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Abstract

In this paper we addressthe problemof representingand manipulatingnon-manifold mixed-dimensionabjects
describedby three-dimensionasimplicial complexesembeddedh the 3D Euclideanspace We describethe de-
sign and the implementatiorof a new data structuse, that we call the non-manifoldindexed datastructurewith

adjacenciegNMIA) , which canrepresentany three-dimensionaEuclideansimplicial complex compactly since
it encode®nly the verticesand the top simplexesof the comple plus a restrictedsubsebf topolagical relations
amongsimplexes.TheNMIA structue supportsefcient traversal algorithmswhich retrievetopolagical relations
in optimaltime andit scalesverywell to themanifoldcase Here, weslett traversal algorithms andwecompae
the NMIA structue with datastructuesfor manifoldandregular 3D simplicial complexes.

CateggoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.5[ComputerGraphics]:ComputationaGeometry
andObjectModeling-Curve surface solid and objectrepresentations

1. Intr oduction

Non-manifold objects are subsetsof the Euclideanspace
which canbe regardedas combinationsof wire-frame,sur
face,solid andcellular decompositiondnformally, a mani-
fold objectis a subsebf the Euclideanspacefor which the
neighborhooaf eachinternalpointis locally equvalentto
anopenball. Objectsthatdo notful Il this propertyat one
or morepointsarecallednon-manifoldobjects.

As pointedout by severalauthors® 16:27.22.29 in a model-
ing systemwe needto represenhon-manifoldobjectssince
Booleanoperatorsare closedin the non-manifolddomain,
sweepingor offset operationamay generateartsof differ-
ent dimensionalitiesnon-manifoldtopologiesare required
in different productdevelopmentphasessuch as concep-
tual design,analysisandmanufcturing.Furthermoremost
objectsencounteredn the applicationscontaina relatively
smallnumberof non-manifoldsingularities.Thus, it is im-
portantto develop representationthat scalewell with the
degreeof "non-manifoldnessbf the object.

Non-manifold objects can be effectively described
through simplicial or cell compleces with a non-manifold
and non-reggular (i.e., with partsof different dimensional-
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ities) domain. The contrikution of this work is in design-
ing andimplementinga datastructurefor describingthree-
dimensionakimplicial complexesembeddedn the 3D Eu-
clideanspacej.e., combinationf tetrahedramesheswvith
lower dimensionakntitiesdescribedy a chainof edgespor
by atrianglemesh.

The trade-of whendesigninga datastructurefor a sim-
plicial, or cell complex is amongits expressie power, its
storagecostandthe ef ciency of the algorithmsfor travers-
ing the complex (which arebasedon primitivesfor retriev-
ing incidentand adjacententitiesto a given one). To this
aim,we have developeda datastructurethatsatis esthefol-
lowing requirements(i) to beascompactaspossible(ii) to
supportretrieval of incidenceandadjaceng relationsamong
theentitiesin the comple in optimaltime, (iii) to beableto
describeall kindsof non-manifoldobjectsin 3D spaceparti-
tionedinto a 3D simplicial comple, and(iv) to bescalable,
i.e., to exhibit just alow overheadcostdueto the represen-
tationof non-manifoldsingularities.

Our datastructure thatwe call the non-manifoldindexed
data structue with adjacencieYNMIA), encodesnly the
verticesand the top simplexes of the comple, plus a re-
strictedsubsebf topologicalrelationsamongsimplexes.
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For comparisonpurposeswe also specializea general
datastructurefor cell complexes,theincidencegraph 12, to
describea certainclassof simplicial complexes,andwe call
the resultingdatastructurethe simpli ed incidencegraph
We compareour datastructurewith boththe simpli ed inci-
dencegraphandwith awell-known datastructurefor aclass
of simplicial complees,theindexeddatastructure with ad-
jacencies

The remainderof this paperis organizedas follows. In
Section2, we summarizesomebackgroundhotions,which
arenecessaryor understandinghe relatedmaterialsin this
work. In Section3, we review somerelatedwork. In Sec-
tion 4, we describethe NMIA datastructure.In Section5,
we presentanimplementatiorof this datastructureanddis-
cussits storagecost.In Section6, we presenthealgorithms
for retrieving topologicalrelationsfor a simplicial comple
describedby the NMIA datastructureIn Section7, we de-
scribethesimpli ed incidencegraph,andwe presena.com-
parisonof the NMIA structurewith suchdatastructureand
with the indexed data structurewith adjacenciesFinally,
in Section8, we drav someconclusionsanddiscussfuture
work.

2. Background

In this Sectionwe review somebasiccombinatoriahotions
aboutsimplicial complexesin arbitrarydimensionsandwe
introducethetopologicalrelationsamongthecellsof acom-
plex. We useabstiact simplicial compleesasbasictoolsto
capturethe combinatorialstructureof Euclideansimplicial
complees.

2.1. Simplicial Complexes

LetV bea nite setof pointsthatwe call vertices An ab-
stract simplicial complex on V is a subsetS of the set of
(non-empty)partsof V suchthatfvg 2 S for every point
v2 V,andif s V isanelementof S, thenevery subsebf
sis alsoan elementof S 18, Eachelementof S is calledan
abstract simplex.

Thedimensiorof asimplex s2 S, denoteddim(s), is de-
ned by dim(s) = j§ 1, wherejg is the numberof ver
ticesin s. A simplex of dimensionk is calleda k-simplex.
A compl S is called d-dimensional or a d-comple, if
maxg s(dim(s)) = d. Eachd-simplex of a d-comple S is
calledamaximalsimplex of S.

