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Abstract
Database search for images containing icons with speciﬁc mutual spatial relationships can be facilitated by an
appropriately structured index. For the case of images containing subsets each of which consist of three icons, the oneto-one correspondence between (distinct) point triples and
triangles allows the use of such triangle attributes as position, size, orientation, and “shape” in constructing a pointbased index, in which each triangle maps to a single point
in a resulting hyperdimensional index space. Size (based on
the triangle perimeter) can be represented by a single linear dimension. The abstract “shape” of a triangle induces
a space that is inherently two-dimensional, and a number
of alternative deﬁnitions of a basis for this space are examined. Within a plane, orientation reduces to rotation, and
(after assignment of a reference direction for the triangle)
can be represented by a single, spatially closed dimension.
However, assignment of a reference direction for triangles
possessing a k-fold rotational symmetry presents a signiﬁcant challenge. Methods are described for characterizing
shape and orientation of triangles, and for mapping these
attributes onto a set of linear axes to form a combined index. The shape attribute is independent of size, orientation,
and position, and the characterization of shape and orientation is stable with respect to small variations in the indexed
triangles.

1 Introduction
Given a set of n pointlike objects, how can an index capture that set’s spatial interrelationships, so as to facilitate retrieval of similar sets in a position, scale, and orientationally
independent manner? A companion paper [5] examined this
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question for the case n 2. This paper extends the analysis
to the case n 3.
Maps provide a means of maintaining a database of cartographic information. Although maps are usually thought
of as capturing positional information, they are also used to
capture spatial relation information. In particular, relevant
objects or features are represented by symbols, and both the
topological layout of these objects and their inter-object distances are signiﬁcant. Examples of such maps include ﬂoor
plans, blueprints, and satellite images. Examples of features
include doorways and windows, component parts of an assemblage, and rivers, roads, and buildings.
A collection of digitized map images is an example of
an image database. Searching such a database includes the
determination of which images within the database contain a desired arrangement of symbols, such as a beach
north of a city or a youth hostel near a train station. For
such a search, the absolute position of the symbols within
the database image is unimportant, only the relative spatial relationship of the symbols is signiﬁcant. This is called
a position-independent search. Search for symbols with
a particular spatial relationship has applications in mobile
computing, mobile data management, moving-object and
moving-framework databases, and location-based services.
One method of specifying such a search is by constructing a query image containing the desired topological arrangement of symbols (icons). If database images can contain multiple instances of a particular kind of icon (such as
multiple hotels in the same geographic area), an icon in
a query image actually designates (a member of) an icon
class, to be satisﬁed by a corresponding speciﬁc icon instance in database images matched. In addition to a topological arrangement of icon class designators, a query must
also specify which spatial relationships between the classes
of the query image are to be considered relevant in the
search. This describes a spatial version of retrieval by content, which has been investigated in both the spatial and
non-spatial domains. The MARCO (MAp Retrieval by
Content) system of Samet and Soffer [22, 26] is an example
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of this search method.
Although much of the image database research has examined matching a single query icon to a database icon,
some prior work [1, 2, 3, 6, 9, 10, 11, 14, 15, 17, 18, 19, 24,
25] does address queries containing several icons. One approach [3, 15, 17] involves determining the projections of
image objects onto the coordinate axes and then encoding
these projections as strings. The resulting encoded strings
serve in turn as invariants for the index.
Another approach involves modeling the arrangement of
image objects as an Attributed Relational Graph (ARG).
In [2] a metric-space index is described, using a distance metric function based on the optimal error-correcting
(sub)graph isomorphism problem.
Gudivada and Raghavan [10, 11] have investigated
search based on the relative spatial relationships of icon
pairs. The algorithm ﬁrst determines the n icons common
to the query and database images, and then compares the
slopes of the nn 1 2 lines between icon pairs in each
database image to the slopes of the lines between corresponding icon pairs in the query image, thus abstracting
away the absolute positions of the icons and considering
only the relative spatial relationships, as captured by these
line slopes. Furthermore, by clustering the set of line slopes,
their algorithm can perform a rotation-independent search.
In contrast, the search algorithms to be described here
use an index created by examining every image in the
database, and mapping each set of three icons into a single
point in an abstract index space.
Any three distinct points uniquely determine a triangle.
For the special case of three collinear points, a collinear
pseudotriangle with overlapping sides (and with “angles”
of 0Æ , 180Æ, and 0Æ ) is determined. As such ﬁgures are not
included in the classical deﬁnition of a triangle, this special
case must be carefully considered when invoking any of the
classical triangle properties.
Because of this one-to-one correspondence between
point triples and triangles, point triples may be indexed using methods that effectively index these associated triangles. So-called “point-based” indexing methods [21, Section 3.4] operate by mapping each of the objects to be indexed into a single point within a multidimensional index
space, with each dimension of that space representing a separable attribute of the object. For triangles such attributes
might include position, size (based on total perimeter), and
spatial orientation. Some abstract representation of “shape”
would also be useful as an indexing attribute. To further the
goal of attribute separability, the shape attribute should be
independent of the triangle’s position, size, and orientation.
Indexing of the spatial position and size of a triangle is
straightforward and will not be discussed in the remainder
of this paper, except to note that spatial position must be
referenced to some speciﬁc point in the triangle, and that
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Figure 1. Euler line of a triangle
multiple candidates exist for the “center” of a triangle. This
will be discussed further in Section 2.
The remainder of this paper is organized as follows: Section 2 brieﬂy outlines some elementary and classical triangle properties, Section 3 introduces the terms stability and
selectivity, which will be used in the remainder of the paper.
Section 4 describes an inherently two-dimensional abstract
space of triangle “shapes”, and examines methods for deﬁning a basis for this space, including methods based on interior angles and methods based on normalized side lengths.
Section 5 discusses the deﬁnition of the spatial orientation
of a triangle, including the special problems posed by triangles possessing k-fold rotational symmetry. Section 6
presents several alternative schemes for construction of a
point-based index, showing how the problems introduced
by k-fold rotational symmetry can be addressed by innovative methods of integrating the shape and orientation dimensions. Section 7 contains concluding remarks.

