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ABSTRACT

An algorithmis presentedor nding the k nearesheighborsin a
spatialnetwork in a best- rst mannerusingnetwork distance.The
algorithmis basedon precomputinghe shortespathsbetweerall
possibleverticesin the network andthenmakinguseof anencod-
ing that takes adwantageof the fact that the shortestpathsfrom
vertex u to all of the remainingverticescan be decomposedhto
subsetdasedonthe rst edgeson the shortesipathsto themfrom
u. Thus,in the worst case,the amountof work dependson the
numberof objectsthatareexaminedandthenumberof links onthe
shortespathsto themfrom g, ratherthandependingnthenumber
of verticesin the network. Theamountof storagerequiredto keep
track of the subsetss reducedby taking advantageof their spatial
coherencavhichis capturedby the aid of a shortespathquadtree.
In particular experimentson a numberof large road networks as
well asatheoreticalanalysishave shavn thatthe storagehasbeen
reducedfrom O(N3) to O(N®) (i.e., by an order of magnitude
equalto the squareroot). The precomputatiomf the shortespaths
alongthe network essentiallydecoupleghe processof computing
shortespathsalongthenetwork from thatof nding theneighbors,
andtherebyalsodecoupleshe domainS of the queryobjectsand
that of the objectsfrom which the neighborsare dravn from the
domainV of theverticesof the spatialnetwork. This meanghatas
long asthe spatialnetwork is unchangedthe algorithmandunder
lying representationf the shortespathsin the spatialnetwork can
be usedwith differentsetsof objects.
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1. INTRODUCTION

The growing popularity of online mapping servicessuch as
Google Maps and Microsoft MapPointhasled to an interestin
respondingn real time to queriessuchas nding shortestroutes
betweerlocationsalonga spatialnetwork aswell as nding near
estobjectsfrom asetS(e.g.,gasstationsmarkets,andrestaurants)
wherethedistancds measuredh termsof pathsalongthenetwork.
Elementf Sareusuallyconstrainedo lie onthenetwork or atthe
minimumto be easilyaccessiblérom the network.

The online natureof theseservicesmeansthat responsesnust
be generatedn realtime. For example,in GoogleMaps,oncea
shortespathfrom A to B hasbeenobtainedwhich passeshrough
C, userscansimply changehequeryto nd the shortespathfrom
A to B whichis constrainedo passhroughD insteadof C andthe
new shortesipathis presentedo the userinstantly Requiringthat
the resultbe obtainedin real time (or almostrealtime) precludes
the useof corventionalalgorithmsthat are graph-basede.g.,the
INE andIER methodgq21] andimprovementson them[2]) which
usuallyincorporateDijkstra's algorithm[4] in at leastsomeparts
of the solution[25]. In particular given a sourcevertex g (i.e.,
queryvertex) anda connectedgraphG (i.e., the spatialnetwork),
Dijkstra's algorithm nds theshortesipath(andhencethe shortest
distancealongthe network) to every vertex in the network where
the pathsarereportedn orderof increasingdistancefrom g.

The problemwith anapproachhatusesDijkstra's algorithmis
that it mustvisit every vertex thatis closerto q via the shortest
pathfrom g thanthe verticesassociatedvith the desiredobjects.
Thus,theamountof work oftendepend®n the numberof vertices
in the network whereasour goalis for the amountof work in the
worst caseto dependon the numberof objectsthat are examined
andon the numberof links on the shortestpathsto themfrom q.
Thus,Dijkstra's algorithmmayvisit mary verticesbeforereaching
onewhich coincideswith or is nearoneof the objectsin which we
areinterested.In particular it is not uncommonfor Dijkstra's al-
gorithmto visit a very large numberof the verticesof the network
in theprocesof nding theshortespathbetweenverticesthatare
reasonablyfar from eachotherin termsof network hops. For ex-
ample,Figure 1(a) shaws the verticesthat would be visited when

nding theshortespathfrom the vertex markedby X to the vertex
marked by V in a spatialnetwork correspondingdo Silver Spring,
MD. Herewe seethatin the procesf obtainingthe shortespath
from X to V of length 75 edges,75.4%of the verticesin the net-
work arevisited(i.e., 3,191out of atotal of 4,233vertices).
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Figure 1: (a) A map of Silver Spring, MD, and the ver-
tices, highlighted by circles, that are visited by Dijkstra's
algarithm in determining the shatest path from X to V,
and (b) its partition into regionsr; suchthat the shatest
path from X to a vertexin r; passesthrough the same
vertexamongthe six verticesthat are adjacentto X (i.e.,
the shatest-path map of X).

Thealgorithmthatwe describesatis esourgoalsandis basetn
theobsenationthatthespatialnetwork is usuallystatic(e.g.,aroad
network) whereaghe objectswhich arelocatedon it arefar more
likely to changepr atleastthe domainfrom which the objectsare
dravn canchangefrom queryto query while the underlyingnet-
work doesnot. For example theobjectsin Srepresenentitiessuch
asrestaurantdjotels,gasstationsandsoon. In fact,evenif thedo-
mainfrom whichthe objectsaredravn doesnotchangethevalues
of the attributesof the objectsmay change(e.g.,the type of food
senedin arestauranbr thepricepergallonof gasatagasstation).
Ouralgorithmis basedn precomputingheshortespathsbetween
all possibleverticesin the network andthenmakinguseof anen-
codingthattakesadwantageof the factthatthe shortespathsfrom
vertex u to all remainingverticescanbe decomposeéhto subsets
basedon the rst edgeson the shortestpathsto themfrom u [27,
31], andrepresentthesubsetsisinga shortespathquadtreavhich
capturegheir spatialcoherence However, the algorithmdoesnot
usetheactualdistancesndthusthereis no needto storethem.Ex-
perimentson anumberof largeroadnetworks have shavn thatuse
of the shortestpathquadtredeadsto a signi cant reductionof the
storagerequirementgrom O(N3) to O(NL®) (i.e., by an orderof
magnitudesqualto the squareroot).

The adwantageof our algorithmis thatit decoupleghe process
of computingshortespathsalongthe network from thatof nding
theneighborsandtherebyalsodecoupleshedomainSof thequery
objectsandthatof the objectsfrom which the neighborsaredravn
from thedomainV of the verticesof the spatialnetwork. In other
words, thereis no needto recomputethe shortestpathseachtime
therearechangesn q or S. This differentiatesour approachrom
other approachesuchasthoseproposedby Papadiaset al. [21],
aswell asthoseof ChoandChung[2], andKolahdouzarandSha-
habi[15], which mustcomputethe shortestpathsanev eachtime
therearechangesn g or S, which, unfortunatelymaybe quitefre-
qguent.NotethoughthatHu etal. [12] usearelatedapproacho ours
wherefor eachvertex v of the spatialnetwork T, they associat€l)
rough distanceestimatesf the network distancefrom v to each
objecto in Sand(2) the rst link onthe shortesipathfrom v to o.
However, the dravbackof this approachs the lack of decoupling
of theobjectsfrom the spatialnetwork andthe sheewvolumeof the
datathatmustbe storedfor eachpair (v; 0), whereasour approach
merelyrequiresa spatialindex for eachdifferentobjectsetS, and
oneshortespathquadtredor eachv.

Thealgorithmpresentedh this paperdiffersfrom the algorithm
in [27] by beinga k nearesneighboralgorithmratherthananin-
crementalalgorithm[27] which meansgthat the k resultsneednot
be obtainedin increasingorderof network distance andthusthe
storagerequirementsare alsoreducedespeciallyfor small values

of k, whichis themostcommonsituation. It is alsonovel in being
the rst algorithmto make useof an estimateof the maximumof
the network distanceat which the kth nearestieighboringobject
canbefound. Anothercontritution of this paperis the presentation
of adetailedanalysisandproofsof the storageequirementsf this
approachwhich involves more precisede nitions of the underly-
ing quadtreaepresentationthatenableit to achieve theseresults.
Finally, we provide a detailedexperimentalevaluationaswell asa
comparisomwith relatedalgorithmsbasedn useof Dijkstra's algo-
rithm. This experimentalevaluationalsodemonstratefor the rst
time that useof the shortestipath quadtredeadsto a reductionof
the storagerequirementsrom O(N3) to O(NL9) (i.e., by anorder
of magnitudeequalto the squareroot, whichis quite substantial).

Therestof this paperis organizedasfollows. Section2 presents
our algorithm, while Section3 analyzesits executiontime and
spacerequirements. Section4 containsa detailed experimental
evaluationof our algorithmandvariantsthereofaswell asan ex-
perimentalcomparisorwith approachedasedon Dijkstra's algo-
rithm. Section5 containssomeconcludingremarksand provides
directionsfor futureresearch.

2. BEST-FIRST K NEAREST NEIGHBOR
ALGORITHM

Nearestneighbor nding is achieed by applicationof eithera
depth- rst or abest- rstalgorithm. Thesealgorithmsaregenerally
applicableto ary index basedon hierarchicalclustering. Theidea
is thatthe datais partitionedinto clusterswhich areaggreatedto
form otherclusterswith thetotal aggr@ationbeingrepresenteds
atree.Thenumberk of neighborghataresoughtis usuallyknovn
in advancein which casethe algorithmskeeptrack of the setL of
thek nearesheighbordoundsofarandupdatel asis appropriate.
The mostcommonstrategy for nearesneighbor nding emplo/s
thedepth- rstbranch andboundmethod(e.g.,[6, 22]). Thedepth-

rst algorithmexploresthe elementsof the searchhierarchyin an
orderthatis aresultof performinga depth- rsttraversalof the hi-

erarchyusingthedistanceDy from thequeryobjectq to thecurrent
Kh-nearesbbjectto prunethesearch.

