note that the use of the linear scales or the five-step process to calculate the partition numbers
which are then supplied as parameters to the hash function f to determine the grid cell containing the query
point obviatesthe need for the hashing function f to satisfy the ordering properties 1-3 outlined earlier inthis
section. In contrast, when using a function such as OPLH, we usualy apply the hash function directly to the
result of interleaving or concatenating the bits of the query point rather than computing the partition numbers
corresponding to the coordinate values of the query point as is the case when using MDEH.

Grid cells are split whenever the storage utilization factor + exceeds a predetermined value, say «. We
use a splitindex (termed an expansion index [76]) intheform ' = (ey, es,. .., e4) to indicate which grid
cell c istobe split next. The identity of ¢ is determined by applying the MDEH hash function to the d values
of ¢; where ¢; isthe partition number corresponding to key . The actua split occurs by passing the (d — 1)-
dimensional hyperplane corresponding to partition ez through ¢. The split procedureis as follows. Assume
that we are in the j™* split cycle (meaning that we have cycled through the d keys j — 1 times) for key k.
Thus we must now apply 2/ ~* partitionsto k. We first determine the slice that is being partitioned (i.e., ey,
and termed the expansion dlice). Next, we check if we are splittingthefirst cell in dlice ey, (i.e., e; = 0 for al
iwherel < ¢ < dandi # k). Inthis case, we compute a partition point along key % which partitionsthe
dlicein two. Next, we split the cell.

Once acdll has been split, we check if al of the grid cellsintersected by the current partition (i.e., in the
expansion dice) have been split. If no, then we determine the next cell to be split which is donein increasing
lexicographicorder of £ whileholdinge;, fixed. If yes, then, assuming that linear scal es are used**, we update
thelinear scale of k to containthe partitionvalue aswell asthe new partition numbers, and reset the expansion
index. We then proceed to the next partition on key & by incrementing e; by 1 unless we are processing the
final dice (i.e, the2/~1** dicein the current split cycle) in which case we proceed to the next key in cyclic
order and possibly increase the cycle number j if k = d.

44|n therest of this discussionwe assumethat linear scales are used as thiswill makethe processgeneral and enablesit to be used with
quantile hashing and PLOP hashing as described in Section 7.2.4.
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At this point, let us describe the process of determining the grid cell ¢ associated with a query point p =
(p1,p2, - ., pa) inmoredetall. As mentioned above, welook up the coordinate valuesof p inthelinear scales
(or use our five-step procedure) and obtain the partition numbers for the different keys, say s; (1 < i < d).
We must now determineif ¢ liesinside or outside the expansion slice as this indicates whether we can apply
f directly to s; to obtain the value of ¢. Assume that we are currently partitioning on key k. Therefore, from
the expansion index £ we know that e; denotes the partition number thereby enabling the identification of
the expansion dlice for key k. We can determine whether ¢ will be inside or outside the expansion dice by
examining thevaluesof s; (1 < i < d).

1. If s, = e and if the sequence s; (1 < i < d) islexicographicaly less than E, then the grid cell
containing p has already been expanded. This means that we have to recompute the partition number
sk, say ¢, for key £ by including the expansion partition in thelookup process that uses thelinear scales
of key k (or use our five-step procedure). The function f isnow appliedto s; (1 < i < d) withq
replacing s; toyield the grid cell correspondingto c.

2. If cisoutsidetheexpansion dice, thenweapply f tos; (1 < i < d)toyieldthegrid cell corresponding
toc.

For example, consider the grid partition given in Figure 85a where the » coordinate is currently being
partitioned (again assuming a cyclic order yxyx . ..). In particular, we have cycled through the y axistwice
and through the  axis once. We are currently in the second partition on the second cycle of the » axis with
an expansion index value of £ = (2, 1) (denoting that the next grid cell to be split is the one formed by the
second partition on y and thefirst partitionon ). The corresponding linear scales are given to the I eft of they
axisand below the x axis. Let usfirst search for the point (x = 0.3,y = 0.8). From thelinear scales we have
that S, = 3and S, = 2. Since S, # 1, thegrid cell containing (x = 0.3,y = 0.8) isnot in the expansion
slice and thusthe grid cell is obtained by applying MDEH (i.e, grid cell 11).

316 (11 7 36|11 7

11119 3 111,93 |13

2| 4110 5 214110 5

0|0 2 0[O0 2 |12
0 1 0

(@)

(b)

Figure 85: (a) Example grid partition illustrating the use of MDEH with the y
coordinate being the most significant. Linear scales are given to the left of the y
axis and below the x axis. The expansion index has a value E=(2,1). (b) The
modified linear scale for x to reflect the fact that the third partition on the x axis
has not yet been completed but is used when the query point is in a grid cell in the
expansion slice which has already been expanded. The broken lines indicate that the
grid cell has not been split yet.

As another example, suppose that we search for the point (z = 0.8,y = 0.6). From the linear scales we
havethat S, = 1and S, = 1. Since S, = 1, thegrid cell containing (x = 0.8,y = 0.6) isin the expansion
dice. Moreover, since (S,,5;) = (1,1) <l (2,1) = E (where < denotes the Iexicographic ordering),
the grid cell containing (z = 0.8,y = 0.6) has already been expanded. Therefore, we have to include this
expansion in the linear scales (see Figure 85b) when looking up the value of S, whichisnow 3. Applying
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MDEH to S, = 1and S, = 3 yieldsgrid cell 13. Note that had we |ooked for the point (x = 0.8,y = 0.8)
we would have S, = 3 and S, = 1 which isasointhe expansion slice. However, (S,, S;) = (3,1) isnot
lexicographically lessthan £/ = (2, 1) and thus we can apply MDEH directly to obtain grid cell 5.

Both OPLH and MDEH have the shortcoming that grid cells at consecutive addresses (i.e., buckets) are
not usualy in spatial proximity. Equivalently, grid cellsthat arein spatial proximity are not usually in consec-
utive addresses (i.e., buckets). If the numbers of the grid cells correspond to disk addresses (not an unreson-
able assumption), then execution of queries such as multidimensional range queries (e.g., a hyper-rectangular
window query) usually resultsin alarge number of seek operations. In order to see this, consider Figure 86
which shows the correlation of grid cells to the underlying space for OPLH with reversed bit interleaving
(Figure 86a), MDEH (Figure 86b), and the Morton order whch is the same as conventional bit interleaving
(Figure 86c¢) where the y coordinate is the most significant after two complete cycles of splitting aong the
two keys. In particular, let us examine the grid cellsthat overlap the 2 x 2 search window in the upper half of
each part of the figure (shown with a heavy ling). Noticethat only for conventiona bit interleaving (i.e., the
Morton order) are any of the covering grid cells at consecutive addresses. The god is to make this number as
large as possible.

51137 |15 6 |11] 7 |15 10|11 14|15

1]l9|3]|11 1]9|3]13 819 |12]13

4 12| 6 |14 4 /10| 5 |14 2 13|67

0|8 12|10 0|8]2]12 0o(1|4]5
(@) (b) (c)

Figure 86: Correlation of grid cell addresses to the underlying space for (a) OPLH
with reversed bit interleaving, (b) MDEH, and (c) Morton order (i.e., conventional
bit interleaving) where the y coordinate is the most significant after two complete
cycles of splitting along the two keys. The heavy lines denote the boundaries of a
2x?2 search window in the upper half of the underlying space.

