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Abstract—
Similarity searching often reduces to �nding the k nearest

neighbors to a query object. Finding the k nearest neighbors is
achieved by applying either a depth-�rst or a best-�rst algorithm
to the search hierarchy containing the data. These algorithms
are generally applicable to any index based on hierarchical
clustering. The idea is that the data is partitioned into clusters
which are aggregated to form other clusters, with the total
aggregation being representedas a tr ee. Thesealgorithms have
traditionally useda lower bound correspondingto the minimum
distance at which a nearest neighbor can be found (termed
M INDIST) to prune the search processby avoiding the processing
of someof the clusters as well as individual objects when they
can be shown to be farther fr om the query object q than
all of the curr ent k nearest neighbors of q. An alternative
pruning technique that usesan upper bound corresponding to
the maximum possible distance at which a nearest neighbor is
guaranteedto be found (termed MAXNEARESTDIST) is described.
The MAXNEARESTDIST upper bound is adaptedto enableits use
for �nding the k nearest neighbors instead of just the nearest
neighbor (i.e., k = 1) as in its previous uses.Both the depth-�rst
and best-�rst k-nearest neighbor algorithms are modi�ed to use
MAXNEARESTDIST, which is shown to enhanceboth algorithms
by overcoming their shortcomings. In particular , for the depth-
�rst algorithm, the number of clusters in the search hierarchy
that must be examined is not increased thereby potentially
lowering its executiontime, while for the best-�rst algorithm, the
number of clusters in the search hierarchy that must be retained
in the priority queue used to control the ordering of processing
of the clusters is also not increased,thereby potentially lowering
its storage requirements.

Index Terms— k-nearest neighbors; similarity searching; met-
ric spaces;depth-�rst nearestneighbor �nding; best-�rst nearest
neighbor �nding

I . INTRODUCTION

SIMILARITY searchingis an important task when trying
to �nd patternsin applicationsinvolving mining differ-

ent types of data such as images,video, time series, text
documents,DNA sequences,etc. Similarity searchingoften
reducesto �nding the k nearestneighborsto a query object.
This processis facilitated by building an index on the data
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which is usuallybasedon a hierarchicalclustering.The idea
is that the data objectsare partitionedinto clusters(termed
nonobjects) which areaggregatedto form otherclusters,with
the total aggregation being representedas a tree known as a
searchhierarchy. Numeroussearchhierarchieshave beenused
for both vectordataandnon-vectordatasuchasdatalying in
a metric spacemany of which aresurveyed in [7], [10], [15],
[20], [26], [30]. The methodsthat we describein this paper
are independentof the natureof the data.

The mostcommonstrategy for �nding the k nearestneigh-
bors is the depth-�rst methodwhich exploresthe elementsof
thesearchhierarchyin a depth-�rst manner(e.g.,[14]). Thek
nearestneighborsfoundsofar arekepttrackof in a setL with
the aid of a variableD k that indicatesthe distance,using a
suitablyde�ned distancefunctiond, of thecurrentkth-nearest
object from the query objectq. The depth-�rst methodvisits
every elementof the searchhierarchy. The branch and bound
variantof the depth-�rst methodyields betterperformanceby
not visiting every nonobjectand its objectswhen it can be
determinedthat it is impossiblefor the nonobjectto contain
any of the k nearestneighborsof q [14], [21]). For example,
this is true if we know that for every nonobjectelemente of
thesearchhierarchy, d(q; e) � d(q; e0) for everyobjecte0 in e
andthattherelationd(q; e) > D k is satis�ed1. Thiscanindeed
be achieved if we de�ne d(q; e) as the minimum possible
distancefrom q to any object e0 in nonobjecte (referredto
asM INDIST in contrastto MAXDIST, the maximumpossible
distance,which unlike M INDIST cannotbe usedfor pruning).

Letting A(e) denotethesetof nonobjectimmediatedescen-
dantsei of nonobjectelemente of thesearchhierarchy, using
the above de�nition of distancefor nonobjectelements(i.e.,
M INDIST) makesit possibleto obtainevenbetterperformance
as a result of speedingup the convergenceof D k to its �nal
value by processingelementsof A(e) in increasingorder
of d(q; ei ) (i.e., a M INDIST ordering). In this way, once an
elementei in A(e) is found such that d(q; ei ) > D k , then
d(q; ej ) > D k for all remainingelementsej of A(e). This
meansthat noneof theseremainingnonobjectdescendantsof
e needto be processedfurther, and the algorithm backtracks

1This stoppingconditionensuresthatall objectsat thedistanceof thekth -
nearestneighborareexamined.Note that if the sizeof L is limited to k and
if thereare two or moreobjectsat distanceD k , thensomeof themmay not
be reportedin the setof q's k nearestneighbors.
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to the parentof e, or terminatesif e is the root of the search
hierarchy.

An alternativestrategy is thebest-�rst method(e.g.,[1], [8],
[11], [16]–[18], [23]) which exploresthe nonobjectelements
of the searchhierarchyin increasingorder of their distance
from q (hencethe characterizationas “best-�rst”) ratherthan
in a predeterminedorder, as in the depth-�rst method. In
otherwords,at eachstepof the algorithm,the next nonobject
elementto be visited is the closestone to q which hasyet to
be visited.This is achievedby storingthe nonobjectelements
of the searchhierarchyin a priority queueQueueaccording
to this order. Queueis initialized to contain the root of the
searchhierarchyat a distanceof 0 from q, and as nonobject
elementsare dequeued,their immediatedescendantse that
arenonobjectelementsareenqueuedwith their corresponding
distancesfrom q if d(q; e) < D k , while immediatedescendants
o that are objectsare insertedinto L if d(q; o) < D k , where
D k , the distanceof the currentkth-nearestneighborof q, is
initialized to 1 . The algorithmrepeatedlyremovesnonobject
elementsfrom Queueuntil it is empty or until encountering
a nonobjectelementthat is fartherfrom q thanD k , at which
time it halts as it has found the k nearestneighbors,which
are now in L . In order for the algorithm to be correct, the
distanced(q; e) of any nonobjectelemente from the query
object q must be less than or equal to the distancefrom q
to any object in e's descendants[19]. Again, as in the depth-
�rst method, this property is satis�ed by letting d(q; e) be
M INDIST.