An alternatve stratey is the best- rst method (e.qg.,[9, 10])
which exploresthe nonobjectelementsof the searchhierarchyin
increasingorder of their distancefrom q (hencethe name“best-

rst”). This is achieved by storingthe nonobjectelementsof the
searchhierarchyin a priority queuen this order In addition,some
of the best- rst algorithms(e.g.,[9, 10]) alsostorethe objectsin

thesamepriority queuetherebyenablingthesealgorithmsto report
the neighborsl-by-1, andthusthereis no needfor k to be known

in advance,asis the casein the depth- rst approachpor is there
aneedfor L. This alsoenableghe algorithmsto halt oncethe de-
sired numberk of neighborshasbeendetermined. On the other
hand,variantscanalsobe constructeadhat useL to keeptrack of

thek nearesbbjects[10] aswe do here.

The best- rst approacts adwantageis avoiding having to visit
nonobjeckelementghatwill eventuallybedeterminedo betoofar
from g dueto poor initial estimatesof Dy, which is possiblein
the depth- rst approachtherebynot needingto traversethe entire
searchierarchy Ontheotherhand theadwantageof thedepth- rst
approachover the best- rst approachs thatthe amountof storage
is boundedby k plus the maximumdepthof the searchhierarchy
in contrasto possiblyhaving to keeptrackin the priority queueof
all nonobjectgandthusall the objects)if all theirdistancedrom q
areapproximatelythe same.Neverthelessstudieshave shavn the
best- rst approachto be betterthanthe depth- rst approachor k
x ed[10], andthe adaptatiorof the best- rst approachto spatial
networksis the subjectof this paper
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In therestof this sectionwe describethe KNEARESTSPATIAL-
NETWORK algorithm. It assumeghat the underlyinggraphsthat
form the basisof the spatialnetworksareconnecteglanargraphs.
This is not an unreasonablassumptiorasroadnetworks arecon-
nected(at leastwithin a landmasssuchasa continent),although
they don't have to be planaras can be seenby the possibility of
the presencef tunnelsandbridges. We do not dwell on suchsit-
uationsherealthoughwe do revisit it brie y in Section5. It also
assumeshatthe shortespathshetweenrall pairsof verticesu and
vinV in thegraphG = (V;E) have beencomputedusing either
Dijkstra's algorithmor ary of the otherapproacheshathave been
proposedo do sothatinvolve precomputatiotio speedup the pro-
cessof shortestpath computation(e.g., [5, 8, 14, 32] aswell as
the comparatie study by Zhangand Noon [32]). Unfortunately
given a spatialnetwork with N vertices,thereare O(N2) possible
pathsandthecostof storingall possibleshortespathstakesO(N®)
spacewhich is prohibitive. Instead,we storepartial information
abouteachshortespath.In particular we only storetheidentity of
the rst edgealongthe shortestpathfrom sourcevertex u to des-
tination vertex v, which enablesthe shortestpath betweenu and
v to be constructedn time proportionalto the length of the path
by repeatedlyfollowing the edgesthat make up the shortestpath
asthey arediscovered. The shortestpathsfrom v to all remaining
verticescan be decomposedhto subsetsasedon the identity of
the rst edgesto themfrom v andthe decompositiorof the under
lying spacethatis inducedby thesesubsetss storedin a shortest
pathquadtreewnhichis discussedn Section2.1,andwhich experi-
mentalresultsdiscussedn Section4 leadto areductionin storage
costsfrom O(N3) to O(N¥®). The workingsof K NEARESTSPA-
TIALNETWORK arepresentedn Section2.2.

2.1 ShortestPath Quadtrees

Thesimplesway of representingheshortespathinformationin
themannerdescribedibore is to maintainanarrayA of sizeN N
sothatelementA[u; v] containsthe rst vertex on theshortesipath
from u to v. In this case, nding the shortestpathreducego re-
trieving the elementsA[u;; v], whereu; = Alu;Vv] and,in general,
U+ 1 = Alui;V]. An alternatve representatiomakesuseof N adja-
ceng lists, onefor eachvertex u;. In particular the adjaceng list
for vertex u; is asetof My, elementswhereM,, is theoutdegreeof
uj andthereis oneelementior eachvertex wyj (1 j My) such
thatthereexists an edgee, j from u; to wy,j. The elementof the
adjaceny list correspondingo wy,j containsall verticesv whose
shortespathfrom u; passeshroughvertex wy, j. Notethatwe as-
sumethatthe spatialnetwork is connectedandthusevery vertex
is in oneof the elementf the adjaceny list of u;. Moreover, we
alsoassumahatthe shortespathfrom u; to eachvertex is unique,
therebymakingthe elementf theadjaceng list of u; disjoint.

Thereare several dravbacksto the useof adjaceng lists. The
rst is theabsencef anindex which meanghatsearcheshrough
the elementsof the list associatedvith vertex u; for the onethat
containsy mustmake useof sequentiasearchyhich canbecostly
The secondis the spacerequiredfor storingthe lists aseachlist
hasO(N) elements. The spacerequirementscan be reducedby
takingadwantageof thefactthatthe verticesthatarememberof a
particularelemenbf anadjaceng list have somespatialcoherence
in the sensethat they arelikely to bein close spatial proximity.
Thisresultsn conceptuallywiewing theelement®of eachadjaceng
list asregions,andleadsto replacingthe adjaceng list by a map,
termedthe shortest-pathmap so that we have one shortest-path
map for eachvertex in the spatialnetwork. In particular given
vertex uj, theshortest-patimapmy, partitionstheunderlyingspace
into My, regions,whereM,, is theoutdegreeof u; andthereis one
regionry, j for eachvertexwyj (1 j My) thatis connectedo u;

by anedgee . Regionry, j spanghespaceoccupiedoy all vertices
v suchthattheshortespathfrom u;j to v containsedgeg, j (i.e.,the
shortestpathmalkes a transitionthroughvertex wy, ). Regionryj
is boundedby a subsebf the edgesof the shortespathsfrom u; to
the verticeswithin it. Note thatr,j doesnotincludeu; nor does
it includeedgeey j. We assumehatthe spatialnetwork is planar
whichmeanghattheregionsthatmale upmy, aredisjoint(they are
alsoshavn to beconnectedn Section3). For example,Figurel(b)
is sucha partitionfor the vertex marked by X in the roadnetwork
of Figure 1(a) wherewe usedifferentcolors(i.e., shadef gray)
to denotethe differentregions.

Theadwantageof groupingtheverticesonthebasisof theregions
in which they lie andidentifying eachregion by the rst vertex on
theshortespathinto it from vertex u; is thatwe canmake useof a
pointlocationoperatiorto nd theregionthatcontainshedestina-
tion vertex. This alsomeanghatwe can nd the shortespathto a
groupof verticesthatform a region, which is not possibleor easy
whenusingthearrayor adjaceng list representationsespectiely.
Pointlocationis spedup by imposingaspatialindex ontheregions.
In essencetherearetwo typesof a spatialindex: onebasedon an
objecthierarchysuchasan R-treeandonebasedon a disjoint de-
compositionof the underlyingspacesuchas one of a numberof
quadtreevariants(e.g.,[25, 29]).

An objecthierarchyis usually accompaniedy a hierarchyof
boundingboxes to facilitate execution of a point location query
by enablingthe ltering of olbviously wrong results. The bound-
ing boxesresultin a nondisjointdecompositiorof the underlying
spacevhichmeanghatthelocationoccupiedy a particularvertex
may be containedn severalboundingboxes. Thus,givenasource
vertex u; anda destinatiorvertex v, the only way to determinethe
actualboundingbox by, j, andhencetheregionry,j corresponding
to the rst vertex on the shortestpathfrom u; to v, is to associate
the relevant verticeswith by, j which defeatsthe rationalefor not
usingthe adjaceng list method.Thealternatie is to have asmary
choicesfor the rst vertex on the shortestpathto v asthereare
boundingboxesthat containv. This hasthe effect of makingthe
processof obtainingthe actualshortestpathfrom u; to v consid-
erably more expensve asit canno longerbe determinedn time
proportionalto the numberof edgesthat malke up the path. The
resultis thatwe areactuallymakinguseof a concepfsimilar to the
landmarksemployed by several researcherge.g.,[8, 14, 30]) as
an alternatve to Dijkstra's algorithmto computethe shortestpath
betweentwo vertices.In fact, this is indeedthe motivation for the
methodof Wagnerand Willhalm [31] wherethe objecthierarchy
consistsof boundingboxes. Figure2(a) shavs the resultof using
minimum boundingboxesto approximatethe regionsin the parti-
tion for thevertex markedby X in theroadnetwork of Figurel(a).
Noticethattheboundingboxesintersectwhichmeanghatvertices
in theintersectingegionshave morethanonecandidatenext vertex
for theshortespathto themfrom X.

