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ABSTRACT

"

Points in multidimensional space can be well-ordered into points in one dimensional
space by either applying bit interfeaving transformation or using key concatenation. The alge-
rithms to carry out a window search on the results of the transformations are described and their
complexity is analyzed and compared. The condition under which the search operation is exe-
cuted more efficiently on the space using key concatenation is found. Therefore, the m yth that bit
interleaving is superior than key concatenation is dispelled: )
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1, INTRODUCTION :

When E?:.:m:ou is oqmms_nmn 58 records mEBa on aaw it 5 :E uncommon to specify
more :E: o:a rov. 8 be :mma 5 <mnc:m w& En_nx mnnmmm_zm Saﬁonm m::o_. mm<mB_ indexes are
used s.:: one :amx mc_. nmn: _av.. or E_ Em _Sv.m are 839:3 into a m_..ua_.wnw and 2.5‘ one
index is cEF .ﬂa 85.9. Eo,_am Ea :nx_c::v. in mnoomm.zm _.@ncam S_ using any one of Ea
w_&.w that :36 been aE: 55 Eanxom. : anE_,nm Hca space mE. _._6 E%xnm w:n_ mnn_uozﬁ .
oﬁon 8 maintain their consistency. 4:@ _mzn_. on the o&a_, :Eﬁ is modest i in ils space _d@c:n‘
ment. It is a popular accessing method used in linear n_cma:.on,_OEmmu,. Abcl83) which is Ea
backbone of some Geographic _nmo_.am:m: Systems [Shaf90]. It is handy to use in accessing spa-
tial data by specifying all ¢omponent coordinates in a key to locate an object e.(.En: may be a
point or a rectangte. The formation 'of a superkey is Ea.-ap:wmno: of a mapping from multidi-
mensional mm.pno‘:.._.ﬂ.,o., one dimensional space, turning all grid points intoa totally-ordéred (well-

ordered) sét of points.

For casc of n__mn:mm_o: we will nm: _:a E::E.En_._m_o:m_ %mnn as k- %moa with » as its .
dimensionality, one a_En:m_oza %mnn as T%unn. a :ﬁ:&.o_._.:n:o: from k- -space 1o 1-space asa
coding scheme, and the values in 1-space as codes. We will also restrict our discussion to 2-

space and leave its generalization to £ -space to the readers,

Eet (x.y) be the ‘coordinates of a m:.m: point in 2-space with 0=x ,y£2" where m__ ig the

stze om En mzn or En ooo_d_uma &aﬁs _lm:... -1 XD and .clu‘... -1° " Y1Yo be the binary

ﬁ.nqmmn:ﬁmcoa .8.. X m.:a ¥ i.r.n_.a .M__ and u._.. are &Enm c .9. 1 with xy and w_n., com.:w the Hnmmm
m_mamnma c: Unmhn the naan&man:ca om x Ea y as an.. S MR .H_a%a _:..E_v.o.
“CK (x;y) is formed E\ m%n_a_:m the c_st _.nnammEm:o: of y o thatof x, Uam_._o En bit S.a....
leaving % x Ea y as bﬁx 5"&7_3_ S 3t 2001 We use QAO and rﬂc [} :%S%E the

two functions defined above. It is purely a master of taste to assume that the value of x is more

significant than that of y in the definiions. We see that 0SCK (x y MK (x ¥l Figure 1




shows how the grid poincs in 2-space are being transformed by these coding schemes into codes.

From Figure 1, it seems that /K O.Eimﬁ assigns the next code to. the next grid point
neaser 10 the onigin. For mam,au_.m. :4. () assigns 0 and 1to (0,0} and {0,1). Instead of assigning 2
and 3 0 (02) and (0,3) as what CK () does, 1K () assigns them to (1,0) and (1,1), the 10 points
which arc closer 1o the onigin in terms of En: Euclidean distances or their Chessboard distances

