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Abstract—

Similarity searching often reducesto nding the k nearest
neighborsto a query object. Finding the k nearest neighbors is
achieved by applying either a depth- rst or a best- rst algorithm
to the search hierarchy containing the data. These algorithms
are generally applicable to any index based on hierarchical
clustering. The idea is that the data is partitioned into clusters
which are aggregated to form other clusters, with the total
aggregation being representedas a tree. These algorithms have
traditionally useda lower bound correspondingto the minimum
distance at which a nearest neighbor can be found (termed
MINDIST) to prune the search processhy avoiding the processing
of some of the clusters as well as individual objects when they
can be shown to be farther from the query object g than
all of the current k nearest neighbors of g. An alternative
pruning technique that usesan upper bound correspondingto
the maximum possible distance at which a nearest neighbor is
guaranteedto befound (termed MAXNEARESTDIST) is described.
The MAXNEARESTDIST upper bound is adaptedto enableits use
for nding the k nearest neighbors instead of just the nearest
neighbor (i.e.,k = 1) asin its previous uses.Both the depth- rst
and best- rst k-nearest neighbor algorithms are modi ed to use
MAxNEARESTDIST, which is showvn to enhanceboth algorithms
by overcoming their shortcomings.In particular, for the depth-
rst algorithm, the number of clusters in the search hierarchy
that must be examined is not increased thereby potentially
lowering its executiontime, while for the best- rst algorithm, the
number of clustersin the search hierarchy that must be retained
in the priority queueusedto control the ordering of processing
of the clustersis also not increased thereby potentially lowering
its storage requirements.

Index Terms— k-nearest neighbors; similarity searching; met-
ric spaces;depth- rst nearestneighbor nding; best- rst nearest
neighbor nding

I. INTRODUCTION

IMILARITY searchingis an importanttask when trying
Sto nd patternsin applicationsinvolving mining differ-
ent types of data such as images, video, time series, text
documents,DNA sequencesetc. Similarity searchingoften
reducesto nding the k nearesteighborsto a query object.
This processis facilitated by building an index on the data
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which is usually basedon a hierarchicalclustering. The idea
is that the data objectsare partitionedinto clusters(termed
nonobject¥ which are aggreyatedto form other clusters,with
the total aggreyation being representeds a tree known as a
searchhierarchy Numeroussearchhierarchieshave beenused
for both vectordataandnon-vectordatasuchasdatalying in
a metric spacemary of which aresuneyedin [7], [10], [15],
[20], [26], [30]. The methodsthat we describein this paper
areindependentf the natureof the data.

The mostcommonstrategyy for nding the k nearesnheigh-
borsis the depth- rst methodwhich exploresthe elementsof
the searchhierarchyin a depth- rst manner(e.g.,[14]). Thek
nearesheighborsoundsofar arekepttrack of in asetL with
the aid of a variable Dy that indicatesthe distance,using a
suitablyde ned distanceunctiond, of the currentkth-nearest
objectfrom the query objectq. The depth- rst methodvisits
every elementof the searchhierarchy The branch and bound
variantof the depth- rst methodyields betterperformanceby
not visiting every nonobjectand its objectswhen it can be
determinedthat it is impossiblefor the nonobjectto contain
ary of the k nearestneighborsof q [14], [21]). For example,
this is true if we know that for every nonobjectelemente of
thesearchhierarchyd(g;e) d(q; ep) for everyobjectey in e
andthattherelationd(q; €) > Dy is satis ed'. This canindeed
be achieved if we de ne d(g;e) as the minimum possible
distancefrom q to ary objectey in nonobjecte (referredto
asMINDIST in contrastto MAXDIST, the maximumpossible
distancewhich unlike MINDIST cannotbe usedfor pruning).

Letting A(e) denotethe setof nonobjecimmediatedescen-
dantse; of nonobjectelemente of the searchhierarchy using
the above de nition of distancefor nonobjectelements(i.e.,
MINDIST) makesit possibleto obtainevenbetterperformance
asa resultof speedingup the corvergenceof D to its nal
value by processingelementsof A(e) in increasingorder
of d(qg; &) (i.e., a MINDIST ordering).In this way, oncean
elemente; in A(e) is found suchthat d(g;e) > Dy, then
d(g;g) > Dy for all remainingelementse; of A(e). This
meansthat noneof theseremainingnonobjectdescendantef
e needto be processedurther, and the algorithm backtracks

1This stoppingconditionensureghat all objectsat the distanceof the kth -
nearesheighborare examined.Note that if the sizeof L is limited to k and
if therearetwo or more objectsat distanceD i , thensomeof themmay not
be reportedin the setof g's k nearesteighbors.



IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. X, NO. N, MONTH 2007 2

to the parentof e, or terminatesf e is the root of the search
hierarchy

An alternatve strateyy is the best- rst method(e.qg.,[1], [8],
[11], [16]-[18], [23]) which exploresthe nonobjectelements
of the searchhierarchyin increasingorder of their distance
from q (hencethe characterizatioras “best- rst”) ratherthan
in a predeterminedorder, as in the depth- rst method. In
otherwords, at eachstepof the algorithm,the next nonobject
elementto be visited is the closestoneto q which hasyet to
be visited. This is achieved by storingthe nonobjectelements
of the searchhierarchyin a priority queueQueueaccording
to this order Queueis initialized to containthe root of the
searchhierarchyat a distanceof 0 from g, and as nonobject
elementsare dequeuedtheir immediate descendant® that
arenonobjectelementsareenqueuedvith their corresponding
distancedrom qif d(g; €) < D, while immediatedescendants
o that are objectsareinsertedinto L if d(g;0) < D, where
Dy, the distanceof the currentkth-nearestneighborof g, is
initialized to 1 . The algorithmrepeatedlyremovesnonobject
elementsfrom Queueuntil it is empty or until encountering
a nonobjectelementthat is fartherfrom g than D, at which
time it halts asit hasfound the k nearesteighbors,which
arenow in L. In order for the algorithm to be correct, the
distanced(q; €) of ary nonobjectelemente from the query
object g must be lessthan or equalto the distancefrom g
to ary objectin €'s descendantfl9]. Again, asin the depth-
rst method, this property is satis ed by letting d(g;e) be
MINDIST.