2 Triangle Properties
Various standard terms are used to describe the shapes of
triangles. When no two triangle sides have the same length
(and thus by the law of sines no two angles are equal) a
triangle is termed scalene. A triangle with three equal sides
(and thus three equal 60Æ angles) is called equilateral. In
the remaining case two sides of the triangle are equal; such
triangles are called isosceles.
In this paper it will be useful to distinguish between two
subclasses of isosceles triangles: tall isosceles, in which the
third side is shorter than the other two, and wide isosceles,
possessing a longer third side.1
Classical triangle literature describes a large number of
special points, some of which seem likely candidates for
the “center” of a triangle. Figure 1 shows three such special
points. The centroid (center of gravity, barycenter), by con1 While it might seem logical to call tall isosceles triangles prolate and
wide isosceles triangles oblate, no support for this terminology could be
found in the literature.
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Figure 2. Euler lines of other triangles

Figure 3. Shape space based on angles

vention labeled G, lies at the intersection of the three medians (lines from each vertex to the midpoint of the opposite
side), which are shown as dotted lines. The orthocenter, labeled H, lies at the intersection of the altitudes (lines from
each vertex perpendicular to the opposite side), which are
shown as dashed lines. The circumcenter, labeled O, lies
at the intersection of the three side perpendicular bisectors,
which are shown as solid lines. These three points are always collinear, and deﬁne the Euler line of the triangle [4,
page 17].
Figure 2 shows the Euler line of both tall (a) and wide (b)
isosceles triangles. Note that the spatial order of the special
points is reversed. While the Euler line will prove useful for
deﬁning the spatial orientation of a triangle, two anomalous
cases must be considered. In an equilateral triangle (c) the
three points coincide, so the classical Euler line is indeterminate. And in the degenerate pseudotriangle deﬁned by
three collinear points (d), both H and O lie at the point at
inﬁnity, so the polarity of the Euler line analogue becomes
indeterminate.
Because it is always spatially enclosed within the triangle, the centroid seems the most logical candidate for being
designated as the “center” of a triangle. This deﬁnition of
“center” will be used in the remainder of this paper.