The problem isin the order in which the newly created grid cells are created. In particular, in OPLH and
MDEH, when agrid cell is split, the grid cells resulting from the split are not stored in consecutive addresses.
Thuswe need a method that preserves proximity by having the property that whenever grid cell at addresscis
split, it must result in the creation of two grid cells at consecutive addresses, say a « and a« + 1. Sincethegrid
cell at address ¢ + 1 isusually occupied, we cannot split ¢ to create ¢ and ¢ + 1. Moreover, when thegrid cell
at addressc + 1 issplit, wewould likeitsresult to be near theresult of splittingthegrid cell at addressc (i.e,
a and a + 1). Interestingly, the Morton order does satisfy these requirementsin that it has the property that a
gridcell at address cissplitinto two grid cellsat addresses 2¢ and 2¢ + 1 (see Exercise ??). The Morton order
isthebasis of the z+ -ordering [64]. The difference from the Morton order isthat the z+ -ordering enables the
representation of the partition at times other than when a key is fully expanded (i.e., when we have doubled
the number of grid cells as aresult of splitting all of the grid cells for a particular key). When akey isfully
expanded, the z* -ordering is equivalent to the Morton order.

The central idea behind the z+-ordering is to determine a sequence in which the grid cells are to be split
0 that the ordering is preserved. Assume that we have just completed L expansions thereby having 2 grid
cellswith addresses 0, 1, . . ., 2% — 1, and we are now ready to start onthe I, 4 1°¢ expansion. Clearly, when
we split the grid cell at address ¢ to yield grid cells at addresses 2¢ and 2¢ + 1, these grid cells must not be
occupied. This property does not hold if wetry to split the grid cell at address 0. One way to ensure that this
does not occur isto split the grid cells in decreasing order starting with the grid cell at address 2° — 1 thereby
creating grid cells at addresses 2°t! — 2 and 2+ — 1. The problem with this approach isthat it creates a
large gap of unused grid cells which contradicts the purpose of linear hashing which isto extend the range of
addresses in an incremental manner as needed. Moreover, it resultsin low storage utilization.
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Idedly, if there are currently 4¢ grid cellsin use (at addresses 0, 1, . .., 4¢ — 1), then we want to place
the newly-created grid cells at addresses 4¢ and 4¢ + 1. This means that we split the grid cell at address 2¢
thereby creating agap (i.e., an unused grid cell) at 2¢. Thisisfine aslong as we do not create too many gaps
and if the gaps are small. Thus any technique that we use must fill up the gaps as soon as possible, as well as
minimize their number. The gaps are filled by splitting the predecessor grid cells. For example, suppose that
after splittingthe grid cell at address 2¢, we split the grid cell at address 2¢ + 1 thereby creating grid cells at
addresses 4t + 2 and 4¢ + 3. Thismeans that we now have agap at addresses 2¢ and 2¢ + 1 which means that
the next grid cell to be splitisthe one at address¢. This process is continued recursively until al grid cells
have been split and we have 21! grid cells at addresses 0, 1, . . ., 24+ — 1. This splitting method is termed
dynamic z hashing [64].

Asan example of dynamic z hashing, consider Figure 86¢ which correspondsto the mapping of grid cells
and addresses when using the Morton order for the fourth expansion (i.e., Z = 4). During thefifth expansion
(i.e, L = 5), thegrid cellsare splitin the following order where we usethe notation (« : b¢) to denotethat the
gridcell at addressa hasbeen splittocreategridcellsat addressesbande: (8:16 17),(9:18 19),(4:8 9),
(10:20 21), (11:22 23), (5:10 11),(2:4 5), (12:24 25), (13:26 27), (6:12 13), (14:28 29),
(15:30 31),(7:14 15),(3:6 7),(1:2 3),(0:0 1).

As mentioned above, the cost of using the z™-ordering is a lower storage utilization due to the existence
of unused grid cells (i.e., gaps). The storage efficiency can be obtained by cdl cul ating the average number of
gapsduring afull expansion. Assuming that 7. full expansionshave been carried out, it can be shown that the
L + 1%t expansion has an average of I./2 gaps (see Exercise 9) [64]. Experiments comparing the z+-ordering
with avariant of MDEH have shown that use of z-ordering for hyper-rectangular range queriesresultsin a
significant reduction in the number of sequences of consecutive grid cells that need to be examined thereby
lowering the number of disk seek operationsthat will be needed and thusyielding faster execution times.

A general drawback of linear hashing isthat during each expansion cycle, theload factor of the buckets cor-
respondingtothegrid cellsthat have been splitisonly one half of theload factors of the buckets corresponding
tothegrid cellsthat have not yet been splitinthe cycle. Thustherecords are not uniformly distributed over all
of the buckets thereby leading to worse query performance (e.g., search). The performance is worse because
thereare more overflow bucketsto be searched. Larson[79] proposesavariant of linear hashing termed linear
hashing with partial expansions (LHPE) to overcome this problem. The key ideais that the number of grid
cellsis doubled in a more gradual manner through the application of a sequence of partial expansions. This
technique has been described for conventional linear hashing in Section ?? of Chapter ??. In this section, we
restrict our discussion to the case of just two partial expansions.

In essence, assuming that afile contains 2NV buckets, the doubling can be achieved in a sequence of two
partial expansionswherethefirst expansionincreasesthefilesizeto 1.5 timestheorigina sizewhilethe second
expansion increases it to twice the original size. In particular, the origina file is subdivided into V pairs of
buckets,say0and N, 1and N+1,..., N—1and 2N —1. Now, instead of splittingabucket asinlinear hashing,
thefirst partial expansion creates a new bucket 2N corresponding to thefirst pair 0 and N and rehashes their
contentsinto buckets0, NV, and 2N. Thisprocessisrepeated until wehave 3 N bucketsat whichtimeasimilar
second partial expansionisappliedto N triosof bucketswhere anew bucket iscreated for each trio of buckets
until we have 4 N buckets. The next time we need to alocate a new bucket, we start a new sequence of two
partial expansions resulting in the file growing to 6 NV and 8 N buckets after each partial expansion. If more
that two (say ¢) partial expansions are used, then the number of buckets after each partial expansion would be
increased by afactor of 1/¢ timesthe number of buckets at the beginning of each full expansion cycle.

Partial expansionscan beeasily used withOPLH. Using partia expansionswithMDEH isabit moretricky
astheexpansion unitisadlicerather thanagridcell. Thismeansthatinstead of expanding groupsof individual
grid cells, we must expand groups of slices. Kriegel and Seeger [74] take thisinto consideration by proposing
tosplittwo adjacent dicesintothreeon thefirst partial expansion for key & followed by asplit of three adjacent
dicesintofour onthe second partia expansionfor k. They term the result Multidimensional Order-preserving
Linear Hashing with Partial Expansion (MOLHPE) and give a function for its computation.
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Exercises

See als0 the exercisesin Section ?7? of Chapter ??.
1. DoesthePeano-Hilbert ordering (see Section ?? of Chapter ??) satisfy properties1-3?

2. WriteaprocedureLIN_RANGE_SEARCHtO performarangesearch for arectangular regionina2-dimensiona
database implemented with linear hashing and OPLH using reversed bit interleaving as the hashing
function.

3. What isthe drawback of implementing the linear scales as one-dimensional arrays?

4. Give an dgorithm for computing the value of MDEH for a set of partition numbers s; (1 < i < d)
where we have made j cycles through each key.

5. Giveanagorithmfor computing thevalue of MDEH for aset of partitionnumberss; (1 < i < d) where
we have made j cyclesthrough each key and that usestwo partial expansions(i.e.,, MOLHPE).