The drawback of the best-�rst methodis that the priority
queuemayberatherlarge.In particular, thenecessaryamount
of storagemay be as large as the total numberof nonobjects
(and henceon the order of the number of objects) if the
distanceof eachof the nonobjectsfrom the query object q
is approximatelythe same.In low dimensions,suchan event
is relatively rareasits occurrencerequirestwo seeminglyinde-
pendentevents— that is, thatall objectslie in anapproximate
hyperspherecenteredat somepoint p andthatthequeryobject
q be coincidentwith p. However, in high dimensions,where
mostof thedatalies on thesurface(e.g.,[5]) andthecurseof
dimensionality[3], [6] comesinto play, and in metric spaces
with concentrateddistancehistograms,this situation is less
rare.In contrast,theamountof storagerequiredby thedepth-
�rst methodis bounded.In particular, it is proportionalto the
sum of k and the maximum depth of the searchhierarchy,
where,in theworstcase,all of thesibling nonobjectelements
mustberetainedfor eachpartially explorednonobjectelement
in the searchhierarchywhile executingthe depth-�rst search.

Nevertheless,the advantageof the best-�rst algorithmover
the depth-�rst algorithm is that it has been shown to be
I/O optimal for k = 1 [4]. This meansthat the algorithm
doesnot visit more than the minimum numberof nonobject
elements—thatis, it avoids visiting nonobjectelementsthat
will eventuallybedeterminedto be too far from q dueto poor
initial estimatesof D k . This is equivalent to stipulating that
the algorithm is range-optimal,which meansthat the cost of
�nding the k nearestneighborsis the sameasthat of a range
searchwith the searchradiusset to the distancefrom q to its
kth-nearestneighbor.

As we point out above, the implementationsof both the
depth-�rst andbest-�rst algorithmsmake heavy useof a lower
bound M INDIST correspondingto the minimum distanceat
which a nearestobjectcanbe found vis a vis thedistanceD k

to thecurrentkth-nearestobjectfrom q. In thispaper, weshow
how to also usean upperbound MAXNEARESTDIST corre-
spondingto themaximumpossibledistanceat which a nearest
neighboris guaranteedto be found in both the depth-�rst and
best-�rst algorithmsfor �nding the k nearestneighborsfor
arbitrary valuesof k. This upperboundwas �rst introduced
in [22] for thecaseof k = 1 for thepurposeof improving the
initial estimateof D k in the depth-�rst method.It was also
proposedin [25] as an alternative to the M INDIST ordering
for the processingof the nonobject immediatedescendants
of a nonobjectelementin the depth-�rst method but again
limited to k = 1. However, for the purposeof ordering,
M INDIST has beenshown to be more useful [18], [25] and
henceMAXNEARESTDIST is not discussedfurther here in
this context. Therefore,in this paperwe focus on the �rst
purposeandshow how to usethe MAXNEARESTDIST upper
boundfor arbitrary valuesof k (i.e., k � 1) to overcomethe
shortcomingsthat we pointed out earlier of both the depth-
�rst (i.e., pruning) and best-�rst (i.e., size of the priority
queue)k-nearestneighboralgorithms.Note that other upper
boundscan be usedin the k-nearestneighboralgorithmsto
yield what are termed probabilistically approximatenearest
neighbors(e.g.,[9], [11]), althoughthey arebeyondthescope
of this paper.

Therestof this paperis organizedasfollows.SectionII de-
�nes the MAXNEARESTDIST upperbound,while SectionIII
describeshow to use it in the processof �nding the k
nearestneighborsby incorporatingit into the set L of the
k nearestneighborsfound so far, while SectionIV discusses
themanagementof L in greaterdetail.SectionV demonstrates
how to incorporateit in a depth-�rst k-nearestneighboralgo-
rithm to eliminatesomeelementsfrom further consideration,
while Section VI demonstrateshow to incorporateit in a
best-�rst k-nearestneighboralgorithm to reducethe size of
the priority queue of nonobject elementsremaining to be
processed.SectionVII presentsthe resultsof an experiment
where use of MAXNEARESTDIST does indeedimprove the
performanceof both the depth-�rst and best-�rst k-nearest
neighboralgorithms,while concludingremarksare madein
SectionVIII.

I I . THE MAXNEARESTDIST UPPER BOUND

The key motivation for the introduction of the MAX-
NEARESTDIST upper bound in k-nearestneighbor �nding
havebeentheobservationsthatuntil the�rst setof k candidate
nearestneighborshasbeenfound (which enablessettingD k

to a valueother than the initial valueof 1 ),
1) regardlessof the algorithm that is used, no visits of

nonobjectelementsof the searchhierarchycanbe pre-
vented,and

2) in the best-�rst method,no insertionof nonobjectele-
mentsinto the priority queuecanbe avoided.

In fact,LarsenandKanal[22] �rst introducedMAXNEAREST-
DIST as an alternative to the MAXDIST upper bound that
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was proposedby Fukunagaand Narendra[14] as a means
of obtaining an upper bound on D 1 when �nding the near-
est neighbor using the depth-�rst method (see Figure 1a).
In particular, Fukunagaand Narendra's proposal for using
MAXDIST assumeda very simple searchhierarchy where
objectsareclusteredinto groupswhereclusterc hasa cluster
centerM which neednot necessarilycorrespondto an object
in the cluster and all objects in c lie within a distance
rmax of M . Thus in this context, the minimum distance
at which the nearestneighbor could be found was indeed
MAXDIST=d(q; M ) + r max .

LarsenandKanal[22] improveduponFukunagaandNaren-
dra [14] by noting that once the cluster center is not re-
quired correspondto an object in the cluster, the clusters
can be formed even more tightly by taking advantageof
the knowledge that r min is the distancefrom cluster center
M to M 's closestobject within cluster c. This results in
a cluster having the shapeof a spherical shell as shown
in Figure 1b. In particular, they point out that the distance
from the query object q to its nearestobject, which we
term MAXNEARESTDIST, regardlessof which clusterit is in,
cannotexceedd(q; M ) + r min andthusD1 could be resetif
it exceedsthis value.

Figure 1c illustrates the relationship betweenM INDIST,
MAXNEARESTDIST, andMAXDIST by assuminga Euclidean
distance metric and a cluster c in the form of a mini-
mum bounding hypersphereof the objects lying within it.
In this case,we see that the value of MAXNEARESTDIST

is
p

d(q; M )2 + r 2
max and does lie betweenM INDIST and

MAXDIST. Notethatif weassumethattheminimumbounding
hyperspherein Figure 1c is a sphericalshell with r min as
its inner radius and a Euclidean distance metric d, then
MAXNEARESTDIST is the minimum of

p
d(q; M )2 + r 2

max
andd(q; M ) + r min .

