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Abstract
In this paper, we review, analyzeandcompare representationsfor simplicial complexes.We classifysuch repre-
sentations,basedon thedimensionof thecomplexesthey canencode, into dimension-independentstructures,and
datastructuresfor three-andfor two-dimensionalsimplicial complexes.We furtherclassifythedatastructuresin
each groupaccordingto thebasickindsof thetopological entitiesthey represent.Wepresenta descriptionof each
datastructure in termsof theentitiesandtopological relationsencoded,andweevaluateit basedonits expressive
power, on its storage costand on the ef�ciency in supportingnavigationinside the complex, i.e., in retrieving
topological relationsnot explicitly encoded.We compare thevariousdatastructuresinsideeach category based
on theabovefeatures.

1. Intr oduction

Cell andsimplicial complexesarewidely usedrepresenta-
tions for multi-dimensionalgeometricobjectsin geometric
andsolid modeling,in �nite elementanalysisand in visu-
alisation.In particular, simplicial complexeshave received
great attention,since their combinatorialpropertiesmake
themeasierto encodeandmanipulate.Here,wereview data
structuresfor generalsimplicial complexes, i.e., for sim-
plicial complexes which describenon-manifoldand non-
regularobjectsin two, threeandhigherdimensions.A man-
ifold (with boundary)is a subsetof theEuclideanspacefor
whichtheneighborhoodof eachinternalpoint is homeomor-
phic to anopenball andtheneighborhoodof eachboundary
point to an openhalf-ball. Objectsthat do not ful�ll such
propertiesat one or more points are called non-manifold
objects.Non-manifoldobjects,which arealsonon-regular,
containpartsof differentdimensionalities.

Several datastructureshave beenproposedin the litera-
ture for representingmanifoldobjectsdiscretizedascell or
simplicial complexes.Data structuresfor two-dimensional
cell complexesincludetheWinged-Edge [Bau72], theHalf-
Edge [Man87], the DCEL [MP78], the Quadedge [GS85]
andtheLath[JLM02]. TheCornertable[RSS01] datastruc-
turehasbeenproposedfor two-dimensionalsimplicial com-
plexes.TheFacet-Edge[DL89] andtheHandle-Face[LT97]

data structureshave beenproposedfor three-dimensional
complexes.Dimension-independentdatastructuresinclude
theCell Tuple[Bri89] andthenG-map[Lie91] for cell com-
plexes,andtheIndexeddatastructurewith adjacencies(IA)
[Nie97, PBCF93] for simplicial complexes.Datastructures
for two- and three-dimensionalsimplicial complexes have
beenreviewedin [DKP04].

Here, we focus on data structuresfor generalsimpli-
cial complexes.We classifysuchdatastructuresinto three
groups:incidence-based, adjacency-based, andedge-based.
Incidence-baseddatastructuresencodeonly the incidence
relationsamongsimplexes.Suchdatastructuresprovide a
hierarchicalperspectiveof theboundariesandco-boundaries
of simplexes.Adjacency-baseddatastructuresencodeonly
top simplexes (i.e., simplexes of maximal dimensionor
which arenot on the boundaryof any othersimplex) with
their verticesandtheir adjacenttop simplexes.Usually, this
leads to more compact representations.Edge-baseddata
structuresarespeci�c for two-dimensionalcomplexesem-
beddedin the3D Euclideanspace.They encodetheedgeas
basicentity andits relationswith othersimplexes(vertices
andtriangles).We classifythe datastructuresalsoin terms
of thedimensionsof thecomplexesthey describe.

The remainderof this paper is organized as follows.
Section 2 provides some backgroundnotions. Section 3
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reviews and comparesthree dimension-independentdata
structures,namely, theInitial Quasi-Manifolddatastructure
[DMMP03], the IncidenceGraph[Ede87] and the Simpli-
�ed IncidenceGraph[DGH04]. Section4 describesa spe-
cializeddatastructurefor three-dimensionalsimplicialcom-
plexes, namely the Non-Manifold Indexed data structure
with Adjacencies[DH03], andcomparesit with the 3D in-
stancesof the dimension-independentdatastructuresana-
lyzed in Section3. Section5 reviews data structuresfor
two-dimensionalsimplicial complexesembeddedin the3D
Euclideanspace.Speci�cally, we describea specialization
of the Partial Entities datastructure[LL01] developedfor
cell complexes,the Loop Edge-usedatastructure[McM00]
and the DirectedEdge data structure[CKS98], which are
edge-based.We also describea compactadjacency-based
datastructure,the Triangle Segment[DMPS04], which ex-
plicitly encodesonly verticesandtop simplexes.Suchdata
structuresare comparedalso with the 2D instancesof the
dimension-independentdatastructurespresentedin Section
3. Finally, Section6 presentssomeconcludingremarks.

2. Background Notions

In this Section,we review somebasic notions about Eu-
clideansimplicial complexes in arbitrary dimensions,and
abouttopologicalrelations.

A Euclideansimplex s of dimensionk is theconvex hull
of k+ 1 linearly independentpointsin then-dimensionalEu-
clideanspaceEn, 0 � k � n. We simply call a Euclidean
simplex of dimensionk a k-simplex. k is called the dimen-
sionof s andis denoteddim(s). Let Vs bea setof vertices.
Any Euclideanp-simplex s0, with 0 � p � k, generatedby
asetof verticesVs0 � Vs of cardinalityp+ 1 � d, is calleda
p-faceof s. Whenever no ambiguityarises,thedimension-
ality of s0 canbeomitted,ands0 is simply calleda faceof
s. Any faces0 of s suchthats06= s is calleda properface
of s. Theemptysetis a (-1)-faceof all simplexes.If s 0 is a
faceof s, thens is calledaco-faceof s0.