The drawback of the best- rst methodis that the priority
gueuemay be ratherlarge.In particular the necessaramount
of storagemay be as large asthe total numberof nonobjects
(and henceon the order of the number of objects)if the
distanceof eachof the nonobjectsfrom the query object g
is approximatelythe same.In low dimensionssuchan event
is relatively rareasits occurrenceequireswo seeminglyinde-
pendenevents— thatis, thatall objectslie in anapproximate
hypersphereenterecht somepoint p andthatthe queryobject
g be coincidentwith p. However, in high dimensionswhere
mostof the datalies on the surface(e.g.,[5]) andthe curseof
dimensionality[3], [6] comesinto play, andin metric spaces
with concentrateddistancehistograms.this situationis less
rare.In contrastthe amountof storagerequiredby the depth-
rst methodis boundedIn particulay it is proportionalto the
sum of k and the maximum depth of the searchhierarchy
where,in the worst case all of the sibling nonobjectelements
mustbe retainedfor eachpartially explorednonobjectelement
in the searchhierarchywhile executingthe depth- rst search.

Neverthelessthe advantageof the best- rst algorithm over
the depth- rst algorithm is that it has been shovn to be
I/O optimal for k = 1 [4]. This meansthat the algorithm
doesnot visit more than the minimum numberof nonobject
elements—thats, it avoids visiting nonobjectelementsthat
will eventuallybe determinedo be too far from q dueto poor
initial estimatesof Dy. This is equivalentto stipulating that
the algorithmis range-optimalwhich meansthat the cost of
nding the k nearesineighborsis the sameasthat of a range
searchwith the searchradiussetto the distancefrom q to its
kth-nearestieighbor

As we point out above, the implementationsof both the
depth- rst andbest- rst algorithmsmake heary useof a lower
bound MINDIST correspondingo the minimum distanceat
which a nearesbbjectcanbe found vis a vis the distanceD
to the currentkth -nearesbbjectfrom g. In this paperwe shav
how to also usean upperbound MAXNEARESTDIST corre-
spondingto the maximumpossibledistanceat which a nearest
neighboris guaranteedo be found in both the depth- rst and
best- rst algorithmsfor nding the k nearestneighborsfor
arbitrary valuesof k. This upperboundwas rst introduced
in [22] for the caseof k = 1 for the purposeof improving the
initial estimateof Dy in the depth- rst method.It was also
proposedin [25] as an alternative to the MINDIST ordering
for the processingof the nonobjectimmediate descendants
of a nonobjectelementin the depth- rst method but again
limited to k = 1. However, for the purposeof ordering,
MINDIST hasbeenshavn to be more useful [18], [25] and
hence MAXNEARESTDIST is not discussedfurther here in
this context. Therefore,in this paperwe focus on the rst
purposeand shav how to usethe MAXNEARESTDIST upper
boundfor arbitrary valuesof k (i.e.,k 1) to overcomethe
shortcomingsthat we pointed out earlier of both the depth-
rst (i.e., pruning) and best- rst (i.e., size of the priority
gueue)k-nearesteighboralgorithms.Note that other upper
boundscan be usedin the k-nearestneighboralgorithmsto
yield what are termed probabilistically approximatenearest
neighborge.g.,[9], [11]), althoughthey arebeyondthe scope
of this paper

Therestof this paperis organizedasfollows. Sectionll de-
nes the MAXNEARESTDIST upperbound,while Sectionlll
describeshow to use it in the processof nding the k
nearestneighborsby incorporatingit into the setL of the
k nearesineighborsfound so far, while SectionlV discusses
themanagemenf L in greaterdetail. SectionV demonstrates
how to incorporateit in a depth- rst k-nearesheighboralgo-
rithm to eliminate someelementsfrom further consideration,
while Section VI demonstratedow to incorporateit in a
best- rst k-nearestneighboralgorithm to reducethe size of
the priority queue of nonobjectelementsremaining to be
processedSectionVIl presentshe resultsof an experiment
where use of MAXNEARESTDIST doesindeedimprove the
performanceof both the depth- rst and best- rst k-nearest
neighboralgorithms,while concludingremarksare madein
SectionVIIL.

Il. THE MAXNEARESTDIST UPPER BOUND

The key motivation for the introduction of the MAX-
NEARESTDIST upper bound in k-nearestneighbor nding
have beenthe obsenationsthatuntil the rst setof k candidate
nearestieighborshasbeenfound (which enablessetting D
to a value otherthanthe initial valueof 1 ),

1) regardlessof the algorithm that is used, no visits of
nonobjectelementsof the searchhierarchycanbe pre-
vented,and

2) in the best- rst method,no insertion of nonobjectele-
mentsinto the priority queuecan be avoided.

In fact,LarsenandKanal[22] rst introducedM AXNEAREST-
DisT as an alternatve to the MAXDIST upper bound that
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was proposedby Fukunagaand Narendra[14] as a means
of obtainingan upperboundon D; when nding the near
est neighbor using the depth- rst method (see Figure 1a).
In particular Fukunagaand Narendras proposalfor using
MAXDIST assumeda very simple searchhierarchy where
objectsare clusteredinto groupswhereclusterc hasa cluster
centerM which neednot necessarilycorrespondo an object
in the cluster and all objectsin c lie within a distance
rmax Of M. Thus in this contet, the minimum distance
at which the nearestneighbor could be found was indeed
MAXDIST=d(q; M ) + 'max -

LarsenandKanal[22] improveduponFukunagaandNaren-
dra [14] by noting that once the cluster centeris not re-
quired correspondto an object in the cluster the clusters
can be formed even more tightly by taking advantage of
the knowledgethat rmin is the distancefrom cluster center
M to M's closestobject within cluster c. This resultsin
a cluster having the shapeof a spherical shell as shavn
in Figure 1b. In particular they point out that the distance
from the query object g to its nearestobject, which we
term MAXNEARESTDIST, regardlesof which clusterit is in,
cannotexceedd(q; M) + rmin andthusDj could be resetif
it exceedsthis value.

Figure 1c illustrates the relationship betweenMINDIST,
MAXNEARESTDIST, andMAXDIST by assuminga Euclidean
distance metric and a cluster ¢ in the form of a mini-
mum bounding hypersphereof the objects lying within it.
In this case,we see that the value of MAXNEARESTDIST
is  d(qM)2+ rZ, anddoeslie betweenMINDIST and
MAXDIsT. Notethatif we assumehattheminimumbounding
hyperspherdn Figure 1c is a sphericalshell with rn, as
its inner radius and a Euclidean distche metric d, then
MAXNEARESTDIST is the minimum of = d(g;M )2 + r2_,
andd(q; M ) * I'min .