I I I . USING MAXNEARESTDIST IN k-NEAREST NEIGHBOR

FINDING

UsingMAXNEARESTDIST to tightentheestimateD k when
�nding the k nearestneighborsinsteadof just the nearest
neighbor (i.e., D 1 when k = 1) is not a simple matter,
although neither Fukunagaand Narendra [14] nor Larsen
and Kanal [22] give it any mention in their depth-�rst al-
gorithms. In particular, note that the simple solution used
for k = 1 of resettingD 1 cannot be generalizedto k by
simply resettingD k to MaxNearestDist (q; e) whenever
MaxNearestDist (q; e) < D k for nonobjectelemente.
The problem is that the distances from q to some of the
k nearestneighborsof q may lie within the range MAX-
NEARESTDIST(q; e) < s � D k , and thus resettingD k to
MaxNearestDist (q; e) maycausethemto bemissed(e.g.,
objecto in Figure2, assuminga Euclideandistancemetric).

The problem is that given the way in which the MAX-
NEARESTDIST upperboundis de�ned here,its primary role
is to setanupperboundon thedistancefrom thequeryobject
to its nearestneighborin a particularnonobjectelement.It is
important to observe that this is not the sameas sayingthat
the upper bound computedby using MAXNEARESTDIST is

q M

e

rmax

s

o

rmin

Dk

MaxNearestDist (q,e)

Figure 2: Example showing that we cannot
simply reset Dk to MaxNearestDist(q,e) when-
ever MaxNearestDist(q,e)< Dk for nonobject el-
ement e which is a spherical shell so that
MaxNearestDist(q,e)= d(q; M) + rmin, assuming a
Euclidean distance metric.

the minimum of the maximumpossibledistancesto the kth-
nearestneighborof thequeryobject,which is not true.Instead,
theway in which theMAXNEARESTDIST upperboundshould
be, and is, usedin k-nearestneighbor�nding is to provide
upper boundsfor a numberof different clusters.Only once
we have obtainedk distinct suchupperbounds,do we have
an upperboundon the distanceto the kth-nearestneighbor.

We make useof the MAXNEARESTDIST upperboundby
expanding the role played by the set L of the k nearest
neighborsencounteredsofar sothat it alsocontainsnonobject
elementse, such that MaxNearestDist (q; e) < D k , that
have been encounteredso far (in the courseof either the
depth-�rst or best-�rst k-nearestneighboralgorithms)along
with their correspondingMAXNEARESTDIST values,aswell
as continuing its role of containingobjectswith their corre-
spondingdistancevaluesfrom q. In particular, eachtime we
processa nonobjectelemente of the searchhierarchy, we
insertin L all of e's nonobjectchild elementsalongwith their
correspondingMAXNEARESTDIST values.In addition,before
we attemptto insertthe nonobjectchild elementsof e into L ,
we remove e from L. The insertionof e into L requiressome
careso that we aresureto always �nd e whenattemptingto
remove it.

IV. MANAGEMENT OF L

In this sectionwe discussthe managementof the set L of
thek nearestneighborsencounteredsofar usingtheprinciples
outlined in Section III. This discussionis independentof
whethera depth-�rst or best-�rst algorithmis usedto �nd the
k nearestneighborsof query object q. In particular, we only
assumethat eachtime we processa nonobjectelemente of
the searchhierarchy, we insert in L all of e's nonobjectchild
elementsalongwith their correspondingMAXNEARESTDIST

values.In addition,beforewe attemptto insert the nonobject
child elementsof e into L , we remove e from L.
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Figure 1: Examples showing the calculation of MaxDist, MaxNearestDist, and MinDist when objects are
clustered into groups where the cluster centers do not necessarily correspond to objects in the clusters. (a)
Cluster c has a cluster center M and all objects in c lie within a distance rmax of M, (b) adding the condition
that rmin is the distance from M to M's closest object within c, and (c) the cluster is the minimum bounding
hypersphere of a set of objects whose cluster center is determined to be M.

Given theseassumptionsaboutthenew algorithms,the rest
of this sectionis organizedas follows. SectionIV-A presents
the implementationof L . Section IV-B proves a couple of
key propertiesof L when usedto store nonobjectelements
alongwith their correspondingMAXNEARESTDIST valuesin
k-nearestneighbor�nding. They areindependentof which of
thetwo variantsof theoriginal k-nearestneighboralgorithmis
used.In particular, the only propertyof the algorithmsthat is
usedin the proofsis that they processthe nonobjectelements
of the searchhierarchyin increasingorderof their M INDIST

valueseither locally (depth-�rst algorithm) or globally (best-
�rst algorithm). SectionIV-C describesin greaterdetail the
processof insertingnonobjectelementsin L , while SectionIV-
D discussesthe processof the explicit removal of nonobject
elementsfrom L. Theactualcodefor thetwo variantsof thek-
nearestneighbor�nding algorithmsthat incorporatetheMAX-
NEARESTDIST upperboundis given in SectionsV andVI.

A. Implementationof L

The variantsof the k-nearestneighboralgorithmsthat we
describeneed to be able to insert and remove speci�c ob-
jectsandnonobjectswith correspondingMAXNEARESTDIST

valuesinto and from the set L . In addition, we want to be
able to accessas well as deletethe farthestof the k nearest
neighbors.We implementL usingapriority queueasit enables
the latter two operationsto be performedwithout needless
exchangeoperationsas would be the caseif L were to be
implementedusing an array. Each elemente in L has two
data �elds E and D correspondingto the item i (object or
nonobject)thate containsandi 's distancefrom q (i.e., d(q; i )
or MAXNEARESTDIST(q; i ), respectively), and a numberof
�elds correspondingto control informationspeci�c to thedata
structureusedto implementthe priority queue(e.g.,a binary
heap).We usethe function MaxL (L ) to accessthe element
in L with the highestpriority (i.e., at the top of the queueor,
equivalently, the �rst andmostaccessibleelement).Whenthe

queueL is full, thenMaxL (L ) correspondsto thekth-nearest
neighbor(i.e., the farthestof the known k nearestneighbors
of q).

B. Propertiesof L WhenContainingMaxNearestDistValues

In this section,we prove someimportantpropertiesof the
modi�cation of L describedin SectionIII. We assumethat
eachobjectappearsjust oncein the searchhierarchy2. Asso-
ciatedwith eachnonobjectelemente in L is its corresponding
MaxNearestDist (q; e) value.This value resultsfrom the
postulationof theexistenceof anobjecto at this distance,and
o is saidto beassociatedwith e, whetheror not suchanobject
actuallyexists. The key idea is that the particularpositioning
of o is what determinesthe MaxNearestDist (q; e) value.
In particular, we prove that each of the elementsof L is
associatedwith a unique object (Theorem 4.1), and that
there is no need to insert a nonobjectelemente such that
MaxNearestDist (q; e) � D k whichmeansthatL contains
at mostk elements(Theorem4.2).

