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ABSTRACT
An algorithmis presentedfor �nding thek nearestneighborsin a
spatialnetwork in a best-�rst mannerusingnetwork distance.The
algorithmis basedon precomputingtheshortestpathsbetweenall
possibleverticesin thenetwork andthenmakinguseof anencod-
ing that takes advantageof the fact that the shortestpathsfrom
vertex u to all of the remainingverticescanbe decomposedinto
subsetsbasedon the�rst edgeson theshortestpathsto themfrom
u. Thus, in the worst case,the amountof work dependson the
numberof objectsthatareexaminedandthenumberof links onthe
shortestpathsto themfrom q, ratherthandependingonthenumber
of verticesin thenetwork. Theamountof storagerequiredto keep
trackof thesubsetsis reducedby takingadvantageof their spatial
coherencewhich is capturedby theaidof a shortestpathquadtree.
In particular, experimentson a numberof large roadnetworks as
well asa theoreticalanalysishave shown thatthestoragehasbeen
reducedfrom O(N3) to O(N1:5) (i.e., by an order of magnitude
equalto thesquareroot). Theprecomputationof theshortestpaths
alongthenetwork essentiallydecouplestheprocessof computing
shortestpathsalongthenetwork from thatof �nding theneighbors,
andtherebyalsodecouplesthedomainS of thequeryobjectsand
that of the objectsfrom which the neighborsaredrawn from the
domainV of theverticesof thespatialnetwork. Thismeansthatas
long asthespatialnetwork is unchanged,thealgorithmandunder-
lying representationof theshortestpathsin thespatialnetwork can
beusedwith differentsetsof objects.
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1. INTRODUCTION
The growing popularity of online mapping servicessuch as

GoogleMaps and Microsoft MapPointhas led to an interestin
respondingin real time to queriessuchas �nding shortestroutes
betweenlocationsalonga spatialnetwork aswell as�nding near-
estobjectsfrom asetS(e.g.,gasstations,markets,andrestaurants)
wherethedistanceis measuredin termsof pathsalongthenetwork.
Elementsof Sareusuallyconstrainedto lie onthenetwork or at the
minimumto beeasilyaccessiblefrom thenetwork.

The online natureof theseservicesmeansthat responsesmust
be generatedin real time. For example,in GoogleMaps,oncea
shortestpathfrom A to B hasbeenobtainedwhich passesthrough
C, userscansimplychangethequeryto �nd theshortestpathfrom
A to B which is constrainedto passthroughD insteadof C andthe
new shortestpathis presentedto theuserinstantly. Requiringthat
the resultbe obtainedin real time (or almostreal time) precludes
the useof conventionalalgorithmsthat aregraph-based(e.g., the
INE andIER methods[21] andimprovementson them[2]) which
usually incorporateDijkstra's algorithm[4] in at leastsomeparts
of the solution [25]. In particular, given a sourcevertex q (i.e.,
queryvertex) anda connectedgraphG (i.e., thespatialnetwork),
Dijkstra's algorithm�nds theshortestpath(andhencetheshortest
distancealongthe network) to every vertex in the network where
thepathsarereportedin orderof increasingdistancefrom q.

Theproblemwith anapproachthatusesDijkstra's algorithmis
that it must visit every vertex that is closerto q via the shortest
path from q thanthe verticesassociatedwith the desiredobjects.
Thus,theamountof work oftendependson thenumberof vertices
in the network whereasour goal is for the amountof work in the
worst caseto dependon the numberof objectsthat areexamined
andon the numberof links on the shortestpathsto themfrom q.
Thus,Dijkstra'salgorithmmayvisit many verticesbeforereaching
onewhichcoincideswith or is nearoneof theobjectsin which we
areinterested.In particular, it is not uncommonfor Dijkstra's al-
gorithmto visit a very largenumberof theverticesof thenetwork
in theprocessof �nding theshortestpathbetweenverticesthatare
reasonablyfar from eachotherin termsof network hops. For ex-
ample,Figure1(a) shows the verticesthat would be visited when
�nding theshortestpathfrom thevertex markedby X to thevertex
marked by V in a spatialnetwork correspondingto Silver Spring,
MD. Herewe seethat in theprocessof obtainingtheshortestpath
from X to V of length75 edges,75.4%of the verticesin thenet-
work arevisited(i.e.,3,191outof a totalof 4,233vertices).
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(a) (b)

Figure 1: (a) A map of Silver Spring, MD, and the ver-
tices, highlighted by circles,that are visited by Dijkstra's
algorithm in determining the shortest path from X to V,
and (b) its partition into regionsri suchthat the shortest
path from X to a vertex in ri passesthrough the same
vertexamongthe six verticesthat are adjacentto X (i.e.,
the shortest-path map of X).

Thealgorithmthatwedescribesatis�esourgoalsandis basedon
theobservationthatthespatialnetwork is usuallystatic(e.g.,aroad
network) whereastheobjectswhich arelocatedon it arefar more
likely to change,or at leastthedomainfrom which theobjectsare
drawn canchangefrom queryto query, while the underlyingnet-
work doesnot. For example,theobjectsin Srepresententitiessuch
asrestaurants,hotels,gasstations,andsoon. In fact,evenif thedo-
mainfrom which theobjectsaredrawn doesnotchange,thevalues
of the attributesof the objectsmay change(e.g.,the type of food
servedin arestaurantor thepricepergallonof gasatagasstation).
Ouralgorithmis basedonprecomputingtheshortestpathsbetween
all possibleverticesin thenetwork andthenmakinguseof anen-
codingthattakesadvantageof thefactthattheshortestpathsfrom
vertex u to all remainingverticescanbedecomposedinto subsets
basedon the �rst edgeson theshortestpathsto themfrom u [27,
31], andrepresentsthesubsetsusingashortestpathquadtreewhich
capturestheir spatialcoherence.However, thealgorithmdoesnot
usetheactualdistancesandthusthereis noneedto storethem.Ex-
perimentsona numberof largeroadnetworkshave shown thatuse
of theshortestpathquadtreeleadsto a signi�cant reductionof the
storagerequirementsfrom O(N3) to O(N1:5) (i.e., by an orderof
magnitudeequalto thesquareroot).

Theadvantageof our algorithmis that it decouplesthe process
of computingshortestpathsalongthenetwork from thatof �nding
theneighbors,andtherebyalsodecouplesthedomainSof thequery
objectsandthatof theobjectsfrom which theneighborsaredrawn
from thedomainV of theverticesof thespatialnetwork. In other
words,thereis no needto recomputetheshortestpathseachtime
therearechangesin q or S. This differentiatesour approachfrom
otherapproachessuchas thoseproposedby Papadiaset al. [21],
aswell asthoseof ChoandChung[2], andKolahdouzanandSha-
habi [15], which mustcomputetheshortestpathsanew eachtime
therearechangesin q or S, which,unfortunately, maybequitefre-
quent.NotethoughthatHu etal. [12] usearelatedapproachto ours
wherefor eachvertex v of thespatialnetwork T, they associate(1)
rough distanceestimatesof the network distancefrom v to each
objecto in Sand(2) the �rst link on theshortestpathfrom v to o.
However, thedrawbackof this approachis the lack of decoupling
of theobjectsfrom thespatialnetwork andthesheervolumeof the
datathatmustbestoredfor eachpair (v;o), whereasour approach
merelyrequiresa spatialindex for eachdifferentobjectsetS, and
oneshortestpathquadtreefor eachv.

Thealgorithmpresentedin this paperdiffersfrom thealgorithm
in [27] by beinga k nearestneighboralgorithmratherthanan in-
crementalalgorithm[27] which meansthat the k resultsneednot
be obtainedin increasingorderof network distance,andthusthe
storagerequirementsarealsoreducedespeciallyfor small values

of k, which is themostcommonsituation.It is alsonovel in being
the �rst algorithmto make useof anestimateof themaximumof
the network distanceat which the kth nearestneighboringobject
canbefound.Anothercontributionof thispaperis thepresentation
of adetailedanalysisandproofsof thestoragerequirementsof this
approachwhich involvesmoreprecisede�nitions of the underly-
ing quadtreerepresentationsthatenableit to achieve theseresults.
Finally, we provide a detailedexperimentalevaluationaswell asa
comparisonwith relatedalgorithmsbasedonuseof Dijkstra'salgo-
rithm. This experimentalevaluationalsodemonstratesfor the�rst
time that useof the shortestpathquadtreeleadsto a reductionof
thestoragerequirementsfrom O(N3) to O(N1:5) (i.e., by anorder
of magnitudeequalto thesquareroot,which is quitesubstantial).

Therestof thispaperis organizedasfollows. Section2 presents
our algorithm, while Section3 analyzesits execution time and
spacerequirements. Section4 containsa detailedexperimental
evaluationof our algorithmandvariantsthereofaswell asan ex-
perimentalcomparisonwith approachesbasedon Dijkstra's algo-
rithm. Section5 containssomeconcludingremarksandprovides
directionsfor futureresearch.

2. BEST-FIRST K NEAREST NEIGHBOR
ALGORITHM

Nearestneighbor�nding is achieved by applicationof eithera
depth-�rst or a best-�rst algorithm.Thesealgorithmsaregenerally
applicableto any index basedon hierarchicalclustering.The idea
is that thedatais partitionedinto clusterswhich areaggregatedto
form otherclusters,with thetotalaggregationbeingrepresentedas
a tree.Thenumberk of neighborsthataresoughtis usuallyknown
in advancein which casethealgorithmskeeptrackof thesetL of
thek nearestneighborsfoundsofarandupdateL asis appropriate.
The mostcommonstrategy for nearestneighbor�nding employs
thedepth-�rst branch andboundmethod(e.g.,[6, 22]). Thedepth-
�rst algorithmexplorestheelementsof thesearchhierarchyin an
orderthat is a resultof performinga depth-�rst traversalof thehi-
erarchyusingthedistanceDk from thequeryobjectq to thecurrent
kth-nearestobjectto prunethesearch.