dex property is selectivity, the ability to distinguish between different objects. As a simple example, a lowselectivity organization of a collection of screw-fasteners
could be three cardboard boxes marked “small”, “medium”,
and “large”, while a high-selectivity organization might
be a much larger, multidimensional array of boxes, with
one dimension for size (“#2” for smallest through “#10”
for largest), another dimension for cap style (“ﬂat-head”,
“pan”, et. al.), and yet another dimension for application
(“metal self-tapping”, “wood self-tapping”, “bolt” [to be
used with a matching nut], etc.). The greater selectivity provided by such a multidimensional indexing scheme would
allow access to quickly focus to the desired items only.
However, lack of selectivity does not cause a search to
fail, it merely results in more “false positives” which must
eventually be ﬁltered out of the search results.
Considerations of stability and selectivity affect both the
orientational and “shape” attributes, and will be speciﬁcally
discussed in the corresponding sections.

3 Index Stability and Selectivity
In order to support similarity search, the mapping from
triangles to the index space should exhibit stability. Triangles differing only slightly in the indexed attributes should
map to points in close proximity within the index space.
Most “hashing” schemes do not exhibit absolute stability, in
that cases exist where two similar data items map to widely
distant points in the index space. If the index is not stable
it may be the case that an object similar to the search target
exists in the database but cannot be found.
From the standpoint of efﬁciency, another desirable in-
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4 Indexing on Abstract Shape
The three internal vertex angles of a (planar) triangle
completely determine its shape: all triangles with the same
three angles are similar (mathematically, all corresponding
sides are in the same proportion). However, because the angles always sum to 180Æ, specifying any two of the angles
completely determines the third. For this reason, the space
in which each distinct triangle shape maps to a distinct point
is inherently two-dimensional. A basis for such a space can
be deﬁned in many ways.
Figure 3 shows one possible basis, that of the largest
angle X (maX) plotted against the next-largest angle R
(otheR). The smallest angle will later be referred to as N
(miN). The shaded area indicates where feasible triangles
lie.
The largest angle in a triangle cannot be less than 60Æ
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(if it were, the other two angles would sum to more than
120Æ, one of the other two angles would then necessarily be
greater than 60Æ , and the ﬁrst angle would not then be the
largest). When the largest angle is 80Æ , the other two angles
must total 100Æ, but by a similar argument the next-largest
angle cannot be less than 50Æ (if it were, the remaining angle would be greater than 50Æ ). In general, the size of the
second-largest angle is bounded from above by either the
largest angle itself (line A-B) or the remainder left by the
largest angle from 180Æ (line A-D), and is bounded from
below by half this remainder (line B-D).
All equilateral triangles map to point B, and all right triangles map to points along line A-C, with the 45Æ -45Æ -90Æ
triangle at point C and the 30Æ -60Æ -90Æ triangle at point E.
Wide isosceles triangles map to points along line B-D, while
tall isosceles triangles map to points along line A-B. Points
actually on line A-D represent infeasible triangles (two angles summing to 180Æ leaving no remainder for the third angle). All pseudo-triangles formed by three collinear points
map to point D.
Mapping of triangles into this index space depends only
on vertex angles, so it is position-independent, orientationindependent, and scale-independent. It is also invariant to
a mirror reﬂection, as the largest and second-largest angles
are selected for classiﬁcation regardless of their clockwise
or counterclockwise order in the triangle.
As this mapping is continuous (in the mathematical
sense) the shape stability can only fail for the “corner cases”
where a slight variation in triangle shape (for example, the
situation in Figure 8) could cause shape ambiguity, a sudden shift in which angle is considered “largest”. For a scalene triangle, where the three angles materially differ, designation of angles as largest, smallest, and “other” is unambiguous. In the case of near-equilateral triangles, where
the three angles are almost equal, such triangles will map to
the general vicinity of point B, thus expanding the search to
an appropriate neighborhood of point B will ensure that all
such triangles are found.
In near-wide-isosceles triangles (when two angles are
almost equal and the third angle is larger), choice of the
largest angle will be unambiguous. Slight variations in the
relative sizes of the other two angles will result in a set
of index space points that approaches line B-D and then
“bounces back” from it. As an example, if the largest angle
is 90Æ , the other two angles will vary in the vicinity of 45Æ .
The trajectory of points in the index space will be the small
segment of line E-C in the vicinity of point C. All such triangles will map to the vicinity of point C, and expanding
the search to an appropriate neighborhood of point C will
ensure that all such triangles are found.
In near-tall-isosceles triangles (two angles are almost
equal and the third is smaller), one of the two large angles will be chosen as largest, and the other will be chosen
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Figure 4. Shape space based on angle differences