Theorem4.1: The objecto associatedwith eachelemente
of L is unique.

Proof: Since the objects in the set from which the
neighborsare drawn are unique, once object o appearsas
one of the elementsin L , it cannot be a memberof one
of the nonobject elements in L . Moreover, the fact that
nonobjectelemente is removed from L beforeinsertingany
of e's children into L ensuresthat no ancestor-descendant
relationshipexists betweenany two elementsof L . Therefore,
theobjecto associatedwith thenonobjectelementu of L at a
distanceof MAXNEARESTDIST is guaranteedto be unique
even though it may not have been identi�ed yet. In other
words,at thetime at which we arereadyto insertu into L , its

2Searchhierarchieswhereobjectsappearmorethanonceasis thecasefor
thosebasedon a disjoint decompositionof the spacefrom which the objects
aredrawn suchasanR+ -tree[28] anda PM quadtree[27] aremorecomplex
andbeyond the scopeof this paper.
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associatedobjecto is not alreadyin L nor is o associatedwith
any othernonobjectelementin L . Note that the de�nition of
the MAXNEARESTDIST upperboundensuresthat for eachof
the entriesu in L , there is at leastone object o in the data
set whosemaximumpossibledistancefrom q is the one that
is associatedwith u.

Theorem4.2: Thereis no needto insert into L any nonob-
ject elemente suchthatMaxNearestDist (q; e) � D k , and
thus the maximumsizeof L is k.

Proof: There is no needto insert in L any nonobject
elemente such that MaxNearestDist (q; e) � D k as e
by itself cannotbe usedto further reducethe value of D k .
Moreover, failing to insert such an e in L does not affect
the k-nearestneighbor �nding processas regardlessof the
nature of the k-nearestneighbor �nding algorithm that is
used(i.e., depth-�rst or best-�rst), the appropriatenonobject
elementsthat are subsequentlyprocessedare explored in
increasingorderof their M INDIST values.Therefore,the fact
that MinDist (q; e) � MaxNearestDist (q; e) for all q
and nonobjectelementse, meansthat if MinDist (q; e) �
D k , then e will never be explored further anyway, and if
MinDist (q; e) < D k , then e will be explored regardlessof
the value of MaxNearestDist (q; e) and whetheror not e
was insertedinto L . Therefore,not having insertede in L
makes no differencesince the descendantsof e will be ex-
ploredanyway. Thesizeof L is upper-boundedby k (actually,
it candecrease)aswhennonobjectelemente is removedfrom
L, it could be the case that MaxNearestDist (q; ei ) �
D k for each of the immediate nonobject child elements
ei of e in which case none of them are inserted into L .
Figure 3 is an example that illustrates how the size of L
can decreasefor an element e with three spherical shell-
like children ea, eb, and ec, assuminga Euclideandistance
metric. In particular, in this case,we assume,without loss
of generality, that D k is equal to MaxNearestDist (q; e)
and that MaxNearestDist (q; ei ) = d(q; M i ) + ri; min for
each of the children ei (i = f a; b; cg). It is easy to see
that MaxNearestDist (q; ei ) > D k for each of ei (i =
f a; b; cg).

C. Insertionof NonobjectElementsinto L

Oneof thekey propertiesunderlyingany k-nearestneighbor
algorithm is that the value of D k , the distanceof the kth-
nearestneighborof q, is nonincreasing.This is ensuredby
Theorem4.2 and the actual k-nearestneighbor algorithms
(seeSectionsV andVI) which make useof procedureMAX-
NEARESTDISTINSERTL, given below, to updateL as closer
objects and nonobjectsare found, thereby causingexisting
elementsin L to be removed when L already containsk
elements.Elementsof L that are removed in sucha manner
aresaid to be removed implicitly, in contrastto elementsthat
are removed explicitly whenever attemptsare madeto insert
their children into L (seeSectionIV-D).

1 procedure MAXNEARESTDISTINSERTL(e, s)
2 /* Insert element(object or nonobject)e at distances

from query object q into the priority queueL using
ENQUEUE. Assumethat objectshave precedenceover

ra,min
MaMp

rp,min

rp,max

q
ra,max

Mb

rb,max

rb,min

Mc

rc,max

rc,min

e

Figure 3: Example illustrating how the number of el-
ements in L can decrease as a result of the situation
that arises when the MaxNearestDist values of the
three nonobject child elements ea, eb, and ec of ep

are greater than the current value of Dk which is the
MaxNearestDist value of ep, assuming a Euclidean
distance metric.

nonobjectswhenthey areat thesamedistanceD k (i.e.,
the kth- nearestneighbor)from the queryobjectq. */

3 if SIZE(L ) = k then
4 h DEQUEUE(L )
5 if not ISOBJECT(E (h)) then
6 while not ISEMPTY(L )
7 and not ISOBJECT(E (MAXL(L )))
8 and D(MAXL(L )) = D(h) do
9 DEQUEUE(L )

10 enddo
11 endif
12 endif
13 ENQUEUE(e, s, L )
14 if SIZE(L ) = k then
15 if D (MAXL(L )) < D k then
16 D k  D (MAXL(L ))
17 endif
18 endif

ProcedureMAXNEARESTDISTINSERTL proceedsas fol-
lows. If there are k candidatenearestneighborsin L (de-
terminedwith the aid of the function Size(L ) which is not
given here), then MAXNEARESTDISTINSERTL precedesthe
insertion,which is performedby ENQUEUE (not given here),
by �rst dequeueing(i.e., implicitly removing) the current
farthestmember(i.e., the kth-nearestmember)from L using
DEQUEUE (not given here)3. Next, if there are k candidate
nearestneighborsafter the insertion, then MAXNEAREST-
DISTINSERTL resetsD k to thedistanceof thecurrentfarthest
nearestneighbor (see lines 15 and 16), accessedby the

3Note the asymmetrybetweenDEQUEUE which removes the item at the
front of the queuewhile ENQUEUE insertsan item in its appropriateposition
in thequeue.Wealsomake useof aprocedureREMOVEQUEUE in SectionIV-
D which is thecomplementof ENQUEUE in that it removesa speci®celement
from the queuewhich may involve a search.
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function MAXL (not given here, although in the caseof a
priority queueimplementionof L as in this case,it is the
current�rst elementin the queue).