Theboundaryb(s) of asimplex sis de ned asthe setof
all properpartsof s. Simplexesx in b(s) arecalledfacesof s.
Similarly, theco-boundaryor star, of asimplex sis de ned
as?s=fx2 Sjs xg.Simpleesxin ?sarecalledco-faces
of s. Thelink of asimplex sis the setof all facesof co-faces
of s, thatarenotincidentats. Any simplex ssuchthat?s= s
is calleda top simplex of S. In the following, we will call
restrictedstarof asimplecxs, ?s  f sg, andwewill denotet
ass(s).

Two distinct simplexes are said to be incidentif one of
themis a face of the other Two simplexes are called k-
adjacentf they shareak-face.Two p-simplexes,with p> 0,
aresaidto beadjacentf they are(p 1)-adjacentTwo ver
tices(i.e., O-simplexes) are called adjacentif they areboth
incidentatacommonl-simple. Two simplexesthatarenei-
therincidentnor adjacenfaresaidto bedisjoint

An h-pathis a sequencef simplexes (s.)ikzo suchthat
two successie simplexess 1, § areh-adjacentTwo sim-
plexess ands® areh-connectedf andonly if thereexistsan
h-path(s)!(zo suchthats is a faceof sy and<”is a faceof
s¢. A subsets® of acomple S is calledh-connectedf and
only if every pair of its verticesareh-connectedAny max-
imal h-connectedsub-complg of a complec S is calledan
h-connectedomponenbf S. Thetermconnecteds usedas
ashortcutfor 0-connected.

A d-complex S where all top simplexes are maximal
(i.e., of dimensiond) is called regular, or uniformly d-
dimensionalA (d 1)-simplex sin ad-comple Sisaman-
ifold (d 1)-simpleif andonly if thereareat mosttwo d-
simplexesincidentats. Otherwisesis calledanon-manifold
(d 1)-simplex. A regular(d 1)-connectedl-complex in
whichall (d 1)-simplexesare manifoldis calleda (com-
binatorial) pseudo-manifoldpossibly with boundary).A
pseudo-manifoldsatisfyingthe additional propertythat all
its verticeshave a link combinatoriallyequivalenteitherto
the(d 1)-dimensionabphereortothe(d 1)-dimensional
ball is calleda (combinatorial)manifold

A Euclidearsimplex of dimensiond is the corvex hull of
d+ 1 linearly independenpointsin the n-dimensionalEu-
clideanspaceE", with d  n. We simply call a Euclidean
d-simplex a d-simplex whenthe context is understooda O-
simplex is a vertex; a 1-simplex anedgg; a 2-simplex a tri-
angle a 3-simple a tetrahedon. Any Euclideank-simplex
t generatedby asett Vs of cardinalityk+ 1 discalled
ak-faceof s.

A nite collection S of Euclideansimplexes is a Eu-
clidean simplicial complex when both (i) for eachsimplex
s2 S, all facesof shelongto S, and(ii) for eachpairof sim-
plexess ands®, eithers\ °= ; ors\ <is afaceof boths
ands’.

The domain or carrier, of a d-dimensionalEuclidean
simplicialcomplex Sembeddedéh E", withd  n, isthesub-
setof E" de ned by the union, aspoint sets,of all the sim-
plexesin S. The combinatoriaktructureof a Euclideansim-
plicial complec is an abstractsimplicial complex. The do-
main of a Euclideansimplicial complex which is described
by a combinatoriaimanifoldis a manifoldin E". Wheneer
no ambiguityariseswe will usethetermsimples to denote
an abstract,or a Euclidean,simplex. We will alsousethe
term comple to denotean abstractor a Euclidean simpli-
cial comple.
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2.2. TopologicalRelations

Let S be a d-complex. Let s2 S be a p-simple, with
0 p d. Foreachintegervalueq,0 q d,wedene
thetopologicalrelationRpq(s) asaretrieval functionthatre-
turnsthe g-simplexes of S that are not disjoint from s. In
particular:

For p< g, Rpg(s) consistof thesetof simplexesof order
gin thestarof s.

For p> q, Rpg(S) consistf thesetof simplexesof order
gin thesetof facesof s.

For p> 0, Rpp(9) is the setof p-simplexesin S thatare
(p 1)-adjacentos.

Roo(V), wherev is a vertex, consistof the setof vertices
w suchthatf v;wg is a 1-simplex of S.

RelationRpq is calleda boundaryrelationif p> g, aco-
boundaryrelationif p < gandanadjacencyelationif p=
g. Boundaryand co-boundaryrelationstogetherare called
incidencerelations

3. RelatedWork

Most of the existing work in the literature focuseson

the two-dimensional boundary representationof three-
dimensionalobjects,and on the manifold domain.In the
manifold domain, several data structureshave been pro-

posedfor representinghe decompositiorof the boundary
of a three-dimensionamanifold into a simplicial comple

111151721, 2328 The approachproposedn 15 hasbeengen-
eralizedto manifold complexesin threeand higherdimen-
sions1%2 while the half-edgedatastructurehasbeenex-

tendedo thethreedimensionatasein 21. Thecompactor

nertabledatastructure?® hasbeengeneralizedo arbitrary
non-manifoldmeshes.