I11. USING MAXNEARESTDIST IN k-NEAREST NEIGHBOR
FINDING

Using MAXNEARESTDIST to tightenthe estimateD x when
nding the k nearestneighborsinsteadof just the nearest
neighbor (i.e., D; when k = 1) is not a simple matter
although neither Fukunagaand Narendra[14] nor Larsen
and Kanal [22] give it ary mentionin their depth- rst al-
gorithms. In particulay note that the simple solution used
for k = 1 of resettingD; cannotbe generalizedto k by
simply resettingDy to MaxNearestDist (q; €) wheneer
MaxNearestDist (g;e) < Dy for nonobjectelemente.
The problemis that the distances from g to some of the
k nearestneighborsof q may lie within the range MAX-
NEARESTDIST(g;€) < s Dy, and thus resettingDy to
MaxNearestDist  (g; €) maycausehemto be missed(e.g.,
objecto in Figure 2, assuminga Euclideandistancemetric).

The problem s that given the way in which the MAX-
NEARESTDIST upperboundis de ned here,its primary role
is to setan upperboundon the distancefrom the queryobject
to its nearesineighborin a particularnonobjectelement.lt is
importantto obsere that this is not the sameas saying that
the upper bound computedby using MAXNEARESTDIST is

Figure 2: Example showing that we cannot
simply reset Dy to MaxNearestDist(q,e) when-
ever MaxNearestDist(q,e)< Dk for nonobject el-
ement e which is a spherical shell so that
MaxNearestDist(q,e)= d(g; M) + rmin, assuming a
Euclidean distance metric.

the minimum of the maximumpossibledistancedo the kth-
nearesheighborof the queryobject,whichis nottrue.Instead,
theway in whichthe MAXNEARESTDIST upperboundshould
be, and is, usedin k-nearestneighbor nding is to provide
upper boundsfor a numberof different clusters.Only once
we have obtainedk distinct suchupperbounds,do we have
an upperboundon the distanceto the kth-nearesteighbor

We male use of the MAXNEARESTDIST upperbound by
expanding the role played by the set L of the k nearest
neighborsencounteredo far sothatit alsocontainsnonobject
elementse, suchthat MaxNearestDist (q;e) < Dy, that
have been encounteredso far (in the courseof either the
depth- rst or best- rst k-nearestneighboralgorithms)along
with their correspondingM AXNEARESTDIST values,aswell
as continuingits role of containingobjectswith their corre-
spondingdistancevaluesfrom g. In particular eachtime we
processa nonobjectelemente of the searchhierarchy we
insertin L all of €' s nonobjectchild elementsalongwith their
correspondindM AXNEARESTDIST values.In addition,before
we attemptto insertthe nonobjectchild elementsf einto L,
we remove e from L. Theinsertionof e into L requiressome
careso that we are sureto always nd e whenattemptingto
remove it.

IV. MANAGEMENT OF L

In this sectionwe discussthe managemenof the setL of
thek nearesheighborseencounteredofar usingthe principles
outlined in Section lll. This discussionis independentof
whethera depth- rst or best- rst algorithmis usedto nd the
k nearestneighborsof query objectq. In particulay we only
assumethat eachtime we processa nonobjectelemente of
the searchhierarchy we insertin L all of €'s nonobjectchild
elementsalongwith their correspondingM AXNEARESTDIST
values.In addition, beforewe attemptto insertthe nonobject
child elementsof e into L, we remove e from L.
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Figure 1: Examples showing the calculation of MaxDist, MaxNearestDist, and MinDist when objects are
clustered into groups where the cluster centers do not necessarily correspond to objects in the clusters. (a)
Cluster ¢ has a cluster center M and all objects in c lie within a distance ryax of M, (b) adding the condition
that rmiy is the distance from M to M's closest object within ¢, and (c) the cluster is the minimum bounding
hypersphere of a set of objects whose cluster center is determined to be M.

Giventheseassumptiongboutthe new algorithms,the rest
of this sectionis organizedas follows. SectionlV-A presents
the implementationof L. SectionlV-B proves a couple of
key propertiesof L when usedto store nonobjectelements
alongwith their correspondind AXNEARESTDIST valuesin
k-nearesnheighbor nding. They areindependenbf which of
thetwo variantsof the original k-nearesheighboralgorithmis
used.In particular the only propertyof the algorithmsthatis
usedin the proofsis thatthey processhe nonobjectelements
of the searchhierarchyin increasingorder of their MINDIST
valueseitherlocally (depth- rst algorithm) or globally (best-
rst algorithm). SectionIV-C describesin greaterdetail the
procesf insertingnonobjecklementsn L, while SectionlV-
D discusseghe processof the explicit removal of nonobject
elementdrom L. Theactualcodefor thetwo variantsof thek-
nearesheighbor nding algorithmsthatincorporatehe MAX-
NEARESTDIST upperboundis givenin SectionsV andVI.

A. Implementatiorof L

The variantsof the k-nearesteighboralgorithmsthat we
describeneedto be able to insert and remove speci c ob-
jectsand nonobjectswith correspondingM AXNEARESTDIST
valuesinto and from the setL. In addition, we want to be
ableto accessaswell as deletethe farthestof the k nearest
neighborsWe implementL usinga priority queueasit enables
the latter two operationsto be performedwithout needless
exchangeoperationsas would be the caseif L wereto be
implementedusing an array Each elemente in L hastwo
data elds E and D correspondingo the item i (object or
nonobject)that e containsandi's distancefrom q (i.e., d(q; i)
or MAXNEARESTDIST(q; 1), respectiely), and a numberof
elds correspondingo controlinformationspeci c to the data
structureusedto implementthe priority queue(e.g.,a binary
heap).We usethe function MaxL (L) to accesghe element
in L with the highestpriority (i.e., at the top of the queueor,
equivalently, the rst andmostaccessiblelement) Whenthe

queuel isfull, thenMaxL (L) correspondso thekth-nearest
neighbor(i.e., the farthestof the known k nearesteighbors

of q).

B. Propertiesof L WhenContainingMaxNeaestDistValues

In this section,we prove someimportantpropertiesof the
modi cation of L describedin Sectionlll. We assumethat
eachobjectappeargust oncein the searchhierarchy. Asso-
ciatedwith eachnonobjectelemente in L is its corresponding
MaxNearestDist  (q; €) value. This value resultsfrom the
postulationof the existenceof anobjecto at this distanceand
0 is saidto be associatedvith e, whetheror not suchan object
actually exists. The key ideais that the particularpositioning
of o is what determinegshe MaxNearestDist  (g; €) value.
In particular we prove that each of the elementsof L is
associatedwith a unigue object (Theorem 4.1), and that
thereis no needto insert a nonobjectelemente such that
MaxNearestDist (g;e) Dk whichmeanghatL contains
at mostk elementgTheorem4.2).