(@) (b)
Figure 2: (a) Resultof using minimum bounding boxes
to approximate regionsin the partition for vertexX in the
road network of Figure 1(b), and (b) leaf blocks in the
shatest-path quadtreefor regionsof the samepartition.
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In contrast,Sankaranarayanagt al. [27] proposethe useof a
spatialindex basedon a disjoint decompositiorof the underlying
space. In particular they representhe regionsthat make up the
shortest-pattmapmy, usinga variantof the region quadtreg25],
termeda shortest-patlyuadtee wherethereareMy, differentdis-
joint regionsry; all storedin theregion quadtrees,. Eachregion
ry j consistsof the disjoint quadtreeblocksthat make it up. Each
of the quadtreeblocksrecordsthe identity of the region of which
it is amember For example,Figure2(b) is the block decomposi-
tion inducedby theshortest-patlguadtreeon the shortest-patimap
given by Figure1(b). As we pointedout earliet the advantageof
representationthatmalke useof adisjointdecompositiorof theun-
derlying space suchasthe region quadtreejs thatoncewe locate
theblock containingthe destinatiorvertex, we know whatregionit
isin andhencethe edgeemanatingrom thevertex whoseshortest-
pathquadtreave areprocessingln particular given sourcevertex
u, destinationvertex v, the shortest-patimapm, andshortest-path
quadtrees, associatedvith u, the next vertex t in the shortespath
from u to v is the vertex wj associateavith the quadtreeblock of
sy in region rj of my that containsv. The completepathfrom u
to v is obtainedby repeatinghe processsuccessiely replacingu
with t andreplacingu's shortest-patlyuadtreawith thatof t, until
u equalsv.

For example, considerthe simple road network given in Fig-
ure3(a)wherewewantto nd theshortespathfromvertex stover
tex d, andthe shortest-patlyuadtreefor s is given by Figure 3(b).
Looking up vertex d in the shortest-patlyuadtreeof s determines
thatd is in the region of the quadtreecorrespondingo the edge
from vertex sto t. Therefore the shortest-patlirom s to d passes
throught. Next, we obtainthe shortest-patlyuadtreeof t which
is given by Figure3(c). Looking up vertex d in the shortest-path
quadtreenf t determineghatd is in theregion of the quadtreecor
respondindo theedgefrom vertex t to u. Thisprocesss continued
until encounteringanedgeto vertex d.

@ (b)

Figure 3: (a) Exampleroad network, (b) the shatest-
path quadtree of vertex s, and (c) the shatest-path
quadtree of vertext.

Althoughtheideaof storingthe shortest-patimapasa shortest-
pathquadtreas conceptuallysimple,caremustbetakenin de ning
it. Themoststraightforvardapproachs to partitiontheunderlying
spacento blockssothateachblock is associateavith just onere-
gion of the shortest-patimap. Thedif culty with this approachs
thatit presumeshatwe know theboundarie®f theregions,which,
aswe will soonsee,may not be worth the effort to compute. Of
coursewe candetermingheboundariedut evenif we do this, we
still needto decidehow to build anappropriatequadtredor there-
gions.For example boundarie®f theregionscouldberepresented
by a variantof an MX quadtreg13, 25] whereboundaryblocks
would be treatedno differently thanthe interior of the region that
they bound.Thisis in contrastwith the corventionalMX quadtree
whereboundaryblocksareviewed asbeingdistinctfrom theinte-
riors of theregionsthatthey bound.

Therefore,instead,we adoptthe following approachthat as-
sumesthat all verticeshave beenassigned color corresponding
to the vertex wy, j incidentat the sourcevertex u; throughwhich
the shortestpathto themfrom u; passesWe now recursvely de-
composethe underlying spaceinto blocks and halt wheneer all
verticesin theblock have thesamecolor. Thefactthattheshortest-
pathquadtreas built by decomposingn the basisof the presence
andabsencef verticesof the spatialnetwork may resultin some
empty blocks, which are assignedan unusedcolor (e.g., white).
This hasthe side effect that it is possiblefor regions of a given
colorto benoncontiguousiueto interveningwhite blocks,thereby
resultingin morecontiguougegionsthanthe outdeyreeof thever
tex with which the shortest-patlyuadtreds associatedHowever,
aswe discussin Section3, this is not really an issuefor us asit
doesnot affect the ef ciency of the point location algorithm. In
fact, thereis really no needto keeptrack of the white blocks,and
thuswe usea pointerlessquadtreerepresentatiothat only keeps
track of the nonemptyleaf blocks(e.g.,[7]). In this caseeachof
thesenonemptyblocksis representedy its locationalcode(i.e.,a
numberformedby the concatenatiomnf its sizeandthe pathto it
from theroot). Blocksthatarerepresenteth this way areknown
asMorton bloks [18], andaccesgo a collectionof suchblocksis
facilitatedby makinguseof aB™* -treeaccesstructurebasecnthe
valuesof theirlocationalcodes.Lesserspacesavings areachieved
by not dispensingwith all of the nonleafblocksby usinga variant
of a path-compresseBR quadtredle.g.,[3]) which ignoreswhite
blockswhereall but oneof thesiblingsarewhite.

2.2 Best- rst k NearestNeighbor Algorithm

Giventhe shortesipathquadtregepresentationf a spatialnet-
work, we cantrivially obtainthe shortespathbetweerary source
and destinationpairsin real time. Similarly, other queriessuch
asrangeandregion searcheganalsobe easily handledusingthe
shortestpath quadtreerepresentation.We are interestedn the k
nearesmeighboralgorithm on spatial networks as it hasimpor
tant applicationsto the provision of location-basedervices(e.g.,
“Google Local” and“Microsoft Live”). For example,supposeve
wantto“ nd thelOclosestestaurantto 5600Broadway St.,Man-
hattan”.Note howvever thatneither‘Google Local” nor “Microsoft
Live” arepresentlyable(atleastnotyet)to calculatetheactualnet-
work k neighborsto a queryobjectin realtime, andendup using
Euclideandistancebetweentwo objectsu; v asan approximation
to the actualnetwork distancebetweeru andv. In therestof this
sectionwe describeK NEARESTSPATIALNETWORK which works
in realtime on a spatialnetwork.

KNEARESTSPATIALNETWORK assumesthe existence of a
searchhierarchyT (i.e., a spatialindex) on a setof objectsS (usu-
ally pointsin the caseof spatialnetworks) that make up the setof
objectsfrom which the neighborsaredrawvn. For the sale of this
discussionwe assumeéhatS, aswell asthe setof queryobjectsQ,
is a subsef theverticesof the spatialnetwork, althoughit is easy
to modify it to handlethe more generalcaseby keepingtrack of
two shortespathsto anobjectinsteadof justone.

In orderto enablethe computatiornof the rangeof network dis-
tancedrom queryobjectq for the shortesipathsthat passthrough
Morton block b, KNEARESTSPATIALNETWORK storessomead-
ditional informationwith b. In particular for a Morton block b in
the shortest-patiquadtredi.e., sq) for the shortest-patimapmyg, it
storesa pair of values,| (I *), that correspondo the minimum
(maximum)valueof theratio of thenetwork distance(i.e., through
the network) to theactualspatialdistance(i.e., “asthecrow ies”)
from g to all destinationverticesin b. The ratios are computed
on a vertex-by-vertex basis—thais, a ratio is computedfor each
destinationvertex after which the minimumsand maximumsare
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computed. Thusthe destinationvertex for which the ratio attains
its minimum value doesnot have to be the sameasthe destination
vertex for which theratio attainsits maximumvalue.

At this point, let us elaborateon how the shortest-patlyuadtree
is usedto computenetwork distanceslIn particular we rst shaw
how to computethe network distancebetweena query vertex g
anda destinationvertex v. We startby nding theblock b in the
shortest-patlguadtreeof q (i.e., sq) thatcontainsv (i.e., apointlo-
cationoperation) By multiplying thel andl * valuesassociated
with b by thespatialdistancebetweerg andv, we obtainaninterval
[d ;d"], termedtheinitial networkdistanceinterval, which con-
tainstherangeof thenetwork distancebetweerg andv. Thesetwo
actionsareachieved by procedureGETNETWORKDISTINTERVAL
(notgivenhere).Wheneer it is determinedhattheinitial network
distancenterval [d ;d*]is notsufciently tight (i.e., wheretight-
nesaneanghattheinterval doesnotinterseceninterval associated
with anothemeighboringobject),an operationtermedre nement
is appliedthatobtainsthe next vertex t in the shortespathbetween
g andv usingprocedurdNEXTV ERTEX SHORTESTPATH (notgiven
here). Having obtainedt, we retrieve the shortest-patijuadtrees
for t andthencalculatea new network distancentenal [d; ;d ] by
locatingthe Morton block b of s thatcontainsv. Thenetwork dis-
tanceinterval of the shortespathbetweerng andv is now obtained
by summingthe network distancefrom q to t (i.e., the weight of
the edgefrom q tot) and[d; ;d; ]. Givena pair of verticesq and
v andalengthk in termsof the numberof verticeson the shortest
pathbetweerthem,this processs reinvoked at mostanotherk 2
timesuntil reachingv.