Most work in the contet of non-manifoldmodelinghas
beendonein two dimensiondor representinghe boundary
of non-manifold,non-reular objects.The rst proposalfor
a topologicaldatastructurefor boundaryrepresentatiorof
non-manifoldobjectsis the radial-edg structue 2°. In 16,
Gursozet al. describea vertex-baseddatastructure,called
the tri-cyclic cuspstructure,which extendsthe radial-edge
structureéby maintainingalsoinclusionrelationsbetweerthe
localneighborhoodsf avertex. A similarstructurenasbeen
introducedby YagamuchiandKimura 30, A more compact
datastructure calledthe partial entity structue ° hasbeen
morerecentlyproposedit hasbeenshavn to requirehalf of
the spaceof the radial-edgestructure.The storagecostsof
all suchdatastructuresio notscalewith the numberof non-
manifold singularities,sincethey have beendevelopedun-
dertheassumptiornthatobjectscontainseveralnon-manifold
joints. Theradial-edgeadatastructurehasbeenspecializedn
24 to the caseof two-dimensionakimplicial meshes.

In 8, a compactdatastructurefor non-manifoldandnon-
regulartwo-dimensionasimplicial complexeshasbeenpre-

¢ TheEurographic#ssociation2003.

sentedwhich encodesoth connectvity andadjaceng in-
formationwith a small memoryoverhead,and scalesvery
well to the manifold case.A compactscalableedge-based
datastructurefor non-manifoldtwo-dimensionakimplicial
compleeshasbeenproposedy Campagnat al. 4, which
also scaleswell to manifold meshes,but it is restricted
to regular compleces. A few proposalsexist for modeling
shapesn arbitrarydimensionghroughcell complees.Se-
lective GeometricComplexes (SGCs)?2’ can describeob-
jectsthroughcell complexeswhosecellscanbeeitheropen,
or not simply connectedln SGCs,cells and their mutual
adjacenciesare encodedin an incidencegraph 12, which
is a complete,but a verbosedata structure.N-G-maps2°
are an implicit representatiorfor a sub-classof pseudo-
manifolds, called quasi-manifoldsput they are also quite
space-consuminghewingedrepresentatiof? candescribe
d-dimensionalpseudo-manifoldsimplicial compleces,i.e.,
just regular ones.It generalizego arbitrarydimensionshe
so-calledncidencedatastructurewith adjaceng commonly
usedfor triangleandtetrahedrameshes.

An alternatve approachto the designof non-manifold
data structuresconsistsof decomposinga non-manifold
object into simpler and more manageablgarts 71013 14,
The proposalsin 101314 gre restrictedto modeling two-
dimensionakegular complees, which describethe bound-
ary of a solid object. In 7, a sounddecompositionfor d-
dimensionahon-manifoldobjectsdescribedhroughsimpli-
cial complexesis de ned, which is uniqueand producesa
descriptionof an abstractd-complex (not necessarilyem-
beddablen the Euclidearnspace)nsa combinationof nearly
manifold componentsA datadimension-independemtata
structurefor suchdecompositioris de ned in °, which de-
scribesthe componentsndtheir connectiity in atwo-level
representation.

4. Designof the Data Structure

In this Section,we introducethe designchoicesperformed
andtheelementgentitiesandtopologicalrelations)of adata
structurefor describingthree-dimensionasimplicial com-
plexesembeddedh thethree-dimensiondtuclideanspace.

4.1. Designlssues

In our datastructurewe wantto beableto describe3D sim-
plicial complexescontainingalsoone-andtwo-dimensional
top simplexes, that we call wire-edgs and danglingfaces
respectiely, in orderto represenpartsof differentdimen-
sionalitiesin the object.Moreover, we needto describesitu-
ationsin which therestrictedstarof anedge,or of a vertex.
consistof morethanoneconnectedcomponentin orderto
represenedgesandverticesin theobjectfor whichtheman-
ifold conditiondoesnothold. Notethat,sincewe aredealing
with are3-complexesembeddeéh ES, ary 2-simple, which
is not a top simplex, mustbe on the boundaryof eitherone
or two simplexes.
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The above singularitiescan be summarizedasthe pres-
enceof:

1. several connectedcomponentdn the restrictedstar of
somevertex (calledanm-verte) (seeFigurel);

2. 1-dimensionatop simplexes(wire-ed@s (seeFigure?2);

3. several connectedcomponentsn the restrictedstar of
someedge( calledanm-ed@) (seeFigure3);

4. 2-dimensionatop simplexes(danglingfaces (seeFigure
4).

In all the gures, tetrahedraarein solid grey of two intensi-
ties;danglingfacesareshadededgesandverticesof interest
arehighlightedin bold.

df Weo
: t, U
we
df
df, ? ty
ty b, h

Figure 1: st(v) has four  Figure 2: a wire-edg, we,

connectectomponents connectingwo tetraheda
df,
df
t
3 t
dfy, 1 t
t
ty ty Figure 4: a danglingface

df, connectingwotetrahe-

Figure 3: st(e) has four  dra
connected:omponents

Thus, the datastructuremustdescribecorrectly the pre-
viousfour casesCasesl and3 involve connectvity issues,
andarediscussedbelow.

4.2. Singularities at a non-manifold vertex

To take careof theconnectity informationatannm-vertex,
we obsene thattherestrictedstarof a nm-vertex v consists
of severalconnecteaomponents\We call eachsuchcompo-
nentavertex-basectluster If two simplexess;; sj belongto
the samevertex-basedclusterin s(v), thenthereexistsa 1-
connectegathpassinghroughonly thosesimplexeswhich
form thecluster Theseclusterscannotbe orderedaroundv.

As no orderingis possible the basicstratgy of moving
arounda non-manifoldvertex is to performa breadth- rst

searchandvisit all simplexesthat arerelatedthroughrela-
tionsR33, Ro3, or Rz in the samecluster(to bedescribedn
Section6).