Theoem4.1: The objecto associatedvith eachelemente
of L is unique.

Proof: Since the objectsin the set from which the
neighborsare dravn are unique, once object o appearsas
one of the elementsin L, it cannotbe a memberof one
of the nonobject elementsin L. Moreover, the fact that
nonobjectelemente is removed from L beforeinsertingary
of €'s children into L ensuresthat no ancestodescendant
relationshipexists betweenary two elementsf L. Therefore,
the objecto associatedvith the nonobjectelementu of L ata
distanceof MAXNEARESTDIST is guaranteedo be unique
even though it may not have beenidenti ed yet. In other
words,at the time at which we arereadyto insertu into L, its

2Searchhierarchiesvhereobjectsappeamorethanonceasis the casefor
thosebasedon a disjoint decompositiorof the spacefrom which the objects
aredravn suchasanR* -tree[28] anda PM quadtreg27] aremore comple
and beyond the scopeof this paper
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associateabjecto is not alreadyin L noris o associatedvith
ary othernonobjectelementin L. Note that the de nition of
the MAXNEARESTDIST upperboundensureghatfor eachof
the entriesu in L, thereis at leastone objecto in the data
setwhosemaximumpossibledistancefrom q is the one that
is associatedvith u. [ |

Theoem4.2: Thereis no needto insertinto L arny nonob-
jectelemente suchthatMaxNearestDist (g;e) Dy, and
thusthe maximumsizeof L is k.

Proof: Thereis no needto insertin L arny nonobject
elemente such that MaxNearestDist  (q; €) Dk ase
by itself cannotbe usedto further reducethe value of Dy.
Moreover, failing to insert suchan e in L doesnot affect
the k-nearestneighbor nding processas regardlessof the
nature of the k-nearestneighbor nding algorithm that is
used(i.e., depth- rst or best- rst), the appropriatenonobject
elementsthat are subsequentlyprocessedare explored in
increasingorder of their MINDIST values.Therefore the fact
that MinDist (q; e) MaxNearestDist  (q;e) for all q
and nonobjectelementse, meansthat if MinDist (q;e)
Dy, then e will never be explored further aryway, and if
MinDist (qg;e) < Dy, thene will be explored regardlessof
the value of MaxNearestDist  (q; €) andwhetheror not e
was insertedinto L. Therefore,not having insertede in L
malkes no differencesince the descendantsf e will be ex-
ploredanyway. The sizeof L is upperboundedby k (actually
it candecreaseaswhennonobjectelemente is removedfrom
L, it could be the casethat MaxNearestDist (Q; &)

Dy for each of the immediate nonobject child elements
g of e in which casenone of them are insertedinto L.
Figure 3 is an example that illustrates how the size of L
can decreasefor an elemente with three spherical shell-
like children e,, &, and e;, assuminga Euclideandistance
metric. In particulay in this case,we assumewithout loss
of generality that Dy is equalto MaxNearestDist  (q;€)
and that MaxNearestDist  (g;&) = d(qg; M;) + ri;min for
each of the children g (i = fa;b;cg). It is easyto see
that MaxNearestDist  (q;e) > Dk for eachof g (i =
fa; b; cg). ]

C. Insertionof NonobjectElementsinto L

Oneof thekey propertiesunderlyingary k-nearesheighbor
algorithm is that the value of Dy, the distanceof the kth-
nearestneighborof g, is nonincreasingThis is ensuredby
Theorem4.2 and the actual k-nearestneighbor algorithms
(seeSectionsV andVI) which make useof procedureMAXx-
NEARESTDISTINSERTL, given below, to updateL as closer
objects and nonobjectsare found, thereby causing existing
elementsin L to be removed when L already contains k
elementsElementsof L that are removed in sucha manner
aresaidto be removed implicitly, in contrastto elementshat
are removed explicitly whenever attemptsare madeto insert
their childreninto L (seeSectionlV-D).

1 procedure MAXNEARESTDISTINSERTL (g, S)

2 [* Insert element(object or nonobject)e at distances
from query object q into the priority queuelL using
ENQUEUE. Assumethat objectshave precedencever

Qe

Figure 3: Example illustrating how the number of el-
ements in L can decrease as a result of the situation
that arises when the MaxNearestDist values of the
three nonobject child elements e,, e, and e of e,
are greater than the current value of Dy which is the
MaxNearestDist value of g,, assuming a Euclidean
distance metric.

nonobjectavhenthey areatthe samedistanceD (i.e.,
the kth- nearesneighbor)from the query objectq. */

3 if Size(L) = k then

4 h DEQUEUE(L)

5 if not IsOBJECT(E(h)) then

6 while not ISEMPTY(L)

7 and not 1SOBJECT(E(MAXL(L)))

8 and D(MaxL(L)) = D(h) do

9 DEQUEUE(L)
10 enddo

11  endif

12 endif

13 ENQUEUE(e, S, L)
14 if Size(L) = k then

15 if D(MAXL(L)) < Dk then
16 Dk D(MAXL(L))

17  endif

18 endif

ProcedureMAXNEARESTDISTINSERTL proceedsas fol-
lows. If there are k candidatenearestneighborsin L (de-
terminedwith the aid of the function Size(L) which is not
given here),then MAXNEARESTDISTINSERTL precedeghe
insertion,which is performedby ENQUEUE (not given here),
by rst dequeueing(i.e., implicitly removing) the current
farthestmember(i.e., the kth-nearestmember)from L using
DEQUEUE (not given heref. Next, if thereare k candidate
nearestneighborsafter the insertion, then MAXNEAREST-
DISTINSERTL resetd to the distanceof the currentfarthest
nearestneighbor (see lines 15 and 16), accessedby the

SNote the asymmetrybetweenDEQUEUE which remaves the item at the
front of the queuewhile ENQUEUE insertsanitem in its appropriateposition
in thequeue We alsomake useof a procedureREMOVEQUEUE in SectionlV-
D which is the complemenbf ENQUEUE in thatit removesa speci®celement
from the queuewhich may involve a search.



IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. X, NO. N, MONTH 2007 6

function MAXL (not given here, althoughin the caseof a
priority queueimplementionof L asin this case,it is the
current rst elementin the queue).