6. Write a procedure MDEH_POINT_SEARCH to perform a point search a 2-dimensiona database imple-
mented with MDEH as the hashing function.

7. WriteaprocedureMDEH_RANGE_SEARCHto performarange search for arectangul ar regioninaZ2-dimensional
database implemented with MDEH as the hashing function.

8. Give an agorithm to implement dynamic z hashing.

9. Show that the average number of unused grid cells (i.e., the sizes of the gaps) during the L + 1°¢ ex-
pansion when using the z+-orderingis /2.

10. One of the main properties that enables the Morton order to be used as the basis of dynamic z-hashing
isthat agrid cell at address ¢ is split into two grid cells at addresses 2¢ and 2¢ + 1. Does this property
also hold for the Peano-Hilbert order? If it does not hold, can you state and prove how often it does
hold? Also, if it does not hold, can you find a similar property that does hold for the Peano-Hilbert
order?

11. The »*-ordering [64] was devised in order to ensure that when agrid cell is splitin linear hashing, the
newly created grid cells are in spatia priximity. The zt-ordering makes use of a Morton order. Can
you define a similar ordering termed pt -ordering which makes use of a Peano-Hilbert order instead of
aMortonorder? If yes, givean agorithmfor the splitting method that isana ogousto dynamic z hashing
(i.e, dynamic p hashing).

12. Comparethez'-orderingandthep™* ordering(i.e., the Mortonand Peano-Hilbert orderingsas described
in Exercise 11) interms of their storage efficiency by examining the average number of gaps. The com-
parison should be analytic. If thisis not possible, then use an experimental comparison.

13. Comparethez* -orderingandthep™ ordering(i.e., the Morton and Peano-Hilbert orderingsas described
in Exercise 11) interms of their efficiency in answering range queries by examining the average number
of sequences of consecutive grid cellsthat are examined. The comparison should be analytic. If thisis
not possible, then use an experimental comparison. Do the results match the general comparison of the
efficiency of the Morton and Peano-Hilbert orders described in [68]?

7.2.4 Variantsof Linear Hashing

Regardless of whether OPLH or MDEH are used as the hashing functions, linear hashing has the drawback
that the grid cell that has been split most recently is not necessarily the one that is full. Three approaches,
quantile hashing [74, 75, 77], PLOP (denoting piecewise linear order preserving) hashing [76], and spira
hashing [90, 80, 95] (recall Section ?? of Chapter ??), are discussed below that try to overcome this drawback
by, in part, varying the range of values (i.e., in the underlying data domain) that can be associated with some
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of thegrid cells (truefor all three approaches), and by allowing some flexibility in choosing the next grid cells
to be partitioned (true for PLOP hashing). Two of the approaches (i.e., quantile hashing and PLOP hashing)
make use of MDEH as the underlying hashing function, while spira hashing makes use of OPLH.

These approaches have the effect of permitting greater variability in the size of some of the grid cells
thereby differing from conventional linear hashing, as described in Section 7.2.3, where the number of pos-
sible sizes of the grid cells is quite limited*>. Moreover, in both quantile and PLOP hashing, the space U/
spanned by the grid cell is still a hyper-rectangle although subsets of theindividud grid cells no longer need
to be similar. In contrast, in spiral hashing, U/ can have an arbitrary shape and, in fact, need not always be
spatially contiguous.

A centra difference between these three approachesis the action taken when the storage utilizationfactor
isexceeded (i.e., the determination of which cell or group of cellsisto be partitioned; or, if thereisno choice,
then where to place the partition).

1. Quantile hashing partitionsa group of grid cells on the basis of a stochastic approximation of what the
future distribution of the incoming data might look like for the associated quantile which is dways a
power of 1/2.

2. PLOP hashing partitionsagroup of grid cells on the basi s of which one contai ns the maximum number
of dataitems.

3. Spiral hashing partitionsthe grid cell for which U isamaximum.

Quantile hashing [74, 75, 77] isjust an implementation of the MDEH hashing function where instead of
partitioningeach expansiondiceof key k in half, we computeapartition point along key £ which partitionsthe
guantile associated with the slice so that approximately one half of the incoming valuesthat arein the range
of the expansion dlice will fall in each of the two resulting slices. For example, for the partition associated
withthe 1/2 quantile, its position is based on the estimate of the median aong the key. Linear scales in the
form of binary trees described in Section 7.2.3 are used to keep track of the actua partition pointsfor each
key thereby enabling the corrélation of the partitioning hyperplane with the partition numbers which are used
as parameters to MDEH so that we can determine the grid cell associated with a particular point. The grid
cell split procedureisthe same as that used for the implementation of linear hashing with the MDEH hashing
function (i.e., it makes use of the expansion index).

Figure 87 is an example of the type of partitioning of the underlying grid that is supported by quantile
hashing. In essence, we have taken the partition of the underlying space given by Figure 82f and varied the
positionsof the partitionlines from being the result of arecursive halving process. The actual partition points
are recorded by the linear scales which are given to the | eft of the y axis and below the = axis. Noticethat in
the figure we have a so identified the quantilesin the nonleaf nodes by use of the notation‘q: quantile
value’ althoughthisisnot necessary if we aways use quantilesthat are powers of two. In particular, we can
determine the quantile by noting the path followed when descending from the root of the linear scale to the
appropriate leaf node.

The drawback of quantile hashing is that it assumes that the distribution of the incoming data does not
change over time (i.e, it is stable). For example, if the data comes in a sorted order, say increasing without
loss of generality, for aparticular key (or lexicographicaly for al keys), then we have aproblem as soon aswe
perform the first partition. In particular, the partition associated with the 1/2 quantile resultsin thefirst dlice
being repeatedly partitioned in future cycles while no future data will ever be encountered that fallsinto its
range. Asanother example, suppose that the datatendsto cluster around afew pointsin the underlying space
(e.g., areas of dense population). If the cluster centers suddenly change, then quantile hashing will perform

45 particular, when OPLH is the hashing function (as well asin EXCELL) there are two possible sizes for the grid cell depending
on whether or not the cell has been split in the current cycle of splits across the different keys. When MDEH is the hashing function, the
range of grid cell sizesis larger asit depends on the number of times a particular slice has been split in the current cycle of splits across
the different keys. However, the sizes of the grid cells only differ by factors that are powers of two. Note that no matter which hashing
function is used, for linear hashing, at any instance of time after a complete cyclethrough all of the keys, all grid cells are of equal size.

119



9 3 |13

q:1/4 0|0| 8 2 |12

q:1/2

Figure 87: Example grid partition illustrating quantile hashing with the y coordinate
being the most significant. Linear scales are given to the left of the y axis and below
the x axis. The quantiles are also identified in the non leaf nodes of the linear scales
in the form of ‘q: gantile number’.

poorly (at least for awhile) as it had adjusted the positions of its partitions according to the old and known
cluster centers.

The solution to the problems mentioned above is to apply repartitioning. Unfortunately, thisis a costly
process as it involves moving the positions of the partitions and, more importantly, moving the data in the
corresponding grid cells. The alternative is to base the partitioning on the known data and to split the dices
that contain the most data points. Thisisthe basis of PLOP hashing [76]. PLOP hashingissimilar to quantile
hashing in the sense that it cycles through the keys and doubles the number of partitions along each key‘s
axis for each key on successive cycles*. However, the difference is that where in each cycle for agiven key,
guantilehashing splitseach diceintotwo new dlices, PLOP hashing may repeatedly splitthe same diceduring
the cycleif it turnsout that it isthe onethat containsthe most data points. Thus PLOP hashing is much more
suited to a dynamically changing distribution of data. Of course, both methods create the same number of
new slicesfor key k during each cycle (i.e., they are doubled thereby a so doubling the number of grid cells).
However, whereas in quantile hashing each grid cell is split during each cycle, in PLOP hashing some grid
cellsmay never be split during a cycle while other grid cells may be split many times by virtue of the fact that
their containing slice is split many times during the cycle.