An alternative strategy is the best-�rst method(e.g., [9, 10])
which exploresthe nonobjectelementsof the searchhierarchyin
increasingorder of their distancefrom q (hencethe name“best-
�rst”). This is achieved by storingthe nonobjectelementsof the
searchhierarchyin apriority queuein this order. In addition,some
of the best-�rst algorithms(e.g.,[9, 10]) alsostorethe objectsin
thesamepriority queuetherebyenablingthesealgorithmsto report
theneighbors1-by-1,andthusthereis no needfor k to beknown
in advance,asis the casein the depth-�rst approach,nor is there
a needfor L. This alsoenablesthealgorithmsto halt oncethede-
sired numberk of neighborshasbeendetermined.On the other
hand,variantscanalsobe constructedthat useL to keeptrack of
thek nearestobjects[10] aswe dohere.

The best-�rst approach's advantageis avoiding having to visit
nonobjectelementsthatwill eventuallybedeterminedto betoo far
from q due to poor initial estimatesof Dk, which is possiblein
thedepth-�rst approach,therebynot needingto traversetheentire
searchhierarchy. Ontheotherhand,theadvantageof thedepth-�rst
approachover thebest-�rst approachis thattheamountof storage
is boundedby k plus the maximumdepthof the searchhierarchy
in contrastto possiblyhaving to keeptrackin thepriority queueof
all nonobjects(andthusall theobjects)if all theirdistancesfrom q
areapproximatelythesame.Nevertheless,studieshave shown the
best-�rst approachto be betterthanthe depth-�rst approachfor k
�x ed [10], andthe adaptationof the best-�rst approachto spatial
networksis thesubjectof thispaper.
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In therestof this sectionwe describetheKNEARESTSPATIAL-
NETWORK algorithm. It assumesthat the underlyinggraphsthat
form thebasisof thespatialnetworksareconnectedplanargraphs.
This is not anunreasonableassumptionasroadnetworksarecon-
nected(at leastwithin a landmasssuchasa continent),although
they don't have to be planarascanbe seenby the possibility of
thepresenceof tunnelsandbridges.We do not dwell on suchsit-
uationsherealthoughwe do revisit it brie�y in Section5. It also
assumesthat theshortestpathsbetweenall pairsof verticesu and
v in V in the graphG = (V;E) have beencomputedusingeither
Dijkstra's algorithmor any of theotherapproachesthathave been
proposedto dosothatinvolve precomputationto speedup thepro-
cessof shortestpath computation(e.g., [5, 8, 14, 32] aswell as
the comparative studyby ZhangandNoon [32]). Unfortunately,
given a spatialnetwork with N vertices,thereareO(N2) possible
pathsandthecostof storingall possibleshortestpathstakesO(N3)
space,which is prohibitive. Instead,we storepartial information
abouteachshortestpath.In particular, weonly storetheidentityof
the �rst edgealongtheshortestpathfrom sourcevertex u to des-
tination vertex v, which enablesthe shortestpath betweenu and
v to be constructedin time proportionalto the lengthof the path
by repeatedlyfollowing the edgesthat make up the shortestpath
asthey arediscovered.Theshortestpathsfrom v to all remaining
verticescanbe decomposedinto subsetsbasedon the identity of
the�rst edgesto themfrom v andthedecompositionof theunder-
lying spacethat is inducedby thesesubsetsis storedin a shortest
pathquadtreewhich is discussedin Section2.1,andwhichexperi-
mentalresultsdiscussedin Section4 leadto a reductionin storage
costsfrom O(N3) to O(N1:5). The workingsof KNEARESTSPA-
TIALNETWORK arepresentedin Section2.2.

2.1 ShortestPath Quadtrees
Thesimplestwayof representingtheshortestpathinformationin

themannerdescribedabove is to maintainanarrayA of sizeN � N
sothatelementA[u;v] containsthe�rst vertex on theshortestpath
from u to v. In this case,�nding the shortestpathreducesto re-
trieving the elementsA[ui ;v], whereu1 = A[u;v] and, in general,
ui+ 1 = A[ui ;v]. An alternative representationmakesuseof N adja-
cency lists, onefor eachvertex ui . In particular, theadjacency list
for vertex ui is asetof Mui elements,whereMui is theoutdegreeof
ui andthereis oneelementfor eachvertex wui j (1 � j � Mui ) such
that thereexists an edgeeui j from ui to wui j . The elementof the
adjacency list correspondingto wui j containsall verticesv whose
shortestpathfrom ui passesthroughvertex wui j . Note thatwe as-
sumethat the spatialnetwork is connected,andthusevery vertex
is in oneof theelementsof theadjacency list of ui . Moreover, we
alsoassumethattheshortestpathfrom ui to eachvertex is unique,
therebymakingtheelementsof theadjacency list of ui disjoint.

Thereareseveral drawbacksto the useof adjacency lists. The
�rst is theabsenceof anindex which meansthatsearchesthrough
the elementsof the list associatedwith vertex ui for the one that
containsv mustmakeuseof sequentialsearch,whichcanbecostly.
The secondis the spacerequiredfor storing the lists aseachlist
hasO(N) elements. The spacerequirementscan be reducedby
takingadvantageof thefactthattheverticesthataremembersof a
particularelementof anadjacency list havesomespatialcoherence
in the sensethat they are likely to be in closespatialproximity.
Thisresultsin conceptuallyviewing theelementsof eachadjacency
list asregions,andleadsto replacingtheadjacency list by a map,
termedthe shortest-pathmap, so that we have one shortest-path
map for eachvertex in the spatialnetwork. In particular, given
vertex ui , theshortest-pathmapmui partitionstheunderlyingspace
into Mui regions,whereMui is theout degreeof ui andthereis one
regionrui j for eachvertex wui j (1 � j � Mui ) thatis connectedto ui

by anedgeeui j . Regionrui j spansthespaceoccupiedby all vertices
v suchthattheshortestpathfrom ui to v containsedgeeui j (i.e.,the
shortestpathmakesa transitionthroughvertex wui j ). Region rui j
is boundedby a subsetof theedgesof theshortestpathsfrom ui to
the verticeswithin it. Note that rui j doesnot includeui nor does
it includeedgeeui j . We assumethat thespatialnetwork is planar
whichmeansthattheregionsthatmakeupmui aredisjoint(they are
alsoshown to beconnectedin Section3). For example,Figure1(b)
is sucha partition for thevertex markedby X in theroadnetwork
of Figure1(a) wherewe usedifferentcolors(i.e., shadesof gray)
to denotethedifferentregions.

Theadvantageof groupingtheverticesonthebasisof theregions
in which they lie andidentifying eachregion by the�rst vertex on
theshortestpathinto it from vertex ui is thatwe canmake useof a
point locationoperationto �nd theregionthatcontainsthedestina-
tion vertex. This alsomeansthatwe can�nd theshortestpathto a
groupof verticesthat form a region, which is not possibleor easy
whenusingthearrayor adjacency list representations,respectively.
Pointlocationis spedupby imposingaspatialindex ontheregions.
In essence,therearetwo typesof a spatialindex: onebasedon an
objecthierarchysuchasanR-treeandonebasedon a disjoint de-
compositionof the underlyingspacesuchasoneof a numberof
quadtreevariants(e.g.,[25, 29]).

An object hierarchyis usuallyaccompaniedby a hierarchyof
boundingboxes to facilitate executionof a point location query
by enablingthe �ltering of obviously wrong results. The bound-
ing boxesresult in a nondisjointdecompositionof the underlying
spacewhichmeansthatthelocationoccupiedby aparticularvertex
maybecontainedin severalboundingboxes.Thus,givena source
vertex ui anda destinationvertex v, theonly way to determinethe
actualboundingbox bui j , andhencetheregion rui j corresponding
to the �rst vertex on theshortestpathfrom ui to v, is to associate
the relevant verticeswith bui j which defeatsthe rationalefor not
usingtheadjacency list method.Thealternative is to haveasmany
choicesfor the �rst vertex on the shortestpath to v as thereare
boundingboxesthat containv. This hasthe effect of makingthe
processof obtainingthe actualshortestpath from ui to v consid-
erablymoreexpensive as it canno longerbe determinedin time
proportionalto the numberof edgesthat make up the path. The
resultis thatweareactuallymakinguseof a conceptsimilar to the
landmarksemployed by several researchers(e.g., [8, 14, 30]) as
analternative to Dijkstra's algorithmto computetheshortestpath
betweentwo vertices.In fact, this is indeedthemotivation for the
methodof WagnerandWillhalm [31] wherethe objecthierarchy
consistsof boundingboxes. Figure2(a)shows theresultof using
minimumboundingboxesto approximatetheregionsin theparti-
tion for thevertex markedby X in theroadnetwork of Figure1(a).
Noticethattheboundingboxesintersect,whichmeansthatvertices
in theintersectingregionshavemorethanonecandidatenext vertex
for theshortestpathto themfrom X.

(a) (b)

Figure 2: (a) Result of using minimum bounding boxes
to approximate regionsin the partition for vertexX in the
road network of Figure 1(b), and (b) leaf blocks in the
shortest-path quadtreefor regionsof the samepartition.
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In contrast,Sankaranarayananet al. [27] proposethe useof a
spatialindex basedon a disjoint decompositionof the underlying
space. In particular, they representthe regions that make up the
shortest-pathmapmui usinga variantof the region quadtree[25],
termeda shortest-pathquadtree, wherethereareMui differentdis-
joint regionsrui j all storedin theregion quadtreesui . Eachregion
rui j consistsof thedisjoint quadtreeblocksthatmake it up. Each
of the quadtreeblocksrecordsthe identity of the region of which
it is a member. For example,Figure2(b) is theblock decomposi-
tion inducedby theshortest-pathquadtreeontheshortest-pathmap
given by Figure1(b). As we pointedout earlier, the advantageof
representationsthatmakeuseof adisjointdecompositionof theun-
derlyingspace,suchastheregion quadtree,is thatoncewe locate
theblockcontainingthedestinationvertex, weknow whatregionit
is in andhencetheedgeemanatingfrom thevertex whoseshortest-
pathquadtreewe areprocessing.In particular, givensourcevertex
u, destinationvertex v, theshortest-pathmapmu andshortest-path
quadtreesu associatedwith u, thenext vertex t in theshortestpath
from u to v is thevertex w j associatedwith thequadtreeblock of
su in region r j of mu that containsv. The completepath from u
to v is obtainedby repeatingtheprocess,successively replacingu
with t andreplacingu's shortest-pathquadtreewith thatof t, until
u equalsv.