A �nite collectionS of Euclideansimplexesformsa Eu-
clideansimplicialcomplex if andonly if (i), for eachsimplex
s 2 S, all facesof s belongto S, and(ii), for eachpair of
simplexess ands0, eithers \ s0 = ; or s \ s0 is a faceof
boths ands0. If d is themaximumof thedimensionsof the
simplexes in S, we call S a d-dimensionalsimplicial com-
plex, or a simplicial d-complex. The domain, or carrier, of
a Euclideansimplicial d-complex S embeddedin En, with
0 � d � n, is thesubsetof En de�ned by theunion,aspoint
sets,of all thesimplexesin S.

Theboundaryb(s) of a simplex s is thesetof all proper
facesof s in S. Theco-boundary, or star, of a simplex s is
de�ned as?s = f x 2 S j s is a faceof xg. In thefollowing,
we will call restrictedstar of a simplex s, ?s � f sg, and
we denoteit asst(s). The link of a simplex s is de�ned as
lk(s) = f t 2 S j 9x 2 st(s) suchthat t is a co-faceof x
andt 62st(s)g. A simplex s is calleda top simplex of S if

?s = f sg A d-complex S, in which all top simplexes are
d-simplexes,is calledregular (or uniformlyd-dimensional).

Two simplexes are called k-adjacentif they sharea k-
face.Two p-simplexes,0 < p � d, aresaidto be adjacent
if they are(p� 1)-adjacent.Two vertices(i.e., 0-simplexes)
are called adjacentif they are both incident at a common
1-simplex. An h-path is a sequenceof (h+ 1)-simplexes
(s i)

k
i= 0 suchthat two consecutive simplexess i� 1 ands i in

thesequenceareh-adjacent,0� h� d� 1. Two simplexess
ands � aresaid to be h-connectedif andonly if thereex-
ists an h-path(s i)

k
i= 0 suchthat s is a faceof s0 ands � is

a faceof sk. A sub-complex of S is de�ned by any subset
S� of simplexesof S suchthat S� is a simplicial complex.
A sub-complex S� of a complex S is called h-connected
if and only if any two simplexes of S� are h-connected.
Any maximalh-connectedsub-complex of a complex S is
calledanh-connectedcomponentof S. A 0-connectedcom-
ponentis calledaconnectedcomponent. Wecall anh-cluster
an(h� 1)-connectedcomponentin which all top simplexes
havedimensionh.

An h-simplex s in a regular d-complex S, 0� h � d� 1
is a manifoldh-simplex if andonly if thereareat mosttwo
(h+ 1)-simplexesincidentat s. An h-pathsuchthatany two
consecutive simplexes in the path are adjacentthrough a
manifold h-simplex is calleda manifoldpath. Two (h+ 1)-
simplexesareh-manifoldconnectedif andonly if thereex-
ists a manifoldh-pathconnectingthem.A regular (d� 1)-
connectedd-complex in which all (d � 1)-simplexes are
manifold is calleda (combinatorial)pseudo-manifold(pos-
sibly with boundary).Figure1(a)showsacomplex, whichis
a 2-clusterbut not a pseudo-manifold.A regulard-complex
S is calledaninitial quasi-manifoldif andonly if every pair
of d-simplexesin therestrictedstarof every vertex of S are
(d� 1)-manifold-connectedwithin therestrictedstar. Figure
1(b) shows an exampleof a pseudo-manifoldthat is not an
initial quasi-manifold(becauseof thestarof vertex v).

1df

2df

3df
v

(a) (b)

Figure1: (a) A 2-clusterwhich is nota pseudo-manifold,(b)
a pseudo-manifoldwhich is notan initial quasi-manifold.

A simplicial d-complex S embeddedin theEuclideand-
dimensionalspaceEd hasthefollowing properties:

1. S is apseudo-manifold;
2. The top simplexesincidentat any (d� 2)-simplex s can

beorderedarounds.

If a simplicial d-complex is embeddedin theEn, wheren >
d, thenS is not necessarilya pseudo-manifold,i.e., we can
haveseverald-simplexesin thestarof a(d� 1)-simplex. The
secondpropertyholdsfor all (n� 2)-simplexes,if d � n� 1.
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We call a k-simplex s in a simplical d-complex a non-
manifoldsimplex if andonly if lk(s) consistsof morethan
oneconnectedcomponent.Figure2 showsexamplesof non-
manifold simplexes in a simplicial 3-complex. Figure 2(a)
shows a non-manifoldedgee, thelink of e is highlightedin
Figure2(b).Figure2(c) showsanexampleof anon-manifold
vertex v.
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Figure2: Singularitiesin 3D simplicial complexes

S

v
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v
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Figure 3: A 3D simplicial complex S (a) and a hexagonal
pinchedpiesubdividedin S (b)

Thereis a distinctionbetweenthe non-manifoldproper-
tiesof asimplicialcomplex andthenon-manifoldproperties
of its domain.For instance,vertex v in the pinchedpie in
Figure3(a)doesnotsatisfyourde�nition of anon-manifold
vertex, but it is a non-manifoldsingularityin thedomainof
thecomplex, seeFigure3(b).

Let S bea simplicial d-complex andlet s 2 S, with 0�
p� d. Wede�ne thefollowing topological relations:

� For 0 � q � p� 1, boundaryrelationRp;q(s) consistsof
thesetof q-simplexesin thesetof facesof s.

� For p+ 1 � q � d, co-boundaryrelationRp;q(s) consists
of thesetof q-simplexesin thestarof s.

� For p > 0, adjacencyrelation Rp;p(s) is the set of p-
simplexesin S thatare(p� 1)-adjacentto s.

� AdjacencyrelationR0;0(s), wheres is a vertex, consists
of thesetof verticess0 suchthatf s;s0g is anedgeof S.

We call constantany relationwhich involvesa constant
numberof entities.Notethatboundaryrelationsareconstant
in a simplicial complex. Relations,which involve a variable
numberof entities,arecalledvariable. Co-boundaryandad-
jacency relationsarevariablerelations.Wecall analgorithm
whichretrievesatopologicalrelationRoptimalif andonly if
it retrievesrelationR in time linearin thenumberof entities
involvedin R.