We now shav how to computethe network distancebetweena
queryvertex g anda block b of the searchhierarchyT. First, we
point out thatin the caseof a block, the conceptof a network dis-
tanceis complicatedy thefactthatthereareusuallymary vertices
of the spatialnetwork in the areaspannedy b, andthuswe need
to specify somehw the vertex (vertices)for which we are com-
putingthe network distance Instead we computea minimumnet-
work distancefor the block usingprocedureM INNETWORKDIST-
BLock (notgivenhere). The minimum possiblenetwork distance
d of gfrombis computedoy intersectingo with sq, theshortest-
pathquadtreeof g, to obtaina setof intersectingblocks Bq of sg.
For eachelementb; of Bg, the associated ; valueis multiplied
by the corresponding INDIST(q; bj\ b) valueto obtainthe cor
respondingminimum shortest-patmetwork distancey, from g to
bi. d is setto theminimumvalueof |, for the setof individual
regionsspeci ed by bj\ b. Notethatthe reasornthatblock b can
beintersectedy avaryingnumberof blocksb; of By is thatsg and
T neednot be basedon the samedatastructure(e.g.,T canbean
R-tree),andevenif they areboth quadtree-basegk.g., T is a PR
quadtreg?20, 25]), sy andT do not have to bein registration(i.e.,
they canhave differentorigins,ascanbe seenin Figure4).

Figure 4: Example of the intersection of block b in a
gquadtree seach hierachy T with blocks by, ba, bz, b,
bs in the shatest-path quadtree.

There are several ways of implementinga best- rst k nearest
neighboralgorithm. Thesimplestis to usethespatialnetwork best-

rst incrementalhearesineighboralgorithm[27] and terminateit
onceit hasreportedhe rst (i.e., nearestk objects.This approach
malkes useof a priority queueQueuethatis initialized to contain
theroot of the searchhierarchyT andthe root's network distance
from thequeryobjectq. Theprincipaldifferencebetweerthe spa-
tial network adaptationof the incrementalnearesneighboralgo-
rithm andthe corventionalincrementahearesheighboralgorithm
is that,in the caseof a spatialnetwork, objectsareenqueuedising
theirnetwork distancentenal (i.e.,[d ;d*]) fromthequeryobject
g, insteadof just their minimum spatialdistancefrom g. However,
objectsandblocksareorderedandremovedfrom Queuen increas-
ing orderof theirminimum network distancefrom g.

The dravback of this incrementalapproachis that the priority
gueuecanbe aslarge asthe numberof objectsin the spatialnet-
work shouldthey all be at approximatelythe samedistancefrom
g [10]. Our best- rst k nearesheighboralgorithmgivenby proce-
dure KNEARESTSPATIALNETWORK overcomeghis by usingthe
distanceDy from q of the kth candidatenearesneighboroy to re-
ducethenumberof needlessgriority queudansertionsoperationdy
enablingus to avoid enqueueinglementswith a distancegreater
thanor equalto Dy from g (lines57 and66) which would never be
removedfrom Queuesincetheboundk onthenumberof neighbors
meanghatthealgorithmterminatesy then.However, suchamod-
i cation incursthe costof additionalcompleity in the algorithm
dueto the needto checkfor it wheneer insertionsare madeinto
Queue In particular knowving o, meanghatwe mustkeeptrackof
thesetL of k candidatenearesbbjectsthathave beenencountered
atary moment.Moreover, wheneer it is determinedhataninser
tion is to be madeinto L, we mustbe ableto identify andremove
theelementn L with thelargestdistance Thisis donemosteasily
by implementingL asa priority queuethatis distinctfrom Queue
whichnow containgheremainingtypesof elementsThus, nding
thek nearesnheighboramakesuseof two priority queues.

Sincetheprocesof nding thenearesk neighborselieson es-
timatingthe network distanceof the objectsfrom g, objectscannot
be insertedinto L until their exactdistancesareknown (i.e., they
have beenfully re ned). However, thismeanghatthecorvergence
of Dy from its initial valueof ¥ to its nal value cannotbeagin to
take placeuntil k of the objectshave beenfully re ned. Thiscan
take quiteabit of time. In orderto speedup theconvergenceof Dy,
and hencereducethe potentialsize of the priority queueQueue
we modify thede nition of L sothatL alsostorespartially re ned
objectg(asdoesQueud. In thiscasel alsokeepdrackof themaxi-
mum of theirassociatedietwork distancantervals (see[25] where
suchanapproachs usedin a corventionalnon-netvork k nearest
neighboralgorithmto keeptrackof themaximumpossibledistance
at which a nearesteighborcan be found). In particular given
object p with distanceintenal [d,,;dp; ], L storesthe pair (p; dy,))
whenthe network distancevalueof p from q is lessthanor equal
to Dk. NotethatQueuealsostoregpartially re ned objectswith the
differencethat they arestoredin Queuewith their corresponding
network distanceinterval, while they areonly storedin L with the
maximumof their correspondingetwork distancantenal.

Theactualmechanic®f the algorithmaresimilar to the general
corventional best- rst algorithm with the differencethat objects
areassociatedvith distanceintenals insteadof distances.When
a nonleafblock b is removed from Queue the minimum network
distances computedrom g to eachof the childrenof b, andthey
areinsertednto Queuewith theircorrespondingninimumnetwork
distancesWhenaleafblock b is removedfrom Queuetheobjects
(i.e., points)in b areenqueuedvith their correspondingnitial net-
work distancentervals,which arecomputedwith theaid of thel
andl * valuesassociateavith b.
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Ontheotherhandwhenthealgorithmprocesseanobijectt (i.e.,
whenthe mostrecentlyremoved elementrom Queuecorresponds
to anobject),it determinedf the minimumnetwork distanced, of
t is greaterthanor equalto thatof Dy (the currentdistanceof the
kth nearesheighborof g), in which caset exits andreturnsL asthe
setof k nearesheighborshecause andall otherobjectsin Queue
or in blocksin Queuecannotbefoundatadistancefrom g whichis
lessthanDy. Otherwise,it checksto seeif the maximumnetwork
distanced; of t is lessthanthe minimum network distanced,, of
the elementp thatis currently at the top of Queue In this case,
further processingof t is haltedand processingcontinuesof p as
by Theoreml (giventhe endof this section)we canguarante¢hat
Dy df which meansthatt is oneof the k nearesneighborsof
of g (otherwisewe would needto re ne t andenqueust with the
re ned distancentenal). If df dp , thenthealgorithmattempts
to tightenthe network distanceintenal for t by applyingonestep
of the re nement operationdescribedearlier and then enqueues
t with the updatednetwork distanceinterval. Note thatwhenthe
network distanceintervals associatedvith an object p in Queue
have beenobtainedvia re nement, Queuemustalsokeeptrack of
the mostrecentlydeterminedntermediatevertex v on the shortest
pathfrom g to t andthe network distanced from g to v alongthis
path. Obsenre alsothat no suchinformationneedbe recordedfor
blocks, and,in fact, eachtime we processa block, its associated
intermediatevertex and minimum network distancearethe query
objectq andO, respectiely.

In orderto avoid having duplicateentriesin L for aparticulampar
tially re ned object,eachtime a partially re ned objectis removed
from Queuefor processingwe also attemptto remove it from L
(line 32),if it is there(i.e., the value of the maximumof its corre-
spondingdistancentenal is lessthanor equalto Dy), usingproce-
dure REMOVEPRIORITY QUEUE (not given here). Similarly, once
its network distanceintenval hasbeenre ned, we attemptto insert
it into L with its associatednaximumnetwork distanceprovided
thatthis valueis lessthanor equalto Dy (line 43) usingprocedure
INSERTL (notgivenhere)which alsoupdateDy if necessaryi.e.,
if L containsk elements)However, we do notenqueuét in Queue
(line 46)if thevalueof its associatedninimumnetwork distancds
greaterthanor equalto Dy asthis meanghatits furtherprocessing
will notresultin a closerneighbor Note thatwhenthe minimum
and maximumnetwork distancevaluesare equalto Dy, suchan
actionresultsin the objecto beingin L while no longerbeingin
Queuglines41-46)whichis allowedasthis meanghatthereis no
longeraneedto re ne o further Of coursejf subsequentlgloser
objectsto g arefoundthano atnetwork distancegessthanDy, then
o will beremavedimplicitly from L.

Procedurel NSERTL malkes use of procedureMAXPRIORITY -
QUEUE (not given here)to determinethe elementof a priority
queuewith the maximum distance. MAXPRIORITYQUEUE is
equivalentto FRONTPRIORITY QUEUE Whenpriority is givento el-
ementsatamaximumdistance NotethatINSERTL is alsoinvoked
whenwe rst encounteanobjectaspartof aleafblock (line 59).