as second largest. Slight variations in the relative sizes of
these two angles will result in a set of index space points
that approaches line A-B and then “bounces back” from it.
Expanding the search to an appropriate neighborhood of the
contact point with line A-B will ensure that all such triangles are found.
In both the tall and wide isosceles triangles, the invariance of the index to mirror reﬂection ensures stability in the
mapping from triangles to the shape space. However, because the selection of which angles to index is based solely
on largest vs. next-largest angle (regardless of their clockwise or counterclockwise order), no distinction is made between the left-handed and right-handed versions of a given
triangle. Thus only half the inherent shape selectivity is
used in the index. Other examples of the sacriﬁce of selectivity in order to secure stability will be presented later
in this paper.
Because the space of triangle shapes is inherently twodimensional, any pair of linearly independent axes that
spans the space may be used as a basis. One such alternative basis, constructed using differences between pairs of
angles, is shown in Figure 4, Coordinate α is the difference between the largest and smallest angles (maX - miN),
and coordinate β is the difference between the other and
smallest angles (otherR - miN). The original angles can be
recovered from α and β as:
miN

180Æ

α

β

3
β miN
maX  α miN

otherR

Using this basis, triangles with equal largest angles map
to points along the lines shown as dashed. For example, all
right triangles map to points along line A-C. Note that wide
isosceles triangles map to points along line B-D,
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The advantage to using this shape space is that when the
reference orientation is deﬁned as the direction from the
center to the vertex with the smallest angle, all triangles
with ambiguous reference orientations (equilateral, wide
isosceles, and collinear) lie along line B-D. As will be seen
in Section, 6, this enables one strategy for integrating the
shape space and orientation dimension into the combined
index space.
While angle-based methods for characterizing triangle
shape are inherently size-independent, side-length-based
methods can be made size-independent by basing them on
appropriately normalized side lengths. For the remainder
of this section it is assumed that triangle side lengths are
scaled such that the total triangle perimeter length is 180
units. To compute values based on a perimeter scaled to
1.0, the numbers given should be divided by 180.
When the total perimeter is known, the triangle is completely determined by two side lengths (as the length of the
third side can be directly computed). The space shapes generated by a side-based approach are similar to those generated by an angle-based approach.
Figure 5 shows a shape space based on normalized side
lengths. The largest side of a triangle cannot be more than
half the perimeter, nor can it be less than one third the
perimeter. The next largest side is bounded from above by
the largest side (line A-B) and from below by half the remaining perimeter (line B-D). In this space, tall isosceles
triangles map to points along line A-B, wide isosceles triangles map to points along line B-D, and right triangles map
to points along the dashed curve C-E-A.
There are two small advantages to using a side-lengthbased method over using an angle-based method. When
point positions are given as x and y coordinates, side length
computation is somewhat less expensive than angle computation, since evaluation of the computationally expensive
arctangent function is not required.
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Figure 7. Orientation in n-dimensional space
The second advantage of side-length-based methods is
that pseudotriangles corresponding to collinear point triples
map to points spread out along a line in the shape space,
rather than all mapping to a single point. Figure 6 shows
characterizations of three instances of point triples. An
angle-based approach does not distinguish between these
cases, while an approach based on normalized side length
is capable of discriminating between them. In Figure 5
collinear pseudotriangles map to points spread out along
line A-D, while in Figure 3 they all map to point D.
Avoiding the sacriﬁce of the shape information of these
pseudotriangles results in a slight selectivity advantage for
side-length-based methods.
As in the angle-based method, because the selection of
which sides to index is based solely on largest and secondlargest sides (regardless of their clockwise or counterclockwise order), only half of the shape selectivity inherent in the
indexed triangles will be used in the shape index.

