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Abstract. Theproblemof poseestimationarisesin many areasof computer vi-
sion, including objectrecognition,objecttracking,site inspectionandupdating,
and autonomousnavigation using scenemodels.We presenta new algorithm,
calledSoftPOSIT, for determiningtheposeof a 3D objectfrom a single2D im-
age in the casethat correspondencesbetweenmodel points and imagepoints
areunknown.ThealgorithmcombinesGold’s iterativeSoftAssignalgorithm[19,
20] for computingcorrespondencesandDeMenthon’s iterative POSITalgorithm
[13] for computingobjectposeunder a full-perspective cameramodel.Ouralgo-
rithm,unlikemostpreviousalgorithmsfor thisproblem,does not haveto hypoth-
esizesmallsetsof matchesandthenverify theremainingimagepoints.Instead,
all possiblematchesaretreatedidenticallythroughout thesearchfor anoptimal
pose.Theperformanceof thealgorithmis extensively evaluatedin MonteCarlo
simulationson syntheticdataunder a variety of levels of clutter, occlusion, and
imagenoise.Thesetestsshow thatthealgorithmperformswell in avarietyof dif-
ficult scenarios,andempiricalevidencesuggeststhatthealgorithmhasarun-time
complexity that is betterthanprevious methodsby a factorequalto thenumber
of imagepoints.The algorithmis beingappliedto the practicalproblemof au-
tonomous vehiclenavigation in a city throughregistrationof a 3D architectural
modelsof buildingsto imagesobtainedfrom anon-boardcamera.

Keywords: Objectrecognition, autonomous navigation, POSIT, SoftAssign

1 Intr oduction
We presentan algorithm for solving the model-to-image registration problem, which
determines the position and orientation (the pose) of a 3D object with respectto a
cameracoordinatesystemgiven a modelof the object with 3D referencepoints and
a single2D imageof thesepoints. We assumeno additional information to constrain
theposeof theobject or thecorrespondences.This is alsoknown asthe simultaneous
pose and correspondence problem.

Automatic registration of 3D modelsto imagesis importantfor many applications,
includingobjectrecognitionandtracking, siteinspectionandupdating,andautonomous
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navigation usingscenemodels.Theproblemis difficult becauseit requiressolutionof
two coupled problems, correspondence andpose, eacheasyto solve only if theother
hasbeensolvedfirst:

1. Solving the pose problem consistsof finding the rotation and translationof the
objectwith respectto the cameracoordinatesystem.Given matching modeland
imagefeatures,onecandeterminethe posethat bestalignsthosematches.For 3
to 5 matches,the posecanbe found in closed-form by solvingpolynomial equa-
tions[17, 24,37]. For six or morematches,linearandnonlinearapproximatemeth-
odsaregenerallyused[13,16,23,25,29].

2. Solvingthecorrespondence problemrequiresmatchingimageandmodelfeatures.
If theobjectposeis known, onecandetermine suchmatches.Projecting themodel
with known poseinto theoriginal image,onecanmatchfeaturesthatproject suf-
ficiently closeto an imagefeature. This is the approachtypically taken for pose
verification[22].

Theclassicapproachto solvingthesecoupledproblemsis thehypothesize-and-testap-
proach [21] wherea smallsetof correspondencesarefirst hypothesized, andthecorre-
sponding poseof theobjectis computed.Using this pose,themodel points areback-
projected into theimage. If theoriginal andback-projectedimagesaresufficiently simi-
lar, theposeis accepted; elseanew hypothesisis formed,andtheprocessrepeated. The
bestknown example of thisapproachis RANSAC [17] for thecasethatno information
is availableto constrainthe correspondences.Whenthereare � imagepoints and �
modelpoints1, andthreecorrespondencesareusedto determinepose,a high probabil-
ity of successcanbeachieved by theRANSAC algorithm in ������� ��� operations[11].

The problem we addressoccurswhen taking a model-basedapproach to object-
recognition. (Theothermainapproachto objectrecognition is appearance-based[31],
wheremultiple objectviews arecomparedto the image.However, since3D models
arenot used,accurateobjectposeis not recovered.) Many investigators(e.g.,[8,9,15,
26,28,33]) approximatethenonlinear perspective projection via linearaffine approxi-
mations.This is accuratewhentherelative depthof objectfeaturesis smallcompared
to the distanceof the objectfrom the camera. Among the pioneercontributionswere
Baird’s tree-pruning method[1], with exponential time complexity for unequal point
sets,andUllman’s alignmentmethod[35] with time complexity ����� � � ������� � � . Ge-
ometrichashingis employed in [28] to determine an object’s identity andposeusing
a hashingmetriccomputed from imagefeatures;becausethemetricmustbeinvariant
to cameraviewpoint, themethod canonly beappliedfor affine camera models [5]. In
[12] an approachusinga binary searchby bisectionof poseboxes in two 4D spaces
wasused,extending thework of [1,6,7] onaffinetransforms,however themethod was
computationally intensive. Theapproachof [27] is similar: An initial volumeof pose
spaceis guessed,andall correspondencescompatiblewith this volume areaccounted
for. Thentheposevolumeis recursively reduceduntil it canbeviewedasasinglepose.