[Samz®0a, SameO0b) from the origin, As such, guided by our intuition, it is quite natural 1o

assert tat 7K () will be a betier coding scheme for a more efficient window search operation, or a

range n_:ﬁ.w,. as it is commonly called,

In { Whit82], White remarked thar "(using bit inletleaving,) the path from one point 10 the

nexl 15 usually quite wwcn.. Two nearby points in 2-space tend to be nearby ... Most points in a
small :nmmgoasom of a point in & -space will be in a small neighborhood of the same point in 1-
space ... Thus ordinary B-trec searches and sequential retrieval ?o:_n collect most neighboring
points.”. Motvated by such a staunch belief that bit interleaving is superior than key concatena-
tion for window search, he proposes o use N-tree, a B-tree structure superimposed on the range
of 1K (). 111s called N-tree since we will get letter N when we connect the points according to the
firss four code values, namely 0, 1, 2, and 3 in that order. In contrast, the shape of the EE. vo::.m
connecied according 1o the m_..mﬁ four CK () code values is a vertical line that _co.wm like "1" and we

shall cali it L-tree for ease of reference.

n this paper, we would like to dispel the myth that "bit inteddeaving is better than key

concatenation”. The stalement is misleading when it is stated without a comparison between the

time requirements involved. In section 2 and 3, we describe how 10 perform window search on

N-trees as well as 1-1rees. In section 4, we derive the complexily bounds of the two search algo-
rnthms and investigale the conditions under which the search on 1-trees will be more efficient.

We make our conclusion in section 5.

2. Window Search On N-trees

Z.mem.mm proposed by White TS._:M.B Lo organize the range of function /K (). The noanw
and the pointers in a page of a B-tree are m_.B:mnn_ as sgcode 5 codeq - - - §;_\code, 5., where ¢ is
the number of codes in the page, s; is the pointer pointing 1o the left mzczmn of code;,; with pages
containing codes which are between code; and code;, for 1<i <¢, §p points to the sublree with

codes smaller than code |, and s,., greater than code, . Each page covers an interval [code neode, |

in 1-space.

Let (x1.y,) and (x,,¥2) be the lower left and upper nr.;: cormers of Lthe given window w,
ie, w=[(xy)lx Sx<x;y;Sy<y,;}. We denote w by [(x .y 1)(x2,y2)]. The window search
operation is to find all the points of an N-tree that are within the window. Let
IKw)=(IK(x,y)I(x,y)ew ). It is casy to m.@n that the minimum and the maximum values of
1K (w) E,m minw=IK (xy,y) and Egu__..ﬂ.ﬁu.wwv. These values are used (o prune the tree
quickly during stage 1. Discarding the remaining poinis that are not within the window will be

done in stage 2.

Given a page [p1,p2l, if pa<minw or pi>maxw, then [p.p2l K (w)=@. This means

that all the points with nn,anm in this page as ?o: mw.._:om.n. in the subtrees rooted in this page are -
not covered by w and .rnmnn they can be discarded. IFf [p ,p3]~/K (w)=3, then :. may happen

that EL@_.EGDS.HG. An mwaEo can be given easily- :&.3 Figure 1 in ‘which

w=[(2,1),(4.5)] and (x,y)=(2,6). By dpplying /K to the points, we have ESEH@.‘E?«EU%_.
and ,:.N (2,66=28. Although minw <K (2,6)Smaxw, (2,6) is not in w,

By just looking at the codes in a page, we do not gain much information as to how close’
their corresponding points in 2-space are. We may have two points whose codes are different by
only 1 and yet Emw aré far wum.: in 2-space. For m”:.,mssna. IK(3.7=31 and K (4,00=32 yer the

difference in their y noo..n::w._o is 7. This big gap between points in 2:space that is well-hidden




by the coding scheme poses some problems when we want o perform an Sﬁa.mo:o: test

“between the interval and the window.

Given two objects in 2-space, a quick intersection test can always be carried out E.. check-
ing whether the corresponding enclosing rectangles intersect each olfier. Under /K =1(, an inter-
val [p1p &. in 1-space actually describes a s..mmm:. segment in 2-space. In the following discus-

sion, we will call the inverse image of an interval in 1-space under /K'() as a segment. The

existence of a big gap in a segment always causes an enclosing rectangle 1o be found which is far

100 large to be of any use in the quick test.. White proposes to partition the interval (or rather the
segment) along the gap g so that each of the resuliing wiggly segments of [p,,g-1] and {g ,p2}
can be enclosed in much smaller rectangles before the quick test is carried out. These rectangles

are chosen from those resulted from performing regular decomposition [Same90a] on 2-space.

