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Abstract
In thispaper, weaddresstheproblemof representingandmanipulatingnon-manifold,mixed-dimensionalobjects
describedby three-dimensionalsimplicial complexesembeddedin the3D Euclideanspace. We describethede-
sign and the implementationof a new data structure, that we call the non-manifoldindexed datastructurewith
adjacencies(NMIA) , which canrepresentany three-dimensionalEuclideansimplicial complex compactly, since
it encodesonly theverticesandthetop simplexesof thecomplex plusa restrictedsubsetof topological relations
amongsimplexes.TheNMIA structuresupportsef�cient traversalalgorithmswhich retrievetopological relations
in optimaltime, andit scalesverywell to themanifoldcase. Here, wesketch traversalalgorithms,andwecompare
theNMIA structurewith datastructuresfor manifoldandregular 3D simplicial complexes.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometry
andObjectModeling-Curve, surface, solidandobjectrepresentations

1. Intr oduction

Non-manifold objectsare subsetsof the Euclideanspace
which canbe regardedascombinationsof wire-frame,sur-
face,solid andcellulardecompositions.Informally, a mani-
fold objectis a subsetof theEuclideanspacefor which the
neighborhoodof eachinternalpoint is locally equivalentto
anopenball. Objectsthatdo not ful�ll this propertyat one
or morepointsarecallednon-manifoldobjects.

As pointedoutby severalauthors5; 16; 27; 22; 29, in amodel-
ing systemwe needto representnon-manifoldobjectssince
Booleanoperatorsareclosedin the non-manifolddomain,
sweepingor offset operationsmay generatepartsof differ-
ent dimensionalities,non-manifoldtopologiesare required
in different productdevelopmentphases,suchas concep-
tual design,analysisandmanufacturing.Furthermore,most
objectsencounteredin the applicationscontaina relatively
smallnumberof non-manifoldsingularities.Thus,it is im-
portantto develop representationsthat scalewell with the
degreeof "non-manifoldness"of theobject.

Non-manifold objects can be effectively described
throughsimplicial or cell complexes with a non-manifold
and non-regular (i.e., with partsof different dimensional-

ities) domain.The contribution of this work is in design-
ing andimplementinga datastructurefor describingthree-
dimensionalsimplicial complexesembeddedin the3D Eu-
clideanspace,i.e., combinationsof tetrahedralmesheswith
lower dimensionalentitiesdescribedby a chainof edges,or
by a trianglemesh.

The trade-off whendesigninga datastructurefor a sim-
plicial, or cell complex is amongits expressive power, its
storagecostandtheef�ciency of thealgorithmsfor travers-
ing thecomplex (which arebasedon primitivesfor retriev-
ing incident and adjacententities to a given one).To this
aim,wehavedevelopedadatastructurethatsatis�esthefol-
lowing requirements:(i) to beascompactaspossible,(ii) to
supportretrieval of incidenceandadjacency relationsamong
theentitiesin thecomplex in optimaltime,(iii) to beableto
describeall kindsof non-manifoldobjectsin 3D spaceparti-
tionedinto a 3D simplicial complex, and(iv) to bescalable,
i.e., to exhibit just a low overheadcostdueto therepresen-
tationof non-manifoldsingularities.

Our datastructure,thatwe call thenon-manifoldindexed
data structure with adjacencies(NMIA), encodesonly the
verticesand the top simplexes of the complex, plus a re-
strictedsubsetof topologicalrelationsamongsimplexes.
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For comparisonpurposes,we also specializea general
datastructurefor cell complexes,the incidencegraph 12, to
describeacertainclassof simplicial complexes,andwecall
the resultingdatastructurethe simpli�ed incidencegraph.
Wecompareourdatastructurewith boththesimpli�ed inci-
dencegraphandwith awell-known datastructurefor aclass
of simplicial complexes,theindexeddatastructurewith ad-
jacencies.

The remainderof this paperis organizedas follows. In
Section2, we summarizesomebackgroundnotions,which
arenecessaryfor understandingtherelatedmaterialsin this
work. In Section3, we review somerelatedwork. In Sec-
tion 4, we describethe NMIA datastructure.In Section5,
we presentanimplementationof this datastructureanddis-
cussits storagecost.In Section6, wepresentthealgorithms
for retrieving topologicalrelationsfor a simplicial complex
describedby theNMIA datastructure.In Section7, we de-
scribethesimpli�ed incidencegraph,andwepresentacom-
parisonof theNMIA structurewith suchdatastructureand
with the indexed data structurewith adjacencies.Finally,
in Section8, we draw someconclusionsanddiscussfuture
work.

2. Background

In thisSection,wereview somebasiccombinatorialnotions
aboutsimplicial complexesin arbitrarydimensions,andwe
introducethetopologicalrelationsamongthecellsof acom-
plex. We useabstract simplicial complexesasbasictoolsto
capturethe combinatorialstructureof Euclideansimplicial
complexes.

2.1. Simplicial Complexes

Let V be a �nite setof pointsthat we call vertices. An ab-
stract simplicial complex on V is a subsetS of the set of
(non-empty)partsof V suchthat f vg 2 S for every point
v 2 V, andif s � V is anelementof S, thenevery subsetof
s is alsoanelementof S 18. Eachelementof S is calledan
abstract simplex.