5 Indexing on Spatial Orientation
In the general n-dimensional case, characterization of an
object’s “spatial orientation” can be accomplished in three
steps, as shown in Figure 7. First, a reference direction for
the object itself is assigned. This can be visualized as a
unit vector (a) that is rigidly attached to the object. If the
object possesses any rotational symmetries an unambiguous assignment may not be straightforward. Second, a direction (b) in the embedding space is identiﬁed, in parallel
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with which the object’s reference direction will be aligned.
Third, the ﬁnal remaining degree of freedom, that of the
object rotating (c) around the parallel line, is characterized.
This requires an additional reference direction assignment,
which may be complicated by any rotational symmetries
around the axis that the object might possess.
For this general case n 1 parameters are required to
deﬁne the direction in the embedding space, and n 2 additional parameters are required to characterize the rotation.
Thus 2n 3 parameters sufﬁce to characterize the spatial
orientation of the object. In three dimensions the convention for designating the direction in space (b) is by specifying two angles θ and φ . In two dimensions, however,
orientation simpliﬁes to rotation within a plane, and no further degree of freedom (c) is allowed (as the triangle cannot
rotate up out of the plane). In this special case a single circular dimension is sufﬁcient to characterize the orientation
of a triangle.
The direction from the triangle center toward a distinguished member of the vertex set (such as the vertex with
the smallest or largest interior angle) could be a candidate
for a geometrically-based deﬁnition for a triangle’s reference direction. However, instability in the designation of
this vertex results in the loss of orientational stability in the
index. Figure 8(a) shows the loss of orientational stability
for triangles in the near-tall-isosceles region when the vertex with the largest angle is used as the distinguished member (In the case of designating the vertex with the smallest angle, an analogous situation arises with triangles in
the near-wide-isosceles region.) As the triangle varies from
near-isosceles-left to near-isosceles-right, the reference orientation snaps discontinuously from one vertex to another,
and when the triangle is truly isosceles it is indeterminate.
An alternative for deﬁning the orientation of a triangle is
to use the triangle’s Euler line. As can be seen from Figure 8(b), the Euler line provides a deﬁnition of orientation
that is stable for triangles in the near-tall-isosceles region.
As noted in Section 2, in the case of the collinear pseudotriangle the sense of the Euler line is indeterminate. While
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the deﬁnition of reference direction as the direction from
the center to the vertex with the smallest angle suffers from
instability in the near-wide-isosceles region, it does allow
stable assignment of reference direction for asymmetric
collinear pseudotriangles. Figure 9 shows the behavior of
a triangle in the limit (a,b) as it approaches becoming an
asymmetric collinear pseudotriangle (c). When the interior point is on the other side (d) the direction is reversed.
However, when the interior point is exactly equidistant from
the other two (the symmetric collinear pseudotriangle), the
smallest angle method does not assign a stable reference direction.
No matter which method for assigning a reference direction is employed, two special cases remain a signiﬁcant
challenge. Equilateral triangles have an inherent 3-fold rotational symmetry. For these triangles it is not possible to
geometrically deﬁne an unambiguous reference direction.
Similarly, symmetric collinear pseudotriangles possess a 2fold rotational symmetry. The common factor in these two
special cases is that they possess a k-fold rotational symmetry. The inability to deﬁne a reference direction is not
simply a result of a particular choice of deﬁnition. The ﬁgures themselves possess an innate rotational symmetry and
do not admit an unambiguous geometric deﬁnition of reference direction.
The approach taken in this paper is to assign the value
360Æ as the inherent orientational selectivity of a scalene triangle. Triangles with a k-fold rotational symmetry are considered as possessing a k-fold orientational ambiguity, and
360Æ  k is assigned for their inherent orientational selectivity. Thus 120Æ of orientational selectivity is retained by
an equilateral triangle, and 180Æ for a symmetric collinear
pseudotriangle.
There are several possible approaches for handling objects possessing a potential k-fold rotational symmetry
within the orientation dimension of a point-based index.
1. Each indexed object may result in several index entries, with differing index values. For example, a triangle could be entered in three different places, corresponding to directions from the center to each of the
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Figure 10. A60: Angle-based, folded at 60Æ
of this scheme is that only 1 k of the inherent orientational selectivity is used in the index. Furthermore, this
sacriﬁce is made not only for the ambiguous triangles,
but instead for every triangle in the index,
6. The orientation dimension can be combined with the
other index space dimensions in a structure with the
property that objects with ambiguity of reference direction map to regions of the index space where the
orientation dimension is suppressed. The drawback of
this technique is that none of the inherent orientational
selectivity of such objects is used in the index.