The situation is different when there are fewer than k
candidatenearestneighborsin L as now thereis no need
to dequeue(i.e., implicitly remove) ary elementsfrom L.
An example of such a situation was given in the proof of
Theorem4.2 andis also always the casein the initial stages
of the k-nearestneighbor nding process.Moreover, in this
casetheinsertionof anobjector nonobjecte into L doesnot
causea changein Dy asDy indicatesthe minimum of all of
the distancevaluesthat have beenassociateavith the entryin
L that correspondgo the kth-nearestneighborof q and D
hasnot changedas a result of the currentinsertionof e at a
distanced(qg; €) < Dy into L.

WhenL containsk elementsandwe mustimplicitly remove
anelemente in orderto accommodatéhe insertionof the new
elementwith distancelessthan Dy, then we must exercise
somecautionif thereareseveralelementgobjectsandnonob-
jects)at the samedistanceD from g. The motivationfor this
is to try to minimize the needto searchfor e, and possibly
not nd e dueto e having beenimplicitly removed from L
earlier whenwe subsequenthattemptto explicitly remove e
from L. This needlesssearchis avoided by adoptingsome
convention as to which elementof L at distanceD should
be removedimplicitly by MAXNEARESTDISTINSERTL when
there are several nonobjectsin L having Dy as their MAX-
NEARESTDIST valueaswell asobjectsat distanceDy.

We adopt the corvention that objects have priority over
nonobjectsin the sensethat in terms of nearnessobjects
have precedenc@ver nonobjectsn L. This meansthatwhen
nonobjectsand objects are at the same distance from g,
the nonobjectsappearcloser to the maximum entry in the
priority queuelL (i.e., MAXL(L)), which correspondgo the
kth-nearestcandidateneighbor In particular we stipulate
that whenever insertioninto a full priority queueresultsin
dequeuinga nonobjectelementb with MAXNEARESTDIST
value d, we checkif the nev MAaxL(L) entry c corresponds
to a nonobjectwith the sameMAXNEARESTDIST valued in
which casec is also dequeuedThis loop continuesuntil the
new MAXL(L) entry corresponds$o an objectat ary distance
includingd, or correspondso anonobjecttary otherdistance
d® < d, or L is empty (seelines 5-11). Note that Dy is
only resetif exactly oneentry hasbeendequeuedfrom a full
priority queue)and the distanceof the new MAXL(L) entry
is lessthan Dy (seelines 13-17).Otherwise,if we dequeue
morethanoneentry, theneventhoughthe distanceof the new
MaxL(L) entry may now belessthanDy, it cannotbe used
to resetDy asL now containsfewer thank entries.In fact, it
shouldbeclearthatD shouldnotberesetasD hasnotbeen
decreasedincethe only reasorfor theremoval of the multiple
nonobjectentriesis to avoid subsequenpossibly needless
searchesvhen explicitly removing nonobjectelementswith
MAXNEARESTDIST valueDy.

D. Remaal of NonobjectElementsfrom L

As we pointed out in the proof of Theorem4.2, there
is no needfor L to ever contain more than k elements.

This simpli es thek-nearesheighboralgorithmsconsiderably
However, it does mean that when we need to explicitly
remove a nonobjectelemente from L just before inserting
in L all of €s nonobjectchild elementsalong with their
correspondinglAXNEARESTDIST valuesthat are lessthan
Dy, it could be the casethat e is no longerin L. This is
becausee may have beenimplicitly removed as a byproduct
of the insertion of closer objects or nonobjectelementsas
a result of their correspondingM AXNEARESTDIST values
being smallerthanthat of e andtherebyresultedin resetting
Dk. ProcedureMAXNEARESTDISTREMOVEL, given below,
accomplisheghis task, while also following our corvention,
set forth in Section IV-C, that objects have priority over
nonobjectswhenthey arein L at the samedistanceDy (i.e.,
the kth-nearesneighbor)from the query objectq.

1 procedure MAXNEARESTDISTREMOVEL (€)

2 [* Remore element (object or nonobject)e from the
priority queuelL using REMOVEQUEUE. Assumethat
objects have precedenceover nonobjectswhen they
arein L atthe samedistanceD (i.e., thekth-nearest
neighbor)from the query objectq. */

3 if MAXNEARESTDIST(q;€) < Dy or

(MAXNEARESTDIST(q; €) = D¢ and

D(MAXxL(L)) = Dk and

not 1SOBJECT(E(MAXL(L)))) then
REMOVEQUEUE(e;L)
8 endif

~No oA~

ProcedureM AXNEARESTDISTREMOVEL proceedsas fol-
lows. When a nonobjecte is to be removed explicitly from
L and e's MAXNEARESTDIST valueis < Dk (seeline 3),
thene hasto bein L asit is impossiblefor e to have been
removed implicitly since Dy is nonincreasingin our algo-
rithms (i.e., the depth- rst and best- rst given in SectionsV
and VI). Therefore,we remove e and decrementhe size of
L usingprocedureREMOVEQUEUE which is not given here.
On the otherhand,the situationis morecomplicatedvhene's
MAXNEARESTDIST valueis equalto D (seeline 4). First, if
the maximumvalue associatedvith an elementin L (i.e., the
one associatedvith MAXL(L)) is lessthanDy (seeline 5),
then e cannotbe in L, and we do not attemptto remove e.
Sucha situationarises for example,whenwe have dequeued
more than one nonobjectdue to having several nonobjectsat
distanceDy. Second,if the maximum value associatedvith
an elementin L (i.e., the one associatedvith MAXL(L)) is
equalto Dy, thentherearetwo caseslependingon whetherthe
entry cin MAXL(L) correspondso an objector a nonobject
(seeline 6). If ¢ correspondgo an object, then nonobjecte
cannotbein L aswe have given precedencéo objects,and
all nonobjectsat the samedistanceare eitherin L or they are
all notin L. If c correspondgo a nonobject,then nonobject
e hasto bein L asall of the nonobjectsat the samedistance
have beeneitherremovedimplicitly togetheror retained,and,
in this case by virtue of the presencef c in L we know that
they have beenretainedin L. Note that when we explicitly
remove a nonobjectat distanceD from L, we do not remove
all remainingnonobjectsat the samedistancefrom L asthis
needlesslgomplicateghealgorithmwith noadditionalbene t
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asthey will all be removedimplicitly togetheraterif atleast

29 enddo

one of them mustbe implicitly removed dueto a subsequent 30 endif

insertioninto a full priority queue.