Few researchershaveaddressedthefull perspectiveproblem. Theobject recognition
approachof [2] extends thegeometric hashingapproachby usingnon-invariant image

1 Many authorsuse � and � insteadof  and ! to denote thenumbersof imageandmodel
points.



features:off-line training is performedto learn2D feature groupingsassociatedwith a
largenumberof views.An on-linerecognitionstagethenusesnew featuregroupingsto
index into adatabaseof learnedmodel-to-image correspondencehypotheses,andthese
hypothesesareusedfor poseestimationandverification. In [36], theabstractproblem is
formalizedin awaysimilar to thepresent approach,astheoptimization of anobjective
function combiningcorrespondenceandpose.However, thecorrespondenceconstraints
arenotrepresentedanalytically. Instead,eachmodelfeatureis explicitly matchedto the
closestline of sightof theimagefeatures.Theclosest3D pointsonthelinesof sightare
found for eachmodelfeature, andthentheposethatbrings themodel featuresclosest
to these3D pointsis selected;thisallowsaneasier3D to 3D poseproblemto besolved.
The processis repeateduntil a minimum is reached. A randomized poseclustering
algorithm is presented in [32] whosetime complexity is ���"��� � � . In this approach,
insteadof testingeachhypothesisasit is generated(asin theRANSAC approach),all
hypothesesareclusteredin aposespacebeforeback-projection andtesting.Thisstepis
performedonly onhighprobability posesthataredeterminedfrom thelargerclusters.

A method relatedto oursis presentedin [3] thatusesrandom-startlocalsearchwith
ahybridposeestimationalgorithm employingbothfull andweakperspectivemodels.A
steepestdescentsearchin thespaceof model-to-image line segment correspondences
is performed.A weak-perspective algorithmis usedin ranking neighboring points in
this searchspace,anda full-perspective algorithmis usedto updatethe model’s pose
for new correspondencesets.Theempiricaltimecomplexity is ���"� � � � � .

Our approach,termedthe SoftPOSIT algorithm, integratesthe iterative posetech-
niquecalledPOSIT(Posefrom Orthography andScalingwith ITerations) dueto De-
Menthon andDavis [13], andthe iterative 2D to 2D or 3D to 3D correspondenceas-
signment technique calledSoftAssign dueto Gold andRangarajan[19, 20]. A global
objective function is definedthat capturesthe nature of the problemin termsof both
poseandcorrespondence, which aredetermined simultaneously by applying a deter-
ministic annealing schedule andby minimizing this global objective function at each
step.

In thefollowing sections,wedescribeeachstepof themethod,andprovidepseudo-
codefor thealgorithm. We thenevaluatethealgorithm usingMonte Carlosimulations
with variouslevelsof clutter, occlusionandimagenoise,andfinally apply thealgorithm
to someimageryof a city scene.

2 POSIT Algorithm
We summarizetheoriginal POSITalgorithm[13] andthenpresenta variant thatper-
forms closed-form minimization of an objective function. This function is modified
below to includethesimultaneous poseandcorrespondenceproblemin oneobjective.

Considera pinhole cameraof focal length # and an imagefeaturepoint $ with
Euclideanandhomogeneouscoordinates %'&)( and �+*,%-&)*,(.&/* � , respectively; $ is the
perspectiveprojectionof 3D point 0 with homogeneouscoordinates�"12&/34&�56&87 � in the
frameof an objectwith origin 0:9 . There is an unknown transformationbetweenthe
objectandthecameracoordinates,representedby arotationmatrix ;=<?> @ � @ � @ �BADC
andatranslationvector E?<?�+FHGI&/FKJL&/FKM � . @ C � , @ C� , @ C� aretherow vectorsof ; . They
aretheunit vectors of thecameracoordinatesystemexpressedin themodelsystem.E
is thevector from thecenterof projection � of thecamerato theorigin 0 9 expressed
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Fig.1. Geometricinterpretationof the POSITcomputation. Imagepoint Z�[ , the scaledortho-
graphicprojectionof world point \ , is computed by onesideof the POSITequations. Image
point Z [ ["] thescaledorthographicprojectionof point \I^ on theline of sightof Z , is computedby
the othersideof the equation. The equationsaresatisfiedwhenthe two pointsaresuperposed,
which requiresthat theworld point \ beon the line of sightof imagepoint Z . Theplaneof the
figureis chosen to containtheplaneof theopticalaxisandtheline of sight _ . Thepoints \�` , \ ,\ [ , andZ [ aregenerallyout of theplane.