4.3. Singularities at a non-manifold edge

The restrictedstartof an nm-edgeconsistsof several con-
nectedcomponentsWe call eachsuchcomponenainedge-
basedluster Edge-basedlusterscanbeorderedarouncthe
edge,for instance,in counterclockwisedirection. Also, if
simplexess; sj belongto the sameconnectedcomponentn
st(e), thenthereexists a 2-connectegbathfrom s; to s; that
traversesthroughonly thosesimplexesthat areincidentat
e. Thisimpliesthata clusterconsistseitherof a singledan-
gling face,or of a collectionof tetrahedrdanningout from
the nm-edge This is aninterestingpropertyfor navigation:
whenwewantto nd all theelementswithin anedge-based
cluster we simply move from one tetrahedrorto the next
oneby usingrelationR33. Whenwe nish examiningaclus-
ter, we needto nd the next cluster To this aim, for each
simplex 5 of dimensior2 or higher we keeptrackof its left
andright neighborsaroundeachof its edgesvhennecessary
This conditionis describedasfollows:

If asimplex s istheonly elemenof acluster thenbothits
left andright neighbors(which may be identical) would
belongto someother clustersarounde. Thesetwo sim-
plexesaretheleft andright neighborof s; with respecto
edgee.

If thesimplex ontheleft of 5 belongsto the samecluster
ass, thenwe says hasno left neighborwith respecto
edgee.

A symmetriccaseholdsfor theright neighbor

For example,considerthe objectin Figure3. In Figure5,
we shawv ontheright across-sectioof thestarof edgee, The
tablein Figure5 shavs the edge-basedlustersassociated
with thenm-edgee by consideringheclustersin a counter
clockwiseorder

4.4. Entities and Topological Relations
4.4.1. Entities

Given a simplicial complex S, the non-manifoldindexed
datastructue with adjacenciegNMIA) encodesll vertices
(O-simplexes),wire-edgeqtop 1-simplexes),danglingfaces
(top 2-simplexes),andtetrahedrg3-simplexes)of S. Other
1- and2-simpleesarenot explicitly represented.

To describeedge-andvertex-basedclusterswe introduce
threerelationsthatrepresentheincidenceof theedge-based
clusterson an edge,and of the vertex-basedclusterson a
vertex:

RelationRy.ciugers(V) is aretrieval function which asso-
ciateswith vertex v, onerepresentagie k-simplex for each
vertex-basedclusterincidentatv. Let usconsiderthe ob-
jectin Figurel asanexample.Theobjectis reproducedn

¢ TheEurographic#ssociation2003.
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df,
t
3
df,
t2
bt
Entity left neighborate right neighborate

dfp to dfy
d fl dfo t3
t3 dfy to
t2 t3 empty
ty empty empty
fo empty dfy

Figure 5: Clustes arounda nm-ed@ e andtheir neighbor
ing relations.

Figure6. Therearefour clustersincidentat vertex v. We
take onerepresentatie from eachof theseclusters.One
possibleway is shavn on thebottomof Figure6.
RelationRy.ciugers(f) is aretrieval function which asso-
ciates,with eachedgeg of a danglingfacef, the edge-
basedclustersincidentat g, in a counterclockwise or-
deredsequence.

RelationRs.cugers(S) is a retrieval function which asso-
ciateswith eachedgeg of a 3-simple s, theedge-based
clustersincidentat g, in a counterclockwiseorderedse-
quence.

df, We
ty
df,
df,

t t

ty 2 1
cluster: 1 2 3 4
representatie chosen: wegy dfy dfy t»

Figure 6: Vertex-basectlustes at the vertex shownin bold,
and choice of representative$or eact clustershownin the
table

Thus,for eachtetrahedron, we encodethefollowing re-
lations:

RelationR3p(t), whichassociatesyith eachtetrahedron,
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its four verticesorderedaccordingto the orientationcho-
senfor t.

RelationRs3(t), whichassociatesyith eachtetrahedrom,

thefour tetrahedradjacento t througha 2-simple, (the
i-th tetrahedrorin Rs3(t) is the onethatdoesnot contain
thei-th vertex of t).

RelationRg.¢jugers(t), asde ned above, for eachof thesix

edgesof tetrahedron (consideredn anordercompatible
with theorientationof t).

For eachdanglingface f, we encodethe following rela-
tions:

Relation Ryg( f), which associateswith eachdangling
facef, its threevertices(orderedaccordingto the orien-
tationchoserfor f).

RelationRy.cugers(f), asde ned above, for eachof the
three edgesof danglingface f (consideredn an order
compatiblewith the orientationof f).

For eachwire-edgee, we encoderelation Ryg(€), which
associatesyith edgee, its two extremevertices.Note that
therecannotxist edge-basedustersncidentatawire-edge
e.Finally, for eachvertex v, we encodaelationRg,clugers(V) s
asde ned above. Notethatonly onerepresentate for each
vertex-basecclusteris maintained.

5. Implementation of the NMIA Data Structure

In this Section, we describeour implementationof the
NMIA datastructure,andwe evaluateits storagecost. Al-
thoughthe spaceneededo index one entity is just logom
bits, wherem denotesthe total numberof suchentitiesin
the datastructurejn ourimplementationfor simplicity, we
useoneinteger (represente@n 32 bits) to index an entity.
We considerreferencesandindexes asintegersalsoin the
comparisorpresentedn Section?.