For example, considerthe simple road network given in Fig-
ure3(a)wherewewantto �nd theshortestpathfromvertex stover-
tex d, andtheshortest-pathquadtreefor s is givenby Figure3(b).
Looking up vertex d in theshortest-pathquadtreeof s determines
that d is in the region of the quadtreecorrespondingto the edge
from vertex s to t. Therefore,theshortest-pathfrom s to d passes
throught. Next, we obtain the shortest-pathquadtreeof t which
is given by Figure3(c). Looking up vertex d in the shortest-path
quadtreeof t determinesthatd is in theregion of thequadtreecor-
respondingto theedgefrom vertex t to u. Thisprocessis continued
until encounteringanedgeto vertex d.

s

d

s

d

t

d

t
u

(a) (b) (c)

Figure 3: (a) Example road network, (b) the shortest-
path quadtree of vertex s, and (c) the shortest-path
quadtreeof vertex t.

Althoughtheideaof storingtheshortest-pathmapasa shortest-
pathquadtreeis conceptuallysimple,caremustbetakenin de�ning
it. Themoststraightforwardapproachis to partitiontheunderlying
spaceinto blockssothateachblock is associatedwith just onere-
gion of theshortest-pathmap. Thedif�culty with this approachis
thatit presumesthatweknow theboundariesof theregions,which,
aswe will soonsee,may not be worth the effort to compute.Of
course,wecandeterminetheboundariesbut evenif wedo this,we
still needto decidehow to build anappropriatequadtreefor there-
gions.For example,boundariesof theregionscouldberepresented
by a variantof an MX quadtree[13, 25] whereboundaryblocks
would be treatedno differently thanthe interior of the region that
they bound.This is in contrastwith theconventionalMX quadtree
whereboundaryblocksareviewedasbeingdistinct from theinte-
riors of theregionsthatthey bound.

Therefore,instead,we adopt the following approachthat as-
sumesthat all verticeshave beenassigneda color corresponding
to the vertex wui j incidentat the sourcevertex ui throughwhich
the shortestpathto themfrom ui passes.We now recursively de-
composethe underlyingspaceinto blocks and halt whenever all
verticesin theblockhavethesamecolor. Thefactthattheshortest-
pathquadtreeis built by decomposingon thebasisof thepresence
andabsenceof verticesof the spatialnetwork mayresult in some
empty blocks, which are assignedan unusedcolor (e.g., white).
This hasthe side effect that it is possiblefor regions of a given
color to benoncontiguousdueto interveningwhiteblocks,thereby
resultingin morecontiguousregionsthantheoutdegreeof thever-
tex with which theshortest-pathquadtreeis associated.However,
aswe discussin Section3, this is not really an issuefor us as it
doesnot affect the ef�ciency of the point locationalgorithm. In
fact, thereis really no needto keeptrackof thewhite blocks,and
thuswe usea pointerlessquadtreerepresentationthat only keeps
trackof thenonemptyleaf blocks(e.g.,[7]). In this case,eachof
thesenonemptyblocksis representedby its locationalcode(i.e.,a
numberformedby the concatenationof its sizeandthe pathto it
from the root). Blocks thatarerepresentedin this way areknown
asMorton blocks[18], andaccessto a collectionof suchblocksis
facilitatedby makinguseof aB+ -treeaccessstructurebasedonthe
valuesof their locationalcodes.Lesserspacesavingsareachieved
by not dispensingwith all of thenonleafblocksby usinga variant
of a path-compressedPR quadtree(e.g.,[3]) which ignoreswhite
blockswhereall but oneof thesiblingsarewhite.

2.2 Best-�rst k NearestNeighbor Algorithm
Given theshortestpathquadtreerepresentationof a spatialnet-

work, we cantrivially obtaintheshortestpathbetweenany source
and destinationpairs in real time. Similarly, other queriessuch
asrangeandregion searchescanalsobe easilyhandledusingthe
shortestpath quadtreerepresentation.We are interestedin the k
nearestneighboralgorithm on spatialnetworks as it has impor-
tant applicationsto the provision of location-basedservices(e.g.,
“GoogleLocal” and“Microsoft Live”). For example,supposewe
wantto “�nd the10closestrestaurantsto 5600BroadwaySt.,Man-
hattan”.Notehowever thatneither“GoogleLocal” nor “Microsoft
Live” arepresentlyable(at leastnotyet) to calculatetheactualnet-
work k neighborsto a queryobjectin real time, andendup using
Euclideandistancebetweentwo objectsu;v asan approximation
to theactualnetwork distancebetweenu andv. In therestof this
section,wedescribeKNEARESTSPATIALNETWORK whichworks
in realtimeon aspatialnetwork.

KNEARESTSPATIALNETWORK assumesthe existence of a
searchhierarchyT (i.e.,a spatialindex) on a setof objectsS(usu-
ally pointsin thecaseof spatialnetworks) thatmake up thesetof
objectsfrom which the neighborsaredrawn. For the sake of this
discussion,we assumethatS, aswell asthesetof queryobjectsQ,
is a subsetof theverticesof thespatialnetwork, althoughit is easy
to modify it to handlethe moregeneralcaseby keepingtrack of
two shortestpathsto anobjectinsteadof just one.

In orderto enablethecomputationof therangeof network dis-
tancesfrom queryobjectq for theshortestpathsthatpassthrough
Morton block b, KNEARESTSPATIALNETWORK storessomead-
ditional informationwith b. In particular, for a Morton block b in
theshortest-pathquadtree(i.e., sq) for theshortest-pathmapmq, it
storesa pair of values,l � (l + ), that correspondto the minimum
(maximum)valueof theratioof thenetwork distance(i.e., through
thenetwork) to theactualspatialdistance(i.e., “as thecrow �ies”)
from q to all destinationverticesin b. The ratios are computed
on a vertex-by-vertex basis—thatis, a ratio is computedfor each
destinationvertex after which the minimumsandmaximumsare
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computed.Thusthe destinationvertex for which the ratio attains
its minimumvaluedoesnot have to bethesameasthedestination
vertex for which theratioattainsits maximumvalue.

At this point, let uselaborateon how theshortest-pathquadtree
is usedto computenetwork distances.In particular, we �rst show
how to computethe network distancebetweena query vertex q
anda destinationvertex v. We startby �nding the block b in the
shortest-pathquadtreeof q (i.e.,sq) thatcontainsv (i.e.,a point lo-
cationoperation).By multiplying thel � andl + valuesassociated
with b by thespatialdistancebetweenq andv, weobtainaninterval
[d� ;d+ ], termedthe initial networkdistanceinterval, which con-
tainstherangeof thenetwork distancebetweenq andv. Thesetwo
actionsareachievedby procedureGETNETWORKDISTINTERVAL

(notgivenhere).Whenever it is determinedthattheinitial network
distanceinterval [d� ;d+ ] is not suf�ciently tight (i.e.,wheretight-
nessmeansthattheinterval doesnot intersectaninterval associated
with anotherneighboringobject),anoperation,termedre�nement,
is appliedthatobtainsthenext vertex t in theshortestpathbetween
q andv usingprocedureNEXTVERTEXSHORTESTPATH (notgiven
here).Having obtainedt, we retrieve theshortest-pathquadtreest
for t andthencalculateanew network distanceinterval [d�

t ;d+
t ] by

locatingtheMortonblockbt of st thatcontainsv. Thenetwork dis-
tanceinterval of theshortestpathbetweenq andv is now obtained
by summingthe network distancefrom q to t (i.e., the weight of
the edgefrom q to t) and[d�

t ;d+
t ]. Givena pair of verticesq and

v anda lengthk in termsof thenumberof verticeson theshortest
pathbetweenthem,this processis reinvokedat mostanotherk� 2
timesuntil reachingv.

We now show how to computethe network distancebetweena
queryvertex q anda block b of the searchhierarchyT. First, we
point out that in thecaseof a block, theconceptof a network dis-
tanceis complicatedby thefactthatthereareusuallymany vertices
of thespatialnetwork in theareaspannedby b, andthuswe need
to specify somehow the vertex (vertices)for which we arecom-
putingthenetwork distance.Instead,we computea minimumnet-
work distancefor theblockusingprocedureM INNETWORKDIST-
BLOCK (not givenhere).Theminimumpossiblenetwork distance
d� of q from b is computedby intersectingb with sq, theshortest-
pathquadtreeof q, to obtaina setof intersectingblocksBq of sq.
For eachelementbi of Bq, the associatedl �

i value is multiplied
by the correspondingM INDIST(q;bi \ b) valueto obtainthe cor-
respondingminimumshortest-pathnetwork distanceµ�

i from q to
bi . d� is setto theminimumvalueof µ�

i for thesetof individual
regionsspeci�ed by bi \ b. Note that the reasonthat block b can
beintersectedby avaryingnumberof blocksbi of Bq is thatsq and
T neednot bebasedon thesamedatastructure(e.g.,T canbean
R-tree),andeven if they areboth quadtree-based(e.g.,T is a PR
quadtree[20, 25]), sq andT do not have to be in registration(i.e.,
they canhave differentorigins,ascanbeseenin Figure4).

b

b1 b2

b3 b4

b5

Figure 4: Example of the intersection of block b in a
quadtree search hierarchy T with blocks b1, b2, b3, b4,
b5 in the shortest-path quadtree.

Thereare several ways of implementinga best-�rst k nearest
neighboralgorithm.Thesimplestis to usethespatialnetwork best-

�rst incrementalnearestneighboralgorithm[27] andterminateit
onceit hasreportedthe�rst (i.e.,nearest)k objects.This approach
makesuseof a priority queueQueuethat is initialized to contain
the root of thesearchhierarchyT andthe root's network distance
from thequeryobjectq. Theprincipaldifferencebetweenthespa-
tial network adaptationof the incrementalnearestneighboralgo-
rithm andtheconventionalincrementalnearestneighboralgorithm
is that,in thecaseof a spatialnetwork, objectsareenqueuedusing
theirnetwork distanceinterval (i.e.,[d� ;d+ ]) from thequeryobject
q, insteadof just their minimumspatialdistancefrom q. However,
objectsandblocksareorderedandremovedfrom Queuein increas-
ing orderof theirminimumnetwork distancefrom q.