4. The symmetry can be broken geometrically. Various
schemes are possible for triangles, including largestangle, smallest-angle, and Euler line. However, when
the ﬁgure to be indexed has a k-fold rotational symmetry, this technique fails to determine a reference direction.
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3. The symmetry can be broken by point tagging. If the
points that form the triangle are tagged (say, one represents a hotel, another a railroad station, and the third
a youth hostel), a predeﬁned ordering of the tag values
can be used to identify a distinguished member of the
vertex set, and orientation can then be deﬁned relative
to that vertex. However, when a distinguished member
cannot be determined (such as in cases when all points
happen to be tagged identically) this technique fails to
determine a reference direction.

5. The orientation dimension itself can be folded by a factor that is a multiple of k, thereby bringing all points at
which the object could potentially be mapped into a
single position along the folded dimension. The set
of all possible triangles includes both ﬁgures with a
3-fold rotational symmetry (equilateral triangles) and
ﬁgures with a 2-fold rotational symmetry (symmetric
collinear pseudotriangles). Folding the orientation dimension six times (that is, reducing the orientation angle modulo 60Æ ) allows a direction to be deﬁned for
equilateral triangles (for example, the direction from
the center to any vertex), with the property that regardless of which vertex is chosen, the triangle will map
to the same coordinate in the orientation dimension.
The same is true for symmetric collinear pseudotriangles. No matter which of the two possible senses is
chosen, the pseudotriangle will map to the same coordinate in the orientation dimension. For example, the
directions from the center of an equilateral triangle to
its vertices might be 40Æ , 160Æ, and 220Æ, but when reduced modulo 60Æ all three values become 40Æ , providing an unambiguous characterization of the triangle’s
orientation. Similarly, a collinear pseudotriangle with
an Euler line at an orientation of 30Æ or 210Æ (depending on the assigned sense) generates an unambiguous
value of 30Æ when reduced modulo 60Æ . The drawback
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40°

40°
30°

30°

(60°,60°,40°)

50°

The following section will give several examples of how to
use these last two techniques, separately and in combination, to address the problem of orientation ambiguity in a
point-based index space.