PLOP hashing isimplemented by modifying the binary trees corresponding to the linear scales associated
with the axes of the keys in quantile hashing as well as the implementation of the MDEH hashing function.
Once again, the nonleaf nodes record the positions of the partitions. However, the fact that the partitions may
be applied to the same dice several times during a cycle means that the resulting binary treeis no longer “al-
most complete” (recall Section ?? of Chapter ?7?) in the sense that there is no longer a difference of a most
one between the depths of all the leaf nodes as is the case with quantile hashing. Each leaf node corresponds
toadice ¢ and contains the number of the partition along the axis of key & which resulted in the creation of
i. This number is used as the parameter to the MDEH function when attempting to determine the grid cell
that contains a particular query point p at location {. In addition, each leaf node contains the number of data
pointsin the corresponding slice. This number is used to determine which dice to partition next for key &
when the storage utilizationfactor ~ exceeds « and al grid cellsin thedlice that is currently being partitioned
have already been expanded. Of course, whenever adiceis partitioned, a new nonleaf nodet iscreated inthe
binary tree for the new partition, a new dice allocated (with a partition number one higher than the current
maximum for key &), and the count fields of the sons of ¢ are set. Note that the grid cell ¢ associated with a
particular point isdetermined in the same manner aswith quantilehashing in the sensethat the linear scalesin

46 Asmentioned in the original definition of f (and MDEH), the requirement that we cycle through the axesis not necessary. Thusboth
quantile hashing and PLOP hashing can be implemented without this requirement and this is pointed out at the end of this section.
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conjunction with the expansion index are used to determine the appropriate partition numbers which are then
used as arguments to the MDEH function.

Figure 88ais an example of the type of partitioning of the underlying grid that is supported by PLOP
hashing. The actual partition pointsare recorded by the linear scales which are given to the left of the y axis
and below the z axis. In essence, we havetaken the partition of the underlying space given by Figure 82f and
varied the positionsof the partitionlinesfrom being theresult of arecursive halving process. Thelinear scales
in our figure are somewhat incomplete as their leaf nodes should & so contain the number of data pointsinthe
corresponding dice. We have omitted thisinformation here in the interest of reducing the complexity of the
figure.
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Figure 88: Example grid partition illustrating PLOP hashing with the y coordinate
being the most significant. Linear scales are given to the left of the y axis and
below the x axis. When slice 0 along the x axis is split in the first cycle, (a) the
newly-created slice 1 is associated with the right half of the underlying space, while
in (b) it associated with the left half of the underlying space. The leaf nodes of
the linear scales should also contain the number of data points in the corresponding
slice although this is not shown here.

There arenumber of interesting observationsthat can be made by looking at thisexample(i.e., Figure88a).
First, notethat some dlices have been partitioned severa timesin a cycle while otherswere not partitioned at
all during some cycles. Here we see that on the first cycle we partitioned the y axisat y = 0.7 and the = axis
at » = 0.3 Second, notice that during the second cycle, dice 0 along the y axis was partitioned twice and
likewisefor dice 1 along the x axis. Third, we observe that when dice 0 along the = axiswas split in thefirst
cycle, the newly-created dice 1 was associated withtheright half of the underlying space. However, we could
have also associated the newly-created dlice with theleft half of the underlying space as shown in Figure 88b.
Clearly, thisispermissible asthelinear scal es provide the association of partition numbers with regions of the
grid.

Locating thegrid cell containing a particul ar point with PLOP hashing isaccomplished in the same way as
for linear hasing withthe MDEH hashing function. Onceagain, wefind theleaf nodesinthebinary treesof the
linear scalesthat contain the region corresponding to the val ues of thekeys, and then use the partition numbers
recorded in the leaf nodes as arguments to MDEH. For exampl e, let usfirst search for the point (z = 0.4,y =
0.6). Using Figure 883, from the linear scales we havethat S, = 1 and .S, = 2. Thereisno expansion index
here as we have completed two full cycles. Applying MDEH vyieldsthe grid cell 5. Using Figure 88b, from
the linear scales we havethat 5, = 0 and .S, = 2. There isno expansion index here as we have completed
two full cycles. Applying MDEH yieldsthe grid cell 4.

Spiral hashing isthe third approach that we discuss. In this approach, we apply the same mapping ¢ from
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d dimensionsto one dimension asin linear hashing. The difference isthat the range of the mapping must be
in[0,1). Thisisachieved by dividing theresult £ of the mapping by 2° where s is the total number of bits
that make up the bit interleaved or bit concatenated value. Such an action has the same effect as the function
hn (k) = reverse(k) mod 2" where reverse corresponds to reversed bit interleaving or reversed bit concate-
nation. Recall that this definition of A, (k) ensuresthat all recordsin the same grid cell or bucket agreein the
values of the n most significant bits of & and hence they are within the same range.

Spiral hashing also decomposes the underlying values into disjoint ranges of & so that all pointswithin
agiven range are stored in the same bucket (and possibly overflow buckets). Thus the extent of the rangeis
analogousto the concept of agrid cdl in linear hashing. Moreover, asin linear hashing, a primary bucket of
finite capacity isassociated with each range, as well as overflow buckets. The difference from linear hashing
isthat in spiral hashing the rangesare not equal-sized after afull cycle of splitsfor all keys. Again, asinlinear
hashing, buckets are split when the storage utilization factor r exceeds a predetermined value «. Another dif-
ferencefrom linear hashingisthat thebucket b thatissplitisthe onethat correspondsto thelargest-sized range.
b'srange is splitinto r (r > 2) unequal-sized ranges’” that are smaller than any of the existing ranges. As
with linear hashing, establishing a one-to-one correl ation between the val ues of the spiral hashing function*®
y(k) = |**)| and the primary bucket labels obviates the need for the one-dimensiona array anaog of the
grid directory.

Using such a splitting policy, assuming a uniform distribution of data, the bucket corresponding to the
range of values that is splitis said to be more likely to have been full than the buckets that correspond to the
smaller-sized ranges. Unfortunately, since the result of the one-dimensional mapping of the underlying space
isno longer partitioned into equal -sized ranges (or alimited set of possiblesizes at an instance which does not
immediately follow afull cycleof splitsfor al keys) of values, thereislesslikelihoodthat the one-dimensional
ranges correspond to agrid cell in d dimensions. This has the undesirable effect that the ranges of valuesin
each partition are not always spatialy contiguous as is the case for linear hashing. This limits the utility of
thistechnique.

For example, Figure 89 showstheresult of applying spiral hashing to thepointsof Figure 1 under the same
conditionsthat were used to construct Figure 79 for linear hashing. Once again, we assume a bit interleaving
ordering with the y coordinate being the most significant after application of the mapping f to the coordinate
valueswhere f(z) = z + 12.5, primary and overflow bucket capacities of size 2, and that a bucket will be
split whenever 7, the storage utilization factor, is greater than or equal to 0.66 (i.e., « = 0.66). Thecitiesare
inserted in the order: Chicago, Mobile, Toronto, Buffalo, Denver, Omaha, Atlanta, and Miami. Notice
that the spatia regions associated with bucket 11 are not spatially contiguous.

