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Abstract

In this paper we review, analyzeand compae representationgor simplicial complexes.We classifysud repre-
sentationshbasedon thedimensiorof the complexesthey canencodeinto dimension-independestructues,and
datastructuesfor three-andfor two-dimensionasimplicial complees.We further classifythe datastructuesin
ead groupaccouding to thebasickindsof thetopolagical entitiesthey representWe presenta descriptionof eath
datastructure in termsof the entitiesandtopolagical relationsencodedandwe evaluateit basedonits expressive
power on its storage costand on the efciency in supportingnavigationinside the comple, i.e., in retrieving
topolagical relationsnot explicitly encodedWe compae the variousdata structulesinside ead category based

ontheabovefeatues.

1. Intr oduction

Cell and simplicial complexes are widely usedrepresenta-
tions for multi-dimensionalgeometricobjectsin geometric
andsolid modeling,in nite elementanalysisandin visu-
alisation.In particular simplicial complees have receved
great attention, since their combinatorialpropertiesmake
themeasietto encodeandmanipulateHere,we review data
structuresfor generalsimplicial complees, i.e., for sim-
plicial compleces which describenon-manifoldand non-
regularobjectsin two, threeandhigherdimensionsA man-
ifold (with boundary)is a subseif the Euclideanspacefor
whichtheneighborhooaf eachinternalpointis homeomor
phicto anopenball andthe neighborhooaf eachboundary
point to an openhalf-ball. Objectsthat do not ful ll such
propertiesat one or more points are called non-manifold
objects.Non-manifoldobjects,which are also non-reyular,
containpartsof differentdimensionalities.

Several datastructureshave beenproposedn the litera-
ture for representingnanifold objectsdiscretizedascell or
simplicial complexes. Data structuresfor two-dimensional
cell compleesincludethe Winged-Edg@ [Bau73, the Half-
Edge [Man87, the DCEL [MP78, the Quadedg [GS8]
andtheLath[JLMO02]. TheCornertable[RSS0] datastruc-
turehasbeenproposedor two-dimensionasimplicial com-
plexes.TheFacet-Edg[DL89] andtheHandle-Face[LT97]
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data structureshave beenproposedfor three-dimensional
complees. Dimension-independertatastructuresnclude
theCell Tuple[Bri89] andthenG-map[Lie91] for cell com-
plexes,andthe Indexeddatastructue with adjacencieglA)
[Nie97, PBCF93 for simplicial complexes. Datastructures
for two- and three-dimensionasimplicial compleces have
beenreviewedin [DKPO04.

Here, we focus on data structuresfor generalsimpli-
cial complexes. We classify suchdatastructuresinto three
groups:incidence-baseddjacency-base@ndedge-based
Incidence-basedatastructuresencodeonly the incidence
relationsamongsimplexes. Suchdatastructuresprovide a
hierarchicaperspectie of theboundariesindco-boundaries
of simplexes. Adjaceng-baseddatastructuresencodeonly
top simplexes (i.e., simplexes of maximal dimensionor
which are not on the boundaryof ary othersimplex) with
their verticesandtheir adjacentop simplexes.Usually, this
leadsto more compactrepresentationsEdge-baseddata
structuresare speci ¢ for two-dimensionakcomplees em-
beddedn the 3D EuclideanspaceThey encodetheedgeas
basicentity andits relationswith othersimplexes (vertices
andtriangles).We classifythe datastructuresalsoin terms
of thedimension®f the compleesthey describe.

The remainderof this paperis organized as follows.
Section 2 provides some backgroundnotions. Section 3
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reviews and comparesthree dimension-independerdata
structuresnamely theInitial Quasi-Manifolddatastructure
[DMMPO03], the IncidenceGraphEde87 and the Simpli-
ed IncidenceGrapiDGHO04. Section4 describesa spe-
cializeddatastructurefor three-dimensionaimplicial com-
plexes, namely the Non-Manifold Indexed data structue

with AdjacenciefDH03], and comparest with the 3D in-

stancesof the dimension-independertata structuresana-
lyzed in Section3. Section5 reviews data structuresfor

two-dimensionakimplicial complexesembeddedn the 3D

Euclideanspace.Speci cally, we describea specialization
of the Partial Entities datastructure[LO1] developedfor

cell complees, the Loop Edge-usedatastructureMcMO0Q]

and the Directed Edge data structureCKS9§, which are
edge-basedWe also describea compactadjaceng-based
datastructure,the Triangle S@gmenfDMPS04, which ex-

plicitly encodenly verticesandtop simplexes.Suchdata
structuresare comparedalso with the 2D instancesof the
dimension-independexiatastructurepresentedn Section
3. Finally, Section6 presentsomeconcludingremarks.

2. Background Notions

In this Section,we review some basic notions about Eu-
clideansimplicial complees in arbitrary dimensions,and
abouttopologicalrelations.

A Euclideansimplex s of dimensiork is the corvex hull
of k+ 1 linearly independenpointsin then-dimensionaEu-
clideanspaceE", 0 k n. We simply call a Euclidean
simplec of dimensionk a k-simplex. k is calledthe dimen-
sionof s andis denoteddim(s). Let Vs beasetof vertices.
Any Euclideanp-simplex s® with 0 p  k, generatedy
asetof verticesVso Vs of cardinalityp+1 d, is calleda
p-faceof s. Wheneer no ambiguityarisesthe dimension-
ality of s® canbe omitted,ands s simply calleda face of
s. Any faces®of s suchthats®6 s is calleda properface
of s. Theemptysetis a (-1)-faceof all simplexes.If s%is a
faceof s, thens is calleda co-faceof s°.