6 Index Space Construction
A point-based index for triangles can be constructed by
mapping any chosen subset of the separable attributes of position, size, orientation, and shape onto orthogonal axes of a
hyperdimensional index space. Index dimensions for position and size are straightforward. Several alternate methods
of structuring the orientation and shape dimensions are presented here.
Figure 10 shows an index space (designated A60)
formed by extending the angle-based shape space of Figure 3 along an orientational dimension with a 6-way folding (that is, the modulo 60Æ residue of the triangle’s orientation determines the orientation component of the index
space coordinates). Thus, for an equilateral triangle with
possible orientations of 40Æ , 160Æ , or 280Æ , the triangle will
be indexed at 40Æ up on the B-B line. Similarly, a collinear
pseudotriangle with orientation of 30Æ or 210Æ will be indexed at 30Æ up on the D-D line. As the orientation of wide
isosceles triangles is not suppressed, the Euler line method
should be used to deﬁne their reference direction.
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It should be noted that the orientational dimension is
wrapped at 60Æ, that is, the top plane A -B -D is actually
identical to the bottom plane A-B-D. If this ﬁgure were redrawn to be analogous to the other ﬁgures in this section,
it would resemble Figure 12, with the exception that the locus of point B during the rotation would be a small circle
instead of a point.
This index space structure corresponds to using technique 5 from the previous section to address both the k 2
and k 3 cases of orientational ambiguity. Their least common multiple value of 6 is used to fold the orientational
index dimension. The disadvantage of doing so is that the
orientational selectivity of the index for all triangles is reduced by the same factor, resulting in the generation of a
large number of false positives that must eventually be ﬁltered out of the result set.
Figure 11 shows an index space (designated A360)
formed by rotating the angle-based shape space of Figure 4
around the B-D axis. With this structure, all triangles with
ambiguous reference orientation lie along line B-D and thus
their orientational index information is suppressed. That is,
no matter what their original spatial orientation, they map
along line B-D in this index space. Because the orientation
information for wide isosceles triangles is suppressed, the
smallest-angle method can be used to deﬁne their reference
orientation.
This index space structure corresponds to using technique 6 from the previous section to address both the k 2
and k 3 cases of orientational ambiguity. The disadvantage of doing so is that none of the inherent orientational
selectivity of equilateral triangles, wide-isosceles triangles,
and collinear pseudo-triangles is used in the index (because
they all map to points along the line B-D, where the index
structure does not capture orientation). However, the orientational space need not be folded, so there is no sacriﬁce of
orientational selectivity for unambiguous triangles (the vast
majority of the triangles indexed).
A compromise approach would preserve some of the
orientational selectivity of wide isosceles triangles and of
collinear pseudo-triangles, while sacriﬁcing less of the orientational selectivity of the vast majority of triangles that
possess no ambiguity.
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120°
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D