Partiioning of an interval can be repeated recursively until there are only a few points left in.

which case it is faster to test individual points for possible inclusion in the window.

For oxE.:En. suppose a page P coniains codes 28, 31, and 35. Since minw <28< .

IK7YP) Emw Eﬁ_.mon_ w. When we refer to _u_mEd 1, we may be deceived into believing that
:n;_oﬂ.uj«cﬂ@ since Eo line segment joining the points [3,7) and [4,0] s;E codes 31 and um
cuts across the window. If P is partitioned into [28,31] and Ew.uﬂ at the gap 32, we see that the

corresponding small enclosing rectangles [(2,6),(3,7)] and [(4,0).(5,1)] do not intersect w .

The details of the action taken in a window search operation can be found in thwm

Trop81). Although Tropf uses 1-2 brother wree HoE:mo_ in his implementation, the way that the

tree is being trimmed during the search is the same. Below is just a list of the essential steps -

required for each page accessed, wilh the first two steps being done in stage 1,
(1) ‘Trim the root from the left and the right by discarding all the keys that have codes smaller

than minw or greater than maxw . Let the resulting interval be [p 1,751,

(2) - The left subtree of p; will be trimmed from the left, and the right subtree of py will _un
trimmed from the right.

{3) When a subtree intersect IX (w), push thé information of current page onto a stack so that
testing of the rest of the page can be resumed after the subtree has beeri uannm.moa.. e

@) Check whether there is a big gap if nécessary before the segment is tested for .Eﬁ.ﬁwnmos
with the window. Discard any uo&.os with empty intersection, . ©

(5) Test each point for possible inclusion and report it mn:_mm included. .. :

(6) When a page is completely processed, resume En.ﬁm::m”% its‘parent page by popping ihie

required information from the stack. The search is completed when the stack is empty.

3. Window Search On 1-trees

.O?n: a window Eum@_k_yﬁkn&&. we would like to find all the points of a given 1-tree
that fall within w. The EEW,B_W_,E and E.mx.macs ow CK ?&. are :.ﬂ.h....__\_‘_ .un_ﬂ Q_Q 1) and

maxw=CK (x2,y5). .;8, can be used 1o trim the interval 8<oan 5 the ncnau ina vmmo 3. dis- -
Sa_:m from the left Somm voEE in Sa nmmm as well as in the m_._c:onm with codes wEE_Q. than
minw and ma_.: Em _._m:n Eo% vo:._m in ==m page and the sublrees s..& nonom greater Emu maxw .,

The first stage o irim the interval is thus En same as that used in S:n_ci mnm:u: on N-trees. q.:a

second m.ﬁmmn ém_ be quite different.

H\Q fp 1.2l be the interval no_..:.&:_:m the noaam ouq Ecwn vo:ﬁm that remain’ mnﬁ siep _

Although 5&. nm: be’ 8&8 for inclusion in a straight Egma manrer with each Lest E<o_<nw Qﬁ

comparisons, it is desirable to replace them E_. a single noEE._._mo: Fﬂzn the nonom m:._no
EEEJuTEﬁE we have a_ (p, 5%, There are w cases o nozmaa_. E:n: w? is noavman «55

¥ and y,. .E.amo cases are Emc ,_Emzﬁma in Figure 2,

Case 1: The point CK ~}(p,) lies below the window when Yo <Y1

Construct the code CK 1= Y 1 Discard all the noan.w ,c.‘E this page ..5 well as Eﬂhlon.




subtrees when p.<CK 1. The testing starts from P1 onwards and terminates as soon as the
first code ¢ found to be greater than or equal to .Qn 1. Proceed- 10 the left subtree of ¢ to
discard all the codes Em.a are less.than CK' 1.

Case 2: ﬂ_omoﬁw is in the window when Y15 Sy
Report the. point and construct the code CK 2=x, y,. .Report all the points an._@v sich
that p<CK 2 .::E the first code g greater than CK w is found.: Fdnn_.&. to the left subtree
of ¢ 1o report those poinis with 8.&2 smaller than or-equal to CK 2,

Case 3: The point is above the window when Yo >¥2
Construct the code CK 3=(x;+1)y and discard all codes less than CX 3 untit the first code

g>CK3is found. Discard all codes which are less than CK 3 from the left subtree of q as

well.