3. Data structur esfor d-dimensionalsimplicial
complexes

A widely-useddimension-independentdata structure for
simplicial d-complexesis theIndexeddatastructure, which
encodes,for eachtop k-simplex s, relationRk;0(s), i.e., the

indexes to its (k + 1)-vertices.Only boundaryrelationsof
type Rk; j (s), j < k, for any top k-simplex s, can be ex-
tractedin optimal time from it. Note that the j-simplexes
on theboundaryof s aredescribedthrough j + 1 vertex in-
dexes.Here,however, weareinterestedin so-calledtopolog-
ical datastructures, which alsoencodeadjacency andinci-
denceinformationamongsimplexes.

A verycommondatastructureusedfor simplicialpseudo-
manifolds is the Indexed data structure with Adjacencies
(IA)[Nie97] (alsocalledwinged representation[PBCF93]),
whichencodes,for eachd-simplex s in acomplex, relations
Rd;0(s) andRd;d(s) (whichis aconstantrelationfor pseudo-
manifolds).TheIA datastructurecanbeextended,whenre-
strictedto initial quasi-manifolds,by encoding,for eachver-
tex v, relationR0;d(v), i.e., oned-simplex in the starof v.
This extensionallows extractingall simplexesin thestarof
a vertex in time linearin thenumberof suchsimplexes,i.e.,
all R0;k(v) relations,where0 � k � d, in time linear in the
numberof k-simplexesin R0;k(v), which is optimal.

To the extent of our knowledge,only threedimension-
independenttopologicaldatastructureshave beenproposed
in theliteraturefor d-dimensionalsimplicialcomplexeswith
a completely generaldomain, namely, the Initial Quasi-
Manifold (IQM) data structure [DMMP03], the Incidence
Graph [Ede87] and the Simpli�ed IncidenceGraph (SIG)
[DGH04].

3.1. The Initial Quasi-Manifold data structur e
TheInitial Quasi-Manifold(IQM) datastructure[DMMP03]
describesthedecompositionof a simplicial complex into k-
dimensionalinitial quasi-manifoldcomponents,which are
nearlymanifold in their properties.Intuitively, the decom-
position of S is obtainedby cutting the complex at non-
manifoldsimplexes.Figure4(b) shows anexampleof a de-
compositionof thecomplex shown in Figure4(a) into three
initial quasi-manifoldcomponents.In [DMMP03], analgo-
rithm hasbeenproposed,which computesa uniquedecom-
position,calledstandard decomposition, of a simplicial d-
complex into initial quasi-manifoldcomponents.

The basisof the IQM datastructurearean extendedin-
dexed datastructurewith adjacenciesto encodeeachIQM
componentand a hypergraph describinghow the compo-
nentsare connectedtogetherin the decomposition.An h-
dimensionalIQM can be effectively describedby an ex-
tendedindexeddatastructurewith adjacencies,sincethestar
of eachvertex in theIQM canbetraversedby usingrelations
R�

0;h plusRh;h.
The connectionamongcomponentsis describedthrough

theverticesboundingthek-simplexes,which aresharedby
morethanoneIQM component.A vertex v of S, which is
sharedby several IQM components,is calleda split vertex.
Thecopy of split vertex v in acomponentCi , to whichvertex
v belongs,is denotedasvi andit is calledavertex copy. The
relationsamongthe componentsin an IQM decomposition
of a complex describedby the split verticesis represented

c
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asa hypergraphH, in which the nodescorrespondto IQM
componentsandeachhyperarccorrespondsto a split vertex
v andit connectsall componentsCi sharingv. In theexample
shown in Figure4, vertex v in Figure4(a)is split intovertices
v1, v2 andv3 in thedecompositionshown in Figure4(b). In
the hypergraphshown in Figure4(c), a hyperarcassociates
v with thethreecomponentsC1, C2 andC3 throughthethree
vertex copies.

we

df2df1

1t

v

w

v1weC1

df1

v2 v3

df2
1w1t

C2

C32w

w

v
C2 C3

v2 v3

w2w1

v1

C1

(a) (b) (c)

Figure4: IQM decompositionof a complex

Thehypergraphis encodedin thefollowingdatastructure:
� for eachcomponentCi : a referenceto the extendedIA

datastructuredescribingCi ;
� for eachhyperarc:thecorrespondingsplit vertex v andthe

vertex copiesof v;
� for everyvertex copy vi correspondingto split vertex v:

– thecomponentcontainingvi ;
– a referenceto its hyperarc,i.e.,v.

The hypergraph supportsa vertex-basedtraversal among
componentsconnectedthroughthesamehyperarc.Givena
vertex copy vi from any componentCi , we can follow the
referenceto its hyperarcand�nd all othervertex copiesv j
connectedwith v, aswell asall othercomponentssharingv.

3.2. The IncidenceGraph
TheIncidenceGraph(IG) [Ede87] encodesall thesimplexes
of any givensimpliciald-complex S, andthefollowing topo-
logical relations:
� for eachp-simplex s, where0< p� d, boundaryrelations

Rp;p� 1(s),
� for eachp-simplex s, where0� p< d, co-boundaryrela-

tionsRp;p+1(s)
Thus,for eachp-simplex s, the IG encodesits immediate
boundary, andits immediateco-boundary.

3.3. The Simpli�ed IncidenceGraph
TheSimpli�ed IncidenceGraph(SIG)[DGH04] is basedon
theconceptof h-cluster(seeSection2. TheSIG encodesall
simplexesin asimplicialcomplex S aswell asthefollowing
topologicalrelations:
� for eachp-simplex s, where0< p� d, boundaryrelations

Rp;p� 1(s),
� for each p-simplex s, where 0 � p < d, partial co-

boundaryrelationsR�
p;q(s) (whereq> p), which is de-

�ned as follows: R�
p;q(s) consistsof one arbitrarily-

selectedq-simplex, for eachq-clusterin therestrictedstar
st(s) of s. In theexampleof Figure2(c), t2 andt3 form a
3-cluster. R�

0;3(v) = f t1; t2; t4g.