The drawbackof this incrementalapproachis that the priority
queuecanbe aslarge asthe numberof objectsin the spatialnet-
work shouldthey all be at approximatelythe samedistancefrom
q [10]. Ourbest-�rst k nearestneighboralgorithmgivenby proce-
dureKNEARESTSPATIALNETWORK overcomesthis by usingthe
distanceDk from q of thekth candidatenearestneighborok to re-
ducethenumberof needlesspriority queueinsertionsoperationsby
enablingus to avoid enqueueingelementswith a distancegreater
thanor equalto Dk from q (lines57 and66)whichwould never be
removedfrom Queuesincetheboundk onthenumberof neighbors
meansthatthealgorithmterminatesby then.However, suchamod-
i�cation incursthe costof additionalcomplexity in the algorithm
dueto the needto checkfor it whenever insertionsaremadeinto
Queue. In particular, knowing ok meansthatwemustkeeptrackof
thesetL of k candidatenearestobjectsthathave beenencountered
at any moment.Moreover, whenever it is determinedthataninser-
tion is to bemadeinto L, we mustbeableto identify andremove
theelementin L with thelargestdistance.This is donemosteasily
by implementingL asa priority queuethat is distinct from Queue,
whichnow containstheremainingtypesof elements.Thus,�nding
thek nearestneighborsmakesuseof two priority queues.

Sincetheprocessof �nding thenearestk neighborsrelieson es-
timatingthenetwork distanceof theobjectsfrom q, objectscannot
be insertedinto L until their exact distancesareknown (i.e., they
havebeenfully re�ned). However, thismeansthattheconvergence
of Dk from its initial valueof ¥ to its �nal valuecannotbegin to
take placeuntil k of theobjectshave beenfully re�ned. This can
takequiteabit of time. In orderto speeduptheconvergenceof Dk,
andhencereducethe potentialsize of the priority queueQueue,
we modify thede�nition of L sothatL alsostorespartially re�ned
objects(asdoesQueue). In thiscaseL alsokeepstrackof themaxi-
mumof theirassociatednetwork distanceintervals(see[25] where
suchanapproachis usedin a conventionalnon-network k nearest
neighboralgorithmto keeptrackof themaximumpossibledistance
at which a nearestneighborcan be found). In particular, given
object p with distanceinterval [d�

p ;d+
p ], L storesthe pair ( p;d+

p ))
whenthenetwork distancevalueof p from q is lessthanor equal
to Dk. NotethatQueuealsostorespartially re�ned objectswith the
differencethat they arestoredin Queuewith their corresponding
network distanceinterval, while they areonly storedin L with the
maximumof their correspondingnetwork distanceinterval.

Theactualmechanicsof thealgorithmaresimilar to thegeneral
conventionalbest-�rst algorithm with the differencethat objects
areassociatedwith distanceintervals insteadof distances.When
a nonleafblock b is removed from Queue, the minimum network
distanceis computedfrom q to eachof thechildrenof b, andthey
areinsertedinto Queuewith theircorrespondingminimumnetwork
distances.Whena leafblockb is removedfrom Queue, theobjects
(i.e.,points)in b areenqueuedwith their correspondinginitial net-
work distanceintervals,whicharecomputedwith theaidof thel �

andl + valuesassociatedwith b.
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Ontheotherhand,whenthealgorithmprocessesanobjectt (i.e.,
whenthemostrecentlyremovedelementfrom Queuecorresponds
to anobject),it determinesif theminimumnetwork distanced�

t of
t is greaterthanor equalto thatof Dk (thecurrentdistanceof the
kth nearestneighborof q), in whichcaseit exits andreturnsL asthe
setof k nearestneighborsbecauset andall otherobjectsin Queue
or in blocksin Queuecannotbefoundatadistancefrom q whichis
lessthanDk. Otherwise,it checksto seeif themaximumnetwork
distanced+

t of t is lessthantheminimumnetwork distanced�
p of

the elementp that is currentlyat the top of Queue. In this case,
further processingof t is haltedandprocessingcontinuesof p as
by Theorem1 (giventheendof thissection)wecanguaranteethat
Dk � d+

t which meansthat t is oneof the k nearestneighborsof
of q (otherwisewe would needto re�ne t andenqueueit with the
re�ned distanceinterval). If d+

t � d�
p , thenthealgorithmattempts

to tightenthenetwork distanceinterval for t by applyingonestep
of the re�nement operationdescribedearlier, and then enqueues
t with the updatednetwork distanceinterval. Note that whenthe
network distanceintervals associatedwith an object p in Queue
have beenobtainedvia re�nement,Queuemustalsokeeptrackof
themostrecentlydeterminedintermediatevertex v on theshortest
pathfrom q to t andthenetwork distanced from q to v alongthis
path. Observe alsothatno suchinformationneedbe recordedfor
blocks,and, in fact, eachtime we processa block, its associated
intermediatevertex andminimum network distancearethe query
objectq and0, respectively.

In orderto avoidhaving duplicateentriesin L for aparticularpar-
tially re�ned object,eachtimeapartially re�ned objectis removed
from Queuefor processing,we alsoattemptto remove it from L
(line 32), if it is there(i.e., thevalueof themaximumof its corre-
spondingdistanceinterval is lessthanor equalto Dk), usingproce-
dureREMOVEPRIORITYQUEUE (not givenhere). Similarly, once
its network distanceinterval hasbeenre�ned, we attemptto insert
it into L with its associatedmaximumnetwork distanceprovided
thatthis valueis lessthanor equalto Dk (line 43) usingprocedure
INSERTL (notgivenhere)whichalsoupdatesDk if necessary(i.e.,
if L containsk elements).However, wedo notenqueueit in Queue
(line 46) if thevalueof its associatedminimumnetwork distanceis
greaterthanor equalto Dk asthismeansthatits furtherprocessing
will not result in a closerneighbor. Note thatwhentheminimum
and maximumnetwork distancevaluesare equalto Dk, suchan
actionresultsin the objecto beingin L while no longerbeingin
Queue(lines41–46)which is allowedasthismeansthatthereis no
longera needto re�ne o further. Of course,if subsequentlycloser
objectsto q arefoundthano atnetwork distanceslessthanDk, then
o will beremovedimplicitly from L.

ProcedureINSERTL makes useof procedureMAXPRIORITY-
QUEUE (not given here) to determinethe elementof a priority
queuewith the maximum distance. MAXPRIORITYQUEUE is
equivalentto FRONTPRIORITYQUEUEwhenpriority is givento el-
ementsatamaximumdistance.NotethatINSERTL is alsoinvoked
whenwe �rst encounteranobjectaspartof a leaf block (line 59).

It is importantto notethatprocedureKNEARESTSPATIALNET-
WORK takesadvantageof the fact that for a given objecto, there
is no needto re�ne its distancefurther onceit is known that the
maximumnetwork distanceassociatedwith o is lessthanthemin-
imum network distanceassociatedwith otherobjects.This means
thatwhenthealgorithmterminates,thesetL doesnot necessarily
containtheactualnetwork distancefrom q of all of its constituent
objects.In otherwords,theidentity andrelative ranking(seeThe-
orem2 at theendof this section)of thek nearestneighborsof q is
known, but their distancefrom q is not known. All that is known
areupperboundson their distancefrom q. This is the price that
we pay for not re�ning the distancesbut it doesresult in a faster

convergenceto thedesiredgoalof �nding thek nearestneighbors.
Of course,if theactualdistancesaredesiredfor someof thek near-
estneighbors,thenthealgorithmcanbemodi�ed to storein L the
identityof theintermediatevertex t on thepathfrom q to neighbor
p (andthe distances from q to t) at the time at which the re�ne-
mentprocessfor p washaltedand thensimply performrepeated
lookup operationson the shortestpath quadtreeto obtain the re-
mainingshortestpath to p and the distanceto it. Note also that
if thereareseveral objectsat the maximumdistancefrom q, then
we only reportasmany asnecessaryratherthanall of them,which
couldpossiblyresultin reportingmorethank objects.

1 procedure KNEARESTSPATIALNETWORK(q;k;S;T)
2 /* A best-�rst nonincrementalalgorithmthatreturnsin priority queue

L the k nearestneighborsof q from a setof objectsS on a spatial
network. S is organizedusingthe searchhierarchyT. It assumes
thateachelementin thepriority queueQueuehasfour data�elds E,
D, V, andI, correspondingto thenatureof theentity x thatQueue
contains(which canbeanobject,leaf block,or nonleafblock), the
network distanceinterval of x (just onevalueif x is not anobject),
the mostrecentlydeterminedvertex v via re�nementwhenx is an
object,andthenetwork distancefrom q to v alongtheshortestpath
from q to x whenx is an object. Note that ENQUEUE takes four
argumentswhentheenqueuedentityis anobjectinsteadof theusual
two. In bothcases,the�eld namesarespeci�edin its invocation.*/

3 value object q
4 value integer k
5 value object_set S
6 value pointer search_hierarchy T
7 integer Dk
8 priority_queue L, Queue
9 object o

10 vertex v
11 interval i
12 real s
13 pointer search_hierarchy e;ep
14 priority_queue_entry t
15 L  NEWPRIORITYQUEUE()
16 /* L is thepriority queuecontainingthek nearestobjects*/
17 Queue NEWPRIORITYQUEUE()
18 e root of thesearchhierarchyinducedby SandT
19 ENQUEUE([E =] e;[D =] 0;Queue)
20 Dk  ¥
21 while not ISEMPTY(Queue) do
22 t  DEQUEUE(Queue)
23 e E(t)
24 if ISOBJECT(e) then /* e is anobject*/
25 if M INNETWORKDISTINTERVAL(D(t)) � Dk then
26 return L
27 elseif MAXNETWORKDISTINTERVAL(D(t))
28 � M INNETWORKDISTINTERVAL(
29 D(FRONTPRIORITYQUEUE(Queue))) then
30 if MAXNETWORKDISTINTERVAL(D(t)) � Dk then
31 /* Ensureoneentry/objectin L */
32 REMOVEPRIORITYQUEUE(e;L)
33 endif
34 v  NEXTVERTEXSHORTESTPATH(
35 e;SHORTESTPATHQUADTREE(V(t)))
36 /* NEXTVERTEXSHORTESTPATH doespoint location on e

in the SHORTESTPATHQUADTREE of V(t) andreturnsthe
vertex v associatedwith theblockor regioncontainingV(t)
*/