The situation is different when there are fewer than k
candidatenearestneighborsin L as now there is no need
to dequeue(i.e., implicitly remove) any elementsfrom L.
An example of such a situation was given in the proof of
Theorem4.2 and is also always the casein the initial stages
of the k-nearestneighbor�nding process.Moreover, in this
case,the insertionof an objector nonobjecte into L doesnot
causea changein D k asD k indicatesthe minimum of all of
thedistancevaluesthathave beenassociatedwith theentry in
L that correspondsto the kth-nearestneighborof q and D k

hasnot changedas a result of the current insertionof e at a
distanced(q; e) < D k into L .

WhenL containsk elementsandwe mustimplicitly remove
anelemente in orderto accommodatetheinsertionof thenew
elementwith distanceless than D k , then we must exercise
somecautionif thereareseveralelements(objectsandnonob-
jects)at thesamedistanceD k from q. Themotivationfor this
is to try to minimize the needto searchfor e, and possibly
not �nd e due to e having beenimplicitly removed from L
earlier, whenwe subsequentlyattemptto explicitly remove e
from L. This needlesssearchis avoided by adoptingsome
convention as to which elementof L at distanceD k should
be removedimplicitly by MAXNEARESTDISTINSERTL when
thereare several nonobjectsin L having D k as their MAX-
NEARESTDIST valueaswell asobjectsat distanceD k .

We adopt the convention that objects have priority over
nonobjectsin the sensethat in terms of nearness,objects
have precedenceover nonobjectsin L . This meansthat when
nonobjectsand objects are at the same distance from q,
the nonobjectsappearcloser to the maximum entry in the
priority queueL (i.e., MAXL(L )), which correspondsto the
kth-nearestcandidateneighbor. In particular, we stipulate
that whenever insertion into a full priority queueresults in
dequeuinga nonobjectelementb with MAXNEARESTDIST

valued, we checkif the new MAXL(L ) entry c corresponds
to a nonobjectwith the sameMAXNEARESTDIST valued in
which casec is also dequeued.This loop continuesuntil the
new MAXL(L ) entrycorrespondsto an objectat any distance
includingd, or correspondsto anonobjectatany otherdistance
d0 < d, or L is empty (see lines 5–11). Note that D k is
only resetif exactly oneentry hasbeendequeued(from a full
priority queue)and the distanceof the new MAXL(L ) entry
is lessthan D k (seelines 13–17).Otherwise,if we dequeue
morethanoneentry, theneventhoughthedistanceof thenew
MAXL(L ) entry may now be lessthanD k , it cannotbe used
to resetD k asL now containsfewer thank entries.In fact, it
shouldbeclearthatD k shouldnot beresetasD k hasnotbeen
decreasedsincetheonly reasonfor theremoval of themultiple
nonobjectentries is to avoid subsequentpossibly needless
searcheswhen explicitly removing nonobjectelementswith
MAXNEARESTDIST valueD k .

D. Removal of NonobjectElementsfrom L

As we pointed out in the proof of Theorem 4.2, there
is no need for L to ever contain more than k elements.

Thissimpli�es thek-nearestneighboralgorithmsconsiderably.
However, it does mean that when we need to explicitly
remove a nonobjectelemente from L just before inserting
in L all of e's nonobject child elementsalong with their
correspondingMAXNEARESTDIST valuesthat are less than
D k , it could be the casethat e is no longer in L . This is
becausee may have beenimplicitly removed as a byproduct
of the insertion of closer objects or nonobjectelementsas
a result of their correspondingMAXNEARESTDIST values
being smallerthan that of e and therebyresultedin resetting
D k . ProcedureMAXNEARESTDISTREMOVEL, given below,
accomplishesthis task, while also following our convention,
set forth in Section IV-C, that objects have priority over
nonobjectswhenthey are in L at the samedistanceD k (i.e.,
the kth-nearestneighbor)from the queryobjectq.

1 procedure MAXNEARESTDISTREMOVEL(e)
2 /* Remove element (object or nonobject) e from the

priority queueL usingREMOVEQUEUE. Assumethat
objects have precedenceover nonobjectswhen they
arein L at thesamedistanceD k (i.e., thekth-nearest
neighbor)from the queryobjectq. */

3 if MAXNEARESTDIST(q; e) < D k or
4 ( MAXNEARESTDIST(q; e) = D k and
5 D(MAXL(L )) = D k and
6 not ISOBJECT(E (MAXL(L )))) then
7 REMOVEQUEUE(e;L )
8 endif

ProcedureMAXNEARESTDISTREMOVEL proceedsas fol-
lows. When a nonobjecte is to be removed explicitly from
L and e's MAXNEARESTDIST value is < D k (see line 3),
then e hasto be in L as it is impossiblefor e to have been
removed implicitly since D k is nonincreasingin our algo-
rithms (i.e., the depth-�rst and best-�rst given in SectionsV
and VI). Therefore,we remove e and decrementthe size of
L usingprocedureREMOVEQUEUE which is not given here.
On theotherhand,thesituationis morecomplicatedwhene's
MAXNEARESTDIST valueis equalto D k (seeline 4). First, if
the maximumvalueassociatedwith an elementin L (i.e., the
one associatedwith MAXL(L )) is lessthan D k (seeline 5),
then e cannotbe in L , and we do not attemptto remove e.
Sucha situationarises,for example,whenwe have dequeued
more than onenonobjectdue to having several nonobjectsat
distanceD k . Second,if the maximumvalue associatedwith
an elementin L (i.e., the one associatedwith MAXL(L )) is
equalto D k , thentherearetwo casesdependingonwhetherthe
entry c in MAXL(L ) correspondsto an objector a nonobject
(seeline 6). If c correspondsto an object, then nonobjecte
cannotbe in L as we have given precedenceto objects,and
all nonobjectsat the samedistanceareeitherin L or they are
all not in L . If c correspondsto a nonobject,then nonobject
e hasto be in L asall of the nonobjectsat the samedistance
have beeneitherremovedimplicitly togetheror retained,and,
in this case,by virtue of the presenceof c in L we know that
they have beenretainedin L . Note that when we explicitly
remove a nonobjectat distanceD k from L, we do not remove
all remainingnonobjectsat the samedistancefrom L as this
needlesslycomplicatesthealgorithmwith noadditionalbene�t
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asthey will all be removed implicitly togetherlater if at least
oneof themmustbe implicitly removed due to a subsequent
insertioninto a full priority queue.