Thedimensionof a simplex s2 S, denoteddim(s), is de-
�ned by dim(s) = jsj � 1, wherejsj is the numberof ver-
tices in s. A simplex of dimensionk is calleda k-simplex.
A complex S is called d-dimensional, or a d-complex, if
maxs2 S(dim(s)) = d. Eachd-simplex of a d-complex S is
calledamaximalsimplex of S.

Theboundaryb(s) of a simplex s is de�ned asthesetof
all properpartsof s. Simplexesx in b(s) arecalledfacesof s.
Similarly, theco-boundary, or star, of asimplex s is de�ned
as?s= f x 2 S j s� xg. Simplexesx in ?sarecalledco-faces
of s. Thelink of asimplex s is thesetof all facesof co-faces
of s, thatarenot incidentats. Any simplex ssuchthat?s= s
is calleda top simplex of S. In the following, we will call
restrictedstarof asimplex s, ?s� f sg, andwewill denoteit
asst(s).

Two distinct simplexes are said to be incident if oneof
them is a face of the other. Two simplexes are called k-
adjacentif they shareak-face.Two p-simplexes,with p> 0,
aresaidto beadjacentif they are(p� 1)-adjacent.Two ver-
tices(i.e., 0-simplexes)arecalledadjacentif they areboth
incidentatacommon1-simplex. Two simplexesthatarenei-
therincidentnoradjacentaresaidto bedisjoint.

An h-path is a sequenceof simplexes (si)
k
i= 0 suchthat

two successive simplexessi� 1, si areh-adjacent.Two sim-
plexessands0 areh-connected, if andonly if thereexistsan
h-path(si)

k
i= 0 suchthat s is a faceof s0 ands0 is a faceof

sk. A subsetS0 of a complex S is calledh-connectedif and
only if every pair of its verticesareh-connected.Any max-
imal h-connectedsub-complex of a complex S is calledan
h-connectedcomponentof S. Thetermconnectedis usedas
ashortcutfor 0-connected.

A d-complex S where all top simplexes are maximal
(i.e., of dimensiond) is called regular, or uniformly d-
dimensional. A (d� 1)-simplex sin ad-complex S is aman-
ifold (d � 1)-simplex if andonly if thereareat mosttwo d-
simplexesincidentats. Otherwise,sis calledanon-manifold
(d � 1)-simplex. A regular(d � 1)-connectedd-complex in
which all (d � 1)-simplexesaremanifold is calleda (com-
binatorial) pseudo-manifold(possibly with boundary).A
pseudo-manifoldsatisfyingthe additionalpropertythat all
its verticeshave a link combinatoriallyequivalenteitherto
the(d� 1)-dimensionalsphereor to the(d� 1)-dimensional
ball is calleda (combinatorial)manifold.

A Euclideansimplex of dimensiond is theconvex hull of
d + 1 linearly independentpointsin the n-dimensionalEu-
clideanspaceEn, with d � n. We simply call a Euclidean
d-simplex a d-simplex whenthe context is understood:a 0-
simplex is a vertex; a 1-simplex anedge; a 2-simplex a tri-
angle; a 3-simplex a tetrahedron. Any Euclideank-simplex
t generatedby asetVt � Vs of cardinalityk+ 1 � d is called
ak-faceof s.

A �nite collection S of Euclideansimplexes is a Eu-
clideansimplicial complex whenboth (i) for eachsimplex
s2 S, all facesof sbelongto S, and(ii) for eachpairof sim-
plexess ands0, eithers\ s0 = ; or s\ s0 is a faceof boths
ands0.

The domain, or carrier, of a d-dimensionalEuclidean
simplicialcomplex Sembeddedin En, with d � n, is thesub-
setof En de�ned by theunion,aspoint sets,of all thesim-
plexesin S. Thecombinatorialstructureof aEuclideansim-
plicial complex is an abstractsimplicial complex. The do-
mainof a Euclideansimplicial complex which is described
by a combinatorialmanifoldis a manifoldin En. Whenever
no ambiguityarises,we will usethetermsimplex to denote
an abstract,or a Euclidean,simplex. We will also usethe
termcomplex to denoteanabstract,or a Euclidean,simpli-
cial complex.
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2.2. TopologicalRelations

Let S be a d-complex. Let s 2 S be a p-simplex, with
0 � p � d. For eachinteger valueq, 0 � q � d, we de�ne
thetopologicalrelationRpq(s) asaretrieval functionthatre-
turns the q-simplexes of S that are not disjoint from s. In
particular:

� For p < q, Rpq(s) consistsof thesetof simplexesof order
q in thestarof s.

� For p > q, Rpq(s) consistsof thesetof simplexesof order
q in thesetof facesof s.

� For p > 0, Rpp(s) is the setof p-simplexesin S that are
(p� 1)-adjacentto s.

� R00(v), wherev is a vertex, consistsof thesetof vertices
w suchthatf v;wg is a1-simplex of S.

RelationRpq is calleda boundaryrelationif p > q, a co-
boundaryrelationif p < q andanadjacencyrelationif p =
q. Boundaryandco-boundaryrelationstogetherarecalled
incidencerelations.

3. RelatedWork

Most of the existing work in the literature focuseson
the two-dimensional boundary representationof three-
dimensionalobjects,and on the manifold domain. In the
manifold domain, several data structureshave been pro-
posedfor representingthe decompositionof the boundary
of a three-dimensionalmanifold into a simplicial complex
1; 11; 15; 17; 21; 23; 28. Theapproachproposedin 15 hasbeengen-
eralizedto manifold complexesin threeandhigherdimen-
sions11; 2, while the half-edgedatastructurehasbeenex-
tendedto thethreedimensionalcasein 21. Thecompactcor-
ner tabledatastructure28 hasbeengeneralizedto arbitrary
non-manifoldmeshes.