V. DEPTH-FIRST ALGORITHM USING MAXNEARESTDIST

Incorporatingthe MAXNEARESTDIST upperboundin the
depth- rstk-nearesheighboralgorithm,therebyyielding what
we characterizesa maxneaestdepth- rstk-nearesnheighbor
algorithm, is straightforvard and is realized belov by the
recursve procedureM AXNEARESTDISTDF which is invoked
with parametere initialized to the root of the searchhierar
chy. In MAXNEARESTDISTDF, if the nonobjectelemente
being visited is at the deepestlevel of the searchhierarchy
(usually referredto as a leaf or leaf elemen), then every
objecto in e thatis nearerto g thanthe currentkth-nearest
neighborof q (i.e., d(g;0) < D) is insertedinto L, with
its associatedlistancefrom q (i.e., d(g; 0)), using procedure
MAXNEARESTDISTINSERTL given in Sectionll (lines 2-9
of MAXNEARESTDISTDF). Otherwise(i.e., e is not a leaf
element), MAXNEARESTDISTDF generatesthe immediate
successorof e, placesthemin a list A(e), known as the
active list of e, and proceedsto insert ary of them whose
MINDIST and MAXNEARESTDIST valuesare lessthan D
into L (lines12-21).It thenproceedso recursvely processll
of the nonobjectchild elementf e whoseMINDIST valueis
lessthanDy (line 24) afterremoving themfrom L if possible
(line 26).

1 recursive procedure MAXNEARESTDISTDF(e)
2 if ISLEAF(e) then [* eis aleaf with objects*/

3  foreach objectchild elemento of e do
4 Computed(q; 0)
5 if d(g;0) < Dx or
6 (d(g;0) = Dk and Sizg(L) < k) then
7 MAXNEARESTDISTINSERTL (0, d(q; 0))
8 endif
9 enddo
10 else /* e is a nonleafwith nonobjectse, */
11  Generatenctive list A with child elementse, of e
12 /* A is sortedin increasingorder with respectto g
using MINDIST and processedn this order*/
13  foreach elemente, of A do
14 [* Try to apply MAXNEARESTDIST while process-
ing A in increasingorder*/
15 if MINDIST(q, &) > Dy then
16 exit_for_loop /* No furtherinsertions*/
17 elseif MAXNEARESTDIST(q; &) < D¢ then
18 MAXNEARESTDISTINSERTL (
19 €, MAXNEARESTDIST(q; €)))
20 endif
21  enddo
22  foreach elemente, of A do
23 [*ProcessA in increasingorder*/
24 if MINDIST(q, &) > Dy then exit_for_loop
25 else
26 MAXNEARESTDISTREMOVEL (&)
27 MAXNEARESTDISTDF(e,)
28 endif

We now prove a couple of important propertiesof our
algorithm. First, there are no nonobjectelementsin L when
the algorithm (i.e., MAXNEARESTDISTDF) terminates.

Theoemb5.1: Thereare no nonobjectelementsn L when
the maxnearestlepth- rst k-nearestneighboralgorithm (i.e.,
MAXNEARESTDISTDF) terminates.

Proof: We shov this by contradiction. Suppose
that L containsa nonobject elemente upon termination.
The fact that the algorithm has terminated means that
MinDist (q;u) > Dy for all unprocessedhonobject el-
ementsu. However, the presenceof e in L meansthat
MaxNearestDist  (q; €) Dk and therefore by virtue
of MinDist (q;e) MaxNearestDist  (g;€) we know
that e has beenprocessedalreadywhich meansthat e must
have beenremoved explicitly from L which contradictsour
initial assumptionthat L containsnonobjectelementsupon
termination. ]

Secondwe prove our main resultwhich is thatthe number
of nonobjectelementghat mustbe examineddueto usingthe
MAXNEARESTDIST upperboundis not increased.

Theoem5.2: The maxnearestiepth- rst k-nearestneigh-
bor algorithm(i.e., MAXNEARESTDISTDF) visits at mostthe
samenumberof nonobjectelementsof the searchhierarchy
asthe corventionaldepth- rst algorithm,and may visit less.

Proof: We know that Dy is nonincreasingsit is only
updatedwhen an object or nonobjectat a distancelessthan
Dy is insertedinto L. This is true for both the conventional
and maxnearesversionsof the depth- rst k-nearesmneighbor
algorithm. Inserting a nonobjectelemente into L in the
maxnearesalgorithm causesD to decreaseor at the worst
to maintain the same value. Supposethat D¢ has indeed
decreasedso that it now has the value de instead of the
previous value of dy. This meansthat a nonobjectelement
n with minimum distanced, suchthatde < d, < dp will not
be visitedwhereas would have beenvisited hadwe not used
the MAXNEARESTDIST upperbound,andthusthe numberof
nonobjectelementghat are visited hasdecreased. [ ]

VI. BEST-FIRST ALGORITHM USING MAXNEARESTDIST

Incorporatingthe MAXNEARESTDIST upperboundin the
best- rst algorithm,therebyyielding whatwe characterizeasa
maxneaestbest- rst k-nearesheighboralgorithm,is straight-
forward and s realizedbelov by procedureM AXNEAREST-
DisTBF which is invoked with parametere initialized to the
root of the searchhierarchy Recall that in the depth- rst
algorithm, incorporationof MAXNEARESTDIST enabledthe
useof the nonobjectelementof the searchhierarchyto speed
up the corvergenceof Dy to its nal value therebyhelping
to prunethe setof k candidatenearesmneighborsinsteadof
pruning only with the aid of the k nearestobjectsasin the
standardmplementationlt shouldbe clearthat both the fact
that a best- rst algorithm examinesthe nonobjectelementsn
increasingMINDIST order and the fact that every nonobject
elementwith MINDIST lessthanthe nal value of D must
be examinedtogethermeanthat no matterhow fastthe value
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of Dy corvergesto its nal value,a best- rst algorithm will

never examine ary extra nonobjectelements.However, use
of MAXNEARESTDIST in the best- rst algorithm still helps
to speedup the convergenceof Di to its nal value which
meansthat its useresultsin reducingthe size of the priority
gueueQueueas fewer nonobjectelementsare insertedinto it
initially while Dy is at its initial valueof 1 .