V. DEPTH-FIRST ALGORITHM USING MAXNEARESTDIST

Incorporatingthe MAXNEARESTDIST upperbound in the
depth-�rst k-nearestneighboralgorithm,therebyyieldingwhat
we characterizeasa maxnearestdepth-�rst k-nearestneighbor
algorithm, is straightforward and is realized below by the
recursive procedureMAXNEARESTDISTDF which is invoked
with parametere initialized to the root of the searchhierar-
chy. In MAXNEARESTDISTDF, if the nonobjectelemente
being visited is at the deepestlevel of the searchhierarchy
(usually referred to as a leaf or leaf element), then every
object o in e that is nearerto q than the currentkth-nearest
neighborof q (i.e., d(q; o) < D k ) is insertedinto L , with
its associateddistancefrom q (i.e., d(q; o)), using procedure
MAXNEARESTDISTINSERTL given in SectionII (lines 2–9
of MAXNEARESTDISTDF). Otherwise(i.e., e is not a leaf
element), MAXNEARESTDISTDF generatesthe immediate
successorsof e, placesthem in a list A(e), known as the
active list of e, and proceedsto insert any of them whose
M INDIST and MAXNEARESTDIST valuesare less than D k

into L (lines12–21).It thenproceedsto recursively processall
of thenonobjectchild elementsof e whoseM INDIST valueis
lessthanD k (line 24) after removing themfrom L if possible
(line 26).

1 recursive procedure MAXNEARESTDISTDF(e)
2 if ISLEAF(e) then /* e is a leaf with objects*/
3 foreach objectchild elemento of e do
4 Computed(q; o)
5 if d(q; o) < D k or
6 (d(q; o) = D k and SIZE(L ) < k) then
7 MAXNEARESTDISTINSERTL(o, d(q; o))
8 endif
9 enddo

10 else /* e is a nonleafwith nonobjectsep */
11 Generateactive list A with child elementsep of e
12 /* A is sortedin increasingorder with respectto q

using M INDIST andprocessedin this order*/
13 foreach elementep of A do
14 /* Try to applyMAXNEARESTDIST while process-

ing A in increasingorder*/
15 if M INDIST(q, ep) > D k then
16 exit for loop /* No further insertions*/
17 elseif MAXNEARESTDIST(q; ep) < D k then
18 MAXNEARESTDISTINSERTL(
19 ep, MAXNEARESTDIST(q; ep))
20 endif
21 enddo
22 foreach elementep of A do
23 /*ProcessA in increasingorder*/
24 if M INDIST(q, ep) > D k then exit for loop
25 else
26 MAXNEARESTDISTREMOVEL(ep)
27 MAXNEARESTDISTDF(ep)
28 endif

29 enddo
30 endif

We now prove a couple of important propertiesof our
algorithm. First, thereare no nonobjectelementsin L when
the algorithm(i.e., MAXNEARESTDISTDF) terminates.

Theorem5.1: Thereare no nonobjectelementsin L when
the maxnearestdepth-�rst k-nearestneighboralgorithm (i.e.,
MAXNEARESTDISTDF) terminates.

Proof: We show this by contradiction. Suppose
that L contains a nonobject element e upon termination.
The fact that the algorithm has terminated means that
MinDist (q; u) > D k for all unprocessednonobject el-
ements u. However, the presenceof e in L means that
MaxNearestDist (q; e) � D k and therefore by virtue
of MinDist (q; e) � MaxNearestDist (q; e) we know
that e has beenprocessedalreadywhich meansthat e must
have beenremoved explicitly from L which contradictsour
initial assumptionthat L containsnonobjectelementsupon
termination.

Second,we prove our main resultwhich is that thenumber
of nonobjectelementsthatmustbeexamineddueto usingthe
MAXNEARESTDIST upperboundis not increased.

Theorem5.2: The maxnearestdepth-�rst k-nearestneigh-
bor algorithm(i.e., MAXNEARESTDISTDF) visits at mostthe
samenumberof nonobjectelementsof the searchhierarchy
as the conventionaldepth-�rst algorithm,andmay visit less.

Proof: We know that D k is nonincreasingas it is only
updatedwhen an object or nonobjectat a distanceless than
D k is insertedinto L . This is true for both the conventional
andmaxnearestversionsof the depth-�rst k-nearestneighbor
algorithm. Inserting a nonobject element e into L in the
maxnearestalgorithm causesD k to decreaseor at the worst
to maintain the same value. Supposethat D k has indeed
decreasedso that it now has the value de instead of the
previous value of dp. This meansthat a nonobjectelement
n with minimum distancedn suchthatde < dn < dp will not
bevisitedwhereasn would have beenvisitedhadwe not used
theMAXNEARESTDIST upperbound,andthusthenumberof
nonobjectelementsthat arevisited hasdecreased.

VI . BEST-FIRST ALGORITHM USING MAXNEARESTDIST

Incorporatingthe MAXNEARESTDIST upperboundin the
best-�rst algorithm,therebyyielding whatwe characterizeasa
maxnearestbest-�rst k-nearestneighboralgorithm,is straight-
forward and is realizedbelow by procedureMAXNEAREST-
DISTBF which is invoked with parametere initialized to the
root of the searchhierarchy. Recall that in the depth-�rst
algorithm, incorporationof MAXNEARESTDIST enabledthe
useof thenonobjectelementsof thesearchhierarchyto speed
up the convergenceof D k to its �nal value therebyhelping
to prune the set of k candidatenearestneighborsinsteadof
pruning only with the aid of the k nearestobjectsas in the
standardimplementation.It shouldbe clear that both the fact
that a best-�rst algorithmexaminesthe nonobjectelementsin
increasingM INDIST order and the fact that every nonobject
elementwith M INDIST lessthan the �nal value of D k must
be examinedtogethermeanthat no matterhow fast the value
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of D k convergesto its �nal value,a best-�rst algorithm will
never examine any extra nonobjectelements.However, use
of MAXNEARESTDIST in the best-�rst algorithm still helps
to speedup the convergenceof D k to its �nal value which
meansthat its useresultsin reducingthe size of the priority
queueQueueasfewer nonobjectelementsare insertedinto it
initially while D k is at its initial valueof 1 .