To anagna how stages 1 E.a 2 are _un_:m carried out, Hnn us _oo_n at one QSEEQ Using
n,a same s_:aos :.r:m C.ﬁ mx. we E:..n minw=2x8+1=17 msn Enazlaxfmlﬂ Suppose a
page S:S_:m .qom.mlo.qmmchumo.:aorq umo.w.a 559 stage 1, we Emnm.a 3, 10, 40, EE uo and p_mo
ati Em Sanm in En m:w:.nnm pointed io S_ S; § 51y 5 550 and 55 The m:_uc.nn no::mn 8 3 2 _._mm o

be 5553 from Em _nm Ea Emm _uo_ann o E_. ,: :mm o g trimmed 53 ihe :mH

When p =20, x,,=| 20/8] =2, y, =20mod 8=4. .,En_dmoa CK™p )=(2,4) is m=. the' win-
aos. : s.E g reported mnn_. the w_._v:.nn co_zsa 1o 3 53 has been processed in an inorder tree
:Eaam_ Dﬂ mlmme.uIE ﬁ.k. 2 G .._mnn_ to Bno: 58@ points E:: nonom p in the mcgdn
bo::on 0o} E. 53 m:o: Emp ,uAﬁ_k. 2. eSE: En subiree no_:poa 8 by : _w SSEQnS. E‘onnmmna

we E.ooomn 5 Sn next Sna s.::& is 30.

When p =30, x, = 30/8] =3, y,,=30mod 8=6>y,. Therefore 30 is not in w . Since Vp>Y2,
we need to calculate CK 3=4x8+1=33, We use 33 1o prune and process the subtree pointed to by

34 before we resume to process the value 40.

4. Complexity Bound of Window Sedrch Qperation-

- Window Search on N-trees

E&o:.m: White has analyzed the complexity of window search-on % -Space represented by
an N-tree, the analysis is-incomplese.and with. some faults. Firstly, the time required to locate:a
point:in’N-tree should be: @ (logh:):where N- is: the total number of. poinis-in the:tree; - It-is not
O (klogN'} as stated:in {Whit82] since all the Sa_u.mnmo:m.mﬁ made-using‘the codes, riot each-of

the & coordinaie components,

Secondly, for a small .window with volume ¢, the complexity of the s.ans. search is
mz_an o be:O.(klogN+F): where £ a%nu% ‘on the number of answers retrieved, It seems that |
the volume does not play a part in the complexity of the search.:’ Although it his been vomunma. out
that ¢ ..E::m:n.nm the nommﬁsn hidden by O (klogN +F)"; it-is not clear whether the .no,swﬁ._n_ is.an
additive constant-ora multiplicative one, and.if it is multiplicative, whether it affects.the .term )

klogh or F.,

.H.E@m carried out two nxvaanEm o find out the umnmonse._nm of z._n window unE.nz
operation on the range of /K () organized 3 al2 cBEE. tree _q.aouw: cmEm the results
obtained from the first experiment, he plots d, the difference between-the number-of records
inspected and Lhe number of records found versus / , the:edge-length-of m.wmcma window. -He
finds that the time noEmeE. of the window search operation can be: bounded by O«{klogh +F).
In the second-experiment; :he keeps N ,.the- ::E,cn..,om ,_uomum in:the :.m.n.. as constant and varies &,
the dimensionality. of the space- (domain): - To his m&ﬁnmn. the value-d-decreases-as k- increases,
contradiciitig' to En.ua&.nnos ‘made based on the Ssuaxmg &m:na _U_@homz R
.;n nc::mn_n::m 8@: cgEznn 3 q._.ovm .m En Sn_,woazm:no .cm .m E_mﬁ_ﬁ Ew. no Eman