Our presentdesign aims at supporting both ef cient
traversalandmeshmodi cations. Shortdynamicarraysare
usedto storerelationsto make local modi cations on con-
nectiity simpler

For eachentity (vertex, wire-edge,dangling face and
tetrahedron)we storea one-bit ag for temporarilymark-
ing a simplex as having beenvisited. These ags have to
beresetaftereachquery We encodethe Rzo(t), Ryo( f) and
Rio(€) relationsasarraysof indexesto the four, threeand
two verticesof atetrahedron, of adanglingfacef, andof a
wire-edgee, respectiely.

For eachtetrahedrort, relation R33(t) is encodedas a
2-bit ag fa3, a (possibly empty) array containingthe 2-
adjacenteighborsof t and a referenceto this latter array
A null referencemeansthatt hasno 2-adjacenneighbors.
Otherwise, fz3+ 1is equalto thenumberof 2-adjacentetra-
hedra.

RelationRs.cjygers(t) storesthe edge-basedlusterinfor-



Leila De Floriani, AnnieHui / A Data Structue for 3D Non-Manifolds

mationfor eachof the six edgesof t. For eachedgee of t, it
encodes:

a4-bit ag fa toindicatethetypesof left andright neigh-
borsthatt hasate. Themeaningf the ag arereported
in Tablel. Notethat,if f3. is equalto 1, 2, 3, or 6, thent

hasoneneighboringclusterate; if 3¢ is equalto 4,5, 7,

or 8, thent hastwo neighboringclustersat e. Otherwise,
it hasno neighbor Sincet hassix edgessix ags andup
to twelve neighborshave to be stored,andthusa total of

24 bits for eachtetrahedron.

anintegerarrayof clusterentitiescontainingthe indexes
eitherto a tetrahedroror to a danglingface.The size of

this arrayis exactly equalto the numberof clusterentities
to bestored.

areferenceo theclusterentity array

ag left neighbortype right neighbortype
0 empty empty

1 empty danglingface

2 empty tetrahedron

3 danglingface empty

4 danglingface danglingface

5 danglingface tetrahedron

6 tetrahedron empty

7 tetrahedron danglingface

8 tetrahedron tetrahedron

Table 1: Meaningsof thevaluesof the f3. ag

this df
t3
t2

b1, ty
Edge: € € € €6 €& 6

Flagvalue: 0 5 0 0 0 O

Valuesof array: 1 2

Figure 7: Encodingof the neighboringclustess of tetrahe-
dronts with respecto its sixedges

As anexample,let us considerthe comple in Figure7.
Considettetrahedrorts. We labelwith ey, .., es thesix edges
of t3, asshawn in Figure 7 on the right. The neighboring
clusterinformation at the six edgesare encodedwith the
ags shawn in thetablein Figure7. Edgee; has ag value
5 becausehe left neighborof t3 at edgee; is a dangling

face(dfy), andtheright neighboris atetrahedrorft,). At all

otheredgests appearsasa clusterby itself, i.e., it hasno

left nor right neighborsat otheredgesThus,all ag values
are0. Fromthevaluesof thesix ags, we cantell thatthere
areonly two entitiesrelatedto t3 in Rz.cjuger(t3), whosein-

dexesarestoredin theclusterentity array We do notneedto

storetheir typessincesuchinformationarealreadyencoded
by the ags.

For eachdangling face f, relation Ry.cjygers(f) is en-
codedin a completelysimilar way as Rz.cjygers for tetra-
hedra.Sincea danglingface hasthreeedges,Ro.clugers IS
scaledaccordingly

Finally, relationRy.cjugers(V) for avertex v is encodedby
usinganarrayof 2-bit ags andanintegerarrayof indexes,
eachbeing an index to onerepresentate (a wire-edge,a
danglingface,or a tetrahedronpf a clusterat v. The ag
indicateswhetherthe representatie is a wire-edge,a dan-
gling face,or a tetrahedronAs an example,let us consider
the comple depictedin Figure6. The particularchoicewe
have madeis encodedn the Ry cjugers(V) relationasshovn
in Table2.

representatie chosen: wey dfy dfy to

ag: 0 1 1 2

index of entity: 0 1 0 2

Table 2: Encodingof Ry cjugers(V) for thenon-manifoldver-
tex v of Figure 6

We have designedand implementedan algorithm for
building the NMIA datastructureby startingfrom the col-
lection of all the top simplexesin the comple. The input
consistof all vertex coordinateplusthelist of thetop sim-
plexes,whereeachtop simplex is expressedhroughthein-
dexes of its vertices.The algorithm reconstructghe adja-
ceng information and detectsthe non-manifoldsituations
aroundverticesand edges.The currentversionis intended
to build the datastructurestaticallyto work off-line. In this
casea preprocessingtepis takento make the connectvity
informationateachsimplex available.

5.1. Storagecosts

Let nt;d;w; ny denotethe numberof tetrahedradangling
faceswire-edgesandverticesin a simplicial comple, re-
spectvely. Let b be the numberof boundaryfacesin the
comple (i.e.,thosetrianglesthatbelongto exactly onetetra-
hedron).Let ce andcy be the total numberof clustersover
all thenm-edgesindnm-\ertices respectiely.

For the purposeof comparisorwith otherdatastructures,
we alsode ne the following quantities.Let n¢ be the total

¢ TheEurographic#ssociation2003.
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numberof faces(including danglingfaces).Let ne be the
total numberof edgeqincludingwire-edges).