Most work in the context of non-manifoldmodelinghas
beendonein two dimensionsfor representingtheboundary
of non-manifold,non-regularobjects.The �rst proposalfor
a topologicaldatastructurefor boundaryrepresentationof
non-manifoldobjectsis the radial-edge structure 29. In 16,
Gursozet al. describea vertex-baseddatastructure,called
the tri-cyclic cuspstructure,which extendsthe radial-edge
structureby maintainingalsoinclusionrelationsbetweenthe
localneighborhoodsof avertex. A similarstructurehasbeen
introducedby YagamuchiandKimura 30. A morecompact
datastructure,calledthepartial entitystructure 19 hasbeen
morerecentlyproposed:it hasbeenshown to requirehalf of
the spaceof the radial-edgestructure.The storagecostsof
all suchdatastructuresdonotscalewith thenumberof non-
manifold singularities,sincethey have beendevelopedun-
dertheassumptionthatobjectscontainseveralnon-manifold
joints.Theradial-edgedatastructurehasbeenspecializedin
24 to thecaseof two-dimensionalsimplicialmeshes.

In 8, a compactdatastructurefor non-manifoldandnon-
regulartwo-dimensionalsimplicial complexeshasbeenpre-

sented,which encodesboth connectivity andadjacency in-
formationwith a small memoryoverhead,andscalesvery
well to the manifold case.A compactscalableedge-based
datastructurefor non-manifoldtwo-dimensionalsimplicial
complexeshasbeenproposedby Campagnaet al. 4, which
also scaleswell to manifold meshes,but it is restricted
to regular complexes.A few proposalsexist for modeling
shapesin arbitrarydimensionsthroughcell complexes.Se-
lective GeometricComplexes (SGCs)27 can describeob-
jectsthroughcell complexeswhosecellscanbeeitheropen,
or not simply connected.In SGCs,cells and their mutual
adjacenciesare encodedin an incidencegraph 12, which
is a complete,but a verbosedata structure.N-G-maps20

are an implicit representationfor a sub-classof pseudo-
manifolds,called quasi-manifolds,but they are also quite
space-consuming.Thewingedrepresentation25 candescribe
d-dimensionalpseudo-manifoldsimplicial complexes, i.e.,
just regular ones.It generalizesto arbitrarydimensionsthe
so-calledincidencedatastructurewith adjacency commonly
usedfor triangleandtetrahedralmeshes3.

An alternative approachto the designof non-manifold
data structuresconsistsof decomposinga non-manifold
object into simpler and more manageableparts 7; 10; 13; 14.
The proposalsin 10; 13; 14 are restrictedto modeling two-
dimensionalregular complexes,which describethe bound-
ary of a solid object. In 7, a sounddecompositionfor d-
dimensionalnon-manifoldobjectsdescribedthroughsimpli-
cial complexes is de�ned, which is uniqueandproducesa
descriptionof an abstractd-complex (not necessarilyem-
beddablein theEuclideanspace)asacombinationof nearly
manifold components.A datadimension-independentdata
structurefor suchdecompositionis de�ned in 9, which de-
scribesthecomponentsandtheir connectivity in a two-level
representation.

4. Designof the Data Structur e

In this Section,we introducethe designchoicesperformed
andtheelements(entitiesandtopologicalrelations)of adata
structurefor describingthree-dimensionalsimplicial com-
plexesembeddedin thethree-dimensionalEuclideanspace.

4.1. DesignIssues

In ourdatastructure,wewantto beableto describe3D sim-
plicial complexescontainingalsoone-andtwo-dimensional
top simplexes,that we call wire-edgesanddanglingfaces,
respectively, in order to representpartsof differentdimen-
sionalitiesin theobject.Moreover, weneedto describesitu-
ationsin which therestrictedstarof anedge,or of a vertex.
consistsof morethanoneconnectedcomponent,in orderto
representedgesandverticesin theobjectfor whichtheman-
ifold conditiondoesnothold.Notethat,sincewearedealing
with are3-complexesembeddedin E3, any 2-simplex, which
is not a top simplex, mustbeon theboundaryof eitherone
or two simplexes.

c
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The above singularitiescanbe summarizedas the pres-
enceof:

1. several connectedcomponentsin the restrictedstar of
somevertex (calledanm-vertex) (seeFigure1);

2. 1-dimensionaltopsimplexes(wire-edges) (seeFigure2);
3. several connectedcomponentsin the restrictedstar of

someedge( calledanm-edge) (seeFigure3);
4. 2-dimensionaltopsimplexes(danglingfaces) (seeFigure

4).

In all the�gures, tetrahedraarein solid grey of two intensi-
ties;danglingfacesareshaded;edgesandverticesof interest
arehighlightedin bold.
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Figure 2: a wire-edge, we,
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Thus,the datastructuremustdescribecorrectly the pre-
viousfour cases.Cases1 and3 involve connectivity issues,
andarediscussedbelow.

4.2. Singularities at a non-manifold vertex

To takecareof theconnectivity informationatannm-vertex,
we observe that therestrictedstarof a nm-vertex v consists
of severalconnectedcomponents.Wecall eachsuchcompo-
nenta vertex-basedcluster. If two simplexessi ;sj belongto
thesamevertex-basedclusterin st(v), thenthereexistsa 1-
connectedpathpassingthroughonly thosesimplexeswhich
form thecluster. Theseclusterscannotbeorderedaroundv.