It is importantto notethatprocedureK NEARESTSPATIALNET-
WORK takes adwantageof the factthatfor a given objecto, there
is no needto re ne its distancefurther onceit is known that the
maximumnetwork distanceassociatedvith o is lessthanthe min-
imum network distanceassociatedvith otherobjects. This means
thatwhenthe algorithmterminatesthe setL doesnot necessarily
containthe actualnetwork distancefrom q of all of its constituent
objects.In otherwords,theidentity andrelative ranking(seeThe-
orem2 attheendof this section)of thek nearesheighborsof q is
known, but their distancefrom q is not known. All thatis knowvn
are upperboundson their distancefrom g. This is the price that
we pay for not re ning the distancedut it doesresultin a faster

corvergenceto thedesiredgoal of nding thek nearesneighbors.
Of coursejf theactualdistancesiredesiredor someof thek near
estneighborsthenthe algorithmcanbe modi ed to storein L the
identity of theintermediatevertex t onthe pathfrom g to neighbor
p (andthe distances from g to t) at the time at which the re ne-
mentprocesdor p was haltedandthensimply performrepeated
lookup operationson the shortestpath quadtreeto obtainthe re-
maining shortestpathto p andthe distanceto it. Note also that
if thereare several objectsat the maximumdistancefrom g, then
we only reportasmary asnecessaryatherthanall of them,which
couldpossiblyresultin reportingmorethank objects.

1 procedure KNEARESTSPATIALNETWORK(Q;K;ST)

2 /* A best- rst nonincrementadlgorithmthatreturnsin priority queue
L the k nearesneighborsof g from a setof objectsS on a spatial
network. Sis organizedusingthe searchhierarchyT. It assumes
thateachelemenin thepriority queueQueuehasfour data elds E,
D, V, andl, correspondindo the natureof the entity x thatQueue
contains(which canbe anobject,leaf block, or nonleafblock), the
network distanceintenal of x (just onevalueif x is not anobject),
the mostrecentlydeterminedvertex v via re nementwhenx is an
object,andthe network distancefrom g to v alongthe shortespath
from g to x whenx is an object. Note that ENQUEUE takes four
amgumentsvhentheenqueueentityis anobjectinsteadf theusual
two. In bothcasesthe eld namesarespeci edin its invocation.*/

3 value object q

4 value integer k

5 value object_set S

6 value pointer search_hierarchy T

7 integer Dy

8 priority_queue L, Queue

9 object o

10 vertex v

11 interval i

12 real s

13 pointer search_hierarchy eep

14 priority_queue_entry t

15 L NEWPRIORITYQUEUK)

16 /* L is the priority queuecontainingthek nearesbbjects*/

17 Queue NEWPRIORITYQUEUK()

18 e rootof thesearchhierarchyinducedby SandT

19 ENQUEUE([E =] € [D =] 0; Queug

20 Dk ¥

21 while not ISEMPTY(Queug do

22 't DEQUEUE(Queug

23 e E(@)

24 if 1sOBJECT(€) then /* eisanobject*/

25 if MINNETWORKDISTINTERVAL(D(t)) Dk then

26 return L

27 elseif MAXNETWORKDISTINTERVAL(D(t))

28 MINNETWORKDISTINTERVAL(

29 D(FRONTPRIORITY QUEUE(Queud)) then

30 if MAXNETWORKDISTINTERVAL(D(t)) Dy then

31 /* Ensureoneentry/objectin L */

32 REMOVEPRIORITY QUEUE(€;L)

33 endif

34 v NEXTVERTEXSHORTESTPATH(

35 € SHORTESTPATHQUADTREE(V (t)))

36 /* NEXTVERTEXSHORTESTPATH doespoint location on e
in the SHORTESTPATHQUADTREE of V(t) andreturnsthe
vertex v associateavith theblockor region containingV (t)
*

37 s I(t) + EDGEWEIGHT(V (t);V)

38 /* EDGEWEIGHT(V(t);V): distancebetweenV(t) andv */

39 i s+ GETNETWORKDISTINTERVAL(

40 € SHORTESTPATHQUADTREE(V))

41 if MAXNETWORKDISTINTERVAL() Dy then

42 /* UpdateL andDg asnecessar$j/

43 INSERTL(€ MAXNETWORKDISTINTERVAL(I); k;L;Dg)

44 endif

45 if MINNETWORKDISTINTERVAL(i) < Dy then

46 ENQUEUE([E =] g [D =]i;[V =] [l =] s;Queué
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47 endif

48 endif

49  elseif D(t)

50 return L

51 elseif ISLEAF(e) then /* eisaleafblock*/

52 foreach objectchild element of e do

53 /* Inserteachobjecto in e in Queuealongwith the network dis-
tanceintenal of o, which is obtainedby performinga point
location operationfor the block containingo in the shortest-
pathquadtreeof g. In addition,inserteachobjecto in L for
which themaximumdistancerom q is lessthanDy. */

Dk then /* eis anon-object/

54 i GETNETWORKDISTINTERVAL(

55 0; SHORTESTPATHQUADTREE(())

56 if MINNETWORKDISTINTERVAL(i) < Dy then

57 ENQUEUE([E =] 0;[D =]i;[V =] q;[l =] 0; Queug

58 if MAXNETWORKDISTINTERVAL(i) < Dy then
59 INSERTL(0; MAXNETWORKDISTINTERVAL(i); k;L; Dk)
60 endif

61 endif

62 enddo

63 else /* eisanonleafblock*/

64 foreach child elemente, of e do

65 if MINNETWORKDISTBLOCK(Q;€p) < Dk then

66 ENQUEUE([E =] ep,

67 [D =] MINNETWORKDISTBLOCK(Q; €p);
68 Queug

69 endif

70 enddo

71  endif

72 enddo

We now statea pair of theoremswhoseproofsare omitted for
lack of spacethatareneededn the demonstratiorof the correct-
nessof procedureK NEAREST SPATIALNETWORK.

THEOREM 1. If the maximumof the distanceinterval associ-
atedwith the mostrecentlyremaed element from Queueis less
thanthe minimumof the distanceinterval associatedvith the ele-
mentp currently on the top of the Queue(i.e., di < dp), thenDy
is alwaysgreaterthanor equalto the maximunof thedistancen-
terval associatedvith t or formally D, d; , which impliesthatt
is oneof thek neaestneighbos of q.

THEOREM 2. Theoutputof KNEARESTSPATIALNETWORK is
a total ordering of the setof k neaestneighbos of g, eventhough
it is possiblethat their distanceintervalswere notfully re ned.

3. EXECUTION TIME AND SPACE
REQUIREMENTS

In this sectionwe analyzethe executiontime andspacerequire-
mentsof theINCNEARESTSPATIALNETWORK algorithm. Theex-
ecutiontime requirementsf thealgorithmarequitesimpleandare
capturedby thefollowing theorem.

THEOREM 3. The worst case execution time of the INC-
NEARESTSPATIALNETWORK algorithm is proportional to the
numberof objectsexaminedandthe numberof links ontheshortest
pathsto themfromthe queryobjectq.

PrROOF. Thisis proved easilyby noting thatthe algorithmper
formsasequencef pointlocationoperationgo locatethe vertices
of the network thatcoincidewith the positionsof the objects.The
numberof blocksin the searchhierarchyT is proportionalto the
numberof objectsin the searchhierarchy In the worst case,the
algorithmretrievesall of the blocks,and,in the worst case all of
the shortestpathsto the objectswithin themare explored. How-
ever, only thesepathsare explored. The worst caseof the algo-
rithm ariseswhenall nonleafblocksof the searchhierarchyareat

approximatelythe samedistancefrom g, which is the worst case
of the corventional best- rst incrementalnearesteighboralgo-
rithm [10]. Therefore,in the worst case,the numberof point lo-

cationoperationgs equalto the sumof the numberof links in the
shortespathsfrom q to al of the objectsin the spatialnetwork. Of

course suchaworstcasescenaridi.e., theretrieval of all objects)
will rarely exist asit dependsn a particularpositioningof g and
the objectsbeingequidistanfrom it. Note thatthe compleity of

the pointlocationoperationitself is just the depthof the searchhi-

erarchywhich canbe treatedasa constantf(i.e., the resolutionof

theunderlyingdecompositiorspace). [J

As we pointedout, the bulk of the storages neededo storethe
shortest-patiquadtreesBeforeobtainingtheactualbound,we rst
prove thattheregionsof the shortest-patimapareconnected.

THEOREM 4. Theregionsthat male up the shortest-patimap
my, of vertex uj are connected.

PrROOF. This is proved easily by noting that from the point of
view of a graph,ignoringthe spatialembeddingpf its vertices,all
verticesthatmale up eachof theregionsry, j areconnectedThere-
fore, the only way thatthe spacespannecy one of theseregions
associatedvith vertex w; incidentat u; canbe disconnectedsay
consistingof two regionsg; andgj, is if theshortespathfrom uy
to somevertex v» in g2 would “jump” from somevertex vy in g1
over someregion thatis associateavith a vertex wy incidentat uy
whichis impossibleasthe spatialnetwork is planar [

THEOREM 5. Theshortest-patlguadteefor vertex u; requires
O(py + n) space whee py, is the sumof the perimetes of the
polygonscorrespondingo the regionsthat male up the shortest-
pathmapof u; andthemapis embeddeih a2" 2" space

PrRoOOF. The shortest-patimap my, partitions the underlying
spacento My, regions,whereM, is theoutdegreeof u; andthere
is oneregion ryj for eachvertex wyj (1 j My) thatis con-
nectedto u; by anedgeeyj. From Theorem4 we know thateach
of ry j is connectedNow, for eachregionry j of uj, applyanalgo-
rithm to determinéits boundarywhichresultsin apolygonoy, j and
build anMX quadtred; for its edges.Assumingthatt, j is em-
beddedn a2" 2" spacewe know from the QuadtreeCompleity
Theorem(e.g.,[13, 25]) thatty, ; requiresO(pyj + n) spacewhere
Py is the perimeterof o, (alsoknown asthe dimensionreduc-
ing property). Next, constructX,, the union of the MX quadtrees
correspondingf the regionsthat male up my, which will require
O(py + Nn) spacewhere py, is the sumof the perimetersof the
polygonscorrespondingo the regionsthatmake up my, .