Letk: bethetotalnumberof neighboringedge-basedlus-
tersstoredover all tetrahedraandky bethetotal numberof
neighboringedge-basedlustersstoredover all thedangling
facesThus,we havethat2ce = ki + kg, becausevery edge-
basectlusterappearswice,onceasaleft andonceasaright
neighbor

We need3ny doublesfor vertex coordinateshy + d + w+
ny bits for the one-bitnavigation ag. In thefollowing, we
reportthe spacerequirement$or eachencodedelation:

R30: 4y integers

Roo: 3d integers

R10: 2w integers

Rs3: 2t bitsfor ags + (4nt  b) integersfor theR33 array
+ nt integersfor referenceso the Rz3 array

Ra.clugers: 24n; bits for ags (of which eachtetrahedron
has6) + k: integersfor the clusterarrays+ n; references
to theclusterarrays

Ro-clugers: 12d bitsfor ags (of which eachdanglingface
has3) + ky integersfor the clusterarrays+ d references
to theclusterarrays

Ro.clugers: 2Cv bits for ags + cy integersfor the cluster
arraysstoringclusterrepresentaties+ ny integerskeeping
trackingof thelengthof eachclusterarray+ ny references
tothearray

Now, we evaluateand comparethe spacerequirements
of the NMIA structurein the generalcase,in the caseof
pseudo-manifoldcomplexes and in the caseof manifold
complexes.We assumehatreferenceandindexesarestored
as32 bitsintegers.

Generahon-manifolds:

geometricinformation: 3ny doubles

topolagical entities:(nt + d+ w+ ny) bits

topolaical relations:(10n: b+ 4d+ 2w+ 2ny+ 2ce+
cv) integers+ (26n: + 12d + 2cy) bits.

Pseudo-manifolds:

Pseudo-manifoldomplexes do not have danglingfaces
andwire-edgegthus,d = w= 0), but they mayhave non-
manifold edgesandnon-manifoldvertices.The spacere-
quirementghusbecome:

geometricinformation: 3ny doubles

topolagical entities: (nt + ny) bits

topolagical relations: (10t b+ 2ny + 2ce + ¢y) inte-
gers+ (26nt + 2cy) bits

Manifolds:

Manifold complexes do not have dangling faces,wire-

edgesand non-manifoldedges.Eachvertex hasexactly

onecluster Sod = w= ce = 0 andcy = ny. Thestorage
requirementshusbecome:

geometricinformation: 3ny doubles
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topolaical entities:(nt + ny) bits
topolagical relations: (10n:
(26n: + 2ny) bits

In practicalapplications,it hasbeenshowvn thatny  6ny
6. Thus,the spacerequirementgor a manifold are approxi-
matelyequalto 73ny integers+ 3ny doubles.

b+ 3ny) integers +

6. Retrieving TopologicalRelations

In this Section,we discusshow topologicalrelationscan
be retrieved in optimal, or almostoptimal, time from the
NMIA datastructure.This meansthat all non-storedrela-
tions canbe retrieved in time linear in the numberof enti-
tiesinvolvedin thespeci c relation,thatis, for instancethe
edgesincidentat a given vertex v (the Rp; relation)canbe
extractedin time linear in the numberof edgesincidentat
v. Suchretrieval algorithmsarethe basisfor developingef -
cienttraversalalgorithmsthroughthe complex describedy
thedatastructure.

Retrieving thoserelationswhich are explicitly storedin
the datastructure,.e., R3g andRs3, for tetrahedraRyq, for
danglingfaces Ry, for wire-edgestakesconstantime.

Retrieving boundaryrelationsRs(t) andRs;(t) provides
asresultsthe facesof tetrahedrort, speci ed astriplets of
vertices,andthe edgesof tetrahedron, speci ed aspairsof
verticesrespectrely, andcanbeperformedn constantime.

To retrieve boundaryrelationRy1( f), we needto specify
facef in casef is notadanglingface.Thus,if f isabound-
ary faceof atetrahedrort, thenwe specify f asface(t,i),
thatis thei-th faceof t, wherei = 0;::;3. The 1-simples
involved in Ry1(f) areagain speci ed as pairs of vertices.
Thus,relationRy1( f) is retrievedin constantime.

RelationRy3( f) canbeextractedonly for boundaryfaces
of tetrahedraFace f is speci ed asface(t,i). Theretrieval
algorithmmalkesuseof relationR33(t) to nd theothertetra-
hedronsharingf, if it exists. Thistakesconstantime.

Retrieving relationsRy»(e) and Ry3(€) involves navigat-
ing aroundanedgee. Thecorrespondingetrieval algorithms
areimplementedn a very similar fashion.The edgebeing
gueriedcanbe a boundaryedgeof a danglingfaceor of a
tetrahedronbut notawire-edge An edgeof adanglingface
f is addressedsedee(f i) for i = 0;:::;2 andan edgeof a
tetrahedrort is edge(t, j) for j = 0;:::

;5. We userelations
Ra.clugers OF Ro:clugers dependingpn whethere is anedgeof

atetrahedronpr of a danglingface.If a clusteris a collec-

tion of tetrahedrahatfan out from edgee, we usethe R33

relationto move from onetetrahedroro thenext in thesame
cluster andR3p to make surethatboth of themareincident
ate.

We illustratethroughthe examplein Figure8 how to re-
trieve bothRy2(e) andRy3(€) relations,.e., how to navigate
aroundanedgeein counterclockwisedirection.To thisaim,
we performthefollowing steps:
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Figure 8: Navigatingthroughthe entitiesincidentat a non-
manifoldedge e (here we showa view perpendiculato edge
e, asshownin Figure 6

1. We startwith e beinganedgeof ts.

2. Using Rs.clugers(t3), we retrieve the left andright neigh-
borsof t3 with respecto e. Theseared f; andty, respec-
tively. Then,we movetot,.