1 procedure MAXNEARESTDISTBF(€)

2 ENQUEUE(e, MAXNEARESTDIST(q; €);L)

3 ENQUEUE(e,0, Queug

4 while not ISEMPTY(Queug do

5 t DEQUEUE(Queug

6 e E(@)

7 if D(t) > Dk then

8 return /* Foundk nearesineighborsand exit */
9 else MAXNEARESTDISTREMOVEL (€)

10  endif

11 if IsLeaFr(e) then /* eis aleaf with objects*/
12 foreach objectchild elemento of e do

13 Computed(q; 0)

14 if d(g;0) < Dy or

15 (d(g;0) = Dk and Size(L) < k) then
16 MAXNEARESTDISTINSERTL (0, d(q; 0))
17 endif

18 enddo

19 else /* eis anonleaf*/

20 foreach child elemente, of e do

21 if MINDIST(0; €5) < Dk then

22 if MAXNEARESTDIST(q; €,) < Dy then
23 MAXNEARESTDISTINSERTL (

24 €, MAXNEARESTDIST(q; €5))
25 endif

26 ENQUEUE(€,, MINDIST(q; €,), Queud
27 endif

28 enddo

29  endif

30 enddo

31 return

MAXNEARESTDISTBF processesll nonobjectelementsn
Queuein the orderin which they appearin Queue(i.e., the
elemente at the front is processedrst). We rst remove
e from Queue (lines 5-6), and also check if e should be
explicitly removedfrom L usingthe samemethodasin MAX-
NEARESTDISTDF (line 9). Recallthat this stepensureghat
theobjectsthatareassociateavith thedifferententriesin L are
unique.This removal stepis missingin a variantof a best- rst
k-nearestneighbor algorithm that uses MAXNEARESTDIST
proposedby Ciaccia,Patella,and Zezulafor the M-tree [12]
therebypossiblyleadingto erroneougesults.Next, we check
if eis aleaf elementin which casewe examineits constituent
objectsusing the samemethodasin MAXNEARESTDISTDF
(lines 12—18). Otherwise,we examine eachof €'s child el-
ementse,, andinserte, andits associatedMINDIST(q; €p)
valueinto Queue(line 26) if MINDIST(q; &) is lessthanDy
(line 21). WhenMINDIST(q;€,) Dk, we alsocheckif e,'s
associatedVIAXNEARESTDIST(q; ) valueis lessthan Dy
(line 22),in which casewe useMAXNEARESTDISTINSERTL

to inserte, and MAXNEARESTDIST(q; €p) into L, and pos-
sibly resetDy (line 23). As in MAXNEARESTDISTDF, this
actionmay causesomeelementgboth objectsandnonobjects)
to be implicitly removed from L. Thusthe MAXNEAREST-
DisT upperboundis usedhereto tightenthe corvergenceof
Dy toits nal value.

Notice that in contrastto the depth- rst algorithm (MAX-
NEARESTDISTDF), thenonobjectchild elementse, of nonob-
ject elemente (i.e., the elementsof the active list of €)
are not sorted with respectto their distance(MINDIST or
MAXNEARESTDIST) from q beforetestingfor the possibility
of insertioninto L and enqueuinginto Queue(lines 20-28).
In particular assumingdata of a x ed dimensionand that
the active list containsT elementsthereis no adwantagein
incurringthe extra time neededo sortthe child elementqi.e.,
O(T logT) time) since all that the sort can accomplishis
avoiding the tests(i.e., O(T) time). In otherwords,unlike the
depth- rst algorithm, in the best- rst algorithm, thereis no
needto worry aboutorderingthe processingf the elements
of the active list.

We now prove a couple of important propertiesof our
algorithm. First, there are no nonobjectelementsin L when
the algorithm (i.e., MAXNEARESTDISTBF) terminates.

Theoem6.1: Thereare no nonobjectelementsn L when
the maxnearesbest- rst k-nearestneighbor algorithm (i.e.,
MAXNEARESTDISTBF) terminates.

Proof: The factthat eachtime that a nonobjectelement
e is removed from the priority queue Queue e is also
explicitly removed from L if it is in L by virtue of its
MAXNEARESTDIST value being lessthan Dy, and the fact
that MinDist (q; €) MaxNearestDist  (q;€) together
ensurethatthereareno nonobjectelementdeft in L whenthe
best- rst algorithm terminates(i.e., when the distancevalue
associatedvith the rst elementin the priority queueQueue
is greaterthan Dy), and thus the elementsin L are the k
nearesieighborsof q. [ ]
Theorem6.1 is of interestas when the best- rst algorithm
terminatesit is quite likely that the priority queueQueueis
not empty as we do not constantlycheckit for the presence
of nonobjectelementswith associatedlistancevaluesgreater
thanD eachtime the value of D decreases.

Second,we prove our main resultwhich is that the maxi-
mum numberof nonobjectelementghatmaybein the priority
gueuedue to using the MAXNEARESTDIST upperboundis
not increased.

Theoem6.2: When the maxnearestbest- rst k-nearest
neighboralgorithm (i.e., MAXNEARESTDISTBF) terminates,
the maximumsize attainedby the priority queueQueueis at
most aslarge asthat of the corventionalbest- rst algorithm,
and may be less.

Proof: We know that Dy is nonincreasingsit is only
updatedwhen an object (nonobject) at a distance (MAX-
NEARESTDIST) lessthanDy is insertednto L. Thisis truefor
boththe corventionalandmaxnearestersionsof the best- rst
k-nearesheighboralgorithm.Insertinga nonobjectelemente
into L in the maxnearestlgorithm causesDy to decrease
or at the worst to maintainthe samevalue. Supposethat D ¢
hasindeeddecreasedo that it now hasthe value de instead
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of the previous value of d,. This meansthat a subsequently ask getssmallervis-a-visthe maximumcapacity(i.e., fanout)
processedonobjectchild elementn with minimum distance of the nodesof the searchhierarchythat is used.This is not
dn suchthatde. < dn < dp will not be insertedinto Queue surprisingas MAXNEARESTDIST, which is mosteffective at

whereasn would have beeninsertedinto Queuehad we not
usedthe MAXNEARESTDIST upperboundand thusthe size
of Queuehasdecreased. [ ]

VIl. EXPERIMENTAL RESULTS

In this sectionwe demonstratewith the aid of an exam-
ple, situationswhereuse of MAXNEARESTDIST canleadto
additionalpruningin the depth- rst algorithmandlik ewise to
a reductionin the size of the priority queuein the best- rst
algorithm.In particular assuminga Euclideandistancemetric,
we appliedthe depth- rst and best- rst algorithmswith and
without the useof MAXNEARESTDIST to the setof 100 two-
dimensionapointsgivenin Figure4, storedin the R*-tree 2],
which is an object hierarchywhere the minimum bounding
boxesare hyperrectanglemsteadof spheresasis the casefor
the SS-tree[29]. The R*-tree hasthe desirablepropertythat
overlapis keptlow betweenminimum boundingboxesat the
samelevel (i.e., they aremorelikely to be disjoint or closeto
disjoint).