As no orderingis possible,the basicstrategy of moving
arounda non-manifoldvertex is to performa breadth-�rst

searchandvisit all simplexesthat arerelatedthroughrela-
tionsR33, R23, or R32 in thesamecluster(to bedescribedin
Section6).

4.3. Singularities at a non-manifold edge

The restrictedstartof an nm-edgeconsistsof several con-
nectedcomponents.We call eachsuchcomponentanedge-
basedcluster. Edge-basedclusterscanbeorderedaroundthe
edge,for instance,in counter-clockwisedirection.Also, if
simplexessi ;sj belongto thesameconnectedcomponentin
st(e), thenthereexistsa 2-connectedpathfrom si to sj that
traversesthroughonly thosesimplexes that are incidentat
e. This impliesthata clusterconsistseitherof a singledan-
gling face,or of a collectionof tetrahedrafanningout from
thenm-edge.This is an interestingpropertyfor navigation:
whenwe wantto �nd all theelementswithin anedge-based
cluster, we simply move from one tetrahedronto the next
oneby usingrelationR33. Whenwe�nish examiningaclus-
ter, we needto �nd the next cluster. To this aim, for each
simplex si of dimension2 or higher, wekeeptrackof its left
andright neighborsaroundeachof its edgeswhennecessary.
Thisconditionis describedasfollows:

� If asimplex si is theonly elementof acluster, thenbothits
left andright neighbors(which may be identical)would
belongto someotherclustersarounde. Thesetwo sim-
plexesaretheleft andright neighborsof si with respectto
edgee.

� If thesimplex on theleft of si belongsto thesamecluster
assi , thenwe saysi hasno left neighborwith respectto
edgee.

� A symmetriccaseholdsfor theright neighbor.

For example,considertheobjectin Figure3. In Figure5,
weshow ontherightacross-sectionof thestarof edgee, The
table in Figure5 shows the edge-basedclustersassociated
with thenm-edgee by consideringtheclustersin a counter-
clockwiseorder.

4.4. Entities and TopologicalRelations

4.4.1. Entities

Given a simplicial complex S, the non-manifoldindexed
datastructure with adjacencies(NMIA) encodesall vertices
(0-simplexes),wire-edges(top 1-simplexes),danglingfaces
(top 2-simplexes),andtetrahedra(3-simplexes)of S. Other
1- and2-simplexesarenotexplicitly represented.

To describeedge-andvertex-basedclusters,we introduce
threerelations,thatrepresenttheincidenceof theedge-based
clusterson an edge,and of the vertex-basedclusterson a
vertex:

� RelationR0;clusters(v) is a retrieval function which asso-
ciates,with vertex v, onerepresentativek-simplex for each
vertex-basedclusterincidentat v. Let usconsidertheob-
ject in Figure1 asanexample.Theobjectis reproducedin

c
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Figure 5: Clusters arounda nm-edge e andtheir neighbor-
ing relations.

Figure6. Therearefour clustersincidentat vertex v. We
take onerepresentative from eachof theseclusters.One
possibleway is shown on thebottomof Figure6.

� RelationR2;clusters( f ) is a retrieval function which asso-
ciates,with eachedgeei of a danglingface f , the edge-
basedclustersincident at ei , in a counter-clockwiseor-
deredsequence.

� RelationR3;clusters(s) is a retrieval function which asso-
ciates,with eachedgeei of a 3-simplex s, theedge-based
clustersincidentat ei , in a counter-clockwiseorderedse-
quence.
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Figure 6: Vertex-basedclusters at thevertex shownin bold,
andchoiceof representativesfor each clustershownin the
table

Thus,for eachtetrahedront, we encodethefollowing re-
lations:

� RelationR30(t), whichassociates,with eachtetrahedront,

its four verticesorderedaccordingto theorientationcho-
senfor t.

� RelationR33(t), whichassociates,with eachtetrahedront,
thefour tetrahedraadjacentto t througha 2-simplex, (the
i-th tetrahedronin R33(t) is theonethatdoesnot contain
thei-th vertex of t).

� RelationR3;clusters(t), asde�nedabove,for eachof thesix
edgesof tetrahedront (consideredin anordercompatible
with theorientationof t).

For eachdanglingface f , we encodethe following rela-
tions:

� Relation R20( f ), which associates,with eachdangling
face f , its threevertices(orderedaccordingto theorien-
tationchosenfor f ).

� RelationR2;clusters( f ), asde�ned above, for eachof the
threeedgesof dangling face f (consideredin an order
compatiblewith theorientationof f ).

For eachwire-edgee, we encoderelationR10(e), which
associates,with edgee, its two extremevertices.Note that
therecannotexistedge-basedclustersincidentatawire-edge
e.Finally, for eachvertex v, weencoderelationR0;clusters(v),
asde�ned above.Notethatonly onerepresentative for each
vertex-basedclusteris maintained.

5. Implementation of the NMIA Data Structur e

In this Section, we describeour implementationof the
NMIA datastructure,andwe evaluateits storagecost.Al-
thoughthe spaceneededto index oneentity is just log2m
bits, wherem denotesthe total numberof suchentitiesin
thedatastructure,in our implementation,for simplicity, we
useoneinteger (representedon 32 bits) to index an entity.
We considerreferencesand indexesas integersalso in the
comparisonpresentedin Section7.