As we saw in Section2, Sankaranarayanatal. [27] make use
of anotherrepresentatiomf the shortest-patiguadtreewhich we
call §;. §; is built by processinghe shortest-patmap my, di-
rectly and recursvely decomposinghe underlying spacethat it
spansnto blocksandhaltingthe decompositiorprocessvhenaer
all verticesin theblock have thesamecolor (i.e.,avariantof there-
gionquadtree)lt is easyto seethatthis decompositionule results
in no moreblocksthanthe MX quadtreeX,, asall verticesthatare
in theinterior of oneof theregionsof my, remainin interior blocks
of both the quadtreeblocks of the appropriatety, j andthe corre-
spondingblocks of X, andS,. However, for blocksthatare on
theboundarieof regions,in the caseof the shortest-patiguadtree
S, thereis no needto decompos¢éheunderlyingspaceo thepixel
level. Therefore,we only needto ensurethat the verticeslie in
separatédlocksratherthanalsoto ensurethatthe edgesthat con-
nectthemlie in separatdlocks.In otherwords,region boundaries
arerepresenteinplicitly in §;; in contrasto beingrepresenteex-
plicitly in the MX quadtreeX,,. Thus,the shortest-patlyuadtree
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S, requiresno morespacahantheMX quadtreex, , andtherefore
theO(py, + n) spaceaequirementsf theMX quadtreexy, alsohold
for theshortest-patlguadtrees,,. [

We now prove themainresult.

THEOREM 6. Assuminga spatial network embeddedin a
squae grid sothat eat vertex occupiesa randompositionwithin
agrid cellandthattheboundarieformingtheregionsin theshort-
estpathquadteesare monotonicthetotal numberof quadteeleaf
blodksin the shortestpath quadteesfor a spatial networkwith N
verticesis O(N15).

Proor. Embeddinghe N verticesin a squaregrid impliesthat
the grid width is ~ N grid cells. Assumingan outdeyreeof ¢ per
vertex (c is usuallymuchsmallerthanN for a spatialnetwork cor-
respondindo aroadnetwork for whichcis usually4 asthevertices
usually representhe intersectionof two roads),the shortestpath
maphasjustc polygonalregions.FromTheorenbt in Section3 we
have thatthe spacecompleity of the shortespathquadtreecorre-
spondingto the shortespathmapis proportionalto the sumof the
perimeterf the polygonsthatmale up theshortespathmap.We
now obsenre thatthe digitization using Bresenhans algorithm[1]
of the line sggmentsthat make up the monotonicboundariesof
the polygonsof the shortesppathmapmeanghatthe sumof their
Iength&(i_.e., perimetersareno morethanc timesthelengthof the
width = N of the embeddingspace.Therefore the spacerequired
by theN shortespathquadtredor thespatialnetwork of N vertices
isO(NY9). O

It shouldbe clearthattherearemary possiblequadtreevariants
that could have beenusedto representhe shortestpathmapmy,.
In the proof of Theorem5, we usedthe MX quadtreeX, because
of the way in which its spacerequirementsanbe obtained. The
actualimplementatiorof the shortest-patlguadtreausingS,, hasa
lower numberof blocks,but a formal derivation of a moreprecise
estimateis more compl. In ary case,experimentswith some
actualmapdatasuchasthe Silver Springmapgivenin Figurel(a),
whichhas4333verticesfoundthat,usingS, , thenumberof blocks
in eachof the shortest-patlquadtreedor all verticesin the map
rangedbetweenl and538with anaverageof 128.3. This number
is signi cantly smallerthanN = 4333whichis whatwewouldneed
hadwe we usedadjaceng lists.

An alternatve quadtregepresentatiosanbe obtained [23, 24,
28] after corverting the collection of polygonsdescribedin the
proof of Theorem5 to a polygonalmap wherethe edgesof the
individual polygonsoy, j thatborderadjacenpolygonsaremeiged
into oneedge.TheresultcanberepresentedsinganMX quadtree,
which of coursewill requirelessspacethanX; astherearefewer
edgesto decomposeHowever, the orderof the spacecomplexity
will still bethe same.An alternatve which will requireevenless
spaces to useoneof the memberf the PM quadtredamily [11,
26] or eventhePMR quadtred19]. Their spacaequirementhave
beenanalyzedin [17] wherethe spacerequirementof the PMR
quadtreehasbeenshawvn to be ontheorderof thenumberof edges
makingup the polygonalsubdvision andindependenof the depth
of the quadtre€i.e., the resolutionof the underlyingspace).Note
thatin orderto usethesestructureswe would have to determineghe
actualpolygonsthatcorrespondo the regionsof the shortest-path
mapasoutlinedin the proof of Theorems.

Oneof theinterestingaspect®f implementingthe shortest-path
quadtreeusing S; is that the resulting quadtreemay have some
white (i.e., empty) blocks as can be seenin Figure 5. This oc-
curs when a nonleaf quadtreeblock containsverticesfrom dif-
ferentregions of the shortest-pattmap. In this case,it could be

saidthatthe numberof regionshasincreasedf we alsocountthe

white (i.e., white disconnectedegions). Furthermorejt is possi-
ble that the quadtreeblocks that make up the My, regionsin the
shortest-pattmapmy, arenot contiguousat leastif contiguity is

basedn4-adjaceng. Theexamplein Figure5 shavstheshortest-
path quadtreefor query objectq which consistsof two regions,
onefor vertex a consistingof the noncontiguougjuadtreeblocks
containingverticesa andd, andonefor vertex b consistingof the

noncontiguousjuadtreeblocks containingverticesb andc. It is

importantto obsere that the compleity boundobtainedin The-
orem5 in termsof the perimetersof the regions comprisingthe

shortest-patimapis not formulatedin termsof the regionsformed
by the quadtreeblocksthatmale up S;;. Moreover notethatthese
additionalregions (i.e., thosecomprisedof the white blocks and
thenoncontiguougl-adjacentegionscorrespondingo the various
ry j) have no effect on the ef ciency of the algorithmthat deter

minesthe shortestpathsin the incrementalnearesneighborpro-

cessas thesewhite regions containno verticesand thusthey are
never accessedluring the point locationprocesswhich is the key

to nding thesegmentsthatform the shortespaths.

Figure 5: Example illustrating the presenceof empty
blocksin the shatest-path quadtreeof the shatest-path
map of query object q consistingof two regions: one for
vertex a consistingof the noncontiguousquadtreeblocks
containing a and d, and one for vertex b consisting of
the noncontiguousquadtree blocks containing b and c.

4. EXPERIMENT AL EVALUATION

In this section,we evaluatethe performanceof our k-nearest
neighboralgorithmanda numberof its variants.We alsocompare
themwith two competingtechniques—INEand IER of Papadias
etal. [21] thatarebasedon the useof Dijkstra's algorithm. They
differ onthe extentto whichthey male useof Dijkstra's algorithm
whereINE usesit to nd the neighborsasthe graphis explored
while IER rst nds the neighborsusing Euclideandistanceand
thenusesDijkstra'salgorithmto nd theshortespathsto themand
hencethetrue network distanceandthenpossiblyseeksadditional
neighborg25]. All experimentsverecarriedoutonalinux (2.4.2
kernel)quad2.4 GHz Xeonsener with onegigabyteof RAM. We
have implementedour algorithmsusingGNU C++. We testedour
algorithmson a large road network datasetcorrespondingo the
importantroadsin the easterrseaboardtatesof USA, consisting
of 91; 113 verticesand114 176 edges.The shortespathquadtree
of the verticesof this road network was precomputedand stored
on disk. The averagenumberof the Morton blocksin the shortest
pathquadtreeassociatedvith eachvertex in thedatasets 353. The
algorithmusesan LRU basedcachethat canhold 5% of the disk
pagesn themainmemory

We now brie y describeour experimentalsetup. We randomly
generated setof objectsS, whichis indexedby adisk-based®MR
quadtreen all of thealgorithmsthatwe tested(it wasalsousedby
the nd_entities functionin the INE method[21]). Eventhough,
our algorithmcanhandleobjectsin Sthatlie on anedgeor aface
of aspatialnetwork with equaleasefor the sale of simplicity, we
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assumehateachof the objectsin Sis associatedvith a vertex on
theroadnetwork. We representhe sizeof Sasafractionof N, the
numberof theverticesin thespatialnetwork. We vary thesizeof S
betweerD:001N to 0:2N. Moreover, in orderto reducesomeof the
mathematicainstabilitiesinvolvedin usingstatisticsderived from
arandominput datasetwe usedthe averagegecordecby running
thequerieson atleast50 randominput dataset®f the samesize.
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Figure 6: Compaison of KNN and its variants with INE
and IER for (a) k= 10 and varying sizesof S, (b) S=
0:07N and varying k.