Figure 4: Block decomposition at the top 2 levels
(depth 2 shown with darker borders than depth 1)
in an R*-tree for 100 points in a 512 512 space
with the origin at the upper-left corner where the
fanout at each node lies between 2 and 4. The
maximum depth of the tree is 6. q1, g2, g3, g4, and
g5 correspond to query points.

Figure 5 shows the differencein performanceof the depth-
rst (DF) and best- rst (BF) algorithms with and without
use of MAXNEARESTDIST for valuesof k, the number of
nearesheighborssoughtrangingfrom 1 to 6 for ve different
guerypointslabeledql:::g5 onthe datain Figure4. Fromthis
example ,we seethattheimprovements/sangsaremaximized

theinitial stageof the searchcannottake effect until at least
k nonobjectshave beenprocessedThuswhenthe capacityis

lessthank, it doesnot comeinto effect until nodesat depth

1 have beenprocessedwhich reducests pruning power both

in termsof nodesto be processeddepth- rst) and enqueued
(best- rst).

We also obsene that the bene t of using MAXNEAREST-
DisT is morepronouncedn the caseof the best- rstalgorithm
where one of our examplesdemonstratech 400% improve-
mentwhile 10-15%seemsa more reasonablexpectationfor
the best- rst algorithm. The fact that MAXNEARESTDIST is
more effective in the best- rst algorithm than the depth- rst
algorithmis attractive asthe best- rst algorithmis I/O optimal
and thus we are overcomingits only dravback,which is the
potentially large queuesize.

In general, from our example, it can be seenthat the
improvement/saings that canbe obtainedfrom useof MAX-
NEARESTDIST are hearily dependenbn the underlyingdis-
tribution of the dataandon the positioningof the querypoint.
However, mostimportantly the performancef the algorithms
canonly beimproved by usingMAXNEARESTDIST, whereas
this is not the casein some of the prior usageof MAX-
NEARESTDIST where it was usedto order the processing
of the elementsof the active list in the depth- rst algorithm
(e.g0.,[13], [25)).

VIIl. CONCLUDING REMARKS

We have shavn how to use MAXNEARESTDIST, an upper
bound correspondingto the maximum possible distanceat
whichanearesneighboris guaranteedio befound,to enhance
the performanceof both a depth- rst branchand bound and
a best-rst k-nearestneighbor nding algorithm by virtue
of yielding tighter initial estimatesof Dy, the distanceat
which the kth-nearestneighboris found. This enablesus to
start pruning elementsof the searchhierarchy (both objects
and nonobjects)in the depth- rst algorithm and to avoid
enteringnonobjectelementsn the priority queuein the best-
rst algorithm. Thus we seethat use of MAXNEARESTDIST
enhanceghe performanceof both the depth- rst and best-
rst algorithmsby addressingheir shortcomings— that is,
reducingthe numberof nonobjectelementsthat needto be
examinedby the formerandreducingthe storagerequirements
of the latter at no extra costin the executiontime of the latter
andno extra storagaequirementsor theformer. Nevertheless,
it is importantto bearin mind thatwe arenot sayingarything
aboutthe relative performanceof the two algorithms,which
is a more generalissueand beyond the scopeof this paper

Some implementationsof the best- rst nearestneighbor
algorithm (e.g., [16]-[18], [24]) also store the objectsin a
priority queuethereby enablingthe algorithmsthat employ
this methodto be incremental This meansthat now both the
objectsand nonobjectsarevisited in increasingorder of their
distancefrom g, andthe objectsarealsoreportedin increasing
orderof their distancefrom qg. They aredesignedor the case
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Number of Query Points
Neighbors g1=(335,453) | q2=(339,343) | g3=(170,309) | g4=(190,365) | g5=(326,353)
DF BF DF BF DF BF DF BF DF BF

1 15:11 | 12:3 13:9 13:5 9:9 8:5 9:9 84 | 17:13 | 185
2 15:11 | 12:3 13:9 13:5 9:9 8:5 9:9 84 | 17:13 | 185
3 21:15 | 12:6 | 21:19 | 13:10 | 13:13 | 105 11:9 10:6 | 21:19 | 18:8
4 26:19 | 129 | 23:20 | 13:10 | 15:13 | 11:7 | 13:11 | 10:6 | 23:19 | 18:11
5 26:24 | 129 | 23:21 | 17:13 | 16:14 | 11:7 | 14:11 | 10:7 | 23:21 | 18:14
6 26:25 | 12:10 | 24:23 | 17:13 | 16:14 | 11:10 | 16:14 | 10:7 | 26:23 | 18:16

10

Figure 5: The effect of using MaxNearestDist in the depth-rst and best- rst k-nearest neighbor nding
algorithm for 5 different query points in the 100 data point R*-tree of Figure 4 where each node contains
at least 2 and at most 4 points. Entries A:B in columns labeled DF indicate the number of recursive calls
to the procedure using MaxNearestDist (B) and without using it (A). Entries C:D in columns labeled BF
indicate the maximum size of the priority queue Queue using MaxNearestDist (D) and without using it (C).

that k is not known in adwance,therebymaking them inap-
propriatefor usewith the MAXNEARESTDIST upperboundas
no nonobjectelementxanbe excludedfrom Queuesincethey
may all be eventually neededshouldk get sufciently large
(the sameholdsfor probabilisticalgorithmssuchas|[9]).

Note, that the compleity of the processof computingthe
MAXNEARESTDIST upper bound dependson the nature of
clusteringprocessusedto form the searchhierarchy aswell
as the domain of the data. For example,in d dimensions,
using the Euclidean distance metric, its compleity is the
same as that of MINDIST when the cluster elementsare
minimum boundinghyperspheregi.e., O(d)), whereaswhen
the clusterelementsare minimum boundinghyperrectangles,
the compleity of MAXNEARESTDIST is O(d?) while the
compleity of MINDIST in this caseis just O(d).

Theutility of the MAXNEARESTDIST upperbounddepends
onthedistribution of theunderlyingdataandalsoonthe nature
of theclusteringmethodghatareappliedin formingthesearch
hierarchies An interestingand open questionis determining
the type of data distributions and clustering methods for
which MAXNEARESTDIST is most effective. For example,
MAXNEARESTDIST may be most useful when using non-
standardcclusteringmethodswhereobjectsare not necessarily
associatedvith the closestclustercenter(seeobjecto in Fig-
ure6). Similarly, asanotherexample,considerclustersformed
by the ve interlocking Olympic rings. On the other hand,
MAXNEARESTDIST is not particularly useful for uniformly-
distributed dataor whenthe query objectis inside one of the
clusters.
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