Our presentdesign aims at supporting both ef�cient
traversalandmeshmodi�cations.Shortdynamicarraysare
usedto storerelationsto make local modi�cations on con-
nectivity simpler.

For each entity (vertex, wire-edge,dangling face and
tetrahedron),we storea one-bit �ag for temporarilymark-
ing a simplex as having beenvisited. These�ags have to
beresetaftereachquery. We encodetheR30(t), R20( f ) and
R10(e) relationsasarraysof indexes to the four, threeand
two verticesof a tetrahedront, of adanglingfacef , andof a
wire-edgee, respectively.

For eachtetrahedront, relation R33(t) is encodedas a
2-bit �ag f33, a (possibly empty) array containingthe 2-
adjacentneighborsof t anda referenceto this latter array.
A null referencemeansthat t hasno 2-adjacentneighbors.
Otherwise,f33+ 1 is equalto thenumberof 2-adjacenttetra-
hedra.

RelationR3;clusters(t) storestheedge-basedclusterinfor-
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mationfor eachof thesix edgesof t. For eachedgee of t, it
encodes:

� a4-bit �ag f3c to indicatethetypesof left andright neigh-
borsthatt hasat e. Themeaningsof the�ag arereported
in Table1. Notethat,if f3c is equalto 1, 2, 3, or 6, thent
hasoneneighboringclusterat e; if f3c is equalto 4, 5, 7,
or 8, thent hastwo neighboringclustersat e. Otherwise,
it hasno neighbor. Sincet hassix edges,six �ags andup
to twelve neighborshave to bestored,andthusa total of
24bits for eachtetrahedron.

� an integerarrayof clusterentitiescontainingthe indexes
eitherto a tetrahedronor to a danglingface.The sizeof
thisarrayis exactlyequalto thenumberof clusterentities
to bestored.

� a referenceto theclusterentityarray.

�ag left neighbortype right neighbortype

0 empty empty
1 empty danglingface
2 empty tetrahedron
3 danglingface empty
4 danglingface danglingface
5 danglingface tetrahedron
6 tetrahedron empty
7 tetrahedron danglingface
8 tetrahedron tetrahedron

Table1: Meaningsof thevaluesof the f3c �a g
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Figure 7: Encodingof the neighboringclusters of tetrahe-
dront3 with respectto its sixedges

As an example,let us considerthe complex in Figure7.
Considertetrahedront3. We labelwith e0,.., e5 thesix edges
of t3, as shown in Figure 7 on the right. The neighboring
cluster information at the six edgesare encodedwith the
�ags shown in the tablein Figure7. Edgee1 has�ag value
5 becausethe left neighborof t3 at edgee1 is a dangling

face(d f1), andtheright neighboris a tetrahedron(t2). At all
otheredges,t3 appearsasa clusterby itself, i.e., it hasno
left nor right neighborsat otheredges.Thus,all �ag values
are0. Fromthevaluesof thesix �ags, we cantell thatthere
areonly two entitiesrelatedto t3 in R3;cluster(t3), whosein-
dexesarestoredin theclusterentityarray. Wedonotneedto
storetheir typessincesuchinformationarealreadyencoded
by the�ags.

For eachdangling face f , relation R2;clusters( f ) is en-
codedin a completelysimilar way as R3;clusters for tetra-
hedra.Sincea danglingfacehasthreeedges,R2;clusters is
scaledaccordingly.

Finally, relationR0;clusters(v) for a vertex v is encodedby
usinganarrayof 2-bit �ags andanintegerarrayof indexes,
eachbeing an index to one representative (a wire-edge,a
danglingface,or a tetrahedron)of a clusterat v. The �ag
indicateswhetherthe representative is a wire-edge,a dan-
gling face,or a tetrahedron.As anexample,let usconsider
thecomplex depictedin Figure6. Theparticularchoicewe
have madeis encodedin theR0;clusters(v) relationasshown
in Table2.

representativechosen: we0 d f1 d f0 t2

�ag: 0 1 1 2

index of entity: 0 1 0 2

Table2: Encodingof R0;clusters(v) for thenon-manifoldver-
tex v of Figure6

We have designedand implementedan algorithm for
building the NMIA datastructureby startingfrom the col-
lection of all the top simplexes in the complex. The input
consistsof all vertex coordinatesplusthelist of thetopsim-
plexes,whereeachtop simplex is expressedthroughthein-
dexes of its vertices.The algorithm reconstructsthe adja-
cency information and detectsthe non-manifoldsituations
aroundverticesandedges.The currentversionis intended
to build thedatastructurestaticallyto work off-line. In this
case,a preprocessingstepis takento make theconnectivity
informationateachsimplex available.

5.1. Storagecosts

Let nt ;d;w;nv denotethe numberof tetrahedra,dangling
faces,wire-edges,andverticesin a simplicial complex, re-
spectively. Let b be the numberof boundaryfacesin the
complex (i.e.,thosetrianglesthatbelongto exactlyonetetra-
hedron).Let ce andcv be the total numberof clustersover
all thenm-edgesandnm-vertices,respectively.

For thepurposeof comparisonwith otherdatastructures,
we alsode�ne the following quantities.Let n f be the total
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numberof faces(including danglingfaces).Let ne be the
total numberof edges(includingwire-edges).

Let kt bethetotalnumberof neighboringedge-basedclus-
tersstoredover all tetrahedra,andkd bethetotal numberof
neighboringedge-basedclustersstoredoverall thedangling
faces.Thus,wehavethat2ce = kt + kd, becauseeveryedge-
basedclusterappearstwice,onceasaleft andonceasaright
neighbor.

