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Efficient On-Line Proofs of Equ‘alities and

Inequalities of Formulas

HANAN SAMET

Abstract—An algorithm is presented for proving equivalence and
inequivalence of instances of formulas involving constant terms, It is
based on the construction of an equality data base in the form of a
grammar. The algorithm differes from other approaches to the
problem by being an on-line algorithm. Equality between two
formulas can be proved in time proportional to the number of
constant and function symbols appearing within them. An algorithm
is also given for updating the equality data base. It has a worse case
running time which is proportional to the square of the number of
different formulas previously encountered.

Index Terms—Equality, code optimization, hashing, on-line
algorithms, program verification, symbolic execution, theorem
proving. :

I. INTRODUCTION

There exist practical and efficient methods for proving
equality and inequality between instances of formulas in-
volving constant terms. Such methods are crucial in the
implementation of code optimizers [4], program verifiers [8],
[11], theorem provers [3], and symbolic execution systems
[7]. All of these applications require a capability of maintain-
ing a data base to enable the performance of operations such
as: determining whether or not two items are known to be
equal or unequal, updating the data base to include a new
equality or inequality, and ascertaining whether or not a
pair of equalities is consistent with the current set of
equalities and inequalities.

For example, we would like to be able to prove relation-
ships such as

Example 1: Given: fla)=c
fb)=d
a=b»b
Derive: c=d

Example 2:  Given: g(a, b) # g(c, d)
a=c
Derive: b+d

The order in which the equalities are encountered is
important in the sense that the algorithms must lend
themselves to a dynamically changing environment (ie.,
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on-line algorithms [2]'). This is especially true in symbolic
execution systems where alternate program paths are
explored, ie., in one path a relationship is assumed to be
true, while in another path it is assumed to be false. In
Example 1 we see that if a = b were encountered prior to
f(a) = c,and f(b) = d, then the equality of ¢ and d would be
quite easy to prove. Our goal is to be able to prove such
relationships regardless of the order in which the data base is
constructed.

In order to aid our exposition, we define some terms using
the following grammar:

{formula) = {atomic formula) |
{compound formula)
atomic formula) = {constant symbol>
{compound formula} = {function symbol»
(Cargument list})
<argument list) = {formula) | {argument list},
{formula)

where {constant symbol) and {function symbol} are drawn
from some suitably defined. alphabet. For the purposes of
our examples we will let

{constant symbol) = a|b|c|d
<function symbol) = f |g|h

Formulas are used to build equalities and inequalities, i.e.,

equality) = {formula) = {formula)
<inequality) = {formula} # <{formula)

I1. SoLuTION

The problem we address, also termed the uniform word
problem, is known to be decidable [1]. Thus our goal is to
demonstrate a solution amenable to an on-line situation.
One potential solution is to use equivalence classes such that
whenever an equality is added to the data base, a set union is
performed on the corresponding classes so that the resulting
class reflects all possible members based on this equality.
Such an approach is unacceptable because all possible
equalities can not be generated [e.g., f(a) = a requires the
equivalence class to contain a, f(a), £ (f(a)), - °].

The previous solution can be termed a generative
approach to the problem. An alternative solution is one
employing reduction methods. An equality grammar, G/,

! Each equality, inequality, or deduction request is fully processed
before attempting the next one.
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