Our presentation of quantile hashing, PLOP hashing, and spiral hashing all assumed a cyclic partition-
ing order. Thisis not absolutely necessary. In other words, we can use a variant of MDEH that permits the
partitionsfor the different keysto proceed in arbitrary order. For example, assuming three-dimensional data,
one possible key partition order would be zzzyzzzxzayy . . .. Such an ordering is achieved by modifying the
MDEH function [93, 108] to keep track of the order in which the keys were partitioned. Thisis not needed
when using a cyclic order as given the partition number and the cyclic order of the keys, we know the identity
of the corresponding partitioning key. Of course, we still have the requirement that the number of partitions
along each key’'s axis doubles for each subsequent partitioning along that key. Notice that this variation on
the order is also possible for spiral hashing although once again we need to keep track of the order in which
the keys are partitioned instead of viabit interleaving or bit concatenation asis usually the case.

Exercises

See als0 the exercisesin Section ?? of Chapter ??.

47 hasthe same meaning asd in Section ?? of Chapter ??. We did not used inthis discussion ashere d isused to denotethe dimension
of the underlying space.

48 has the same meaning as d in Section ?? of Chapter ??. Again, we did not use d in this discussion as here d is used to denote the
dimension of the underlying space.
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Figure 89: Spiral hashing representation using reversed bit interleaving corresponding
to the data of Figure 1. The y coordinate value is assumed to be the most significant.
Overflow bucket contents are enclosed by broken lines. A leftward-pointing arrow
indicates the next bucket to be split.

. Why couldn’t you implement the linear scales for PLOP hashing as one-dimensional arrays? In other
words, why must they be implemented as binary trees?

. Write a procedure QUANTILE_POINT_SEARCH to perform a point search a 2-dimensional database im-
plemented with quantile hashing.

. Write a procedure PLOP_POINT_SEARCH to perform a point search a 2-dimensiona database imple-
mented with PLOP hashing.

. Write a procedure QUANTILE_RANGE_SEARCH to perform arange search for arectangular regionin a
2-dimensional database implemented with quantile hashing.

. WriteaprocedurePLOP_RANGE_SEARCHto perform arange search for arectangular regionina2-dimensional
database,, implemented with PLOP hashing.

. Givean agorithmfor computing the value of MDEH for an arbitrary partition order rather than acyclic
one. |n other words, we do not have to cyclethourgh the keys. For example, for three-dimensiona data
acyclicpartitioningorder iszyzzyxzyx . . . zyx, whilezzayzzzxzyy . . . isan example of an arbitrary
order. Of course, we still have the requirement that the number of partitionsalong each key’s axis dou-
blesfor each subsequent partitioning along that key.

. Givean agorithmfor computing the value of MDEH for an arbitrary partition order rather than acyclic
one asin Exercise 6 that permits partia expansions.

. How would you completely generalize the implementation of PLOP hashing so that there is no need
to complete a set of partitionsaong a key before starting to partition another key. In other words, the
partitions on the keys can be sequenced arbitrarily without requiring that the number of grid cells be
doubled for akey before a partition can be made on adifferent key. Moreover, thereisno need to cycle
through the keys.

. Givean algorithm for merging grid cellsin a2-dimensiona database of pointsimplemented with quan-
tile hashing.
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10. Onepossiblerationaefor splittingal grid cellsfromasdlice before splittinggrid cellsfrom another dlice
(asisthe case when using the MDEH function) isthat the grid cellsin the slice are split in such an order
that if grid cdll ¢; is split immediately before grid cell ¢;11, then ¢; and ¢; 11 are spatially contiguous
and hence morelikely to be full. Doesthe spatia contiguity property always hold for successive splits
of grid cellswithinadlice?

11. Supposethat spiral hashing is used to store two-dimensiona point data, and each point is mapped to a
value by use of bit interleaving. Prove that each bucket will span a most two spatialy noncontiguous
regions.

12. Supposethat spiral hashing isused to store point data of arbitrary dimension, and each point is mapped
to avalue by use of bit interleaving. What is the maximum number of spatially noncontiguousregions
that can be spanned by a bucket?

13. Can you come up with a mapping for multidimensiona point data to a value so that when it isused in
conjunctionwithspiral hashing each bucket will spanjust one spatialy contiguousregion?

14. Show the result of applying spiral hashing to the database of Figure 1 using reversed bit interleav-
ing. Thus, instead of using the hashing function h(k) = k/2° where s is the tota number of bits
that make up the interleaved key value, use the function 2'(k) = reverse(k)/2°, in which reverse
reverses the value of key k prior to the application of the hashing function. Is there a differencein this
example between using the value of the » coordinate as the most significant or that of the y coordi-
nate?

15. Isthereany advantageto using reversed bitinterleavingwith spiral hashing?

7.25 Comparison

Both the grid file and EXCELL guarantee that a record can be retrieved with two disk accesses: one for the
d-dimensional grid directory element that spanstherecord (i.e., the grid cell in which its corresponding point
lies) and one for the bucket in which it isstored. Thisis not necessarily the case for linear hashing methods
(as wdll asits variantsincluding spiral hashing). The problem is that although linear hashing methods often
dispense with the need for a directory*?, the possible presence of an unbounded number of overflow buckets
means that each one must be accessed during an unsuccessful search for arecord corresponding to apoint that
is spanned by a particular grid cell.

Although, for pedagogical purposes, the grid directories of Figures 69 and 74 were constructed in such a
way that EXCELL required less grid cells than the grid file (8 vs. 9), thisis not generally the case. In fact,
splitting points can aways be chosen so that the number of grid cells and buckets, required by the gridfileis
less than or equal to the number required by EXCELL. For example, if the space of Figure 69 were split at
z = 55 and y = 37, then only four grid cells and buckets would be necessary.

Interestingly, EXCELL can be characterized as amethod that decomposes the underlying space into buck-
ets of grid cells where the space spanned by the buckets corresponds to blocksin a bintree decomposition of
space (see Section ?? of Chapter ??), whilethe buckets corresponding to theindividual grid cells are accessed
by adirectory intheform of an array. This decomposition of spaceisaso identical to what is obtained by the
bucket PR k-d tree. It isthisclose relationship between these methods that causes EXCELL to be classified
as arepresentation that employs regular decomposition. In particular, the bucketsin EXCELL are created by
ahalving process.

The main difference between EXCELL and these representationsisthat the directory of EXCELL corre-
spondsto thedeepest level of acompletebintreeor bucket PR k-dtree. Alternatively, wecan say that EXCELL

49\We use the qualifier often because although linear hashing methods dispense with the need for a d-dimensional grid directory, a
one-dimensional grid directory O may be needed to access the buckets associated with the grid cells unless there is a one-to-one corre-
spondence between the numbering of the grid cells and the bucket labelsin which case thereis no need for O.
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providesa directory to a space decomposition that isimplemented as a bintree or bucket PR k-d tree. In par-
ticular, EXCELL resultsin faster access to the buckets since the k-d trie search step (i.e., following pointersin
thetree) isavoided. However, if the longest search path in the tree has length s, then the EXCELL directory
has 2 entries.

Fromasuperficia glance, EXCELL appearsto be closdly related tolinear hashing when using OPLH with
reversed hit interleaving as the hashing function. The reason for this observation is the fact that the space
spanned by by the buckets in the two methods resembles blocks in a bintree decomposition of space. For
example, compare the decomposition induced by EXCELL when the 2 coordinate valueis split before the y
coordinate value (shown in Figure 74) with the result of applying linear hashing to the data of Figure 1 when
the  coordinate value is the most significant (shown in Figure 90).
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Figure 90: The representation resulting from applying linear hashing using OPLH
with reversed bit interleaving corresponding to the data of Figure 1 when the x
coordinate value is taken as the most significant.