Figure 13. S120: Side-based, folded at 120Æ
Figure 12 shows an index space (designated A180)
formed by rotating the angle-based shape space Figure 3
around the equilateral triangle index point (B). Mapping all
equilateral triangles, regardless of orientation, to this single
point in the index space suppresses the orientational ambiguity due to 3-fold rotational symmetry. The rotational
space is folded at 180Æ so the ambiguity in collinear pseudotriangles is suppressed, such ﬁgures map to points along
circle D-D at the bottom of the space. Wide isosceles triangles map to the cone D-B-D and the Euler line method
should be used to deﬁne their reference orientation. Right
triangles map to the cylinder A-A -C -C within the space.
A similar structure could be generated by rotating Figure 4 around point B. In fact, any formulation of triangle
shape space could be rotated around the equilateral triangle
point to generate an analogous index space.
This index structure corresponds to using technique 5 to
address k 2 ambiguity and technique 6 to address k 3
ambiguity. The disadvantage of doing so is that the inherent
orientational selectivity of equilateral triangles is not used
in the index. In addition, because the orientation space is
folded at 180Æ, only half the inherent orientation selectivity
of all other triangles is used in the index.
Figure 13 shows an index space (designated S120)
formed by rotating the normalized-side-length based shape
space Figure 5 around line A-D along which all the collinear
pseudotriangles map. This index structure corresponds to
using technique 5 to address k 3 ambiguity and technique
6 to address k 2 ambiguity. The disadvantage of doing
so is that none of the inherent orientational selectivity of
collinear pseudotriangles is used in the index. Because the
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Figure 14. S180: Side-based, folded at 180Æ
orientational index is wrapped at 120Æ , all the orientational
selectivity of equilateral triangles is used in the index. However, only one third of the inherent orientational selectivity
of scalene and isosceles triangles is used in the index.
Figure 14 shows an index space (designated S180)
formed by rotating the normalized-side-based shape space
of Figure 5 around point B. In this index space all equilateral
triangles map to point B, thus the 3-fold orientational ambiguity inherent in these equilateral triangles is accommodated, at the cost of sacriﬁcing all their orientational selectivity. Right triangles map to points along the vase-shaped
ﬁgure A-C-C -A . Tall isosceles triangles map to the cone
A-B-A and wide isosceles triangles map to the cone D-BD . Collinear pseudotriangles map to the cylinder A-D-D A . The 2-fold orientational ambiguity of these pseudotriangles is accommodated by folding the orientation axis at
180Æ.
In common with the A180 structure, this index space corresponds to using technique 5 to address k 2 ambiguity
and technique 6 to address k 3 ambiguity. The disadvantage of doing so is that only half of the inherent orientational
selectivity of all triangles is used in the index. However, The
orientational selectivity of asymmetric collinear pseudotriangles is used in the index. This is the advantage of using
the side-based shape space.
The fraction of the inherent orientational selectivity (broken down for various classes of triangles) actually used for
each of these index structures is shown in Figure 15.

7 Concluding Remarks
In an iconic image database, point triples can be indexed
based on geometric attributes of their associated triangles.
A size and orientation independent characterization of the
triangle “shape” attribute can be based either on interior angles or normalized side lengths; in both cases the induced
shape space is inherently two-dimensional.
In the general case of an object embedded in an ndimensional space, characterization of spatial orientation
requires n parameters, but in the special case of a planar
(two-dimensional) space, orientation degenerates into sim-
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All
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1 2
1 2
None
1 2
All
All
None
None
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All
All
All
None
None
None
All
None
None
None
None

Figure 15. Orientational selectivity used
ple rotation about an axis, and a single parameter sufﬁces.
Objects with rotational symmetry inherently possess ambiguity in the assignment of reference direction; no geometrical method exists to resolve this ambiguity.
In integrating the shape space and the orientation dimension into a combined index space, two techniques are available for addressing the orientational ambiguity of objects
possessing k-fold rotational symmetry.
1. The points in the shape space to which the problematic
objects map can be located at points in the combined
index space where the coordinate value of the orientation dimension is suppressed (for example, at the zero
point of a polar plot). The disadvantage of doing so
is that the inherent orientational selectivity of such objects will not be used in the resulting index.
2. The orientation dimension itself can be folded at an angle less than 360Æ , such that all ambiguous orientation
values map to the same point in the index space. The
disadvantage of doing so is that only some fraction of
the inherent orientational selectivity for every object
will be used in the index, even foR those objects that
do not possess any orientational ambiguity.
The A60 index addresses both ambiguous cases, equilateral triangles (3-fold rotational symmetry) and symmetric
collinear pseudotriangles (2-fold rotational symmetry) by
folding the orientation dimension at 360Æ  6 60Æ . The
A360 index addresses both ambiguous cases by mapping
them (and all wide isosceles triangles) to the zero point of
a polar plot. The other example index spaces utilize combinations of these techniques, one technique to address each
ambiguous case. Absent an application-speciﬁc knowledge
of the distribution of triangles, the S360 index would appear to be optimal, as it uses all the available orientational
selectivity of the majority of the triangles expected.
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The methods described can be used to construct
a point-based index with which any combination of
position-independent, orientation-independent, and sizeindependent search can efﬁciently be accomplished.
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