1 procedure MAXNEARESTDISTBF(e)
2 ENQUEUE(e, MAXNEARESTDIST(q; e); L )
3 ENQUEUE(e,0, Queue)
4 while not ISEMPTY(Queue) do
5 t DEQUEUE(Queue)
6 e E(t)
7 if D (t) > D k then
8 return /* Foundk nearestneighborsandexit */
9 else MAXNEARESTDISTREMOVEL(e)

10 endif
11 if ISLEAF(e) then /* e is a leaf with objects*/
12 foreach objectchild elemento of e do
13 Computed(q; o)
14 if d(q; o) < D k or
15 ( d(q; o) = D k and SIZE(L ) < k) then
16 MAXNEARESTDISTINSERTL(o, d(q; o))
17 endif
18 enddo
19 else /* e is a nonleaf*/
20 foreach child elementep of e do
21 if M INDIST(q; ep) < D k then
22 if MAXNEARESTDIST(q; ep) < D k then
23 MAXNEARESTDISTINSERTL(
24 ep, MAXNEARESTDIST(q; ep))
25 endif
26 ENQUEUE(ep, M INDIST(q; ep), Queue)
27 endif
28 enddo
29 endif
30 enddo
31 return

MAXNEARESTDISTBF processesall nonobjectelementsin
Queuein the order in which they appearin Queue(i.e., the
elemente at the front is processed�rst). We �rst remove
e from Queue(lines 5–6), and also check if e should be
explicitly removedfrom L usingthesamemethodasin MAX-
NEARESTDISTDF (line 9). Recall that this stepensuresthat
theobjectsthatareassociatedwith thedifferententriesin L are
unique.This removal stepis missingin a variantof a best-�rst
k-nearestneighboralgorithm that usesMAXNEARESTDIST

proposedby Ciaccia,Patella,and Zezulafor the M-tree [12]
therebypossiblyleadingto erroneousresults.Next, we check
if e is a leaf elementin which casewe examineits constituent
objectsusing the samemethodas in MAXNEARESTDISTDF
(lines 12–18). Otherwise,we examine eachof e's child el-
ementsep, and insert ep and its associatedM INDIST(q; ep)
valueinto Queue(line 26) if M INDIST(q; ep) is lessthanD k

(line 21). WhenM INDIST(q; ep) � D k , we alsocheckif ep 's
associatedMAXNEARESTDIST(q; ep) value is less than D k

(line 22), in which casewe useMAXNEARESTDISTINSERTL

to insert ep and MAXNEARESTDIST(q; ep) into L , and pos-
sibly resetD k (line 23). As in MAXNEARESTDISTDF, this
actionmaycausesomeelements(bothobjectsandnonobjects)
to be implicitly removed from L. Thus the MAXNEAREST-
DIST upperboundis usedhereto tighten the convergenceof
D k to its �nal value.

Notice that in contrastto the depth-�rst algorithm (MAX-
NEARESTDISTDF), thenonobjectchild elementsep of nonob-
ject element e (i.e., the elementsof the active list of e)
are not sorted with respectto their distance(M INDIST or
MAXNEARESTDIST) from q beforetestingfor the possibility
of insertion into L and enqueuinginto Queue(lines 20–28).
In particular, assumingdata of a �x ed dimensionand that
the active list containsT elements,there is no advantagein
incurringtheextra time neededto sort thechild elements(i.e.,
O(T logT) time) since all that the sort can accomplishis
avoiding the tests(i.e., O(T) time). In otherwords,unlike the
depth-�rst algorithm, in the best-�rst algorithm, there is no
needto worry aboutorderingthe processingof the elements
of the active list.

We now prove a couple of important propertiesof our
algorithm. First, thereare no nonobjectelementsin L when
the algorithm(i.e., MAXNEARESTDISTBF) terminates.

Theorem6.1: Thereare no nonobjectelementsin L when
the maxnearestbest-�rst k-nearestneighbor algorithm (i.e.,
MAXNEARESTDISTBF) terminates.

Proof: The fact that eachtime that a nonobjectelement
e is removed from the priority queue Queue, e is also
explicitly removed from L if it is in L by virtue of its
MAXNEARESTDIST value being less than D k , and the fact
that MinDist (q; e) � MaxNearestDist (q; e) together
ensurethat thereareno nonobjectelementsleft in L whenthe
best-�rst algorithm terminates(i.e., when the distancevalue
associatedwith the �rst elementin the priority queueQueue
is greaterthan D k ), and thus the elementsin L are the k
nearestneighborsof q.
Theorem6.1 is of interestas when the best-�rst algorithm
terminates,it is quite likely that the priority queueQueueis
not empty as we do not constantlycheckit for the presence
of nonobjectelementswith associateddistancevaluesgreater
thanD k eachtime the valueof D k decreases.

Second,we prove our main result which is that the maxi-
mumnumberof nonobjectelementsthatmaybein thepriority
queuedue to using the MAXNEARESTDIST upperbound is
not increased.

Theorem6.2: When the maxnearestbest-�rst k-nearest
neighboralgorithm(i.e., MAXNEARESTDISTBF) terminates,
the maximumsizeattainedby the priority queueQueueis at
most as large as that of the conventionalbest-�rst algorithm,
andmay be less.

Proof: We know that D k is nonincreasingas it is only
updatedwhen an object (nonobject) at a distance(MAX-
NEARESTDIST) lessthanD k is insertedinto L . This is truefor
boththeconventionalandmaxnearestversionsof thebest-�rst
k-nearestneighboralgorithm.Insertinga nonobjectelemente
into L in the maxnearestalgorithm causesD k to decrease
or at the worst to maintainthe samevalue.Supposethat D k

hasindeeddecreasedso that it now hasthe value de instead
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of the previous value of dp. This meansthat a subsequently
processednonobjectchild elementn with minimum distance
dn such that de < dn < dp will not be insertedinto Queue
whereasn would have beeninsertedinto Queuehad we not
usedthe MAXNEARESTDIST upperboundand thus the size
of Queuehasdecreased.

VI I . EXPERIMENTAL RESULTS

In this sectionwe demonstrate,with the aid of an exam-
ple, situationswhereuseof MAXNEARESTDIST can lead to
additionalpruningin the depth-�rst algorithmandlikewise to
a reductionin the size of the priority queuein the best-�rst
algorithm.In particular, assuminga Euclideandistancemetric,
we applied the depth-�rst and best-�rst algorithmswith and
without theuseof MAXNEARESTDIST to thesetof 100 two-
dimensionalpointsgivenin Figure4, storedin theR*-tree[2],
which is an object hierarchywhere the minimum bounding
boxesarehyperrectanglesinsteadof spheresasis thecasefor
the SS-tree[29]. The R*-tree hasthe desirableproperty that
overlapis kept low betweenminimum boundingboxesat the
samelevel (i.e., they aremorelikely to be disjoint or closeto
disjoint).

Figure 4: Block decomposition at the top 2 levels
(depth 2 shown with darker borders than depth 1)
in an R*-tree for 100 points in a 512� 512 space
with the origin at the upper-left corner where the
fanout at each node lies between 2 and 4. The
maximum depth of the tree is 6. q1, q2, q3, q4, and
q5 correspond to query points.