37 s I(t) + EDGEWEIGHT(V(t);v)
38 /* EDGEWEIGHT(V(t);v): distancebetweenV(t) andv */
39 i  s+ GETNETWORKDISTINTERVAL(
40 e;SHORTESTPATHQUADTREE(v))
41 if MAXNETWORKDISTINTERVAL(i) � Dk then
42 /* UpdateL andDk asnecessary*/
43 INSERTL(e;MAXNETWORKDISTINTERVAL(i);k;L;Dk)
44 endif
45 if M INNETWORKDISTINTERVAL(i) < Dk then
46 ENQUEUE([E =] e;[D =] i; [V =] v; [I =] s;Queue)
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47 endif
48 endif
49 elseif D(t) � Dk then /* e is anon-object*/
50 return L
51 elseif ISLEAF(e) then /* e is a leafblock */
52 foreach objectchild elemento of e do
53 /* Inserteachobjecto in e in Queuealongwith thenetwork dis-

tanceinterval of o, which is obtainedby performinga point
locationoperationfor the block containingo in the shortest-
pathquadtreeof q. In addition,inserteachobjecto in L for
which themaximumdistancefrom q is lessthanDk. */

54 i  GETNETWORKDISTINTERVAL(
55 o;SHORTESTPATHQUADTREE(q))
56 if M INNETWORKDISTINTERVAL(i) < Dk then
57 ENQUEUE([E =] o;[D =] i; [V =] q;[I =] 0;Queue)
58 if MAXNETWORKDISTINTERVAL(i) < Dk then
59 INSERTL(o;MAXNETWORKDISTINTERVAL(i);k;L;Dk)
60 endif
61 endif
62 enddo
63 else /* e is anonleafblock */
64 foreach child elementep of e do
65 if M INNETWORKDISTBLOCK(q;ep) < Dk then
66 ENQUEUE([E =] ep,
67 [D =] M INNETWORKDISTBLOCK(q;ep);
68 Queue)
69 endif
70 enddo
71 endif
72 enddo

We now statea pair of theorems,whoseproofsareomittedfor
lack of space,thatareneededin thedemonstrationof thecorrect-
nessof procedureKNEARESTSPATIALNETWORK.

THEOREM 1. If the maximumof the distanceinterval associ-
atedwith the mostrecentlyremovedelementt from Queueis less
thantheminimumof thedistanceinterval associatedwith theele-
mentp currentlyon the top of theQueue(i.e., d+

t < d�
p ), thenDk

is alwaysgreaterthanor equalto themaximumof thedistancein-
terval associatedwith t or formally Dk � d+

t , which impliesthat t
is oneof thek nearestneighbors of q.

THEOREM 2. Theoutputof KNEARESTSPATIALNETWORK is
a total orderingof thesetof k nearestneighbors of q, eventhough
it is possiblethat their distanceintervalswere not fully re�ned.

3. EXECUTION TIME AND SPACE
REQUIREMENTS

In this sectionwe analyzetheexecutiontime andspacerequire-
mentsof theINCNEARESTSPATIALNETWORK algorithm.Theex-
ecutiontimerequirementsof thealgorithmarequitesimpleandare
capturedby thefollowing theorem.

THEOREM 3. The worst case execution time of the INC-
NEARESTSPATIALNETWORK algorithm is proportional to the
numberof objectsexaminedandthenumberof linksontheshortest
pathsto themfromthequeryobjectq.

PROOF. This is proved easilyby noting that thealgorithmper-
formsa sequenceof point locationoperationsto locatethevertices
of thenetwork thatcoincidewith thepositionsof theobjects.The
numberof blocksin the searchhierarchyT is proportionalto the
numberof objectsin the searchhierarchy. In the worst case,the
algorithmretrievesall of the blocks,and,in theworst case,all of
the shortestpathsto the objectswithin themareexplored. How-
ever, only thesepathsareexplored. The worst caseof the algo-
rithm ariseswhenall nonleafblocksof thesearchhierarchyareat

approximatelythe samedistancefrom q, which is the worst case
of the conventionalbest-�rst incrementalnearestneighboralgo-
rithm [10]. Therefore,in the worst case,the numberof point lo-
cationoperationsis equalto thesumof thenumberof links in the
shortestpathsfrom q to al of theobjectsin thespatialnetwork. Of
course,sucha worstcasescenario(i.e., theretrieval of all objects)
will rarelyexist asit dependson a particularpositioningof q and
theobjectsbeingequidistantfrom it. Note that thecomplexity of
thepoint locationoperationitself is just thedepthof thesearchhi-
erarchywhich canbe treatedasa constant(i.e., the resolutionof
theunderlyingdecompositionspace).

As we pointedout, thebulk of thestorageis neededto storethe
shortest-pathquadtrees.Beforeobtainingtheactualbound,we�rst
prove thattheregionsof theshortest-pathmapareconnected.

THEOREM 4. Theregionsthat make up theshortest-pathmap
mui of vertex ui are connected.

PROOF. This is proved easilyby noting that from the point of
view of a graph,ignoringthespatialembeddingof its vertices,all
verticesthatmakeupeachof theregionsrui j areconnected.There-
fore, theonly way that thespacespannedby oneof theseregions
associatedwith vertex w1 incidentat u1 canbe disconnected,say
consistingof two regionsg1 andg2, is if theshortestpathfrom u1
to somevertex v2 in g2 would “jump” from somevertex v1 in g1
over someregion that is associatedwith a vertex w2 incidentat u1
which is impossibleasthespatialnetwork is planar.

THEOREM 5. Theshortest-pathquadtreefor vertex ui requires
O(pui + n) space, where pui is the sumof the perimeters of the
polygonscorrespondingto the regionsthat make up the shortest-
pathmapof ui andthemapis embeddedin a 2n � 2n space.

PROOF. The shortest-pathmap mui partitions the underlying
spaceinto Mui regions,whereMui is theout degreeof ui andthere
is oneregion rui j for eachvertex wui j (1 � j � Mui ) that is con-
nectedto ui by anedgeeui j . FromTheorem4 we know thateach
of rui j is connected.Now, for eachregion rui j of ui , applyanalgo-
rithm to determineits boundarywhichresultsin apolygonoui j and
build anMX quadtreetui j for its edges.Assumingthattui j is em-
beddedin a2n � 2n space,weknow from theQuadtreeComplexity
Theorem(e.g.,[13, 25]) thattui j requiresO(pui j + n) space,where
pui j is the perimeterof oui j (alsoknown asthe dimensionreduc-
ing property).Next, constructXui , theunionof theMX quadtrees
correspondingof the regionsthatmake up mui which will require
O(pui + n) space,where pui is the sum of the perimetersof the
polygonscorrespondingto theregionsthatmake upmui .

As we saw in Section2, Sankaranarayananet al. [27] make use
of anotherrepresentationof the shortest-pathquadtreewhich we
call Sui . Sui is built by processingthe shortest-pathmapmui di-
rectly and recursively decomposingthe underlyingspacethat it
spansinto blocksandhaltingthedecompositionprocesswhenever
all verticesin theblockhavethesamecolor(i.e.,avariantof there-
gionquadtree).It is easyto seethatthisdecompositionrule results
in no moreblocksthantheMX quadtreeXui asall verticesthatare
in theinteriorof oneof theregionsof mui remainin interiorblocks
of both the quadtreeblocksof the appropriatetui j andthe corre-
spondingblocksof Xui andSui . However, for blocks that areon
theboundariesof regions,in thecaseof theshortest-pathquadtree
Sui , thereis noneedto decomposetheunderlyingspaceto thepixel
level. Therefore,we only needto ensurethat the verticeslie in
separateblocksratherthanalsoto ensurethat the edgesthat con-
nectthemlie in separateblocks.In otherwords,region boundaries
arerepresentedimplicitly in Sui in contrastto beingrepresentedex-
plicitly in the MX quadtreeXui . Thus,the shortest-pathquadtree
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Sui requiresnomorespacethantheMX quadtree,Xui , andtherefore
theO(pui + n) spacerequirementsof theMX quadtreeXui alsohold
for theshortest-pathquadtreeSui .

We now prove themainresult.

THEOREM 6. Assuminga spatial network embeddedin a
square grid sothat each vertex occupiesa randompositionwithin
a grid cell andthat theboundariesformingtheregionsin theshort-
estpathquadtreesaremonotonic,thetotal numberof quadtreeleaf
blocks in theshortestpathquadtreesfor a spatialnetworkwith N
verticesis O(N1:5).

PROOF. EmbeddingtheN verticesin a squaregrid impliesthat
the grid width is

p
N grid cells. Assumingan outdegreeof c per

vertex (c is usuallymuchsmallerthanN for a spatialnetwork cor-
respondingto aroadnetwork for whichc is usually4 asthevertices
usually representthe intersectionof two roads),the shortestpath
maphasjustc polygonalregions.FromTheorem5 in Section3 we
have thatthespacecomplexity of theshortestpathquadtreecorre-
spondingto theshortestpathmapis proportionalto thesumof the
perimetersof thepolygonsthatmake up theshortestpathmap.We
now observe thatthedigitizationusingBresenham's algorithm[1]
of the line segmentsthat make up the monotonicboundariesof
thepolygonsof theshortestpathmapmeansthat thesumof their
lengths(i.e.,perimeters)areno morethanc timesthelengthof the
width

p
N of theembeddingspace.Therefore,thespacerequired

by theN shortestpathquadtreefor thespatialnetwork of N vertices
is O(N1:5).