The rst, and mostimportant, experimentswere designedto
compareK NEARESTSPATIALNETWORK (termed“KNN") anda
numberof its variants(KNN-M andKNN-I, aswell asINN which
simply invokes KNN k times and hencehasno needfor priority
queueL and Dy is irrelevant asit is setto ¥) that are described
andevaluatedin greaterdetail in the restof this section,with the
IER and INE techniquesof Papadiaset al. [21] which are based
on the useof Dijkstra's algorithm. Theseexperimentsareimpor
tantasthey shedlight onthefundamentaboalof this paperwhich
is to demonstratehe ef cacy of precomputinghe shortestpaths
betweenthe variousnodesin the spatialnetwork so thatthe com-
plexity of thenearesheighbormprocessloesnotdependnthesize
of the underlyingspatialnetwork (i.e., the decouplingprinciple).
We usedthe INE algorithmpresentedn [21] asin the interestof
simplicity we assumedhat eachof the objectsin S from which
the neighborsaredravn is associatedvith a vertex. Without this
assumptionjn orderto obtainthe right result, this variantwould
needthe modi cations describedn [25], which hadthe effect of
doublingtheexecutiontime of INE (althoughnotshavn here).Fig-
ure 6 shaws the executiontime taken by KNN andits variantsas
well asINE andIER for varying valuesof k andS. We speakof
thebehaior of KNN andits variantscollectively asthey all outper
form INE andIER for smallvaluesof k, whichis themostcommon
casein which thesealgorithmsareused.

Figure6ashawvs thatKNN andits variantsareat leastoneorder
of magnitudeandup to two ordersof magnitudegasterthanINE
andIER whenusingdifferentobjectdistributionsfor k = 10which
is not atypical. As the size of Sis increasedthe executiontime
of KNN andits variants,aswell asthatof INE andIER decrease
(althoughat somepoint the executiontime of IER doesstartto
increase) KNN andits variantsperformbetterthanboth INE and
IER evenfor largevaluesof S= 0:2N, althoughfor extremelylarge
valuesof S>> 0:2N, INE doesstartto performbetterthan KNN
andits variants. This is becausdor very large valuesof S, INE
is ableto nd k neighborsby just visiting a few edgesaroundq
in the road network, asthereare so mary of them. However, as
we know well, mostobjectdataseton road networks are sparse.
For example,evenS= 0:2N is unrealisticallylargefor a datasebf
post-ofces, pizzashopsor restaurants.

Number of Neighbors (k) (log scale)

Figure 6b shavs that KNN andits variantsare several magni-
tudesfasterthan INE and IER for small valuesof k < 20 ask is
variedfor a x ed objectdistribution S= 0:07N. In particular we
seethat that the variousalternatve variantsof KNN (i.e., KNN-
I, INN, andKNN-M) provide a 3-8 timesspeedup over INE for
valuesof k rangingbetween20 and 300, althoughKNN itself is
slower thanINE for k> 50. As discusseckarlier typical nearest
neighborqueriesendto usesmallervaluesof k for which KNN is
very well-suited,while the othervariantsof KNN are moresuited
for larger valuesof k. So, dependingon the natureof k andS, a
suitably designedquery optimizerwould be easilyableto usethe
appropriatevariantof KNN. However, whenk > 300, only KNN-
M is still fasterthanINE. Notethatin theseexperimentdER was
alwaysslower thantheremainingalgorithms.
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Figure 7: Total number of Morton blocksin the shatest
path quadtree encading of random subgraphsextracted
from a large dataset, as well as a line with slope 1.5.

The secondsetof experimentstatulate the size of the shortest
pathquadtredor a variety of spatialnetworks. We useda dataset
containingall majorroadsin theUSA (i.e., morethan380,000ver
tices and 400,000edges). By extracting randomconnectedsub-
graphsfrom the road network, we were able to accountfor vari-
ationsin the variousroadssuchasrural versusurban,and spatial
network con gurationsthatwould leadto differentstorageequire-
mentsfor the underlyingshortestpath quadtree. Given a spatial
network G, we determinedheshortespathquadtredor eachof its
N verticesandcalculatedthe total numberof Morton blockscom-
prisingit andthenobtainedheirsumM whichis plottedin Figure7
asa functionof N. From Figure7 we seethatthe ratio of the to-
tal numberM of Morton blocksin the shortespathquadtreegor a
spatialnetwork G to thenumberof verticesN in G for awide range
of spatialnetworks of differentsizesobegysM = K N15 (whereK
is a constantwhich validatesTheorem6. Recallfrom Section3
thatthis hasa very importantrami cation asit reduceghe storage
compleity of of our approachof precomputinghe O(N2) short-
estpathsfor the N verticesto O(N®) from from O(N?®) asin the
worstcaseeachof the O(N?) shortespathscancontainO(N) ver-
tices. This makesthe shortest-patlguadtreerepresentatiorscal-
ableasthetotal amountof spacerequiredfor a spatialnetwork has
beendrasticallyreducedi.e.,by anorderof magnitudeequalto the
squargootasN®? is thesquareoot of N3).

The third setof experimentsevaluatesomeproposedmodi ca-
tionsof KNN thataredesignedo overcomesomeof its shortcom-
ings. Recallthat KNN is a non-incrementabest- rst algorithm
that usesan upperboundestimateDy on the maximumpossible
distanceto thekth nearesheighborof aqueryobjectg. An equiva-
lentmethodof obtainingthek nearesheighborof aqueryobjectis
to invoke anincrementabest- rst variantof KNN (termed‘INN”)
k times—thatis, INN is a variantof KNN thatdoesnot make use
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of thepriority queuel andwhereDy is setto ¥, therebymakingit
irrelevant. The dravbackof INN is thatthe priority queueQueue
may get aslarge asthe numberof objects. KNN-I is a variantof
INN thatmakesuseof avariantof Dy andL to limit thesizeof the
priority queueQueue KNN-I proceeddike INN exceptthatwhen-
ever KNN-I encounters leafblock at front of Queuethatcontains
objectsjt insertstheminto L whichis orderedusingthemaximums
of the distanceintenals of the objects,althoughtheseassociated
maximumdistancevaluesarenever updateceventhoughthey may
be subsequentlye ned. KNN-I differs from KNN in that KNN
alsotries to insert objectsinto L whenit encounterghemat the
front of Queue Oncek differentobjectshave beeninsertedinto L,
KNN-I usesDE, the maximumdistancevalue associatedvith the
objectsin L, to avoid enqueueing@ry new objecto for which the
minimumof its distanceantenal is DE (line 56).

We alsointroduceanothervariantof KNN (termed‘KNN-M")
thatusesk MINDI1ST, a lower boundon the minimum of the dis-
tanceinterval of the kth nearesheighborin additionto DE, to ob-
tainthek nearesheighborof q with the samemotivationof reduc-
ing the size of the priority queueQueue It proceedsn the same
mannerasKNN-I with the modi cation thateachtime it encoun-
tersanobjectat the front of Queueit enqueued in anadditional
priority queueQueug. Onceit hasremovedthe kth objectp from
Queueandinsertedit into Queue, it recordsthe minimum (max-
imum) of p's distanceintenal in KMINDIST (DE). Now, it keeps
on processinghe elementsn Queueandinsertsthe objectsthatit

nds in Queug until theminimumof theretrievedobjectis greater

than DE, at which time, processingf elementsn Queuehaltsas
they cannolongerbe partof the setof k nearesneighbors At this
point, Queug is guaranteedo containall of the k nearesbbjects
aswell asotherobjects.Now, procesghe elemente of Queug the
minimum of whosedistanceinterval is the smallest. If the max-
imum of €'s distanceintenval is lessthank MINDIST, thenreport
e asoneof the k nearesneighbors(in which casee is saidto be
prunedagainstK MINDIST). If it is greatethank MINDIST, then
checkif €'s distanceinterval overlapsthat of the currentelement
at the front of Queue, in which casere ne e andreinserte into
Queue. This procesds continueduntil k neighborshave beenre-
ported. Note thata dravbackof usingKNN-M is thatthe objects
in theresultsetarenot orderedwith respecto g. In otherwords,
in comparisorto KNN which establishes total orderingof its k
nearesheighborsKNN-M doesnot produceanorderedoutput.
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Figure 8: Percentagereduction in the sizeof the priority
queueQueuefor KNN, KNN-I, and KNN-M, when com-
pared with INN for (a) k= 10, and varying sizesof S
and (b) S= 0:07N and varying valuesof k.