in thecameracoordinatesystem.Thecoordinatesof theprojection $ arerelatedto the
world point 0 byab *6%*6(* cd < ab #K@ C � #.F G#K@ C� #.F J@ C� F M cdfe�gihjg7 k &
where

g h g <l�+12&m3n&B5 � C is thevector from 0 9 to 0 . Thehomogeneous imagecoor-
dinatesaredefinedupto amultiplicative constant; therefore thevalidity of theequality
is notaffectedif wemultiply all elementsof theprojectionmatrixby 7po�F6M . Introducing
thescalingfactor qr<s#to�F'M , weobtaine *6%*6( k < e qu@ C � qvF�Gqu@ C� qvF�J k e g h g7 k &w*s<x@ �iy g h g opFKM:z{7j| (1)

In Eq. 1 for * , @ �}y g h g representstheprojection of

g h g
onto theopticalaxis.

When the depthrangeof the model along the optical axis is small compared to the



modeldistance,@ �~y g h g is small comparedto F'M , and *���7 . Then, perspective
projection is well approximatedby scaled orthographic projection (SOP)with scaling
factor q :e %(:k < e qu@ C � qvF Gqu@ C� qvF J k eugih�g7 k | (2)

Thegeneral perspectiveequation(1) canberewrittenas� 1�3?5=7�� e qu@ � qv@ �qvF�G�q8F�J�k < � *6%�*6(�� | (3)

Assumethehomogeneous coordinate* for eachimagepoint $ hasbeencomputed
at a previousstep.We canthencalculate*6%'&)*6( , andEq.3 relatestheunknown pose
componentsqu@ � , qu@ � , qvF�G , qvF�J , andtheknown imagecomponents*6%-&/*6( andknown
world coordinates1�&/34&�5 . If we know � world points 0,� , ��<�7j&8|v|8|�&m� , their image
points $K� , andtheir homogeneous components*�� , we canwrite two linearsystemsof
size � thatcanbesolvedfor theunknown componentsof q R � , q R � and qvF G and qvF J ,
providedat leastfour of thepointsof themodelwith given imagepointsarenoncopla-
nar. After q R � and q R � areobtained, weget q , R � andR � , by imposingthatR � andR �
beunit vectors,andthatR � bethecross-productof R � andR � :qr<?�/� q R � �8� q R � � � �/�m� & R � <?��q R � � o�qj& R � <?��q R � � o�qj& R � < R �r� R � &F�G~<���qvF�G � o�qj&HF�J�<���qvF�J � o�qj&�F�Mr<s#to�qj|

To computethe *}� requiredin theright-handsideof Eq.(3), weinitially set *���<�7
for every point $'� (corresponding to a SOPmodel). Oncewe gettheposefor this first
step,we compute betterestimatesfor the *�� using the expressionfor * in Eq. (1).
Thenwe caniteratively solveEqs.(3) againto obtainprogressively refinedposes.This
iterationis stopped whentheprocessbecomes stationary.

3 Geometryand ObjectiveFunction
We consider a geometric interpretationof POSITto represent it asminimizationof an
objective function. Consider, asin Fig. 1, a pinhole camerawith centerof projection at� , opticalaxisalong ��� , animageplane� atdistance# from � , andanimagecenter
at � . Consideran object,the origin of its coordinatesystemat 0 9 , an objectpoint 0 ,
corresponding imagepoint $ , andline of sight � through $ . The imagepoint $}� is the
SOPof objectpoint 0 . Theimagepoint $ � � is theSOPof point 0�� obtainedby shifting0 to theline of sightof $ in a directionparallelto theimageplane.

Onecanshow [14] thattheimageplanevectorfrom � to $:� , is�u�¡  <¢qL�"@ � y gihjg z�F G &m@ � y gihjg z£F J � |
In otherwords,theleft-hand sideof Eq.(3) representsthevector �u�   in theimageplane.
Onecanalsoshow [14] thattheimageplanevectorfrom � to $i� � is ���  �  <��"*6%-&/*6( � <* �u� . In otherwords,the right-handsideof Eq. (3) representsthe vector �u�  ¤  in the
imageplane.Theimagepoint $H� � canbeinterpretedasacorrectionof theimagepoint $
from a perspective projectionto a SOPof a point 0,� locatedon theline of sightat the



samedistanceas 0 . 0 is on theline of sight � of $ if, andonly if, theimagepoints$i�
and$K� � aresuperposed.Then �u�   < ���  �  , i.e.Eq.(3) is satisfied.