3. FromRz.¢ugers(t2) We seethatt, hasno right neighbor
Thus,relationR33(t2) allows usto extractall thetetrahe-
drawhich areface-adjacento to. By usingRzo(t2), we
canselectt; astheonly tetrahedrorthatis alsoincident
ate. Then,wemovetots.

4. FromRg¢ugers(t1) We seethatt; hasno right neighbor
Thus,again we usethe R33(t1) to retrieve thetetrahedra
which areface-adjacento t; andRsg(t1) to selectthose
incidentate. This givestg andt,, andthuswe moveto tg.

5. FromRs.qlugers(to) We seethattheright neighborof tg is
dfg. Thus,we moveto dfy.

6. From Ry.cjugers(dfo) we seethat the right neighborof
dfgisdfy. Thus,wemoveto df.

7. From Ry.cugers(df1) we seethat the right neighborof
df, ists. Thus,we aredone,sincewe startedwith ts.

It canbe easilyseenthat retrieving relationR;2(€) takes
a time linear in the numberof facesincidentat e, i.e., it
canbeperformedn optimaltime. Retrieving relationR;3(€)
takes O(jR12(€)j) time, wherejRy2(€)j denoteghe number
of facesincidentat e, becauseof the possiblepresenceof
danglingfaces.

RelationRy( ) is basicallyretrievedin the sameway as
relation Ry»(€), onefor eachedgeof face f. Therefore,it
takesO(jRo2( f)j) time, whichis optimal.

Retrieving relationsRyo(V), Ro1(V), Ro2(Vv), andRg3(V) re-
quiresa breadth- rstsearchover all the clustersincidentat
vertex v. Within eachcluster entitiesthat areincidentat v
aretraversedoy usingRs3, R3o, Ra.clugers: andRa.clugers re-
lations.

Again we illustrate,throughan example,how to retrieve
all tetrahedraganglingfacesand wire-edgesincidentat a
given non-manifoldvertex v (seeFigures9 and 10). In the
sameway, we canretrieve all Rp;(Vv) relations,wherei =
0;1; 2; 3. Notethatwe usea queueto guidethe breadth- rst

df, Wep-
’ o
df, |
df,
Jr
t3 ST
representative

Figure 9: Theclusterselectedor navigation

& /
/
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\t’l
\

/
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N

start

Figure 10: Navigationof thecircled cluster

traversalof thestarof v andthatwe markasimplex asvisited
whenwe insertit into the queue We performthe following
steps:

1. We startwith only ty in the queue,which we have ob-
tainedfrom Ry.cjugers(V)-

2. Using Ra3(t2), we nd thatt; is incidentat v. Using
Ra.clugers(t2), we nd thatdf; is alsoincidentatv. Thus,
t1 anddf, areinsertednto thequeue.

3. Now, we dequeuet; and examine Rs3(t;)) and
Ra.clugers(t1). This givesto and df,, that are already
markedasvisited.

4. Then, we dequeuedf,. and we examine relation
Ro-clugers(df2). This givesty, t; andtp, amongwhich
only tg is notvisited. Thus,we inserttg into the queue.

5. We dequeuety and we examine the Rs3(tg) and
Ra.clugers(d f2) relations.This gives df,, which hasal-
readybeenvisited.

6. Thetraversalis nished, sincethe queuels empty Reset
the ags of all thesimplexesretrieved.

Retrieving relationsRpg(V) andRp1(V) takesoptimaltime.
As in the caseof Ry 3, both Ryx(v) andRy3(Vv) relationscan
beretrievedin O(jRyo(V)j) time dueto the possiblepresence
of tetrahedrafor Ryy(V), or of danglingfacesfor Rys(V).

¢ TheEurographic#ssociation2003.
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Finally, by usingRgp1 and Ry relations,we canretrieve
theRy1(€) relation,i.e.,all theedgedncidentatthe extreme
verticesof edgee, in optimaltime.

Note that in our design,we specify a face or an edge,
whichis notatop simplex, implicitly in termsof onethetop
simplexes(suchastetrahedraganglingfaces)containingit.
We usetop simplexesasentitiesbecauseheretrieval prim-
itives are usually usedin the contet of algorithmswhich
traversethe complex by moving from onetop simplex to an-
other

In casea k-simplex s is speci ed explicitly throughthe
indexesof its (k+ 1) vertices,andwe needto retrieve the
index of the simple, if s is atop simplex, relationRgg(V;)
mustbe retrieved for eachvertex v; of s. In the manifold
casethe samestratgy is commonlyused,sincea manifold
simplicial comple is usuallyencodedvith theindexeddata
structurewith adjacencies.

7. Comparisons

In this Section,we presentanotherdatastructure that we
call the simpli ed incidencegraph, which is a simpli ed
version of the incidencegraph 12 for simplicial pseudo-
manifolds,we review the indexed data structue with ad-
jacenciedor simplicial pseudo-manifoldsandwe compare
theNMIA datastructurewith theformertwo.

7.1. Simpli ed IncidenceGraph

Theincidencegraph?? is a datastructurefor d-dimensional
cell complees,in which every i-cell is storedasan entity,

andboundarytopologicalrelationsR;;; 1 fori= 1;:::;;d as
well asco-boundaryrelationsR;;j+ 1 fori = 0;::;;d 1 are
encodedFor simplicial compleces, boundaryrelationsare
constant.