24

in the experiment. EEo:w: he maintains 5@ =E=_un_. of points in En m_umcn asa oosmmﬁn s&;a




the dimensionality m...a_.nmwnm. he overiooks the impact of the raiio R, between the valyme of the
window and that of &n »-mummn on d. Assume that the grid size is g and k=2. We have
R,=I*1g? When k Jincreases to 3, Tropf simply adds one more dimension to mﬁnmon.i& arid

size g and generates the same pumber of random points from it, For 3-space, we have R ;=353

and R3<R,. Since R, decreases as k increases, the number of random points. falling within and

around the window decreases. Since d is a measure of the effort required or wasted on inspecting
those points which are near bat not in-the window,.d also decreases.. If R, is maintained as a

constant, then the effect of an increasing & should be felt and detected,

-In the following, we would kike 10 use a different approach to determine the time bound
for the window search operation on N-tree. It is conceivable that the cd time incurred by reading
the pages from a B-tree will be the major contribution towards its time complexity.. Since we are
considering .an upper bound of the. complexity, we may assume that the whole N-iree is fully

populated with all the possible values. which can be generated by IK(. The more poinis are

stored in the tree, the more time will be needed to search, To make thing worse, all the pages are’

..:E half filled as a result from the splits after page overflows. The idea is to make the mnm_.n: to

access as many ummnm as possible so that more time s;: be needed.

. Assume Eﬁ the omvmn:v.. of a page {or bucket size) is 2m. We may further assume that
2m=r* for simplicity.  As the following derivation tums out, the assumption does not-affect the
end result which is expressed in big-Oh notation. - Using these mmmcavngm. a quadtree block.area
of size r2 will have r2 points with their corresponding nomnw.. stored in 2 pages; - Assume that the
four comers.of the window are contained in .3.: pages, every r/2 points along the boundary. of
the window are-contained in a page, EE every r2 points in.the interior of the window are con-
tained in 2 pages. This is illustrated in Figure w LetL, W, and A denole the _onmE width, and

areaof w, ﬂ..n: En ::E_ua_. of leaf wmmnm Rnnon is’

g‘*?’/

L2 o w-2 <24 (W =2)(L~2)

PN =4+ 24+
N ri2 ri2 | rin

=24 Ir HL AW —4)(Ur —4ir?)

 NPN is the maximum number of leaf pages required 10, cover all the points in a given
window., The mn.EE number needed for a .m?m: Zq.:.om will be less than NPN . Fora mxoa. page
nmnmnm.? NPN =0 (A+P) E:nmn Pis the mﬁia«.@. o.w the EE%S... When we mmnE.no EoMm inter-
nal pages accessed along the path from the reot 1o these leaf pages, the number of pages accessed )
will be bounded by O ({4 +P)logN) since the height of a B:tree used to store 2 S%m is
O(logN). For each page accessed, there are at Soﬁ 2k comparisons for each code, If the time
required 8 read one page and the time to make one comparison are ¢, and f, _.mm.m_oﬁ?&w. then
the total time mnaam will be 0(4 _cmz,?+¥ xr¥2xe.3). Since ¢, is small, if both & and the
page capacity are small, then i will dominate the term kxrt, and hence _.:m ncn.vﬂnx_c.. is
O((A+P xomzi In other féam. En noan_nx:w totally depends on the area and En perimeter
of the E_:aoi for a given Z-:nn ona particular storage n_nﬁna with certain performance charac-
teristics. When the areas of 1wo Em:woim are equal, the one with greater perimeter requires more
time in ﬁmnp_.nr The time cocsa..m._mo.,_.me.n& _,_..:.m.ﬂ. ioa.m!m will be Rn::..nn._ to search a Ewmﬂ.
N-uree when a window of .mxmm m_ua is %@nm.m“mam This is .n%mn;m what ._,Bn_n.._._mw. statéd "Experi-

mental results show that for smalt hypercube ranges the average number of records to be

.Sm@nnﬁm.mm EWE.EEH with the m:anw of records.” in [Trop81]. o g

The above is only a worst case analysis. The actual cost vh.w. window search is dependent
on the EmmaEwE of the window. The effect of the placement of the window has been studied by
Dyer muwn_.wﬁ although what he is interested is t find out the “wu.m.nm ..H..Sﬁ_,_aannm of placing a
m..._cmaa in an :.zmmo Em:a. ‘As E&nmﬁn in :qu.mB Em a_:na:nm in'ihe mvmnm EQEHHQE Om

the mpan S:w«n with different u_wnm_so:a can be <nQ sigri E.: &a 50 are c.a time’ anc:.@n 1©

access the resulting EOnwm no<nn=m the square.