It shouldbeclearthattherearemany possiblequadtreevariants
that could have beenusedto representthe shortestpathmapmui .
In theproof of Theorem5, we usedtheMX quadtreeXui because
of the way in which its spacerequirementscanbe obtained.The
actualimplementationof theshortest-pathquadtreeusingSui hasa
lower numberof blocks,but a formal derivationof a moreprecise
estimateis more complex. In any case,experimentswith some
actualmapdatasuchastheSilverSpringmapgivenin Figure1(a),
whichhas4333vertices,foundthat,usingSui , thenumberof blocks
in eachof the shortest-pathquadtreesfor all verticesin the map
rangedbetween1 and538with anaverageof 128.3.This number
is signi�cantly smallerthanN = 4333whichis whatwewouldneed
hadwe weusedadjacency lists.

An alternative quadtreerepresentationcanbeobtained [23, 24,
28] after converting the collection of polygonsdescribedin the
proof of Theorem5 to a polygonalmap wherethe edgesof the
individual polygonsoui j thatborderadjacentpolygonsaremerged
into oneedge.TheresultcanberepresentedusinganMX quadtree,
which of course,will requirelessspacethanXi astherearefewer
edgesto decompose.However, the orderof the spacecomplexity
will still be thesame.An alternative which will requireeven less
spaceis to useoneof themembersof thePM quadtreefamily [11,
26] or eventhePMRquadtree[19]. Their spacerequirementshave
beenanalyzedin [17] wherethe spacerequirementsof the PMR
quadtreehasbeenshown to beontheorderof thenumberof edges
makingup thepolygonalsubdivision andindependentof thedepth
of thequadtree(i.e., theresolutionof theunderlyingspace).Note
thatin orderto usethesestructures,wewouldhaveto determinethe
actualpolygonsthatcorrespondto theregionsof theshortest-path
mapasoutlinedin theproof of Theorem5.

Oneof theinterestingaspectsof implementingtheshortest-path
quadtreeusing Sui is that the resultingquadtreemay have some
white (i.e., empty) blocks as can be seenin Figure 5. This oc-
curs when a nonleaf quadtreeblock containsverticesfrom dif-
ferent regionsof the shortest-pathmap. In this case,it could be

saidthat thenumberof regionshasincreasedif we alsocountthe
white (i.e., white disconnectedregions). Furthermore,it is possi-
ble that the quadtreeblocks that make up the Mui regions in the
shortest-pathmapmui arenot contiguous,at leastif contiguity is
basedon4-adjacency. Theexamplein Figure5 shows theshortest-
path quadtreefor query object q which consistsof two regions,
onefor vertex a consistingof the noncontiguousquadtreeblocks
containingverticesa andd, andonefor vertex b consistingof the
noncontiguousquadtreeblockscontainingverticesb andc. It is
importantto observe that the complexity boundobtainedin The-
orem 5 in termsof the perimetersof the regions comprisingthe
shortest-pathmapis not formulatedin termsof theregionsformed
by thequadtreeblocksthatmake up Sui . Moreover notethat these
additionalregions (i.e., thosecomprisedof the white blocks and
thenoncontiguous4-adjacentregionscorrespondingto thevarious
rui j ) have no effect on the ef�ciency of the algorithmthat deter-
minesthe shortestpathsin the incrementalnearestneighborpro-
cessas thesewhite regionscontainno verticesand thusthey are
never accessedduring thepoint locationprocesswhich is the key
to �nding thesegmentsthatform theshortestpaths.

d
a

q

c

b

Figure 5: Example illustrating the presenceof empty
blocks in the shortest-path quadtreeof the shortest-path
map of query object q consistingof two regions: one for
vertexa consistingof the noncontiguousquadtreeblocks
containing a and d, and one for vertex b consisting of
the noncontiguousquadtreeblocks containing b and c.

4. EXPERIMENT AL EVALUATION
In this section,we evaluatethe performanceof our k-nearest

neighboralgorithmanda numberof its variants.We alsocompare
themwith two competingtechniques—INEandIER of Papadias
et al. [21] thatarebasedon theuseof Dijkstra's algorithm. They
differ on theextentto which they make useof Dijkstra'salgorithm
whereINE usesit to �nd the neighborsas the graphis explored
while IER �rst �nds the neighborsusing Euclideandistanceand
thenusesDijkstra'salgorithmto �nd theshortestpathsto themand
hencethetruenetwork distanceandthenpossiblyseeksadditional
neighbors[25]. All experimentswerecarriedoutona Linux (2.4.2
kernel)quad2.4GHz Xeonserver with onegigabyteof RAM. We
have implementedour algorithmsusingGNU C++. We testedour
algorithmson a large road network datasetcorrespondingto the
importantroadsin the easternseaboardstatesof USA, consisting
of 91;113verticesand114;176edges.Theshortestpathquadtree
of the verticesof this roadnetwork wasprecomputedandstored
on disk. Theaveragenumberof theMorton blocksin theshortest
pathquadtreeassociatedwith eachvertex in thedatasetis 353.The
algorithmusesan LRU basedcachethat canhold 5% of the disk
pagesin themainmemory.

We now brie�y describeour experimentalsetup.We randomly
generatedasetof objectsS, which is indexedby adisk-basedPMR
quadtreein all of thealgorithmsthatwe tested(it wasalsousedby
the �nd_entities function in the INE method[21]). Even though,
our algorithmcanhandleobjectsin S that lie on anedgeor a face
of a spatialnetwork with equalease,for thesake of simplicity, we
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assumethateachof theobjectsin S is associatedwith a vertex on
theroadnetwork. Werepresentthesizeof Sasa fractionof N, the
numberof theverticesin thespatialnetwork. Wevary thesizeof S
between0:001N to 0:2N. Moreover, in orderto reducesomeof the
mathematicalinstabilitiesinvolved in usingstatisticsderivedfrom
a randominput dataset,we usedtheaveragesrecordedby running
thequeriesonat least50 randominputdatasetsof thesamesize.
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Figure 6: Comparison of KNN and its variants with INE
and IER for (a) k = 10 and varying sizesof S, (b) S=
0:07N and varying k.

The �rst, and most important, experimentswere designedto
compareKNEARESTSPATIALNETWORK (termed“KNN”) anda
numberof its variants(KNN-M andKNN-I, aswell asINN which
simply invokes KNN k times andhencehasno needfor priority
queueL and Dk is irrelevant as it is set to ¥ ) that are described
andevaluatedin greaterdetail in the restof this section,with the
IER and INE techniquesof Papadiaset al. [21] which are based
on the useof Dijkstra's algorithm. Theseexperimentsareimpor-
tantasthey shedlight on thefundamentalgoalof this paperwhich
is to demonstratethe ef�cacy of precomputingthe shortestpaths
betweenthevariousnodesin thespatialnetwork so that thecom-
plexity of thenearestneighborprocessdoesnotdependon thesize
of the underlyingspatialnetwork (i.e., the decouplingprinciple).
We usedthe INE algorithmpresentedin [21] asin the interestof
simplicity we assumedthat eachof the objectsin S from which
the neighborsaredrawn is associatedwith a vertex. Without this
assumption,in order to obtain the right result, this variantwould
needthe modi�cations describedin [25], which hadthe effect of
doublingtheexecutiontimeof INE (althoughnotshown here).Fig-
ure 6 shows the executiontime taken by KNN andits variantsas
well asINE andIER for varying valuesof k andS. We speakof
thebehavior of KNN andits variantscollectively asthey all outper-
form INE andIER for smallvaluesof k, whichis themostcommon
casein which thesealgorithmsareused.

Figure6ashows thatKNN andits variantsareat leastoneorder
of magnitudeandup to two ordersof magnitudesfasterthanINE
andIER whenusingdifferentobjectdistributionsfor k = 10which
is not atypical. As the sizeof S is increased,the executiontime
of KNN andits variants,aswell asthatof INE andIER decrease
(althoughat somepoint the executiontime of IER doesstart to
increase).KNN andits variantsperformbetterthanboth INE and
IER evenfor largevaluesof S= 0:2N, althoughfor extremelylarge
valuesof S>> 0:2N, INE doesstartto performbetterthanKNN
and its variants. This is becausefor very large valuesof S, INE
is able to �nd k neighborsby just visiting a few edgesaroundq
in the roadnetwork, as thereareso many of them. However, as
we know well, mostobjectdatasetson roadnetworks aresparse.
For example,evenS= 0:2N is unrealisticallylargefor a datasetof
post-of�ces, pizzashopsor restaurants.

Figure6b shows that KNN and its variantsareseveral magni-
tudesfasterthan INE andIER for small valuesof k < 20 ask is
variedfor a �x ed objectdistribution S= 0:07N. In particular, we
seethat that the variousalternative variantsof KNN (i.e., KNN-
I, INN, andKNN-M) provide a 3–8 timesspeedup over INE for
valuesof k rangingbetween20 and300, althoughKNN itself is
slower thanINE for k > 50. As discussedearlier, typical nearest
neighborqueriestendto usesmallervaluesof k for which KNN is
very well-suited,while theothervariantsof KNN aremoresuited
for larger valuesof k. So, dependingon the natureof k andS, a
suitablydesignedqueryoptimizerwould beeasilyableto usethe
appropriatevariantof KNN. However, whenk > 300,only KNN-
M is still fasterthanINE. Notethat in theseexperimentsIER was
alwaysslower thantheremainingalgorithms.
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Figure 7: Total number of Morton blocks in the shortest
path quadtree encoding of random subgraphsextracted
from a large dataset, as well as a line with slope 1.5.