Whenwe try to matchthepoints 0:� of anobjectto thelinesof sight �r� of image
points$ � , it is unlikely thatall or evenany of thepointswill fall ontheircorresponding
linesof sight,or equivalently that ���   ¥ < ���  � ¥ or �   ¥ �  ¤ ¥ < 0. We canminimizeaglobal
objective function ¦ equalto thesumof thesquareddistances§ � � <�� �   ¥ �  � ¥ � � between
imagepoints $��� and$K� �� :¦�<=¨ � § � � <¢¨ ��©© �u�¡ ¥~ª ���¡ ¤ ¥ ©© � <¢¨ � �)�"« y�¬ � ª * � % � � � zs�" yu¬ � ª * � ( � � � � (4)

where,to simplify thesubsequent notation, we introducethevectors (with four homo-
geneouscoordinates)S� <?� gihLg ¥ &87 � , and«®<��°¯ � &�¯ � &m¯ � &m¯ � � <¢qj��@ � &)F�G � &®�<?�"± � &/± � &/± � &/± � � <sqL�"@ � &)F�J � |
We call M andN the pose vectors. In Fig. 1, noticethat �   �  ¤  <²q g   g  �  <²q g³gi´ .
Thus this corresponds to minimizing the scaledsum of squared distancesof model
pointsalonglines of sight,whendistancesaretakenparallelto the imageplane.This
objective function is minimized iteratively. Initially, the *�� areall setto one.Thenthe
following two operationstakeplaceat eachstep:

1. ComputetheposevectorsM andN assuming* � areknown (Eq.(4)).
2. Computethe correction terms *�� usingthe M andN just computed (Eq. (1) for* )).

We now focus ontheposevectorsM andN. Theobjective function is minimizedwhen
thepartialderivativesof ¦ with respectto thecoordinatesof theposevectors vanish.
Thisconditionprovides µ � µ linearsystemsfor M andN with solutions«®<�� ¨ � S� SC � �B¶ � � ¨ � *6�p%.� S� � & �<�� ¨ � S� SC � �B¶ � � ¨ � *6��(j� S� � | (5)

ThematrixL <���· � S� SC � � is a µ � µ matrix thatcanbeprecomputed.

4 PoseCalculation with Unknown Corr espondences
Thepoint $�� � canbeviewedastheimagepoint $ “corrected”for SOPusing* computed
at thepreviousstep.Thenext stepfindstheposesuchthattheSOPof eachpoint 0 is as
closeaspossibleto its correctedimagepoint. Now whencorrespondencesareunknown,
eachimagepoint $.¸ canmatchany of themodel points 0 � , andmustbecorrectedusing
the * corresponding to 0 � :*6��<{@ �iy g h g ¥ o�F�M4zx7�| (6)

Therefore for eachimageandmodelpoint $ ¸ and 0�� we generate a correctedimage
point $K� �¸ � , alignedwith theimagecenter� andwith $ ¸ , anddefinedby�u�  � ¹ ¥ <{* � ��� ¹ | (7)

Thescaledorthographic projections $��� of thepoints 0n� are�u�¡ ¥ < e « yp¬ � yu¬ � k | (8)



Thesquareddistancesbetweenthecorrectedpoints$º� �¸ � andtheSOPsare§ �¸ � < ©© �   ¥ �  � ¥ ©© � <���« yu¬ � ª *6��% ¸ � � zs�" y�¬ � ª *6��( ¸ � � | (9)

The simultaneous poseandcorrespondenceproblemcanthenbe formulatedasmini-
mizationof theglobalobjective function¦�<¼»¨¸/½ �¿¾¨� ½ �IÀ ¸ ��§ �¸ � <Á»¨¸/½ �¿¾¨� ½ �IÀ ¸ ��Âm�"« yu¬ � ª *6�p% ¸ � � zs�" yu¬ � ª *Ã�p( ¸ � ��Ä (10)

wherethe À ¸ � areweights,equal to zeroor one,for eachof the § �¸ � , andJ andK arethe
numberof imageandmodel points,respectively. The À ¸ � arecorrespondencevariables
that definethe assignments betweenimageandmodel featurepoints.Note that when
all theassignmentsarewell-defined,this objective function becomes equivalent to the
objective functiondefinedin Eq.(4).

This function ¦ is minimizediteratively, asfollows:
1. Computethecorrespondencevariablesassumingeverything elseis fixed (seebe-

low).
2. ComputetheposevectorsM andN assumingeverythingelseis fixed(seebelow).
3. Computethecorrections* � usingthecomputedM andN (describedabove).

4.1 PoseProblem
We now focus on finding the optimal posesM andN, assumingthe correspondence
variables À ¸ � areknown andfixed.As before, theminimizing posevectors of ¦ at a
givensteparethosefor which thepartialderivativesof ¦ with respectto thesevectors
vanish.This conditionprovides µ � µ linear systemsfor the coordinatesof M andN
whosesolutions are> «Å&m A <fÆ ¾¨� ½ �ÇÀ �� S� SÈ �ÊÉ ¶ ��ab »¨¸/½ � ¾¨� ½ � � À ¸ ��*Ã�p% ¸ S� � &�»¨¸/½ � ¾¨� ½ � � À ¸ ��*Ã�p( ¸ S� � cd & (11)

with À � � < · »¸/½ � À ¸ � . The termsS� SÈ � are µ � µ matrices.Computing M and N

requiresinversionof a µ � µ matrix,L <�� · ¾� ½ � À � � S� SÈ � � , which is inexpensive.