Notethatpartialco-boundaryrelationR�
d� 1;d(s) is thesame

as co-boundaryrelation Rd� 1;d(s). If the domain of S is
manifold, all partial co-boundaryrelationsare empty with
the exceptionof R�

p;d(s), which consistsof at mosttwo d-
simplexes.

3.4. Comparison

All threedatastructureshave the sameexpressive power.
While the IQM datastructureis obviously decomposition-
based,theSIGencodessomehow adecompositionof thestar
of a simplex. Note that the two decompositionsarenot the
same.A manifold-connectedh-componentis generallymore
tightly connectedthananh-cluster. Thestarof vertex v in the
complex in Figure5(a) consistsof four IQM componentsas
shown in Figure5(b), but it hasonly two 3-clustersandone
2-cluster, asshown in Figure5(c).

3t
1t

2t 1df 2df

3df
v

(a) (b) (c)

Figure 5: (a) Star of v; (b) IQM componentsat v; and (c)
Clustersat v

The IQM datastructureencodesonly the top simplexes
andthe vertices,while both the IG andthe SIG encodeall
simplexes.TheIQM datastructureis adjacency-based,since
it encodesthe adjacency relationamongtop simplexesjust
like the IA datastructureandits extensions.The othertwo
areincidence-based,sincethey encodeonly incidencerela-
tions. In the IG, the numberof co-boundaryrelationsen-
codedis the sameas the boundaryrelationsencoded.The
numberof partialco-boundaryrelationsencodedin theSIG
dependson the numberof q-clustersincidentat eachsim-
plex. TheIG is conceptuallysimpler, but de�nitely lesscom-
pactthantheothertwo datastructures.

A p-simplex s, that is not explicitly encodedin theIQM
datastructure,is representedeitherthrougha subsetof ver-
ticesin Rk;0(s0), wheres0 is a top k-simplex incidentat s,
or by addressings asa p-faceof s0. Sinceit generalizesthe
extendedindexed datastructurewith adjacencies,the IQM
structuremostef�ciently answersquerieson top h-simplex
s regardingits vertices(i.e.,Rh;0(s) relation)andits neigh-
boursof dimensionh (i.e., Rh;h(s) relation).For extracting
co-boundaryrelationfor a simplex s, thegeneralstrategy is
to retrieve a vertex v of s, traverseall the top simplexesin-
cidentatv andextractfrom themtherelevantsimplexesthat
areincidentat s.

TheIG mostef�ciently supportsqueriesabouttheimme-
diateboundaryRh;h� 1(s), or co-boundaryRh;h+ 1(s) of an
h-simplex s. It supportsa simple recursive strategy to re-
trieve all othertopologicalboundaryandco-boundaryrela-
tions.Adjacenciesrelationsareretrieved in two steps:�rst,
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Figure6: Propertiesof simplicial complexesin 3D space

the immediateboundaryof the query p-simplex s is re-
trieved;andthen,for each(p� 1)-faceof s, its immediate
co-boundarysimplexesareextracted.

Boundaryrelationsareretrievedfrom theSIGin thesame
way asfrom the IG. Thegeneralstrategy for retrieving co-
boundaryrelationsat a simplex s consistsof performinga
traversalof thestarof s, andthenretrieving theboundaryre-
lationsof thetopsimplexesin thestars. Thestrategy for re-
trieving adjacency relationsats consistsof retrieving theco-
boundaryrelationsfor thesimplexesthatarein theboundary
relationof s [DGH04].

In summary, all threedatastructurescansupportthe re-
trieval of boundaryrelationsRp;q; p > q andof co-boundary
relation Rd� 1;d and R0;q in optimal time. The other co-
boundaryrelationsRp;q(s);0 < p < q canberetrievedfrom
the IG andthe SIG in optimal time but not from the IQM
datastructure.Similarly, in retrieving adjacency relations,
the IG andtheSIG areoptimal,but the IQM datastructure
is not.[DH05]

4. Data structur e for 3D simplicial complexes

In this Section,we discussa data structuresspeci�c for
three-dimensionalsimplicial complexes, the Non-Manifold
Indexed data structure with Adjacencies(NMIA) [DH03].
We compareit with the three-dimensionalinstancesof the
datastructuresdescribedin Section3.

We considersimplicial 3-complexesembeddedin E3. In
suchcomplexes,wecall atop2-simplex adanglingface(for
instance,triangledf in Figure6(a)), anda top 1-simplex a
wire edge (for instance,edgewe in Figure6(a)). Eachsub-
complex of st(e) boundedby a connectedcomponentof
lk(e) at an edgeis calledan edge-basedcluster. An edge-
basedclustermay consistof just one single danglingface
(suchasdf in Figure6(b) andthethreefacesin Figure6(c)),
onesingletetrahedron,or a fanof tetrahedra(suchast1, t2
andt3 in Figure6(b)).

4.1. The Non-Manifold Indexeddata structur ewith
Adjacencies

TheNon-ManifoldIndexeddatastructure with Adjacencies
(NMIA) [DH03] encodesthe vertices,all the top simplexes
of a simplicial 3-complex andthe following topologicalre-
lations:

� For eachtetrahedront:
– relationR3;0(t);
– relationR3;3(t);

– for each non-manifold edge e of t, relation
R3;clusters(t), which encodes the preceeding and
thesucceedingtop simplexes,arounde, whenthattop
simplex is not in the sameedge-basedcluster as t.
For example,in Figure 6(b), R3;clusters(t3) at edgee
consistsof t4, but not t2.