The secondsetof experimentstabulate the sizeof the shortest
pathquadtreefor a varietyof spatialnetworks. We useda dataset
containingall majorroadsin theUSA (i.e.,morethan380,000ver-
tices and 400,000edges). By extracting randomconnectedsub-
graphsfrom the roadnetwork, we wereable to accountfor vari-
ationsin the variousroadssuchasrural versusurban,andspatial
network con�gurationsthatwouldleadto differentstoragerequire-
mentsfor the underlyingshortestpath quadtree.Given a spatial
network G, wedeterminedtheshortestpathquadtreefor eachof its
N verticesandcalculatedthetotal numberof Morton blockscom-
prisingit andthenobtainedtheirsumM whichisplottedin Figure7
asa functionof N. From Figure7 we seethat the ratio of the to-
tal numberM of Mortonblocksin theshortestpathquadtreesfor a
spatialnetwork G to thenumberof verticesN in G for awiderange
of spatialnetworksof differentsizesobeys M = K � N1:5 (whereK
is a constant)which validatesTheorem6. Recall from Section3
thatthis hasa very importantrami�cation asit reducesthestorage
complexity of of our approachof precomputingthe O(N2) short-
estpathsfor theN verticesto O(N1:5) from from O(N3) asin the
worstcaseeachof theO(N2) shortestpathscancontainO(N) ver-
tices. This makes the shortest-pathquadtreerepresentationscal-
ableasthetotal amountof spacerequiredfor a spatialnetwork has
beendrasticallyreduced(i.e.,by anorderof magnitudeequalto the
squarerootasN1:5 is thesquarerootof N3).

The third setof experimentsevaluatesomeproposedmodi�ca-
tionsof KNN thataredesignedto overcomesomeof its shortcom-
ings. Recall that KNN is a non-incrementalbest-�rst algorithm
that usesan upperboundestimateDk on the maximumpossible
distanceto thekth nearestneighborof aqueryobjectq. An equiva-
lentmethodof obtainingthek nearestneighborsof aqueryobjectis
to invoke anincrementalbest-�rst variantof KNN (termed“INN”)
k times—thatis, INN is a variantof KNN thatdoesnot make use
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of thepriority queueL andwhereDk is setto ¥ , therebymakingit
irrelevant. Thedrawbackof INN is that thepriority queueQueue
may get aslarge asthe numberof objects. KNN-I is a variantof
INN thatmakesuseof a variantof Dk andL to limit thesizeof the
priority queueQueue. KNN-I proceedslike INN exceptthatwhen-
ever KNN-I encountersa leaf blockat front of Queuethatcontains
objects,it insertstheminto L whichis orderedusingthemaximums
of the distanceintervals of the objects,althoughtheseassociated
maximumdistancevaluesarenever updatedeventhoughthey may
be subsequentlyre�ned. KNN-I differs from KNN in that KNN
also tries to insert objectsinto L when it encountersthemat the
front of Queue. Oncek differentobjectshave beeninsertedinto L,
KNN-I usesD0

k, the maximumdistancevalueassociatedwith the
objectsin L, to avoid enqueueingany new objecto for which the
minimumof its distanceinterval is � D0

k (line 56).
We alsointroduceanothervariantof KNN (termed“KNN-M”)

that usesKM INDIST, a lower boundon the minimum of the dis-
tanceinterval of thekth nearestneighbor, in additionto D0

k, to ob-
tain thek nearestneighborsof q with thesamemotivationof reduc-
ing the sizeof the priority queueQueue. It proceedsin the same
mannerasKNN-I with themodi�cation thateachtime it encoun-
tersanobjectat the front of Queue, it enqueuesit in anadditional
priority queueQueue1. Onceit hasremovedthekth objectp from
Queueandinsertedit into Queue1, it recordstheminimum(max-
imum) of p's distanceinterval in KM INDIST (D0

k). Now, it keeps
on processingtheelementsin Queueandinsertstheobjectsthat it
�nds in Queue1 until theminimumof theretrievedobjectis greater
thanD0

k, at which time, processingof elementsin Queuehaltsas
they canno longerbepartof thesetof k nearestneighbors.At this
point, Queue1 is guaranteedto containall of thek nearestobjects
aswell asotherobjects.Now, processtheelemente of Queue1 the
minimum of whosedistanceinterval is the smallest. If the max-
imum of e's distanceinterval is lessthanKM INDIST, thenreport
e asoneof the k nearestneighbors(in which casee is saidto be
prunedagainstKM INDIST). If it is greaterthanKM INDIST, then
checkif e's distanceinterval overlapsthat of the currentelement
at the front of Queue1, in which case,re�ne e andreinserte into
Queue1. This processis continueduntil k neighborshave beenre-
ported. Note thata drawbackof usingKNN-M is that theobjects
in the resultsetarenot orderedwith respectto q. In otherwords,
in comparisonto KNN which establishesa total orderingof its k
nearestneighbors,KNN-M doesnotproduceanorderedoutput.
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Figure 8: Percentagereduction in the sizeof the priority
queueQueuefor KNN, KNN-I, and KNN-M, when com-
pared with INN for (a) k = 10, and varying sizesof S,
and (b) S= 0:07N and varying valuesof k.

Recallthatoneof theadvantagesof usingKNN andits variants
over INN is thatthereis areductionin thesizeof thepriority queue
Queue, therebyleadingto a reductionin thespaceneededto store
it which meansthat all priority queueoperationsare faster. Fig-

ure8 shows thereductionin themaximumsizeof Queuefor KNN,
KNN-I, andKNN-M whencomparedwith INN. For k = 10 and
varyingsizesof S, themaximumsizeof Queuefor KNN, KNN-I,
andKNN-M is, on theaverage,at most35%of thesizeof Queue
for INN asshown in Figure8a. Figure8b shows theeffect of let-
ting k vary between5 and 300 on the maximumsize of Queue,
while keepingS �x ed at 0:07N. It is clear from the Figure that
thereis a largereductionin thesizeof Queuefor smallervaluesof
k � 100.However, for largervaluesof k (e.g.,k > 100),weobserve
thatthemaximumsizeof Queuequickly reachesupto 100%of the
maximumsizeof Queuefor INN. A possibleexplanationfor this
observation is thatask increases,so doesthe region that is being
searchedby the nearestneighboralgorithm. As S is obtainedby
uniformly samplingthesetof vertices,the larger thedistancethat
onemovesaway from q, thegreateris the numberof objectsthat
have overlappingdistanceintervals from q. Hence,pruningof the
objectsusingDk becomesincreasinglylesseffective.
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Figure 9: Percentagereduction in number of re�nement
operations for KNN, KNN-I, and KNN-M, when com-
pared with INN for (a) k = 10, and varying sizesof S,
and (b) S= 0:07N and varying valuesof k.

Next, we examinedthe reductionin the numberof re�nement
operationswhenusingtheKNN algorithmandits variantsin com-
parisonto INN. Figure9ais theresultof lettingk = 10andvarying
valuesof S. It shows that both KNN andKNN-I resultedin 10%
fewer re�nementswhen comparedwith INN, while KNN-M re-
sultedin 40%fewer re�nements.This meansthatup to 30%of the
re�nementsperformedin KNN aredevotedto establishinga total
orderingof the objectsin the resultset. Figure9b is the resultof
letting k vary between5 and300and�xing S at 0:07N. It shows
thatask increases,thenumberof re�nementsperformedby KNN-
M sharplydecreases,while bothKNN andKNN-I still performup
to 90%of there�nementsperformedby INN.
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were addedto the result set for (a) k = 10, and varying
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The observed large savings in the numberof re�nementsper-
formedby KNN-M in Figure9b with increasingk is largely due
to pruningmoreandmoreobjectsagainsttheKM INDIST estimate.
Figure10 shows thatup to 90%of thenearestneighborsin there-
sultsetwereprunedagainsttheKM INDIST estimate.However, this
doesnot directly translateinto an equivalentsavings in the num-
berof re�nementsperformedby KNN-M becausea nearestneigh-
bor of q whoseinitial distanceinterval from q partially overlaps
theKM INDIST estimatewould still have to performseveralre�ne-
mentsbeforeit canbeprunedagainsttheKM INDIST estimate.
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Figure 11: The valuesof D0
k and KM INDIST as a per-

centageof Dk for (a) S= 0:07N, varying valuesof k, and
(b) k = 10, varying sizesof S.

BothKNN-I andKNN-M usetheD0
k estimatewhich is obtained

from the objectsinsertedinto L in lines58–60. Figure11, shows
bothD0

k andKM INDIST asapercentageof Dk, whichwasobtained
by runningKNN onthesamedatasetwhile keepingk constantat10
andvarying S(Figure11a)andalsovaryingk andkeepingScon-
stantat0:07N (Figure11b).FromtheFigureweseethatD0

k is upto
20%largerthanDk whichisapossibleexplanationof why themax-
imumsizesof thepriority queuesin Figure8 for KNN, KNN-I, and
KNN-M arealmostidenticalwhencomparedto themaximumsize
for INN. Moreover, wecanseefrom Figure11thattheKM INDIST
estimateis almost90% of Dk which implies that many objectsin
theresultsetwouldbeprunedagainsttheKM INDIST estimate.

Finally, we comparethe relative performanceof KNN and its
variants. Figures12a,cshow the executiontime of KNN and its
variants,while Figures12b,d show the correspondingI/O time.
Figures12a,bshow the effect of varying k on the performanceof
KNN andits variantswhenSis �x edat0:07N, while Figures12c,d
show theeffectof varyingthesizeof Sontheperformanceof KNN
andits variantswhenk is �x edat 10. Figures12a,balsoshow (la-
beled“KNN-PQ”) thetimespentby theKNN in updatingDk (i.e.,
deletingandinsertingelementsin L). We make the following ob-
servationson thenatureof KNN andits variants.

� For small valuesof k � 20, KNN hasthe fastestexecution
time amongall its variants.For largervaluesof k (k > 20),
thecostof updating(i.e., deletingandinsertingobjectsinto
L) Dk startsdominatingKNN' sexecutiontimeandKNN be-
comesslower thanall of its variants.FromFigures12a,bit
canbeseenthatfor k = 50, thecostof updatingDk in KNN
usesup more than 50% of the executiontime and is more
thanthetime for I/O operations.

� For largevaluesof k (k > 20), KNN-I andINN canbeused
insteadof KNN.

� If theobjectsin theresultsetdo not have to besorted,then
KNN-M canbeused.However, asKNN-M incursextraCPU
time in computingthe KM INDIST estimate,it may not be
well-suitedfor small valuesof k. In suchcases,it may be
preferableto useKNN.
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Figure 12: The execution(a,c) and the IO (b,d) time of
KNN and its variants for (a,b) S= 0:07N, varying values
of k, and (c,d) k = 10, varying sizesof S.