Unfortunately, thissimilarity only exists when the bucketsin EXCELL span no more than two grid cells.
Recall that that there is a one-to-one correspondence between primary buckets and grid cellsin linear hash-
ing, and for OPLH al grid cells are either of size v or v/2. Greater variance in the volume of grid cdlsis
not permitted for linear hashing with OPLH (but see linear hashing with MDEH as well as quantile hashing
and PLOP hashing). For example, compare the decomposition induced by EXCELL when the y axisis split
before the  axis (see Figure 91) with the result of applying linear hashing using OPLH with reversed bit in-
terleaving to the data of Figure 1 when the y coordinate isthe most significant (see Figure 79). Letting v be
the size of the next grid cell to be split in the linear hashing example (i.e., Figure 79), we see that in the space
decomposition induced by linear hashing all buckets span regions (i.e., grid cells) of size v or v/2, whilein
the space decomposition induced by EXCELL (i.e., Figure 91) we have buckets that span regions of size 2v
(e.g., bucket B), v/2 (e.g., A and F), and v/4 (eg., C, D, E, and G). Thus we see a bintree of four levelsin the
case of EXCELL whileabintree of just two levelsin the case of linear hashing using OPLH with reversed bit
interleaving.

Other differences are that in EXCELL a bucket overflow may trigger a bucket split or a doubling of the
directory, whereas in linear hashing at most two new buckets are allocated (one for a bucket split and one for
an overflow bucket — recall theinsertion of Omaha in thetransition from Figure 80c to 80d in Section 7.2.3).
In essence, using linear hashing thereisamore gradual growth in thesize of thedirectory at the expense of the
loss of the guarantee of record retrieva with two disk accesses. In addition, assuming equal bucket sizes and
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Figure 91: EXCELL representation corresponding to the data of Figure 1 when the
y axis is split before the x axis.

ignoring the situation of a directory split, linear hashing usually requires additional buckets, since the bucket
that is split is not necessarily the one that has overflowed.

Nevertheless, the relationship between EXCELL and linear hashing (using either OPLH or MDEH) is
worthy of further comment. Disregarding our observations about the differing bucket sizes and just dealing
with the grid cellsthat result from using EXCELL, arelationship does indeed exist. In particular, assuming
an instance where linear hashing has applied al of the possible partitions for a specific key and no key is
partially partitioned, we find that linear hashing (using either OPLH or MDEH) yields a decomposition of the
underlying space U into grid cells which is equivalent to EXCELL without requiring a d-dimensiona grid
directory.

At afirst glance, asimilar statement can be made about the relationship of PLOP hashing to the grid file.
In particular, PLOP hashing appears to yield a partition of the underlying space U into grid cells which is
similar to that of the grid file without requiring a d-dimensiona grid directory. Unfortunately, this statement
isnot quitetrue as PL OP hashing requires that the number of partitionsal ong each key’saxis doublesfor each
subsequent partitioning along that key and that during the time at which we partition along a particular key,
we cannot instersperse a partition along a different key. Thus even though we do not have to cycle through
the different keys, we must perform a complete partition along the key. In contrast, the grid file permits the
partitions along the various keys to proceed in arbitrary order and allows an arbitrary number of partitions
along each key’s axis. In other words, key i may be partitioned once, followed by two partitionsalong key j,
which isin turn followed, by five partitionsaong key 1, etc.

A genera problem that afflicts linear hashing, especially with OPLH (but a so the other variants), is that
therecords may not be well-distributed in the buckets when the datais not uniformly distributed. This means
that overflow will be more common than with traditional hashing methods. It aso has the effect of possibly
creating a large number of sparsaly filled buckets. Consequently, random access is slower since, in the case
of overflow, severa buckets may have to be examined. Similarly, sequential access will also take longer as
several buckets will have to be retrieved without finding too many records. The problemis that al of the
variants of linear hashing require that all buckets be stored at one or two levels. This has the advantage that
at most two hash operations are required to determine the primary bucket to be accessed (see Exercise ?? in
Section ?? of Chapter ?7?).
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Orenstein [104] proposes a technique he terms multi-level order preserving linear hashing (MLOPLH) to
be used with OPLH to deal with these problems. In particular, MLOPLH alleviates the sparseness problem
by storing parts of the file in buckets at lower levelsthan n. Such buckets result from the combination of a
gparse bucket with its brother(s). The mgjor problem with MLOPLH is that now we may requiren + 1 disk
read operations (equal to the number of bucket accesses) to locate a bucket, whereas previously at most two
hash operations were necessary.

The reason so many buckets may have to be accessed in MLOPLH isthat linear hashing methods do not
make use of a directory. Thus, encountering an empty bucket is the only way to detect that records of one
bucket have been merged with those of another bucket at alower level (see Exercise 3). Even more buckets
will have to be accessed when deletion of arecord causes a sparse bucket to be combined with its brother. In
contrast, methods such asthegrid fileand EXCELL which useadirectory do not suffer from such aproblemto
the same extent. The reason why the sparseness i ssue can be avoided isthat the directory indicates the buckets
associated with each grid cell, and severa grid cells can share a bucket.

Exercises

1. Why doeslinear hashing usually require at least as many buckets as EXCELL?

2. Given alarge set of multidimensional point data, which of the bucket methods would you use? Take
the volume of the data and its distribution into account. Can you support your choice using analytic
methods?

3. Explain how MLOPLH [104] looksup avauewv.
4. Explain how MLOPLH splitsa bucket.
5. Explain how MLOPLH merges two buckets.

8 Conclusion

A principa motivation for our discussion of the representation of collections of multidimensional point data
is the desire to be able to distinguish between the individual elements of the collections so that they can be
retrieved efficiently on the basis of the values of their attributes. The key to the retrieval process is the fact
that the values of the attributes can be ordered (i.e., a sort sequence exists for them). We are not concerned
with retrieval on the basis of values that cannot be ordered. The case of one-dimensional data was trested
separately in Chapter ??. Much of our presentation (for both one-dimensiona and multidimensiona point
data) has differentiated the representationson the basi s of whether they organizethedatato be stored according
toitsvalue (termed tree-based earlier) or whether they organize the val ues of the embedding space from which
thedataisdrawn (termed trie-based earlier). In either case, the effect isto decompose the space (i.e., domain)
from which the data is drawn into groups. The representations are further differentiated on the basis of how
the ranges of the boundaries of the spatia units corresponding to the groups are determined, the nature of the
grouping process, and how the groups are accessed.

In thissection we present ataxonomy that includes many of the representationsthat were described in this
chapter. Some of those that are not explicitly discussed here are a subject of Exercises 1-5). To understand
better their interrel ationship, we make use of Figure 92, atree whose nodes are different representations. Each
node in the tree is labeled with the name of the corresponding representation and contains a drawing which
is an approximation of how it represents the two-dimensional data of Figure 1. The nodes of the tree are also
label ed with a classification indicating whether they organize the data based on itsvalues (denoted by D), or-
gani ze the embedding space from which the datais drawn (denoted by E), or neither organi ze the data nor the
embedding space (denoted by ). We also makes use of an additiona classification denoted by H indicating
that the representation exhibits behavior that we associate with at least two of D, E, and I.
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Figure 92: Tree representation of the interrelationship among the different data
structures discussed in this Chapter using the data in Figure 1.