In the case of three-dimensionalsimplicial pseudo-
manifolds,co-boundaryrelationsR12(e) andRyp1(v) canbe
retrievedin optimaltime (i.e., linearin the numberof sim-
plexesin Ri2(€) and Rpi(V), respectiely), by storing, for
Ri2(€), one representate 2-simplex for eachedge-based
clusterincidentat edgee, and,for Ry1(Vv), onerepresenta-
tive edgefor eachvertex-basedclusterincidentat v. In the
manifold case pachedgeandeachvertex hasonly oneclus-
ter. We call theincidencegraphin which we storejust one
representatie for Ry1(v) andRy»(e) relationsthe simpli ed
incidencegraph

The simpli ed incidencegraphstoresall 0-, 1-, 2- and
3-simplees. It encodeghe coordinateof eachvertex (3ny
doublesfor the 3D coordinatesandthefollowing relations:

relationR3,(t): thefour faceson theboundaryof tetrahe-
dront (4n; integers).

relationRy;( f): thethreeedgesontheboundaryof face f
(3ns integers).
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relationRyo(€): thetwo verticeson the boundaryof edge
e (2ne integers).

relation Ry3(f): the one, or two tetrahedrahat areinci-
dentat f (4n; integers).

relation R;,(€): only onerepresentatie edgefrom each
edge-basedlusterthatis incidentate (ce+ ne Kk inte-
gers,wherek is the numberof nm-edges).

relation Ry, (v): only onerepresentatie edgefrom each
vertex-basedclusterthat is incidentat vertex v (cy inte-
gers).

We can evaluate the storagerequirementsof the data
structurein the caseof pseudo-manifoldandmanifolds:

Pseudo-manifolds:

geometricinformation: 3ny doubles
topolagical relations:(8nt + 3ns + 3ne+ Ce+ Cy
tegers

K) in-

Manifolds:ce = k= 0andcy = ny

geometricinformation: 3ny doubles
topolagical relations:8nt + 3ns + 3ne + ny integers

If we assumehatn:  6ny, the spacerequirementsare
about131ny integers+ 3ny doubles.

It canbe shown thatall topologicalrelationscanbe ex-
tractedin optimaltime from thesimpli ed incidencegraph.

7.2. Indexed Data Structur e with Adjacencies

The indexed data structurewith adjacenciess a compact
datastructurefor simplicial pseudo-manifoldsn arbitrary

dimensions,which encodesonly 0- and d-simplexes and

their connectity. We describeherethe three-dimensional
instanceof this datastructure.

Theindexeddatastructureencodeshevertex coordinates
(3ny doubles)all 0- and3-simpleesplusthe following re-
lations:

relationRgo(t): thefour verticesontheboundaryoft (4n
integers).

relation Rz3(t): the four tetrahedrathat are adjacentto
tetrahedront (4n: b integers).

For both pseudo-manifoldand manifold complees, its
spacerequirementsre:

geometricinformation: 3ny doubles
topolaical relations:8ny b integers

If we assumen themanifoldcasethatn:  6ny, thenthe
storagecostis approximatelyequalto 48ny integers+ 3ny
doubles.

Also, it canbeeasilyseerthatonly boundaryrelationscan
beretrievedin optimaltime from theindexed datastructure
with adjacenciesThis datastructurecannotsupportnaviga-
tion throughverticesandedgesn optimaltime.
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7.3. Comparison

For a manifold or a reasonablyegular objectsuchthat ce
andcy aresmall, we canseethatthe spaceusedby NMIA
datastructureis abouthalf of that usedby the simpli ed
incidencegraph.

Thespaceequirementareaboutl.5timeswith respecto
thoseof the indexed datastructurewith adjacenciesyhich,
however, cannotsupportnavigation through vertices and
edges sinceonly the encodedrelationsplus boundaryre-
lationsfor tetrahedraanberetrievedef ciently .

8. Concluding Remarks

We have describedhe designandthe implementatiorof a
new datastructure thatwe calledthe non-manifoldindexed
data structue with adjacencieYNMIA), which canrepre-
sentary three-dimensionahbstractsimplicial complec in
which ary 2-simple is on the boundaryof at mosttwo 3-
simplexes.TheNMIA structureis compactsinceit encodes
only theverticesandthetop simplexesof thecomple plusa
restrictedsubsebdf topologicalrelationsamongsimplexes.It
supportsef cient navigation algorithmsto retrieve topolog-
ical relations,andit scalessery well to the pseudo-manifold
andmanifoldcases.

For comparisorpurposesye have describeda simpli ed
versionof theincidencegraphfor simplicial complees,the
simpli ed incidencegraph, which, however, canonly repre-
sentpseudo-manifoldd/Vhile it canbeshown thatthis latter
datastructurealso supportsnavigation in optimal time, its
storagecostis almosttwice thatof the NMIA structure.

In orderto accommodat@on-manifoldsingularitiesand
fast navigation, the storagecost of the NMIA structureis
aboutl.5timesthatof thesimpleindexeddatastructure with
adjacencieswhichsupportsf cient retrieval only of theRg;
relationswith i = 0;1;2;3.

In our future work, we plan to investigate extensionsof
the NMIA datastructureto higherdimensionsto develop
algorithmsfor updatingthe NMIA structurefor simpli ca-
tion purposesOur aim is to designand develop a multi-
resolution volumetric model for non-manifold, and non-
regular 3D objects,which extendsthe modelproposedn 8
to thethreedimensionataseln this contet, we planto use
the NMIA datastructureto representhe adaptve meshes
extractedfrom the multi-resolutionmodelthroughselective
re nementqueries.
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