4.2 Corr espondenceProblem

We obtain the correspondencevariables À ¸ � assumingthat the § �¸ � are known and
fixed,andminimizing ¦ . Ouraimis to find azero-oneassignment matrix, M < � À ¸ �Ê� ,that specifiesthe matchings betweena set of � imagepointsanda set of � model
points,andthatminimizes ¦ . This assignmentmatrixM hasonerow for eachof the �
imagepoints$�¸ andonecolumnfor eachof the � model points 0 � . M mustsatisfythe
constraint thateachimagepointmatchatmostonemodelpoint, andviceversa.A slack
row �Ëzs7 anda slack column �Ìzs7 areaddedfor points with nocorrespondences.A
onein theslackcolumn �Ìzs7 at row Í indicatesthattheimagepoint $ ¸ hasnomatch
amongthemodel points.A onein theslackrow �Îz=7 at column � indicatesthat the
featurepoint 0n� is notseenin theimage.¦ will beaminimum if theassignmentmatrix
M matchesimageandmodel points with the smallestdistances§ �¸ � . This problem is



solved by the iterative SoftAssigntechnique [19,20]. We begin with a matrix M 9 in
whichelementÀ 9¸ � is initializedto Ï8ÐÊÑ'� ªÃÒ ��§ �¸ � ª¿Ó �/� , with Ò verysmall,andwith all
slackelementssetto a smallconstant.Theparameter Ó determineshow far aparttwo
pointsmustbebefore beingconsidered unmatchable(see[20]). Thecontinuousmatch
matrixM 9 convergesto a discretematrixM usingtwo concurrentprocedures:
1. Eachrow andcolumnof thecorrespondencematrix is normalized, alternately, by

the sumof its elements.The resultingmatrix thenhaspositive elementswith all
rows and columns summing to one. (seeSinkhorn [34])

2. The term Ò is increasedas the iterationproceeds. As Ò increasesandeachrow
or column of ¯ 9 is renormalized,the terms À 9¸ � corresponding to the smallest§ �¸ � tendto convergeto onewhile otherelementstendto converge to zero.This is
a deterministic annealing process[18] known asSoftmax [4]. This is a desirable
behavior, sinceit leadsto anassignmentof correspondenceto matchesthatsatisfy
thematchingconstraints andwhosesumof distancesis minimized.

ThisprocedurewascalledSoftAssignin [19,20].TheresultingM is theassignment
thatminimizes¦ . Thisprocedurealongwith thesubstepsthatoptimizeposeandcorrect
imagepoints by SOParecombinedinto theiterationloopof SoftPOSIT.

4.3 Pseudocodefor SoftPOSIT

TheSoftPOSITalgorithm canbesummarizedasfollows:
Inputs:
1. A list of � imagefeature points $�¸r<?�+%I¸L&)(�¸ � .
2. A list of � world pointsS��<��+1��Ê&m3.�Ê&B5º�Ê&v7 � <?� g h g ¥ &v7 � in theobject.

Initialize slackelements of assignmentmatrixM to Ô�<?7�oÇ�+Õ�ÖpÐ � �Ç&m���4zs7 � , Ò to Ò 9
( Ò 9r× µ � 7vØ ¶ � if theposeis unconstrained,largerif agoodinitial guessis available).
Initialize posevectorsM andN with expectedposeor a randompose.
Initialize * � <�7 .
Do A until ÒÚÙÛÒKÜuÝ�Þ�ß�à ( Ò.ÜuÝ�Þ�ß�à around0.5)(Deterministic annealing loop)

– Computesquareddistances§ �¸ � <?�"« y�¬ � ª *6��% ¸ � � zx�� yp¬ � ª *Ã��( ¸ � �
– ComputeÀ 9¸ � <{Ô,Ï8ÐÊÑ'� ªÃÒ ��§ �¸ � ªÚÓ �)�– Do B until á�¯ small (Sinkhorn’s method)â UpdatematrixM by normalizingacrossall rows: À �¸ � < À 9¸ � o · ¾Ãã �� ½ � À 9¸ �â UpdatematrixM by normalizingacrossall columns:À 9¸ � < À �¸ � o · » ã �¸/½ � À �¸ �– End Do B
– Computeµ � µ matrix �ä<�� · ¾� ½ � À � � ¬ � ¬ È � � with À � � < · »¸/½ � À ¸ �
– ComputeL

¶ �
– Compute«®<s� ¶ � � · »¸/½ � · ¾ � ½ � À ¸ ��*6�¡% ¸ ¬ � �– Compute�<s� ¶ � �°· »¸/½ � · ¾ � ½ � À ¸ ��*6�¡( ¸ ¬ � �– Computeqå<Ì�æ�°¯ � &n¯ � &n¯ � � � , @ � <l��¯ � &m¯ � &m¯ � � o�q , @ � <Ì�"± � &/± � &m± � � o�q ,@ � <s@ �r� @ �
– Compute* � <{@ � y gihjg ¥ opF M zx7
– Ò < Ò.ç�èvéBß�ê"ëBÒ ( Ò.ç8èvéBß�ê"ë around7j| ØLì )

End Do A
Outputs: Rotationmatrix R <í>R � R � R ��A È , translationvectorT <Å�"F'GI&)F�JÊ&/FKM � , and

assignmentmatrixM < � À ¸ �L� betweenimageandworld points.