� The size of S affectsKNN andall its variantsin a similar
manner, asseenin Figure12c. Theexecutiontime of KNN
andits variantsdecreasesasthesizeof Sincreases.

� The I/O time dominatestheexecutiontime of KNN andits
variantsaseachre�nementoperationmay leadto a disk ac-
cess. KNN-M is able to reducethe numberof re�nements
by makinguseof the KM INDIST estimate,which resultsin
a lower I/O costandhence,lower executiontime aswell.

5. CONCLUDING REMARKS
A key differencebetweenouralgorithmandthosethatarebased

on Dijkstra's algorithm(e.g.,INE andIER of Papadiaset al. [21])
is that in our algorithmtheshortestpathsbetweenthevariousver-
ticesin thespatialnetwork areonly computedonce,whereasin the
methodsthat arebasedon Dijkstra's algorithmthe shortestpaths
betweensomeverticesarecomputedrepeatedlyasthequeryobject
and the numberof soughtneighborschangetherebycausingthe
reapplicationof the algorithm. Thus,our algorithm is preferable
whenmany queriesaremadeon a particularspatialnetwork. On
theotherhand,if only few querieswill bemadeon a givenspatial
network, thenthe methodsbasedon Dijkstra's algorithmmay be
preferableespeciallyif thedesiredneighborsarequitecloseto the
queryobjectastheentirespatialnetwork neednotbeexplored.

Anotheradvantageof our algorithmis that sincethe setof ob-
jectsSfrom which theneighborsaredrawn is decoupledfrom the
actual spatial network, the algorithm (and most importantly the
shortest-pathquadtreesfor the spatialnetwork) canbe usedwith
differentsetsof objectsaslongasthespatialnetwork is unchanged.
For example,we canhave separatesearchhierarchiesfor gassta-
tions, markets,restaurants,etc. In this case,queriesfor the near-
estgasstations,markets,restaurants,etc. couldbe executedwith
no changeandthealgorithmwould bemoreef�cient thanhadwe
placedthe gasstations,markets,andrestaurantsin onesearchhi-
erarchyaseachtime we founda neighborwe would needto check
its typeandproceedto thenext oneif it wasnot thedesiredtype.
In contrast,in the methodsbasedon Dijkstra's algorithmthe dis-
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tinction betweenthe verticesof thespatialnetwork andthesetof
objectsfrom which theneighborsaredrawn is notsoclearcut.

It is importantto notethatalthoughwerestrictedourspatialnet-
works to be planar, this wasonly for the purposeof deriving the
orderof its spacerequirementswhich dependedon the regionsof
theshortest-pathmapandcorrespondingshortest-pathquadtreebe-
ing disjointandcontiguous.However, theactualalgorithmsthatwe
presentedwork with bothplanarandnonplanarspatialnetworks. In
otherwords,thepresenceof tunnelsandbridgeswill notaffect the
correctnessof thealgorithms.In fact,thede�nition of theshortest-
pathquadtreein termsof the verticesof the spatialnetwork min-
imizes the effect of the nonplanarityaswe saw that the resulting
regionsmaybenoncontiguousregardlessof planarityor lack of it,
althoughwe did show thattheorderof thespacerequirementsdid
not changefor this formulationin theplanarcase.An interesting
directionfor futurework is a derivationof thespacerequirements
for nonplanarspatialnetworks.

Onecantake advantageof thefactthatour framework will most
commonlybe deployed in an enduserapplicationthat is mostly
concernedwith nearbydestinations.It is not unreasonableasmost
peopledo not want to drive morethan50 miles to get to a restau-
rant. In this case,theshortestpathquadtreewill bemuchsmaller,
andfar lessexpensive to compute.Anotherstrategy is to assume
that the shortestpath betweensourcesand destinationsthat are
morethanX milesof eachothermustusea highway. Sucha situ-
ationis a marriagebetweenmultiresolutiontechniquesof [14] and
theshortestpathquadtreetechniquesandcould leadto substantial
speedupsin computingshortestpaths,althoughthis may possibly
be at the expenseof suboptimalshortestpathsfor distancesspa-
tially fartherthanX miles.

RepeatabilityAssessmentResult.Figures6 and8–12have
beenveri�ed by theSIGMOD repeatabilitycommittee.

Acknowledgments.This work was supportedin part by the
U.S. National ScienceFoundationunder GrantsEIA-00-91474,
CCF-05-15241,andIIS-0713501,aswell asNVIDIA Corporation
andtheVirtual EarthandBayAreaResearchCentergroupsof Mi-
crosoftResearch.

6. REFERENCES
[1] J.E. Bresenham.Algorithm for computercontrolof a digital

plotter. IBM SystemsJournal, 4(1):25–30,1965.
[2] H.-J.ChoandC.-W. Chung.An ef�cient andscalable

approachto CNN queriesin a roadnetwork. In VLDB'05,
pp.865–876,Trondheim,Norway, Sep.2005.

[3] K. L. Clarkson.Fastalgorithmfor theall nearestneighbors
problem.In FOCS'83, pp.226–232,Tucson,AZ, Nov. 1983.

[4] E. W. Dijkstra.A noteon two problemsin connexion with
graphs.NumerischeMathematik, 1:269–271,1959.

[5] G. N. Frederickson.Planargraphdecompositionandall pairs
shortestpaths.JACM, 38(1):162–204,Jan.1991.

[6] K. FukunagaandP. M. Narendra.A branchandbound
algorithmfor computingk-nearestneighbors.IEEE Trans.
on Comp., 24(7):750–753,July1975.

[7] I. Gargantini.An effective way to representquadtrees.
CACM, 25(12):905–910,Dec.1982.

[8] A. V. Goldberg andC. Harrelson.Computingtheshortest
path:A� searchmeetsgraphtheory. In SODA'05, pp.
156–165,Vancouver, Canada,Jan.2005.

[9] A. Henrich.A distance-scanalgorithmfor spatialaccess
structures.In ACM GIS'94, pp.136–143,Gaithersburg, MD,
Dec.1994.

[10] G. R. HjaltasonandH. Samet.Distancebrowsingin spatial
databases.TODS, 24(2):265–318,June1999.

[11] E. G. HoelandH. Samet.Ef�cient processingof spatial
queriesin line segmentdatabases.In SSD'91, LNCS 525,pp.
237–256,Zurich,Switzerland,Aug. 1991.

[12] H. Hu, D. L. Lee,andV. C. S.Lee.Distanceindexing
on roadnetworks.In VLDB'06, pp.894–905,Seoul,Korea,
Sep.2006.

[13] G. M. HunterandK. Steiglitz.Operationson imagesusing
quadtrees.PAMI, 1(2):145–153,Apr. 1979.

[14] N. Jing,Y.-W. Huang,andE. A. Rundensteiner. Hierarchical
encodedpathviews for pathqueryprocessing:anoptimal
modelandits performanceevaluation.TKDE,
10(3):409–432,May 1998.

[15] M. R. KolahdouzanandC. Shahabi.Voronoi-basedk nearest
neighborsearchfor spatialnetwork databases.In VLDB'04,
pp.840–851,Toronto,Canada,Sep.2004.

[16] M. R. KolahdouzanandC. Shahabi.Continuousk-nearest
neighborqueriesin spatialnetwork databases.In STDBM'04,
pp.33–40,Toronto,Canada,Aug. 2004.

[17] M. Lindenbaum,H. Samet,andG. R. Hjaltason.A
probabilisticanalysisof trie-basedsortingof large
collectionsof line segmentsin spatialdatabases.SIAMJ. on
Computing, 35(1):22–58,Sep.2005.

[18] G. M. Morton.A computerorientedgeodeticdatabaseanda
new techniquein �le sequencing.Tech.report,IBM Ltd.,
Ottawa,Canada,1966.

[19] R. C. NelsonandH. Samet.A populationanalysisfor
hierarchicaldatastructures.In SIGMOD'87, pp.270–277,
SanFrancisco,May 1987.

[20] J.A. Orenstein.Multidimensionaltriesusedfor associative
searching.Inf. Proc.Letters, 14(4):150–157,June1982.

[21] D. Papadias,J.Zhang,N. Mamoulis,andY. Tao.Query
processingin spatialnetwork databases.In VLDB'03, pp.
802–813,Berlin, Germany, Sep.2003.

[22] N. Roussopoulos,S.Kelley, andF. Vincent.Nearest
neighborqueries.In SIGMOD'95, pp.71–79,SanJose,CA,
May 1995.

[23] H. Samet.Region representation:quadtreesfrom binary
arrays.CGIP'80, 13(1):88–93,May 1980.

[24] H. Samet.An algorithmfor convertingrastersto quadtrees.
PAMI, 3(1):93–95,Jan.1981.

[25] H. Samet.Foundationsof MultidimensionalandMetric Data
Structures. Morgan-Kaufmann,SanFrancisco,2006.

[26] H. SametandR. E. Webber. Storinga collectionof polygons
usingquadtrees.TOGS, 4(3):182–222,July1985.

[27] J.Sankaranarayanan,H. Alborzi, andH. Samet.Ef�cient
queryprocessingonspatialnetworks.In ACM GIS'05, pp.
200–209,Bremen,Germany, Nov. 2005.

[28] C. A. Shaffer andH. Samet.Optimalquadtreeconstruction
algorithms.CVGIP'87, 37(3):402–419,Mar. 1987.

[29] C. A. Shaffer, H. Samet,andR. C. Nelson.QUILT: a
geographicinformationsystembasedon quadtrees.Int. Jour.
of Geog. Inf. Sys., 4(2):103–131,Apr.–Jun.1990.

[30] C. Shahabi,M. R. Kolahdouzan,andM. Sharifzadeh.A road
network embeddingtechniquefor k-nearestneighborsearch
in moving objectdatabases.GeoInformatica, 7(3):255–273,
Sep.2003.

[31] D. WagnerandT. Willhalm. Geometricspeed-uptechniques
for �nding shortestpathsin largesparsegraphs.In ESA'03,
LNCS 2832,pp.776–787,Budapest,Hungary, Sep.2003.

[32] F. ZhanandC. E. Noon.Shortestpathalgorithms:an
evaluationusingrealroadnetworks.TransportationScience,
32(1):65–73,Feb. 1998.