The depths of the nodes in the tree aso convey important information on the relationship between the
various data structures. We assume that the root of the treeis at depth 0. Our taxonomy reflects the fact that
all of the representations are based on a decomposition of the underlying space into spatial €l ements termed
cells. The tree reflects a progression from representations based on a fixed grid to ones based on an adaptive
grid. Thelatter means that we have flexibility with respect to the size and shape of the cells. Thisprogression
also mirrors closdly thetransition from the use of access structures(i.e., directories) in theform of fixed grids
(i.e., arrays) to treesin the sense that an adaptive grid usually requires some variant of atree access structure.
We make no special provisionfor the bucket methodsthat make use of atree directory. In particular, weview
them as natural methods of grouping more than oneitemin acell. Thisisnot the case for some of the bucket
methods that make use of agrid directory which are shown in thetree in which case we use abucket capacity
of 2. When the access methods are trees, there are many choices for the type of the tree. We do not assume a
particular choice for the tree.

Notethat our characterizationsare not necessarily unique. Other characterizationsare undoubtedly equally
valid (see Exercise 8), and we may have omitted some characterizations or data structures (see Exercise 5).
Nevertheless, we have tried to place each of the data structures discussed in the previous sectionsin an appro-
priate position rel ative to the other representations.

Depth O represents no identifiabl e organization of thedata. The datais maintained in a sequentia list that
usually corresponds to the order in which it was inserted into the database. In the example in Figure 92, we
have drawn the sequential list so that the elements are in the same order from top to bottom as they appesar in
Figure 1. The position of the point in each row corresponds to the value of its « coordinate.

Depth 1 corresponds to a partition of space that only takes one key into consideration. The inverted list
appears at thisdepth and i s characterized asbeing hybrid. The key governingthe partition exhibitsbehavior of
typeD. In contrast, the data val ues of the remaining keys have no influence on the way the space is organized
and hence exhibit behavior of type . In the example in Figure 92, we have assumed an inverted list for the
key corresponding to the = coordinate. The position of the point in each entry correspondsto the value of its
x coordinate. At this depth, we find the simplest types of cells.

At depth 2, dl keys are taken into account resulting in a partitionthat yields a decomposition into a fixed
number of cells. Although we do not do so here, we could distinguish between cells of equa size and of
varying size. The fixed-grid method, type E, is an example of the former. There are a number of ways of
reaizing cells of varying size although they were not discussed in this chapter. For example, we could have
agrid of cells of unequal size which would require an additional data structure such as linear scales to locate
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the partition lines. Such a data structure would be of type D. Both this and the fixed-grid methods make use
of adirectory in the form of an array. An dternative isto use arecursive decomposition process to generate
the partitioninto a fixed number of cells. An example of such a representation isthe Dynamically Quantized
Pyramid (DQP) [128, 107] whichisarecursive decompositioninto 2¢ hyper-rectangular cellswhich need not
be of equal size. The DQP requires a directory in the form of atree and would aso be of typeD.

Depth 3 is a generdization of depth 2. It permits the cells of the representations at depth 2 to vary in
number. The amount of variation depends on the volume of the data. The goal isnot tofill a cell beyond its
capacity. Thus the decomposition is adaptive. The fixed-grid method is refined to yield the grid file, typeD,
with cell boundariesthat are allowed to vary, and EXCELL, typeE, with cell boundaries at pre-determined
positions. Notice that the representations at thislevel (aswell as most of the ones at depth 2) use directories
in the form of arrays to access the data. However, in the case of the grid file an additional access structure
in the form of atreeis needed to determine the cell of the array that corresponds to a given point since the
boundaries of the cells are free to vary. In addition, the representations at depth 3 enable the retrieva of a
record in constant time.

The representations at depth 4 differ from those at depth 3 in that when a cell becomes too full (i.e, it
overflows), then only that particular cell is partitioned. In contrast, assuming d-dimensional data, at depth 3
apartitionis made over a(d — 1)-dimensional cross section. This means that we can no longer make use of
adirectory in the form of an array. Instead, we make use of directoriesinthe form of atree. The partitionin
the representations at depth 4 resultsin a cell being decomposed into 2¢ cells. At thisdepth, we find that the
gridfileisrefined to yield the point quadtree of typeD. EXCELL isrefined to yield an MX quadtree of typeE
and a PR quadtree of type H. The PR quadtree is of typeH because the partition pointsare fixed; however, the
number of partition points depends on the relative position of the data points.

When acell in one of the representations at depth 5 overflows, it is partitioned but it is only decomposed
intotwo cellsin contrast with 2¢ for depth 4. The partitionsthat are made at the different levelsin therelevant
data structures cycle through the keys. At this depth, we find that the point quadtree is refined to yield a k-d
tree of typeD, and the PR quadtreeisrefined toyield a PR k-d tree of typeH.

When a cell in one of the representations at depth 6 overflows, a partitionis made using the key that has
the greatest spread in values across the cell. Thus, we no longer need to cycle through the various keys as
was donefor the representations at depth 5. The adaptive k-d tree of typeD isan example of thisclass of data
structure.

The representations at depth 4—6 are usually implemented using access structuresintheform of atreewith
fanout 2¢ for depth 4 and fanout 2 for depth 5 and 6. However, they can also be implemented by representing
each of the cells by a unique number » which correspondsto the location of some easily identifiable point in
the block (i.e., itslowe-right corner) and its size. » is stored in one of the one-dimensiona access structures
such as a binary search tree, B-tree, etc. along with the actua point that is associated with the cell. Such
representations are discussed in greater detail in Sections ?? and ?? of Chapter ??. Observethat use of thetree
access structureresultsin an implicit aggregation of the space spanned by the cellsthat are being aggregated.
Thisisin contrast to representationsthat aggregatethe objects(i.e., points) that are stored in the cellsin which
case the space occupied by the points must be aggregated explicitly (e.g., by use of minimum bounding boxes
asisdonein the R-tree).

At thispoint, let usexamine how some of the other representai onsthat we disccused fit into our taxonomy.
Representations such as therange tree and the priority search tree (as well astherange priority treg), although
not shown explicitly in Figure 92, belong at depth 1 as they correspond to the result of the imposition of an
access structure on the inverted list. Recall that the inverted list is nothing more than a decomposition of the
underlying space into one-dimensional cells. The one-dimensional range tree provides an access structure
on just one attribute while the multidimensional range tree corresponds to the recursive application of range
trees of one fewer attributeto range trees. Thedrawback of the multidimensional range treeisthehigh storage
requirments since the datamust bereplicated. The priority search treeislikearangetree on oneattribute(i.e.,
the one for which we hae theinverted list) with the addition of a heap on the remaining attribute.

Notice that, with the exception of the grid file and EXCELL, we did not include the bucket methods that

129



make use of atreedirectory inour taxonomy. The reason isthat the basi ¢ idea behind these bucket methodsis
thegroupingof severa itemsinacell (e.g., thebucket PR quadtree) aswell as applyingthegroupingtothecells
(e.g., thek-d-B-tree, k-d-B-trie, LSD tree, hB-tree, BV-tree, VAMSplit trees, etc.). However, thebasic ideais
il the same in the sense that the principle behind the underlying organization is one of the representations
at depths 4-6. Of course, the difference isthat the internal nodes of the tree have a higher fanout.

It isimportant to observethat our classification (i.e., Figure 92) has not included any of the data structures
that are used to support the one-dimensiona orderings. Thisisto be expected as once the data has been or-
dered in thisway (regardless of whether the attributesare locational or nonlocational), we are representing the
ordering rather than the actua data. The elements of the ordering are not multidimensional pointsin atrue
sense. Nevertheless, they can be viewed as multidimensional points of dimension 1. In this case, their repre-
sentation fits into some of the categories that we have defined. For example, binary search trees and B-trees
would fit in the same classification as the point quadtree.