5 Random Start SoftPOSIT
The SoftPOSITalgorithm described above performs a deterministic annealing search
startingfrom an initial guessfor the object’s pose.There is no guaranteeof finding
the global optimum. The probability of finding the globally optimal objectposeand
correspondencesstartingfromaninitial guessdependsonanumber of factorsincluding
thenumberof model points,thenumberof imagepoints,thenumberof occluded model
points,theamount of clutterin theimage,andtheimagemeasurementnoise.A common
way of searchingfor a global optimum,andtheonetakenhere,is to run thealgorithm
startingfrom anumberof differentinitial guesses,andkeepthefirst solutionthatmeets
aspecifiedterminationcriteria.Ourinitial guessesrangeover > ªÃî & î A for thethreeEuler
angles,andovera 3D spaceof translations containingthetruetranslation.

Sinceeachsearchfor correspondenceandposeis relatively expensive, we would
like to havea mathematicalstatementthatallowsusto make theclaimthat,for a given
number of startingpoints,our startingguessessamplethe parameter spacein some
optimalmanner. Fortunately, thereareasetof deterministicpoints thathavesuchprop-
erties.Thesearethe quasi-random,or low discrepancy sequences[30]. Unlike points
obtained from astandardpseudo-randomgenerator, quasi-randompointsareoptimally
self-avoiding, and uniformly spacefilling. We usea standard quasi-randomgenera-
tor [10] to generatequasi-random6-vectorsin a unit 6D hypercube. Thesepointsare
scaledto reflecttheexpectedrangesof translationandrotation.

5.1 Search Termination
Ideally, onewould like to repeatthe searchfrom a new startingpoint whenever the
numberof correspondencesdeterminedis notmaximal. However, oneusuallydoesnot
know what this maximalnumberis. Instead,we repeatthesearchwhenthenumber of
modelpointsmatchingto imagepointsis lessthansomethreshold ï�ð . Dueto occlusion
andimperfect imagefeatureextraction, notall modelpointswill bedetectedasfeatures
in animage.Let $ é betheratio of thenumberof model points detectedasimagefea-
turesto thetotal number of modelpoints($ éåñ > ØÇ&87 A ). In theMonteCarlosimulations
describedbelow, $ é is known. With realimagery, however, $ é mustbeestimatedbased
on thescenecomplexity andthereliability of thefeature detectionalgorithm used.

We terminate thesearchfor bettersolutions whenthecurrentsolutionis suchthat
the number of modelpoints matchingto imagepoints is greaterthanor equal to the
threshold ï ð <óòu$ é � where ò ñ > Øô&87 A determinesthe fractionof model points to be
matchedand � is thetotalnumberof modelpoints.ò accountsfor measurement noise.
In the experimentsdiscussedbelow, we take òõ<ÌØÇ| ö . This test is not perfect,asit is
possiblefor a poseto beveryaccurateevenwhenthenumberof matched pointsis less
thanthis threshold; thisoccursmainly in casesof highnoise.Conversely, awrong pose
may be acceptedwhenthe ratio of clutter features to detectedmodelpoints is high.
However, thesesituationsareuncommon.

5.2 Early Search Termination

Thedeterministic annealingloop of theSoftPOSITalgorithm iteratesover a rangeof
valuesfor theannealing parameterÒ � . In theexperimentsreportedhere,Ò 9 is initialized
to ØÇ| Ø�ØjØ�µ andis updatedaccording to Ò � ã � <ó7�| Øjì � Ò � , andtheiterationendswhenÒ � Ù ØÇ|÷ì , or earlierif convergenceis detected. This meansthattheannealing loop can



runfor upto 147iterations.It’susuallythecasethat,by viewing theoriginal imageand,
overlaid on top of this, the projectedmodelpointsproducedby SoftPOSIT, a person
candetermine early on in the iteration(e.g.,around iteration30) whetheror not the
algorithm is goingto convergeto thecorrectpose.It is desiredthatthealgorithmmake
this determinationitself, sothatit canendthecurrent unfruitful searchandrestart.