� For eachdanglingfacef :
– relationR2;0( f );
– for each non-manifold edge e of f , relation

R2;clusters( f ), which encodesthe preceedingand the
succeedingtop simplexes, arounde. In Figure 6(b),
R2;clusters(d f ) atedgeeconsistsof t4 andt1

� For eachwire edgew: relationR1;0(w);
� For eachvertex v: relation R0;clusters(v) which encodes

one top simplex from eachconnectedcomponentin the
restrictedstarof v

The NMIA data structure is a non-manifold exten-
sion of the extendedIA data structure(IA) and thus it
is an adjacency-baseddata structure.The multiple con-
nected componentsat non-manifold vertices and non-
manifold edgesthrough relations R2;clusters for dangling
faces,R3;clusters for tetrahedron,andR0;clusters at vertices.

Thestoragecostof theNMIA datastructureis asfollows:
8n3 + 3nt

2 + 2nt
1 + Ce + Cv, wheren3 is the total numberof

tetrahedra,nt
2 the total numberof danglingfaces,nt

1 the to-
tal numberof wire edges,Ce thetotalnumberof edge-based
clustersat non-manifoldedgesandCv the total numberof
connected-componentsat all vertices.Whenthe domainof
the complex is manifold,Ce = nt

2 = nt
1 = 0 andCv = n0.

ThustheNMIA structureencodes8n3+ n0, exactlythesame
amountof informationastheextendedIA structurefor sim-
plicial 3-complexes.

4.2. Comparison

Both the NMIA and the IQM datastructuresencodeonly
top simplexes, while the IG and the SIG encodeall sim-
plexes. We can observe that the NMIA structureencodes
informationon singularitiesmainly from theperspective of
the top simplexes,that is, given a top simplex, we cantell
whether it is a non-manifoldsingularity, or its boundary
is a non-manifoldsingularity. The IQM structureencodes
non-manifoldinformationat thevertices.TheSIG encodes
non-manifold information at the non-manifoldsimplexes,
namely, throughthe presenceof several clustersin its star.
TheIG makesno explicit distinctionbetweenmanifoldand
non-manifoldsimplexes.

We comparethestoragecostof theNMIA, of the3D in-
stancesof theIG, theSIGandtheIQM datastructuresonthe
� vedatasetsshown in Table1(a).Thebunny datasetis man-
ifold. Thespidercontainscomparablenumbersof tetrahedra
anddanglingfaces.The otherdatasetshave small number
of singularities.Table1(b) showsthestoragecostof thefour
datastructures.We canseethetheIG usesabout1.38times
asmuchstorageastheSIG andat least3 timesthestorage

c
 TheEurographicsAssociation2005.



L. DeFloriani & A. Hui / Datastructuresfor simplicial complexes:ananalysisanda comparison

sizeof the NMIA. The IQM datastructureis only slightly
largerthantheNMIA datastructureandin themanifoldcase
they arealmostequivalent.

Dataset V WE DF T Ce Cv� n0 niqm

bunny 443 0 0 1996 0 0 1
dragon 1485 0 0 4996 0 8 1
hand 3139 1 1 9986 4 4 2
chime 246 7 9 360 18 30 27
spider 1250 0 1989 503 44 0 2

(a)

Dataset NMIA IQM IG SIG

bunny 16.4k 16.4k 51.4k 36.8k
dragon 41.46k 41.48k 137.2k 97.70k
hand 83.04k 83.05k 276.8k 197.1k
chime 3.20k 3.32k 11.90k 8.51k
spider 17.22k 17.36k 39.56k 30.06k

(b)

Table1: (a) Fivedatasets:V=# vertices,WE=#wireedges,
DF=# danglingfaces,T=# tetrahedra; (b) Storage costof
thefour datastructuresfor thedatasetsin (a).

All four datastructureareableto supporttheretrieval of
all topologicalrelations.The NMIA datastructurebehaves
like theIQM structurein extractingboundaryrelations.For
co-boundaryrelations,top simplexes incidentat an edgee
areorderedasclusters.Thus,they canberetrievedby using
relationsR3;clusters andR2;clusters at the top simplexesinci-
dentat e. Top simplexes incidentat a vertex v mustbe re-
trievedby traversingthestarof v throughrelationR0;clusters.

Table2 summarizesthetimecomplexity of thealgorithms
for retrieving topologicalrelationsfor theNMIA datastruc-
ture andthe 3D instancesof the IQM datastructure,of the
SIG andof the IG. RelationsR1;3 andR0;3 canberetrieved
from theNMIA datastructurein sub-optimaltime. [DH03]

Becauseof its compactness,the implementationof the
NMIA datastructureis morecomplex thanthe SIG or the
IG. A non-optimizedimplementationof theIQM datastruc-
tureis notdif�cult. Themajorproblemis thatthedecompo-
sition algorithmneedsto beappliedto any givensimplicial
complex for computingit [DMMP03]. Algorithm for updat-
ing an NMIA datastructurethroughedgecollapseand its
reverse,vertex split, aredescribedin [DH04]. We have de-
velopedalgorithmsfor performingvertex pair collapseon
theSIG [DH05]. Similar algorithmshave beenproposedfor
the IG [PH97]. No algorithmhasbeendevelopedto update
thedecompositiononwhich theIQM datastructureis based
whentheunderlyingsimplicial complex is modi�ed.

5. Data structur esfor 2D simplicial complexes
In this Section, we discuss data structures for two-
dimensionalsimplicial complexesembeddedin E3. We re-

Relations NMIA IQM IG & SIG

Rp;q; p < q optimal optimal optimal

R2;3 optimal optimal optimal

R1;3 O(ns ) O(nv) for optimal
v 2 R1;0(s)

R1;2 optimal O(nv) for optimal
v 2 R1;0(s)

R0;3 O(ns ) optimal optimal

R0;2 & R0;1 optimal optimal optimal

R3;3 optimal optimal optimal

R2;2 & R1;1 optimal O(nv) for optimal
v 2 Rk;0(s);k= 1;2

R0;0 optimal optimal optimal

Table 2: Retrieving topological relationsof a simplex s in
3-complexes:ns denotesthenumberof top simplexesin the
starof s, v is a vertex of s, andnv denotesthenumberof top
simplexesin thestarof v.

view andanalyzean adjacency-baseddatastructurecalled
theTriangle-Segment(TS)datastructure[DMPS04], which
extends the IA data structureto generalsimplicial com-
plexes,andthreeedge-baseddatastructures,namely:

� a specializationwe have performedof the Partial Edge
(PE) datastructure[LL01] originally designedfor cell 2-
complexesembeddedin E3,

� the Loop Edge-use(LE) datastructure[McM00], which
specializestheRadialEdge(RE) datastructureproposed
by Weiler [Wei88] for cell 2-complexesto regularsimpli-
cial 2-complexes,in which thestarof a vertex consistsof
asingleconnectedcomponent,

� the DirectedEdge (DE) data structure [CKS98], which
canencodeany simplicial complexesembeddedin E3.