Weneed3nv doublesfor vertex coordinates,nt + d+ w+
nv bits for the one-bitnavigation �ag. In the following, we
reportthespacerequirementsfor eachencodedrelation:

� R30: 4nt integers
� R20: 3d integers
� R10: 2w integers
� R33: 2nt bitsfor �ags + (4nt � b) integersfor theR33 array

+ nt integersfor referencesto theR33 array
� R3;clusters: 24nt bits for �ags (of which eachtetrahedron

has6) + kt integersfor theclusterarrays+ nt references
to theclusterarrays

� R2;clusters: 12d bits for �ags (of whicheachdanglingface
has3) + kd integersfor the clusterarrays+ d references
to theclusterarrays

� R0;clusters: 2cv bits for �ags + cv integersfor the cluster
arraysstoringclusterrepresentatives+ nv integerskeeping
trackingof thelengthof eachclusterarray+ nv references
to thearray.

Now, we evaluateand comparethe spacerequirements
of the NMIA structurein the generalcase,in the caseof
pseudo-manifoldcomplexes and in the caseof manifold
complexes.Weassumethatreferenceandindexesarestored
as32bits integers.

� Generalnon-manifolds:

geometricinformation:3nv doubles
topological entities:(nt + d+ w+ nv) bits
topological relations:(10nt � b+ 4d+ 2w+ 2nv + 2ce+

cv) integers+ (26nt + 12d+ 2cv) bits.

� Pseudo-manifolds:
Pseudo-manifoldcomplexes do not have danglingfaces
andwire-edges(thus,d = w = 0), but they mayhavenon-
manifoldedgesandnon-manifoldvertices.Thespacere-
quirementsthusbecome:

geometricinformation:3nv doubles
topological entities:(nt + nv) bits
topological relations: (10nt � b+ 2nv + 2ce + cv) inte-

gers+ (26nt + 2cv) bits

� Manifolds:
Manifold complexes do not have dangling faces,wire-
edgesand non-manifoldedges.Eachvertex hasexactly
onecluster. Sod = w = ce = 0 andcv = nv. Thestorage
requirementsthusbecome:

geometricinformation:3nv doubles

topological entities:(nt + nv) bits
topological relations: (10nt � b + 3nv) integers +

(26nt + 2nv) bits

In practicalapplications,it hasbeenshown that nt � 6nv
6. Thus,thespacerequirementsfor a manifoldareapproxi-
matelyequalto 73nv integers+ 3nv doubles.

6. Retrieving TopologicalRelations

In this Section,we discusshow topological relationscan
be retrieved in optimal, or almostoptimal, time from the
NMIA datastructure.This meansthat all non-storedrela-
tions canbe retrieved in time linear in the numberof enti-
tiesinvolvedin thespeci�c relation,thatis, for instance,the
edgesincidentat a given vertex v (the R01 relation)canbe
extractedin time linear in the numberof edgesincidentat
v. Suchretrieval algorithmsarethebasisfor developingef�-
cienttraversalalgorithmsthroughthecomplex describedby
thedatastructure.

Retrieving thoserelationswhich are explicitly storedin
thedatastructure,i.e., R30 andR33, for tetrahedra,R20, for
danglingfaces,R10, for wire-edges,takesconstanttime.

Retrieving boundaryrelationsR32(t) andR31(t) provides
asresultsthe facesof tetrahedront, speci�ed astriplets of
vertices,andtheedgesof tetrahedront, speci�edaspairsof
vertices,respectively, andcanbeperformedin constanttime.

To retrieve boundaryrelationR21( f ), we needto specify
facef in casef is notadanglingface.Thus,if f is abound-
ary faceof a tetrahedront, thenwe specify f as face(t, i),
that is the i-th faceof t, wherei = 0; ::;3. The 1-simplexes
involved in R21( f ) areagain speci�ed aspairsof vertices.
Thus,relationR21( f ) is retrievedin constanttime.

RelationR23( f ) canbeextractedonly for boundaryfaces
of tetrahedra.Face f is speci�ed asface(t,i). The retrieval
algorithmmakesuseof relationR33(t) to �nd theothertetra-
hedronsharingf , if it exists.This takesconstanttime.

Retrieving relationsR12(e) andR13(e) involvesnavigat-
ing aroundanedgee. Thecorrespondingretrieval algorithms
areimplementedin a very similar fashion.The edgebeing
queriedcanbe a boundaryedgeof a danglingfaceor of a
tetrahedron,but notawire-edge.An edgeof adanglingface
f is addressedasedge(f, i) for i = 0; :::;2 andan edgeof a
tetrahedront is edge(t, j) for j = 0; :::;5. We userelations
R3;clusters or R2;clusters dependingonwhethere is anedgeof
a tetrahedron,or of a danglingface.If a clusteris a collec-
tion of tetrahedrathat fan out from edgee, we usethe R33
relationto movefrom onetetrahedronto thenext in thesame
cluster, andR30 to make surethatbothof themareincident
ate.

We illustratethroughtheexamplein Figure8 how to re-
trievebothR12(e) andR13(e) relations,i.e.,how to navigate
aroundanedgeein counter-clockwisedirection.To thisaim,
weperformthefollowing steps:
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Figure 8: Navigatingthroughtheentitiesincidentat a non-
manifoldedgee(hereweshowa view perpendicularto edge
e,asshownin Figure6

1. Westartwith ebeinganedgeof t3.
2. UsingR3;clusters(t3), we retrieve theleft andright neigh-

borsof t3 with respectto e. Theseared f1 andt2, respec-
tively. Then,wemove to t2.