Figure5 shows the differencein performanceof the depth-
�rst (DF) and best-�rst (BF) algorithms with and without
use of MAXNEARESTDIST for valuesof k, the numberof
nearestneighborssought,rangingfrom 1 to 6 for � ve different
querypointslabeledq1:::q5 on thedatain Figure4. Fromthis
example,we seethattheimprovements/savingsaremaximized

ask getssmallervis-a-visthemaximumcapacity(i.e., fanout)
of the nodesof the searchhierarchythat is used.This is not
surprisingas MAXNEARESTDIST, which is mosteffective at
the initial stageof the search,cannottake effect until at least
k nonobjectshave beenprocessed.Thuswhenthe capacityis
lessthan k, it doesnot comeinto effect until nodesat depth
1 have beenprocessed,which reducesits pruningpower both
in termsof nodesto be processed(depth-�rst) and enqueued
(best-�rst).

We also observe that the bene�t of using MAXNEAREST-
DIST is morepronouncedin thecaseof thebest-�rst algorithm
where one of our examplesdemonstrateda 400% improve-
mentwhile 10–15%seemsa morereasonableexpectationfor
the best-�rst algorithm.The fact that MAXNEARESTDIST is
more effective in the best-�rst algorithm than the depth-�rst
algorithmis attractive asthebest-�rst algorithmis I/O optimal
and thus we are overcomingits only drawback,which is the
potentially large queuesize.

In general, from our example, it can be seen that the
improvement/savings that canbe obtainedfrom useof MAX-
NEARESTDIST are heavily dependenton the underlyingdis-
tribution of thedataandon thepositioningof thequerypoint.
However, mostimportantly, theperformanceof thealgorithms
canonly be improvedby usingMAXNEARESTDIST, whereas
this is not the case in some of the prior usageof MAX-
NEARESTDIST where it was used to order the processing
of the elementsof the active list in the depth-�rst algorithm
(e.g.,[13], [25]).

VI I I . CONCLUDING REMARKS

We have shown how to useMAXNEARESTDIST, an upper
bound correspondingto the maximum possibledistanceat
whichanearestneighboris guaranteedto befound,to enhance
the performanceof both a depth-�rst branchand boundand
a best-�rst k-nearestneighbor �nding algorithm by virtue
of yielding tighter initial estimatesof D k , the distanceat
which the kth-nearestneighboris found. This enablesus to
start pruning elementsof the searchhierarchy(both objects
and nonobjects)in the depth-�rst algorithm and to avoid
enteringnonobjectelementsin the priority queuein the best-
�rst algorithm.Thus we seethat useof MAXNEARESTDIST

enhancesthe performanceof both the depth-�rst and best-
�rst algorithmsby addressingtheir shortcomings— that is,
reducingthe numberof nonobjectelementsthat needto be
examinedby theformerandreducingthestoragerequirements
of the latterat no extra costin theexecutiontime of the latter
andnoextrastoragerequirementsfor theformer. Nevertheless,
it is importantto bearin mind thatwe arenot sayinganything
about the relative performanceof the two algorithms,which
is a moregeneralissueandbeyond the scopeof this paper.

Some implementationsof the best-�rst nearestneighbor
algorithm (e.g., [16]–[18], [24]) also store the objects in a
priority queuethereby enabling the algorithms that employ
this methodto be incremental.This meansthat now both the
objectsandnonobjectsarevisited in increasingorderof their
distancefrom q, andtheobjectsarealsoreportedin increasing
orderof their distancefrom q. They aredesignedfor the case
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Number of Query Points

Neighbors q1=(335,453) q2=(339,343) q3=(170,309) q4=(190,365) q5=(326,353)
DF BF DF BF DF BF DF BF DF BF

1 15:11 12:3 13:9 13:5 9:9 8:5 9:9 8:4 17:13 18:5
2 15:11 12:3 13:9 13:5 9:9 8:5 9:9 8:4 17:13 18:5
3 21:15 12:6 21:19 13:10 13:13 10:5 11:9 10:6 21:19 18:8
4 26:19 12:9 23:20 13:10 15:13 11:7 13:11 10:6 23:19 18:11
5 26:24 12:9 23:21 17:13 16:14 11:7 14:11 10:7 23:21 18:14
6 26:25 12:10 24:23 17:13 16:14 11:10 16:14 10:7 26:23 18:16

Figure 5: The effect of using MaxNearestDist in the depth-�rst and best-�rst k-nearest neighbor �nding
algorithm for 5 different query points in the 100 data point R*-tree of Figure 4 where each node contains
at least 2 and at most 4 points. Entries A:B in columns labeled DF indicate the number of recursive calls
to the procedure using MaxNearestDist (B) and without using it (A). Entries C:D in columns labeled BF
indicate the maximum size of the priority queue Queue using MaxNearestDist (D) and without using it (C).

that k is not known in advance,therebymaking them inap-
propriatefor usewith theMAXNEARESTDIST upperboundas
no nonobjectelementscanbeexcludedfrom Queuesincethey
may all be eventually neededshouldk get suf�ciently large
(the sameholds for probabilisticalgorithmssuchas [9]).

Note, that the complexity of the processof computingthe
MAXNEARESTDIST upper bound dependson the natureof
clusteringprocessusedto form the searchhierarchy, as well
as the domain of the data. For example, in d dimensions,
using the Euclidean distancemetric, its complexity is the
same as that of M INDIST when the cluster elementsare
minimum boundinghyperspheres(i.e., O(d)), whereaswhen
the clusterelementsare minimum boundinghyperrectangles,
the complexity of MAXNEARESTDIST is O(d2) while the
complexity of M INDIST in this caseis just O(d).

Theutility of theMAXNEARESTDIST upperbounddepends
onthedistributionof theunderlyingdataandalsoonthenature
of theclusteringmethodsthatareappliedin formingthesearch
hierarchies.An interestingand openquestionis determining
the type of data distributions and clustering methods for
which MAXNEARESTDIST is most effective. For example,
MAXNEARESTDIST may be most useful when using non-
standardclusteringmethodswhereobjectsarenot necessarily
associatedwith the closestclustercenter(seeobjecto in Fig-
ure6). Similarly, asanotherexample,considerclustersformed
by the � ve interlocking Olympic rings. On the other hand,
MAXNEARESTDIST is not particularly useful for uniformly-
distributeddataor whenthe queryobject is insideoneof the
clusters.
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