The specializationsof the PE and the LE are detailedin
[DH05]. We have also de�ned a specializationof the RE
datastructureto generalsimplicial complexes,which we do
not presenthere,sincethePEdatastructureis a morecom-
pact representationwith the sameexpressive power as the
REdatastructure[LL01].

5.1. The Triangle-Segmentdata structur e

The Triangle-Segment (TS) data structure[DMPS04] en-
codesall vertices,andtop simplexes,i.e., trianglesandwire
edgesin a simplicial complex toegetherwith the following
topologicalrelations:

� For eachtrianglet:
– boundaryrelationR2;0(t);
– relationR�

2;2(t) that, for eachedgee of t, encodesthe
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triangle(s) that are immediatelyprecedingand suc-
ceedingt in counter-clockwiseorder aroundedgee.
In theexampleof Figure6(c), R�

2;2( f2) = f f1; f3g.

� For eachvertex v:
– relationR�

0;2(v) which encodesone triangle for each
connectedcomponentof lk(v)

– relationR�
0;0(v), whichis theR0;0(v) relationrestricted

to wire edges.Thus,w is in R�
0;0(v) if andonly if f v;wg

is awire edge.

In the TS data structure,edgesare not encoded.Wire
edgesareimplicitly representedthroughR�

0;0 relations.No-
tice that relation R�

2;2(t) in the TS is equivalent to the
R2;clusters(t) relationin the NMIA datastructure.Relations
R�

0;2(v) andR�
0;0(v) togetherareequivalent to R0;clusters(v)

relation.Theonly differenceis thatwire edgesareimplicitly
describedin theTSdatastructure.

The storagecostof the TS datastructureis equalto 6n2
+ Ce + Cv, wheren2 is the total numberof triangles,Ce the
total numberof edge-basedclustersat non-manifoldedges
andCv thetotalnumberof connected-componentsatall ver-
tices.For amanifolddomain,Ce = 0 andCv = n0, sotheTS
encodes6n2 + nv piecesof information,which is the same
asthespacerequiredby the2D instanceof theextendedIA
datastructure.

Algorithms for retrieving topological relations are de-
scribedin [DH05]. In [DMPS04], algorithmsfor perform-
ing vertex pair contractionandvertex split on a simplicial
complex encodedin theTS datastructurearepresented.All
topologicalrelationscanbe retrieved in optimal time from
theTSdatastructure[DH05].

5.2. Edge-baseddata structur es

5.2.1. The Partial Entities data structur e

The Partial Entities (PE) data structure [LL01] hasbeen
proposedfor cell complexes.It encodes:edges, andvertices,
plustwo orientedentities,i.e., facesandpartial-edges. Each
faceis boundedby oneorientedloop, which consistsof a
circle of partial-edges.Eachpartial-edgecorrespondsto the
appearanceof anedgeon theorientedloopboundinga face.
Thus, if thereare m facesincident at edgee, the PE data
structurestoresm partial-edgescorrespondingto e. A wire
edgewehasa loop thatconsistsof two partial-edgesof we.

Wehavesimpli�ed theoriginalPEdatastructure,bydrop-
ping the loops and entities like the shell and the region,
which have beenintroducedin the PE structureto encode
objectswith severalboundariesandseveralconnectedcom-
ponents.ThePEdatastructurefor simplicial complexesen-
codesthe following information(we refer to Figure7 to il-
lustrateit):

� For eachfacef : areferenceto apartial-edgeonits bound-
ary. (In Figure7, f1 hasa referenceto ep1);

� For eachedgee, a referenceto a partial-edgethat de-
scribese. (In Figure7, ehasa referenceto ep1);

p4e

v

p6e

p2e
p3e

p1e

p5ep7e

e

f1
f2f3

Figure 7: Elementsof thePE structure: relationsat a non-
manifoldedgeesharedby threefaces: f1; f2, f3

� For eachpartial-edgeep boundingfacef , thereis a refer-
enceto eachof the following: (seeep1 in Figure7 asan
example)
– thecorrespondingedgee (e in theexample);
– thefacef ( f1 in theexample);
– thepreviousadjacentpartial-edgeorderedin counter-

clockwisedirectionarounde (ep4 in theexample);
– thenext adjacentpartial-edgeorderedarounde(ep6 in

theexample);
– the previous partial-edgein counter-clockwisedirec-

tion on theboundaryof f (ep3 in theexample);
– thenext partial-edgeon theboundaryof f (ep2 in the

example);
– thestartvertex of ep (v in theexample);

� For eachvertex v: thelist of partial-edgesep thatstartatv
(In Figure7, v hasreferencesto ep1, ep5 andep7.)
We canexpressthe informationencodedin the special-

izedPEdatastructurein termsof topologicalrelations.The
formalizationof thePEdatastructurecanbesummarizedas
follows:
� For eachtriangle f : relationR�

2;1( f ), which encodesone
edgeon theboundaryof f ,

� For eachedgee:
– RelationR1;2(e), orderedaroundedgee, so that the

i-th elementin R1;2(e) is thei-th triangleincidentate;
– Partial relation R�

1;1(e) which is de�ned as follows:
R�

1;1(e) consistsof the edgeson the boundaryof the
trianglesincidentat e andsharingoneextremevertex
with e. The elementsin relation R�

1;1(e) are ordered
so that both the 2i-th and the (2i+ 1)-th elementsin
R�

1;1(e) areon thei-th trianglein R1;2(e).
– RelationR1;0(e);

� For eachvertex v: relationR0;1(v), unordered.
RelationsR1;2(e), R�

1;1(e) andR1;0(e) for edgeedescribethe
informationencodedat edges.R1;2(e) describestherelation
betweenan edgeand a triangle de�ned by a partial-edge.
RelationR�

1;1(e) capturestheassociationbetweena partial-
edgeep and the edgesfollowing andpreceedingep in the
boundaryof thetriangle f with which ep is associated.The
adjacency of partial-edgesat the sameedgee is implicitly
expressedthroughtheorderin R�

1;1(e).