3. FromR3;clusters(t2) we seethat t2 hasno right neighbor.
Thus,relationR33(t2) allows usto extractall thetetrahe-
dra which are face-adjacentto t2. By usingR30(t2), we
canselectt1 astheonly tetrahedronthat is alsoincident
ate. Then,wemove to t1.

4. FromR3;clusters(t1) we seethat t1 hasno right neighbor.
Thus,again we usetheR33(t1) to retrieve the tetrahedra
which areface-adjacentto t1 andR30(t1) to selectthose
incidentate. Thisgivest0 andt2, andthuswemoveto t0.

5. FromR3;clusters(t0) weseethattheright neighborof t0 is
d f0. Thus,wemove to d f0.

6. From R2;clusters(d f0) we seethat the right neighborof
d f0 is d f1. Thus,wemove to d f1.

7. From R2;clusters(d f1) we seethat the right neighborof
d f1 is t3. Thus,wearedone,sincewestartedwith t3.

It canbe easilyseenthat retrieving relationR12(e) takes
a time linear in the numberof facesincident at e, i.e., it
canbeperformedin optimaltime.Retrieving relationR13(e)
takesO(jR12(e)j) time, wherejR12(e)j denotesthe number
of facesincidentat e, becauseof the possiblepresenceof
danglingfaces.

RelationR22( f ) is basicallyretrievedin thesameway as
relationR12(e), one for eachedgeof face f . Therefore,it
takesO(jR22( f )j) time,which is optimal.

Retrieving relationsR00(v), R01(v), R02(v), andR03(v) re-
quiresa breadth-�rstsearchover all theclustersincidentat
vertex v. Within eachcluster, entitiesthat are incidentat v
aretraversedby usingR33, R30, R3;clusters, andR2;clusters re-
lations.

Again we illustrate,throughanexample,how to retrieve
all tetrahedra,danglingfacesand wire-edgesincident at a
given non-manifoldvertex v (seeFigures9 and10). In the
sameway, we can retrieve all R0i(v) relations,where i =
0;1;2;3. Notethatwe usea queueto guidethebreadth-�rst
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traversalof thestarof v andthatwemarkasimplex asvisited
whenwe insertit into thequeue.We performthefollowing
steps:

1. We start with only t2 in the queue,which we have ob-
tainedfrom R0;clusters(v).

2. Using R33(t2), we �nd that t1 is incident at v. Using
R3;clusters(t2), we �nd thatd f2 is alsoincidentatv. Thus,
t1 andd f2 areinsertedinto thequeue.

3. Now, we dequeue t1 and examine R33(t1) and
R3;clusters(t1). This gives t2 and d f2, that are already
markedasvisited.

4. Then, we dequeue d f2. and we examine relation
R2;clusters(d f2). This gives t0, t1 and t2, amongwhich
only t0 is not visited.Thus,we insertt0 into thequeue.

5. We dequeue t0 and we examine the R33(t0) and
R3;clusters(d f2) relations.This gives d f2, which hasal-
readybeenvisited.

6. Thetraversalis �nished, sincethequeueis empty. Reset
the�ags of all thesimplexesretrieved.

Retrieving relationsR00(v) andR01(v) takesoptimaltime.
As in thecaseof R13, bothR02(v) andR03(v) relationscan
beretrievedin O(jR00(v)j) timedueto thepossiblepresence
of tetrahedra,for R02(v), or of danglingfaces,for R03(v).
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Finally, by usingR01 andR10 relations,we canretrieve
theR11(e) relation,i.e.,all theedgesincidentat theextreme
verticesof edgee, in optimaltime.

Note that in our design,we specify a faceor an edge,
which is nota topsimplex, implicitly in termsof onethetop
simplexes(suchastetrahedra,danglingfaces)containingit.
We usetop simplexesasentitiesbecausetheretrieval prim-
itives are usually usedin the context of algorithmswhich
traversethecomplex by moving from onetopsimplex to an-
other.

In casea k-simplex s is speci�ed explicitly throughthe
indexesof its (k + 1) vertices,andwe needto retrieve the
index of thesimplex, if s is a top simplex, relationR00(vi)
must be retrieved for eachvertex vi of s. In the manifold
casethesamestrategy is commonlyused,sincea manifold
simplicial complex is usuallyencodedwith theindexeddata
structurewith adjacencies.

7. Comparisons

In this Section,we presentanotherdatastructure,that we
call the simpli�ed incidencegraph, which is a simpli�ed
version of the incidencegraph 12 for simplicial pseudo-
manifolds,we review the indexed data structure with ad-
jacenciesfor simplicial pseudo-manifolds,andwe compare
theNMIA datastructurewith theformertwo.

7.1. Simpli�ed IncidenceGraph

Theincidencegraph12 is a datastructurefor d-dimensional
cell complexes,in which every i-cell is storedasan entity,
andboundarytopologicalrelationsRi;i� 1 for i = 1; :::;d as
well asco-boundaryrelationsRi;i+ 1 for i = 0; :::;d � 1 are
encoded.For simplicial complexes,boundaryrelationsare
constant.