A simpletest is performedon each iterationto determine if it shouldcontinue or
restart.At iteration � of SoftPOSIT, thematchmatrix ¯ � < � À �Ý � ¸ � is usedto predict
thefinal correspondencesof modelto imagepoints:upon convergenceweexpectimage
point ø to correspond to modelpoint Í if À �Ý � ¸ Ù À �ç � ù for all úÅû<üø andall ý�û<ÌÍ
(however, this is notguaranteed).Thenumberof predictedcorrespondencesat iteration� , þ-� , is thenumber of pairs �+ø�&°Í � thatsatisfythis relation. We definethematchratio
on iteration � as ÿ��å<¢þ-��oÇ� $ é � � where$ é is defined above.This metricis commonly
usedat theendof a localsearchto determineif thecurrentsolutionfor correspondence
andposeis good enough to endthesearchfor theglobaloptimum. We, however, use
this metricwithin the local searchitself. Let CP denotetheevent that the SoftPOSIT
algorithm eventually convergesto the correctpose.Then,the algorithm restartsafter
the � th iterationif 0�� � 0 �Çÿ�� ��� Ó 0�� � 0 � where Ø � Ó�� 7 . That is, thesearchis
restartedfrom a new random startingcondition whenever the posteriorprobability of
eventually finding a correctposegiven ÿô� drops to lessthansomefractionof theprior
probability of finding thecorrectpose.A separateposterior probability is requiredfor
each � becausethe ability to predict the outcome using ÿ�� improvesas the iteration
progresses.Although this testmayresultin termination of somesearcheswhichwould
eventually producea goodpose,it is expectedon average that the total time required
to find a goodposewill be less.Our experimentsshow that this is true; we obtaina
speedupby a factorof at leasttwo.

Theposteriorprobability functionfor the � th iterationcanbecomputedfrom 0�� � 0 � ,
the prior probability of finding a correctposeon onerandom local search,andfrom0��+ÿ � � � 0 � and 0��+ÿ � � � 0 � , theprobabilities of observing aparticularmatchratioon

the � th iterationgiventhattheeventual poseis eithercorrect or incorrect,respectively:0�� � 0í�pÿ�� � < 0�� � 0 � 0��+ÿ���� � 0 �0�� � 0 � 0��"ÿu��� � 0 � zä0�� � 0 � 0��+ÿ���� � 0 � |0�� � 0 � , 0�� � 0 � , 0��"ÿ��õ� � 0 � , and 0��+ÿp�¿� � 0 � areestimatedin MonteCarlosimu-
lationsof thealgorithmin which thenumber of model verticesandthelevelsof image
clutter, occlusion, andnoiseareall varied. To estimate0��"ÿ � � � 0 � and 0��+ÿ � � � 0 � ,
the algorithm is repeatedly run on random testdata.For eachtest, the valuesof the
matchratio ÿ � computed at eachiterationarerecorded.Oncean iterationcompletes,
ground truth information is usedto determine whetheror not the correct posewas
found. If the poseis correct, then the recorded values of ÿt� areusedto update his-
tograms representing 0��+ÿL��� � 0 � ; otherwise,histograms for 0��"ÿj��� � 0 � areupdated.
Uponcompleting thetraining, thehistogramsarenormalized.SeeFig. 2.

6 Experiments

We investigatetwo important questions relatedto the performanceof the SoftPOSIT
algorithm: (a)How oftendoesit find a“good” pose?(b) How longdoesit take?
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Fig.2. Probabilityfunctionsestimatedfor (a) thefirst iteration,and(b) the31stiteration,of the
SoftPOSITalgorithm.

6.1 SyntheticData

Thealgorithm hasbeenextensively evaluatedin MonteCarlosimulations.Thesimula-
tionsarecharacterizedby 5 parameters: þ ê , � , $ é , $�� , and � . Theparameterþ ê is the
number of trials performedfor eachcombinationof valuesfor theremaining 4 param-
eters. � is the number of points in a 3D model. $ é is the probability that the image
of any particular model point will bedetected.$	� is theprobability thatany particular
imagepoint is clutter, i.e., is not the imageof some3D model point. Finally, � is the
standarddeviationof thenormallydistributednoisein theimagecoordinatesof thenon-
clutterfeaturepoints,measuredin pixelsfor a 7vØjØ�Ø � 7uØ�ØjØ image,generatedby asim-
ulatedcamera having a 37 degreefield of view (focal lengthof 1500pixels).Thecur-
rent testswereperformedwith þ ê <²7uØ�Ø , � ñ ��
 ØÇ&��Øô&)µjØô&mì�ØI� , $ é�ñ � Øô| µ�&/ØÇ| �Ç&mØÇ| öI� ,$ � ñ � Øô| 
 &/Øô| µ�&/ØÇ| �I� , and � ñ � ØÇ|÷ìI&87j| Øô& 
 | ìI� . Therewere10800 independent trials.