5.2.2. The Loop Edge-usedata structur e
The Loop Edge-use(LE) data structure [McM00] simpli-
�es the RE data structure[Wei88] developed for cell 2-
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complexesembeddedin E3 to regularsimplicial complexes
in which non-manifoldsingularitiesoccur only at edges.
Thus,the LE datastructuredoesnot representwire edges,
andis basedon the assumptionthat the link of eachvertex
consistsof asingleconnectedcomponent.

In thisrepresentation,each2-simplex hasasingleorienta-
tion.Theentitiesencodedby theLE datastructureare:faces,
edges,verticesandedge-uses, whereanedge-useis similar
to thepartial-edgein thePEdatastructureandrepresentsthe
associationbetweenanedgeandatriangleincidentat it. The
LE structureencodesthefollowing information:(wereferto
theexamplesin Figure8 to illustrateit)

� For eachfacef , areferenceto oneedge-useonthebound-
aryof f (In Figure8(a), f1 hasa referenceto eu1);

� For eachedgee, a referenceto oneedge-usethat is asso-
ciatedwith e (In Figure8(a),ehasa referenceto eu1);

� For eachedge-useeu on theboundaryof facef , thereis a
referenceto eachof thefollowing: (Weillustratethe�elds
of eu with eu1 in Figure8(a).For clarity, we illustratethe
lastof �eld of eu with eu1 in Figure8(b).)
– thefacef ( f1 in theexample);
– the correspondingunorientededgee (e in the exam-

ple);
– the next adjacent edge-useordered around e in

counter-clockwisedirection(eu5 in theexample);
– theedge-usefollowing eu in counter-clockwisedirec-

tion on theboundaryof f (eu2 in theexample);
– thestartvertex v of eu (v in theexample);
– thenext edge-usethatstartsatv (In theexampleof Fig-

ure 8(b), the threeedge-usesstartingat v areeu1;eu5
andeu7 in counter-clockwiseorder. eu1 hasareference
to eu5);

� For eachvertex v, a referenceto anedge-usethatstartsat
v (In Figure8(b), v hasa referenceto eu1);

u4e

v

u5e

u2e
u3e

u1e

u6e

e

f1
f2f3

f4
u2e

u3e

u1e

u4e

u6e

u5e

u7e

v

f2

f1f3

(a) (b)

Figure 8: Elementsof theLE structure: (a) Edge-usesof a
non-manifoldedge e sharedby four faces: f1; f2, f3, f4; (b)
Edge-usesstartingat a vertex v

Theformalizationof theLE datastructurein termsof topo-
logical relationscanbeexpressedasfollows:

� For eachtriangle f : RelationR�
2;1( f ),

� For eachedgee:
– RelationR1;2(e), orderedaroundedgee, so that the

i-th elementis thei-th triangleate;

– Partial relation R�
1;1(e), as de�ned for the PE data

structure(seeSubsection5.2.1);
– RelationR1;0(e);

� For eachvertex v: Partial relationR�
0;1(v), thatassociates

v with oneedgeincidentat v.

Note that it is almostidenticalto that of the PE datastruc-
ture.Theonly differenceis thatR0;1 is encodedasa partial
relationsincetheLE datastructuredoesnot representnon-
manifoldsingularitiesat vertices.

5.2.3. The Dir ectedEdgedata structur e

TheDirectedEdge(DE) datastructure[CKS98] is anexten-
sion of the Half-Edge datastructure[Man87] proposedfor
two-dimensionalcell complexeswith a manifolddomain.It
is basedon the conceptof directededge.A directededge
ed of an edgee in a 2-complex is anoccurenceof e on the
boundarya triangleincidentat e. A directededgeis similar
to the edge-usein the LE datastructureandto the partial-
edge in thePEdatastructure.

In the DE datastructure,the entitiesare directededges
andvertices.Trianglesandunorientededgesarenot explic-
itly encoded.Trianglesareimplicitly encodedby theedges
on their boundary. The associationbetweena triangle and
its threeedgesis throughindexing. The i-th triangle, fi is
describedby the 3i-th, (3i + 1)-th and (3i + 2)-th directed
edges,which form theorientedboundaryof fi . Wire edges
arerepresentedasdirectededges.TheDE datastructureen-
codesthefollowing information:

2v

1v

de''

de'

re
de

f

f '

Figure 9: An illustration of the relationsencodedat a di-
rectededgeed

� For eachtriangle f , thethreedirectededgesonthebound-
aryof f ;

� For eachdirectededgeed ontheboundaryof facef , there
is areferenceto eachof thefollowing entities:(seeFigure
9 for theillustrationof thesymbols)
– thestartvertex v1;
– theendvertex v2;
– theadjacentdirectededgeer that is incidentat v1 and

v2;
– thepreviousdirectededgee00

d boundingf in counter-
clockwiseorder;

– the next directed edge e0
d bounding f in counter-

clockwiseorder;

� For eachvertex v, onedirectededgefrom eachconnected
componentof thelink of v.