Notice also that our classification system did not contain any of the grid directory representations such
as linear hashing, quantile hashing, PLOP hashing, and spira hashing as they do not generally result in a
new method of decomposing the underlying space. They are primarily implementations of the grid directory
methods that provide an aternativein the form of aone-dimensiona directory to the use of a d-dimensional
directory asinthegridfileand EXCELL. In addition, they have theimportant property that since the directory
isone-dimensional, the directory can grow inamore gradual manner. In particular, the directory growsby one
directory element (referred to asagrid cell) at atimeinstead of by doubling (asin EXCELL) or by thevolume
(interms of the number of grid cells) of the (d — 1)-dimensiond cross-section perpendicul ar to the key whose
axisisbeing partitioned (asin the grid file).

Actually, the above statement that the one-dimensional grid directory methods do not result in adifferent
decomposition of the underlying space is only true for linear hashing (with reversed bit interleaving as the
hashing function) where the underlying space is decomposed as in EXCELL, and for quantile hashing and
PLOP hashing which decompose the underlying space as in thegrid file. On the other hand, this statement is
not true for spiral hashing which is probably the most radically different of these one-dimensional directory
methods as it isthe only method whose use does not result in decomposing the underlying space into hyper-
rectangular d-dimensional cells. Moreover, not all the regions resulting from the decomposition are spatialy
contiguous.

Thus our failure to include linear hashing, quantile hashing, and PLOP hashing is justified, while spiral
hashing does not seem to have any place in our classification as our entire discussion has been predicated on
the fact that the underlying space is decomposed into hyper-rectangular d-dimensional cells. In retrospect,
perhaps the right place to insert a family of methods that include spiral hashing is at a depth between 1 and
2 which would distinguish methods on the basis of the shape of the underlying cell (see also Exercise 6) as
well as on whether or not the cells need to be spatially contiguous. It should be clear that at this point we have
really only scratched the surface in our attempt at a classification. Many others are possible and desirable.

At this point, let us briefly comment on the generality of the representations that we have described. Our
presentation and examples have been in terms of records all of whose attribute values were locationa or nu-
meric. As stated in the opening remarks of the Chapter, most of these representations can be generalized so
that they are also applicable to records that contain additional nonlocationa attributes, as well as only nonlo-
cational attributes. Below, we briefly discuss how to achieve this generalization.

The tree-based methods are easily extended to to dea with nonlocational attributes. In this case, the par-
titions are made on the basis of the values of the attributes and make use of the ordering that is used for the
attribute' svalue. Thus representations such as the point quadtree, k-d tree, adaptive k-d tree, as well asrange
trees and priority search trees can be used. Thisordering can also serve asthe basis of an inverted list as well
asagridfile

Extension of the trie-based methods to deal with nonlocational attributesisabit more complex. Themain
issueisthat many of the representationsthat we discussed are based on a binary subdivision of the underlying
domain of theattributes, thereby resulting in treeswith 2-way branches. In thecase of thelocational attributes,
which are always numbers, thisis quite simple as we use the representation of the values of the numeric at-
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tributesas binary digits. When the nonlocational attributeval uescan betreated as sequences of characterswith
M possible vaues, then we have M -way branches instead of 2-way branches. Thus representations such as
the PR quadtree and PR k-d tree are easily adapted to nonlocationa attributes. Similarly, we can also adapt
thefixed-grid method aswell asEXCELL. Infact, the M possiblevaues of each of the characters can aso be
viewed as being composed of [log, M| binary digits, and thuswe can still use a2-way branch on the ordering
of theindividual characters making up the attribute’ s value.

Note that the M X quadtree cannot be adapted to the genera situation where we havelocational and nonlo-
cational attributes. The problemisthat the M X quadtreeisonly appropriatefor the case that al of theattribute
values havethe sametypeand range. Moreover, thedomain of theattributeval ues must be discrete. Of course,
if these criteriaare satisfied, then an appropriate variant of the MX quadtree can be used for nonlocational at-
tributes.

Exercises

. How doesthe pseudo quadtreefit into thetaxonomy of Figure92?
. How doesthe optimized point quadtreefit intothetaxonomy of Figure 927

. How doesthe BD tree fit into the taxonomy of Figure 92?

A W DN P

. How do therangetree, priority search tree, inverse priority search tree, and multidimensional rangetree
fit into the taxonomy of Figure 92?

5. The taxonomy shown in Figure 92 could be formulated differently. First, we qualify the E and D cate-
goriesas being of type 1 or d depending on whether they take 1 or d dimensionsinto account. Also, let
depth 3 be characterized as arefinement of depth 2 with overflow handling. Add another data structure,
termed a pyramid, which yieldsa2¢ growth in the directory upon abucket overflow. Now, depth 4 can
berecast as replacing adirectory in theform of an array by adirectory intheform of atree. How would
you rebuild depths 3-6 of Figure92 usingthisnew taxonomy?

6. How would you revise the taxonomy of Figure 92 to account for the fact that the shape of the cellsinto
which the underlying space is decomposed need not be hyper-rectangular (e.g., triangles, etc.)? In other
words, include some decompositions that use these shapes. How does this generdize to dimensions
higher than 2?

7. How would you revise the taxonomy of Figure 92 to account for the fact that the shape of the cellsinto
which the underlying space is decomposed need not be hyper-rectangular as well as not be spatialy
contiguous (e.g., spiral hashing)?

8. (Markku Tamminen) In the opening section of this chapter, a number of issueswas rai sed with respect
to choosing an appropriate representation for point data. Can you devise ataxonomy in the same spirit
as Figure 92 using them? For example, et each depth of the tree correspond to a different property. At
depth O, distingui sh between an organization of the dataand an organi zation of the embedding space. At
depth 1, distinguish between dynamic and static methods. At depth 2, distinguish between the number
of keys onwhich the partitionisbeing made. At depth 3, distinguish between the presence and absence
of adirectory. At depth 4, distinguish between thetypesof directories(e.g., arrays, trees, etc.). At depth
5, distinguish between bucket and nonbucket methods.

9. The Euclidean matching problem consists of taking aset of 2- NV pointsin the plane and decomposing it
into the set of digjoint pairs of pointsso that the sum of the Euclidean distances between the components
of each pair isaminimum. Would any of the representations discussed in this chapter facilitate the so-
[ution of thisproblem? Can you solve this problem by building a set of pairs, finding the closest pair of
points, discarding it, and then applying the same procedure to the remai ning set of points? Can you give
an exampl ethat demonstratesthat thissol utionisnot optimal ?
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10. Anadlternativesolutionto theone proposedin Exercise 9 to the Euclidean matching problem proceedsin

11.

amanner anal ogousto that used in constructing theadaptivek-d treein Section 5.1.4. In essence, we sort
the points by increasing » and y coordinate values and then split them into two sets by splitting across
the coordinate with the largest range. This process is applied recursively. Implement this method and
run some experimentsto show how close it comes to achieving optimality. Can you construct asimple
example where the method of Exercise 9 issuperior?

Suppose that you are given N pointsin a two-dimensional space, and a rectangular window, say R,
whose sides are parallel to the coordinate axes. Find a point in the plane at which the window can be
centered so that it contains a maximum number of pointsinitsinterior. The window is not permitted to
be rotated — it can only be trandated to the point. Would any of the representations discussed in this
chapter facilitate the solution of this problem?
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