For eachtrial, a 3D model is createdin which the � model verticesarerandomly
located,with uniform probability, in a spherecentered at the origin. Becausethe al-
gorithm works with points,only the model vertices areimportant.However, to make
humaninterpretation of resultseasier, eachmodel vertex is connectedto thetwo closest
remaining modelvertices.Themodel is placedwith random rotationandtranslationin
the camera view. Eachprojectedmodelpoint is detectedwith probability $ é . We add
Gaussiannoise(���"Øô&�� � ) to both % and( imagecoordinates.Finally, ��$ é oÇ��7 ª $ � � ran-
domlylocatedclutterfeaturepointsareaddedto thetruefeaturepoints,sothat 7uØ�Ø � $ �
% of thefeaturepointsareclutter. Fig. 3 showsclutteredimagesof random models.

Weconsideraposeto begood whenit allows80%( òå<xØô| ö in section5.1)or more
of the detectedmodel points to be matchedto imagepoints.The number of random
startsfor eachtrial waslimited to 10

�
. If a goodposeis not found after10

�
starts,the

algorithm declaresfailure.Fig. 4 shows two examplesof theposefound.
Fig. 5 shows thesuccessrateasa functionof thenumber of model pointsfor the

caseof �{< 
 | ì andfor all combinationsof theparameters $ é and $ � . (Due to space
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Fig.3. Typical imagesof randomlygeneratedmodels.Thenumberof modelpointsin themodels
are20 – (a),30 – (b), 40 – (c) and(d), and50 – (e)and(f). In all casesZ�������� � andZ�������� � .
limitations,we only describeresultsfor the caseof �s< 
 |÷ì ; the algorithm performs
betterfor smaller � ’s.)For morethan86%of thedifferentcombinationsof simulation
parameters,a good poseis found in 95% or moreof the associatedtrials. For the re-
maining14%of thetests,agoodposeis foundin 85%ormoreof thetrials.(Theoverall
successrateis 94%.)As expected,thehigher theocclusionrate(lower $ é ) andtheclut-
ter rate(higher$ � � , the lower thesuccessrate.For thehigh-clutterandhigh-occlusion
tests,the successrateincreasesasthe number of model points decreases.This is be-
causeasmallernumberof modelpointsaremoreeasilymatchedto clutterthana larger
number of model points.Fig. 6 shows theaveragenumber of random startsrequired to
find a goodpose.Thesenumbersgenerallyincreasewith increasing imageclutterand
occlusion.

The run-time complexity of SoftPOSIT(for a single start) is easily seento be��� �t� � where � is thenumberof imagepointsand � is thenumber of modelpoints.
Ourresultsshow thatthemeannumberof randomstartsrequiredto find agood pose,to
ensureaprobability of successof at least0.95in all but thehighestclutterandocclusion
levels, is bound by a function that is linear in the sizeof the input. That is, the mean
numberof random startsis ��� � � , assumingthat � � � , asis normally thecase.Then,
the run-time complexity of SoftPOSITwith random startsis ���"�£� � ). This is better
thanany known algorithm thatsolvessimultaneousposeandcorrespondenceproblem
under full perspective.



(a) (b)

Fig.4. Two clutteredimageswith projectedmodelsoverlayedfor which we founda goodpose.
Theblack dotsarethe original imagepoints;white dotsareprojectionsof modelpointsfor the
computedpose,andthegraylinesaretheinitial guessthatleadto thetrueposebeingfound.

6.2 Experiments with Images

We appliedthe SoftPOSITalgorithm to imagerygeneratedfrom a model of a district
of Los Angelesby a commercial virtual reality (VR) system.Fig. 7 shows an image
generatedanda world modelprojected into that imageusing the posecomputed by
SoftPOSIT. Image featurepoints areautomatically locatedin the imageby detecting
corners along the boundary of bright sky regions. Becausethe 3D world model has
over 100,000datapoints,weusea roughposeestimate(asmaybegeneratedby a GPS
system)to cull themajorityof modelpointsthatarefarfromtheestimatedfield of view.
Theworld points thatdofall into thisestimatedview arefurther culledby keeping only
thosethat project nearthe detectedskyline. So far, the resultshave beenvery good,
andcould be usedfor autonomous navigation. Although this is not real imagery, the
VR systemusedis advanced,andshouldgivea good indication of how thesystemwill
perform onrealimagery.

7 Conclusions

We havedevelopedandtestedtheSoftPOSITalgorithm for determining thecorrespon-
denceandposeof objectsin animage.This algorithm will beusedasa componentin
anobjectrecognition system.Ourevaluation indicatesthatthealgorithm performswell
under avarietyof levelsof occlusion,clutter, andnoise.Wearecurrently collectingim-
ageryand3D modelsof city environmentsfor thepurposeof evaluating thealgorithm
onrealdata.

Thecomplexity of SoftPOSIThasbeenempirically determinedto be ���"�£� � � . This
is betterthanany known algorithm that solvesthe simultaneous poseandcorrespon-
denceproblem for a full perspectivecameramodel. Rigorousvalidationof thisclaim is
anitem of futurework.
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