Wecanformalizethetopologicalrelationsencodedin the
DE datastructureasfollows:
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� For eachfacef : R2;1( f ), which is encodedimplicitly (the
i-th directededgebelongsto the(i=3)-th triangle);

� For eachedgee:
– RelationR1;0(e);
– Partial relation R�

1;1(e), as de�ned for the PE data
structure(seeSubsection5.2.1);

� For eachvertex v: Partial relationR�
0;1(v), which consists

of oneedgefor eachconnectedcomponentof the link of
v

In our formalization,we have encodedtheunorientededge
e, insteadof its orientededgesand,thus,the informationin
the directededgesin the DE datastructurehasbeentrans-
ferredto the unorientededgeanddescribedby partial rela-
tion R�

1;1(e), andin its ordering.

Thus,theDE structureencodesalmostthesamerelations
asthePEdatastructureexceptfor relationR0;1(v) at vertex
v which is partially encodedin the DE datastructure,but
completelyencodedin thePEdatastructure.

5.2.4. Discussion

The threeedge-basedstructuresare very similar. The LE
datastructurehasa storagecost that is half of that of the
PEdatastructure.In thePEdatastructure,eachpartial-edge
hasa referenceto its previousandnext partial-edgein ccw
orderon the sameface,anda referenceto its previous and
next adjacentpartial-edgeassociatedwith thesameedgeein
ccw order. In theLE datastructure,only theedge-usesfol-
lowing in ccw orderarereferencedin bothcases.Figure10
illustratesthedifferencesthroughthearrowswhichshow the
referencesencodedin eachstructure.TheDE datastructure

p1e

p4e

p2e
p3e

e

v

f1
f2 u1e

u4e

u2e
u3e

e

v

(a) (b)

Figure 10: Comparisonbetween(a) thePE and(b) theLE
datastructures

is slightly morecompactthantheLE datastructurebecause
facesandunorientededgesarenotencodedexplicitly.

All topologicalrelationscanbe retrieved from the edge-
baseddatastructuresin optimaltime,andtheretrieval algo-
rithms arestraightforward [DH05]. For example,retrieving
face-basedboundaryrelationsR2;1, R2;0 involvesfollowing
theorientededgeson the loop boundingthe face.Retrieval
of R1;2(e) for anedgee involvesextractingall theoriented
edgesorderedaroundtheunorientededgee.

5.3. Comparison

TheTS datastructureandthe2D instanceof the IQM data
structureencodeonly topsimplexes.TheIG, theSIG,thePE

andtheLE datastructuresencodeall simplexes.TheDEdata
structureencodesonly orientededgesandvertices.TheLE
datastructurerepresentsonly a subsetof regular simplicial
complexeswhile all othersrepresentarbitrarynon-manifold
complexes.

The TS and the IQM structuresare the most compact
onesbecausethey encodeonly top simplexes.We compare
the variousdatastructureson the datasetsin Table 3(a).
The duck and the headare manifold data sets.The grid
is a regular dataset.The otherscontainnon-manifoldver-
tices and edges.Generally, edge-baseddatastructuresre-
quire more spacethan the incidence-basedstructures.The
DE datastructureis 1.3 to 1.5 timesthesizeof theIG. It is
about1.25 the sizeof the SIG. The IQM is slightly larger
thantheTS.

Dataset V WE F Ce Cv� n0

duck 93 0 182 0 0
head 426 0 829 0 0
grid 200 0 492 256 0
gull 33 1 56 26 2
�nch 629 12 1220 6 24

butter�y 68 11 90 49 21

(a)

Dataset PE LE DE TS IQM SIG IG

duck 6918 3278 2823 1185 1186 1731 2184
head 31.5k 14.9k 13.0k 5379 5380 7908 9990
grid 18.9k 8778 7644 3280 3728 4628 5776
gull 2139 - 876 366 379 534 664
�nch 46.5k - 19.0k 7981 8069 11.6k 14.7k

butter�y 3539 - 1451 628 714 905 1112

(b)

Table 3: (a) Seven data sets: V=# vertices,WE=# wire
edges,F=# triangles;Storage costof datastructures(b) for
2D datasetsin (a).

All edge-baseddatastructures(the PE, the LE and the
DE datastructures),all the incidence-baseddatastructures
(the IG andthe SIG) andthe TS datastructuresupportthe
retrieval of all topologicalrelationsin optimaltime.

In the IQM datastructure,relationsR1;2 andR2;2 canbe
retrieved in sub-optimaltime becauseretrieving theserela-
tions from the IQM structureinvolves visiting all compo-
nentsat a vertex of the edge,and thesecomponentsmay
consistof wire edges.Table4 summarizesthecomparisons
amongthedatastructuresfor 2D simplicial complexes.

6. Conclusion

We have revieweddatastructuresfor simplicial complexes.
TheIQM datastructure,theIG andtheSIG aredimension-
independent.The NMIA data structureis specializedfor
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Aspect PE LE DE TS IQM SIG IG

Domain NM REG NM NM NM NM NM

Entities all all all top top all all

Storagecost high high med low low med med

Retrieval of opt opt opt opt cobound opt opt
relations sub-opt

Table4: Summaryof comparisonsfor datastructuresfor 2-
complexes.For domain:NM=non-manifold,REG=regular.
For entities: top=top simplexes,all=all simplexes.For re-
trieval of relations:opt=optimal,sub-opt=sub-optimal.

complexes in E3. We have reviewed the TS datastructure
andthreeedge-baseddatastructures,namely, thePE,theLE
andtheDE datastructures,for 2D simplicial complexes.

The most compactdata structuresare adjacency-based
representations,while edge-basedonesarethe mostspace-
consuming.Incidence-basedstructuresare in the middle
rangefor storagecost.

Almost all thesedatastructuressupportthe retrieval of
topologicalrelationsin optimaltime,exceptfor theIQM and
the NMIA datastructuresfor selectedrelations.The IQM
datastructureis moredif�cult to updatethantheotherones
becausethe decompositionof the complex, on which it is
based,mustbemaintainedateachupdate.
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