Recallthatoneof the advantageof usingKNN andits variants
over INN is thatthereis areductionin the sizeof thepriority queue
Queue therebyleadingto a reductionin the spaceneededo store
it which meansthat all priority queueoperationsare faster Fig-

ure 8 shaws thereductionin the maximumsizeof Queuefor KNN,
KNN-I, and KNN-M whencomparedwith INN. For k= 10 and
varying sizesof S, the maximumsize of Queuefor KNN, KNN-I,
andKNN-M is, on the average at most35% of the sizeof Queue
for INN asshavn in Figure8a. Figure8b shavs the effect of let-
ting k vary between5 and 300 on the maximumsize of Queue
while keepingS x ed at 0:07N. It is clearfrom the Figure that
thereis alargereductionin the sizeof Queuefor smallervaluesof
k 100.However, for largervaluesof k (e.g.,k > 100),weobsere
thatthemaximumsizeof Queuequickly reachesip to 100%o0f the
maximumsize of Queuefor INN. A possibleexplanationfor this
obserationis thatask increasesso doesthe region thatis being
searchedy the nearesneighboralgorithm. As Sis obtainedby
uniformly samplingthe setof vertices,the largerthe distancethat
onemovesaway from g, the greateris the numberof objectsthat
have overlappingdistancentenals from g. Hence pruningof the
objectsusingDy becomesncreasinglylesseffective.
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Figure 9: Percentagereduction in number of re nement
operations for KNN, KNN-I, and KNN-M, when com-
pared with INN for (a) k= 10, and varying sizesof S
and (b) S= 0:.07N and varying valuesof k.

Next, we examinedthe reductionin the numberof re nement
operationsvhenusingthe KNN algorithmandits variantsin com-
parisonto INN. Figure9ais theresultof lettingk = 10andvarying
valuesof S It shavs thatboth KNN andKNN-I resultedin 10%
fewer re nementswhen comparedwith INN, while KNN-M re-
sultedin 40%fewer re nements.This meanghatup to 30%of the
re nementsperformedin KNN aredevotedto establishinga total
orderingof the objectsin the resultset. Figure9b is the resultof
letting k vary betweens and300and xing Sat0:07N. It shavs
thatask increasesthe numberof re nementsperformedoy KNN-
M sharplydecreasesyhile bothKNN andKNN-I still performup
to 90% of there nementsperformedby INN.
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Figure10: Percentageof the objectsin the result setthat
were pruned againstthe KMINDIST estimate and hence,
were addedto the result set for (a) k= 10, and varying
sizesof S, and (b) S= 0:07N and varying valuesof k.
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The obsenred large savings in the numberof re nementsper
formedby KNN-M in Figure 9b with increasingk is largely due
to pruningmoreandmoreobjectsagainsthe K MINDIST estimate.
Figure 10 shavs thatup to 90% of the nearesheighborsn there-
sultsetwereprunedagainsthek MINDIST estimate However, this
doesnot directly translateinto an equivalentsasingsin the num-
berof re nementsperformedoy KNN-M becausea nearesheigh-
bor of g whoseinitial distanceinterval from q partially overlaps
theKMINDIST estimatewvould still have to performseveralre ne-
mentsbeforeit canbeprunedagainsthe KMINDIST estimate.
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Figure 11: The valuesof DE and KMINDIST as a per-
centageof Dy for (a) S= 0:07N, varying valuesof k, and
(b) k= 10, varying sizesof S

Both KNN-I andKNN-M usethe DE estimatewhichis obtained
from the objectsinsertedinto L in lines 58—60. Figure11, shavs
both DE andk MINDIST asapercentagef Dy, whichwasobtained
by runningkK NN onthesamedatasetvhile keepingk constanat10
andvarying S (Figure11la)andalsovarying k andkeepingS con-
stantat0:07N (Figurellb). FromtheFigureweseethatDE isupto
20%largerthanDy whichis apossibleexplanationof why themax-
imum sizesof thepriority queuesn Figure8 for KNN, KNN-I, and
KNN-M arealmostidenticalwhencomparedo the maximumsize
for INN. Moreover, we canseefrom Figurellthatthek MINDIST
estimateis almost90% of Dy which implies that mary objectsin
theresultsetwould be prunedagainsthe K MINDIST estimate.

Finally, we comparethe relative performanceof KNN andits
variants. Figures12a,cshav the executiontime of KNN andits
variants, while Figures12b,d shav the corresponding/O time.
Figures12a,bshav the effect of varying k on the performanceof
KNN andits variantswhenSis x edat0:07N, while Figuresl2c,d
shaw theeffectof varyingthesizeof Sontheperformancef KNN
andits variantswhenk is x edat 10. Figuresl12a,balsoshaw (la-
beled"KNN-PQ") thetime spentby the KNN in updatingDy (i.e.,
deletingandinsertingelementsn L). We male the following ob-
senationson the natureof KNN andits variants.

For small valuesof k 20, KNN hasthe fastestexecution
time amongall its variants. For largervaluesof k (k> 20),
the costof updating(i.e., deletingandinsertingobjectsinto
L) D startsdominatingkNN's executiontime andKNN be-
comesslower thanall of its variants. From Figures12a,bit

canbeseenthatfor k= 50, the costof updatingDy in KNN

usesup more than 50% of the executiontime andis more
thanthetime for I/O operations.

For large valuesof k (k> 20), KNN-I andINN canbeused
insteadof KNN.

If the objectsin theresultsetdo not have to be sorted,then
KNN-M canbeused.However, asKNN-M incursextraCPU
time in computingthe KMINDIST estimate,it may not be
well-suitedfor small valuesof k. In suchcasesjt may be
preferableo useKNN.
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Figure 12: The execution(a,c) and the 10 (b,d) time of
KNN and its variants for (a,b) S= 0:07N, varying values
of k, and (c,d) k= 10, varying sizesof S.

The size of S affectsKNN and all its variantsin a similar
manney asseenin Figure12c. The executiontime of KNN
andits variantsdecreaseasthesizeof Sincreases.
Thel/O time dominateshe executiontime of KNN andits
variantsaseachre nementoperationmay leadto adisk ac-
cess. KNN-M is ableto reducethe numberof re nements
by makinguseof the KMINDIST estimate which resultsin
alower I/O costandhence)ower executiontime aswell.

5. CONCLUDING REMARKS

A key differencebetweerour algorithmandthosethatarebased
on Dijkstra's algorithm(e.g.,INE andIER of Papadiastal. [21])
is thatin our algorithmthe shortespathsbetweerthevariousver
ticesin thespatialnetwork areonly computedonce whereasn the
methodsthat are basedon Dijkstra's algorithmthe shortestpaths
betweersomeverticesarecomputedepeatedlyasthequeryobject
and the numberof soughtneighborschangetherebycausingthe
reapplicationof the algorithm. Thus, our algorithmis preferable
whenmary queriesare madeon a particularspatialnetwork. On
the otherhand.,if only few querieswill be madeon a given spatial
network, thenthe methodsbasedon Dijkstra's algorithm may be
preferableespeciallyif the desiredneighborsarequite closeto the
queryobjectastheentirespatialnetwork neednot be explored.

Anotheradwantageof our algorithmis that sincethe setof ob-
jects S from which the neighborsaredrawn is decoupledrom the
actual spatial network, the algorithm (and most importantly the
shortest-patiguadtreedor the spatialnetwork) canbe usedwith
differentsetsof objectsaslongasthespatialnetwork is unchanged.
For example,we canhave separatesearchhierarchiesfor gassta-
tions, marlets, restaurantsetc. In this case,queriesfor the near
estgasstations,marlets, restaurantsetc. could be executedwith
no changeandthe algorithmwould be moreef cient thanhadwe
placedthe gasstations,markets,andrestaurantsn onesearchhi-
erarchyaseachtime we founda neighborwe would needto check
its type andproceedo the next oneif it wasnot the desiredtype.
In contrast,in the methodsbasedon Dijkstra's algorithmthe dis-
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tinction betweerthe verticesof the spatialnetwork andthe setof
objectsfrom which the neighborsaredrawn is notsoclearcut.

It is importantto notethatalthoughwe restrictedour spatialnet-
works to be planar this wasonly for the purposeof derving the
orderof its spacerequirementsvhich dependedn the regions of
theshortest-patimapandcorrespondinghortest-patiquadtrede-
ing disjointandcontiguous However, theactualalgorithmsthatwe
presentedvork with bothplanarandnonplanaspatialnetworks. In
otherwords,the presencef tunnelsandbridgeswill notaffectthe
correctnessf thealgorithms.In fact,thede nition of theshortest-
pathquadtreen termsof the verticesof the spatialnetwork min-
imizesthe effect of the nonplanarityaswe sawv that the resulting
regionsmay be noncontiguousegardlesf planarityor lack of it,
althoughwe did shav thatthe orderof the spacerequirementslid
not changefor this formulationin the planarcase. An interesting
directionfor future work is a derivation of the spacerequirements
for nonplanaspatialnetworks.

Onecantake adantageof thefactthatour framewvork will most
commonlybe deplg/ed in an end userapplicationthat is mostly
concernedvith nearbydestinationslt is not unreasonablasmost
peopledo not wantto drive morethan50 milesto getto a restau-
rant. In this casethe shortesipathquadtreewill be muchsmaller
andfar lessexpensve to compute. Another strat@y is to assume
that the shortestpath betweensourcesand destinationsthat are
morethanX milesof eachothermustusea highway. Sucha situ-
ationis a marriagebetweermultiresolutiontechniquef [14] and
the shortesipathquadtredechniquesandcouldleadto substantial
speedupsn computingshortestpaths,althoughthis may possibly
be at the expenseof suboptimalshortestpathsfor distancespa-
tially fartherthanX miles.

RepeatabilityAssessmerResult. Figuresé and8—12have
beenveri ed by the SIGMOD repeatabilitycommittee.
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