4.2, .E:Eoi Search On 1-trees

Using the same B-tree structure, the page capacity remains as r2.

We assume that each
point on the horizontal boundary of the window is included in a separate leaf page. The.rest of
the points in the window will hiave their codés stored in a leaf page for every 722 poinis. The

illustration can be found in Figure 4. The number of leaf pages used is

(W 2)eL

NP 1=2L+ 5 |§:N+NET¥~Y0§+5
e

By including those related internal pages in the counling, the total number of pages mnnowmna is

O ((A+L)logN ). Itis easy to see that NP 1 is also sensitive to the position of the window.

4.3. Comparison

Tropf mn»nnn. in [Trop81} that 1-tree is not the right choice for window m.nman: =mm=m. the
reason that ._mEacm: n:.G a few or ¢ven no points may .ao. in the search range, it is expected that
manty points (having x <E=a,m. within the mvnnm.ng Bnmnu.azmm be Emunn_ma._. He further illus-
Jrates his points using Figure 5 to show the _oum.mﬁv covering the s.mn,an.;. that must be searched.
The description is H._o_ quite accurate gnmrm@ what will be inspected in En woOrst n.wmn.. will c.m the
shaded strip excluding the column just below the lower left comer of the window and the column
Just above the upper right comer, The strip will cover a comparatively larger area only when the

window specified is small or elongated in the x direction.

In ooSUmnmoP Ea E:mn of Saam 92 must _ua _Ewnnﬁn_ in an Z :da _u a:n_ommn_ é:.E:

the 56 ms_ammnm m_.os.s in _..._m_:n a : is n:.mn_._: o 8: :oi Eznn Eo_,o mn.on 5 _.B_.:an to
search EB:@: the range om non_am aoﬁaﬁa in m_mc..o 5 Emz EE in m_mca o 3 EmcE _Ecnn:oz

let alone 1o assert nonmamnnw that window search ou Z-c.aw R.._,o::m ?EW_. Ewa EE on l-iree.

To be 855 about Eo truth of the myth, the SEEnEQ bounds of 1he two search amc_._:sa

have 10 be derived and compared.

e ﬁmsm of big-Oh notation, the complexity bounds-of the E_E_oi search on N-tree- Eﬁ
1-tree are of the same category. This is contrary. to our belief that using bit interleaving in
transforming E:EEW keys into a superkey will make a window search more efficient than that

using key concatenation,

i_ﬁn :.n window specified is a square, i.e., W=L, we EEn
NN RNHLX?LE:L\}. ea
NP ??N:fnr:uﬁb
,E._m:. n_mnaunm NP Tzwz is about 2L wo_, sufficiendy _m_.mn r, say r>5. Therefore, iEnoE.

search on N-trees-is more efficientin’ general.

Further study show that it is possible forthe window search on 1-tree 1o outperform that |

on N-tree. For this 1o happen, we must have NF 1SNPN , or

24 1P 2L (1-2/rDE24 IPH(L AW —4)(Ur —4ir®) or
pﬁu:wW%kxc.‘ékisﬂé or

W4
Ls .
2r-1

That is, when the window is elongated in the.y direction, it is more kikely thai the window search-
operation on 1-tree to be more efficient. .

R

5. Conclusion

In this paper, we study the bit interleaving method and key concatenation mettiod :m.nn_ in H
mapping the points from & -space to 1-space, The range of the mappings are being organized into -

B-trees and are termed N-tree and 1-tree respectively.

Intiiively, bit interleaving used in N-tree seems 1o map poinis which are close in & -space

to poins which are also close in 1-space. Hence it is believed thai a window search OPerakicl O

¥




a3 M-sewe should be .B.oa efficient than that carried out on a 1-tree. Qur study shows that it is not
Y unnwﬁm. Their performance is comparable. It is shown that using a square ﬁ:a.os. in the
search on N-trees is more efficient in general. When the search window is- elongated in the y
direction, the latter may outperform the former.
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Figure 1. (a) Codes under bit interleaving IK()’
(b) Codes using key concatenation CK().
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- Figure 5. (2)The long m,ﬁzu to be mmm_,nsma in T:.mm
_ as stated in [trop82].
(b)The actual area to be searched,
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T@cg 6. Region between the mﬁm:,nmmmm
are 1o be searched.