In the case of three-dimensionalsimplicial pseudo-
manifolds,co-boundaryrelationsR12(e) andR01(v) canbe
retrieved in optimal time (i.e., linear in the numberof sim-
plexes in R12(e) and R01(v), respectively), by storing, for
R12(e), one representative 2-simplex for eachedge-based
clusterincidentat edgee, and,for R01(v), onerepresenta-
tive edgefor eachvertex-basedclusterincidentat v. In the
manifoldcase,eachedgeandeachvertex hasonly oneclus-
ter. We call the incidencegraphin which we storejust one
representative for R01(v) andR12(e) relationsthesimpli�ed
incidencegraph.

The simpli�ed incidencegraphstoresall 0-, 1-, 2- and
3-simplexes.It encodesthecoordinatesof eachvertex (3nv
doublesfor the3D coordinates)andthefollowing relations:

� relationR32(t): thefour faceson theboundaryof tetrahe-
dront (4nt integers).

� relationR21( f ): thethreeedgesontheboundaryof facef
(3nf integers).

� relationR10(e): thetwo verticeson theboundaryof edge
e (2ne integers).

� relationR23( f ): the one,or two tetrahedrathat are inci-
dentat f (4nt integers).

� relationR�
12(e): only one representative edgefrom each

edge-basedclusterthat is incidentat e (ce + ne � k inte-
gers,wherek is thenumberof nm-edges).

� relationR�
01(v): only one representative edgefrom each

vertex-basedclusterthat is incidentat vertex v (cv inte-
gers).

We can evaluate the storagerequirementsof the data
structurein thecaseof pseudo-manifoldsandmanifolds:

� Pseudo-manifolds:

geometricinformation:3nv doubles
topological relations:(8nt + 3nf + 3ne+ ce+ cv � k) in-

tegers

� Manifolds:ce = k = 0 andcv = nv

geometricinformation:3nv doubles
topological relations:8nt + 3nf + 3ne+ nv integers

If we assumethat nt � 6nv, the spacerequirementsare
about131nv integers+ 3nv doubles.

It canbe shown that all topologicalrelationscanbe ex-
tractedin optimaltime from thesimpli�ed incidencegraph.

7.2. IndexedData Structur ewith Adjacencies

The indexed datastructurewith adjacenciesis a compact
datastructurefor simplicial pseudo-manifoldsin arbitrary
dimensions,which encodesonly 0- and d-simplexes and
their connectivity. We describeherethe three-dimensional
instanceof thisdatastructure.

Theindexeddatastructureencodesthevertex coordinates
(3nv doubles),all 0- and3-simplexesplus the following re-
lations:

� relationR30(t): thefour verticesontheboundaryof t (4nt
integers).

� relation R33(t): the four tetrahedrathat are adjacentto
tetrahedront (4nt � b integers).

For both pseudo-manifoldand manifold complexes, its
spacerequirementsare:

geometricinformation:3nv doubles
topological relations:8nt � b integers

If we assumein themanifoldcasethatnt � 6nv, thenthe
storagecost is approximatelyequalto 48nv integers+ 3nv
doubles.

Also, it canbeeasilyseenthatonlyboundaryrelationscan
beretrievedin optimal time from theindexeddatastructure
with adjacencies.This datastructurecannotsupportnaviga-
tion throughverticesandedgesin optimaltime.
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7.3. Comparison

For a manifold or a reasonablyregular objectsuchthat ce
andcv aresmall,we canseethat the spaceusedby NMIA
datastructureis abouthalf of that usedby the simpli�ed
incidencegraph.

Thespacerequirementsareabout1.5timeswith respectto
thoseof theindexeddatastructurewith adjacencies,which,
however, cannot support navigation through vertices and
edges,sinceonly the encodedrelationsplus boundaryre-
lationsfor tetrahedracanberetrievedef�ciently .

8. Concluding Remarks

We have describedthe designandthe implementationof a
new datastructure,thatwe calledthenon-manifoldindexed
data structure with adjacencies(NMIA), which can repre-
sentany three-dimensionalabstractsimplicial complex in
which any 2-simplex is on the boundaryof at most two 3-
simplexes.TheNMIA structureis compact,sinceit encodes
only theverticesandthetopsimplexesof thecomplex plusa
restrictedsubsetof topologicalrelationsamongsimplexes.It
supportsef�cient navigationalgorithmsto retrieve topolog-
ical relations,andit scalesverywell to thepseudo-manifold
andmanifoldcases.

For comparisonpurposes,we have describeda simpli�ed
versionof theincidencegraphfor simplicial complexes,the
simpli�ed incidencegraph, which,however, canonly repre-
sentpseudo-manifolds.While it canbeshown thatthis latter
datastructurealsosupportsnavigation in optimal time, its
storagecostis almosttwice thatof theNMIA structure.

In orderto accommodatenon-manifoldsingularitiesand
fast navigation, the storagecost of the NMIA structureis
about1.5timesthatof thesimpleindexeddatastructurewith
adjacencies, whichsupportsef�cient retrieval onlyof theR3i
relations,with i = 0;1;2;3.

In our future work, we plan to investigateextensionsof
the NMIA datastructureto higherdimensions,to develop
algorithmsfor updatingthe NMIA structurefor simpli�ca-
tion purposes.Our aim is to designand develop a multi-
resolution volumetric model for non-manifold,and non-
regular 3D objects,which extendsthe modelproposedin 8

to thethreedimensionalcase.In thiscontext, weplanto use
the NMIA datastructureto representthe adaptive meshes
extractedfrom themulti-resolutionmodelthroughselective
re�nementqueries.
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