A nite collectionS of Euclideansimplexesformsa Eu-
clideansimplicialcompleif andonly if (i), for eachsimplex
s 2 S, all facesof s belongto S, and(ii), for eachpair of
simplexess ands® eithers\ s®=; ors\ s%is afaceof
boths ands® If d is themaximumof the dimensionof the
simplexesin S, we call S a d-dimensionalsimplicial com-
plex, or a simplicial d-comple. The domain or carrier, of
a Euclideansimplicial d-complex S embeddedn E", with
0 d n,isthesubsebf E" de ned by theunion,aspoint
sets,of all thesimplexesin S.

Theboundaryb(s) of asimplex s is the setof all proper
facesof s in S. The co-boundaryor star, of asimplex s is
denedas?s = fx2 Sj s is afaceof xg. In thefollowing,
we will call restrictedstar of a simplex s, ?s fsg, and
we denoteit asst(s). Thelink of asimplex s is de ned as
Ik(s) = ft 2 Sj 9x 2 «(s) suchthatt is a co-faceof x
andt 624(s)g. A simplex s is calleda top simple of S if

?s = fsg A d-complec S, in which all top simplexes are
d-simplexes,is calledregular (or uniformly d-dimensiong|.

Two simplexes are called k-adjacentif they sharea k-
face.Two p-simplexes,0< p d, aresaidto be adjacent
if they are(p 1)-adjacentTwo vertices(i.e., 0-simplees)
are called adjacentif they are both incidentat a common
1-simplx. An h-path is a sequenceof (h+ 1)-simplexes
(si)ik:o suchthattwo consecutie simplexess; 1 ands; in
thesequencareh-adjacentd h d 1.Two simpleess
ands aresaidto be h-connectedf andonly if thereex-
istsan h-path(si)}(zo suchthats is afaceof sg ands is
afaceof si. A sub-comple of S is de ned by ary subset
S of simplexesof S suchthatS is a simplicial complex.
A sub-comple S of a compl S is called h-connected
if andonly if ary two simplexes of S are h-connected.
Any maximal h-connectedsub-complg of a compl S is
calledanh-connectedomponenbf S. A 0-connectedom-
ponents calledaconnecte@domponentWe call anh-cluster
an(h 1)-connectecomponentn which all top simplexes
have dimensiorh.

An h-simplex s in aregulard-complexcS,0 h d 1
is a manifoldh-simplex if andonly if thereareat mosttwo
(h+ 1)-simplexesincidentats. An h-pathsuchthatary two
consecutie simplexes in the path are adjacentthrough a
manifold h-simplex is calleda manifold path Two (h+ 1)-
simplexesareh-manifoldconnectedf andonly if thereex-
ists a manifold h-path connectingthem. A regular (d 1)-
connectedd-complex in which all (d 1)-simplexes are
manifoldis calleda (combinatorial)pseudo-manifoldpos-
sibly with boundary) Figurel1(a) shavs acomple, whichis
a 2-clusterbut not a pseudo-manifoldA regular d-comple
Sis calledaninitial quasi-manifoldf andonly if every pair
of d-simplexesin therestrictedstarof every vertex of S are
(d 1)-manifold-connectedithin therestrictedstar Figure
1(b) shavs an exampleof a pseudo-manifoldhatis not an
initial quasi-manifoldbecausef the starof vertex v).

df

(@ M)

Figure1: (a) A 2-clusterwhich is nota pseudo-manifoldpb)
a pseudo-manifolavhich is notaninitial quasi-manifold.

A simplicial d-complex S embeddedn the Euclideand-
dimensionalspaceEd hasthefollowing properties:

1. Sis apseudo-manifold;
2. Thetop simplexesincidentatary (d 2)-simplex s can
beorderedarounds.

If asimplicial d-comple is embeddedn theE", wheren >

d, thenS is not necessarilya pseudo-manifoldi.e., we can
have severald-simplecesin thestarof a(d 1)-simplex. The
secondpropertyholdsfor all (n  2)-simplexes,ifd n 1.
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We call a k-simplex s in a simplical d-comple a non-
manifoldsimple if andonly if 1k(s) consistsof morethan
oneconnecteadomponentFigure2 shavs examplesof non-
manifold simplexesin a simplicial 3-comple. Figure 2(a)
shavs a non-manifoldedgee, thelink of e is highlightedin
Figure2(b). Figure2(c) shavs anexampleof anon-manifold
vertex v.

Figure 2: Singularitiesin 3D simplicial complees

D

AN
N
@ (b)
Figure 3: A 3D simplicial comple S (a) and a hexagonal
pinchedpie subdividedn S (b)

Thereis a distinction betweenthe non-manifoldproper
tiesof asimplicial complex andthenon-manifoldproperties
of its domain.For instancevertex v in the pinchedpie in
Figure3(a) doesnotsatisfyour de nition of anon-manifold
vertex, but it is a non-manifoldsingularityin the domainof
thecomple, seeFigure3(b).

Let S be a simplicial d-complex andlets 2 S, with O
p d. Wede ne thefollowing topolagical relations

ForO q p 1,boundaryrelationRpq(s) consistof
thesetof g-simplexesin thesetof facesof s.

Forp+1 q d,co-boundaryelationRpqg(s) consists
of thesetof g-simplexesin thestarof s.

For p> 0, adjacencyrelation Rp;p(s) is the setof p-
simplexesin Sthatare(p 1)-adjacentos.
Adjacencyrelation Ry.o(s), wheres is a verte, consists
of the setof verticess " suchthatf s :s% is anedgeof S.

We call constantary relationwhich involvesa constant
numberof entities.Notethatboundaryrelationsareconstant
in asimplicial comple. Relationswhich involve avariable
numberof entities,arecalledvariable Co-boundaryandad-
jaceng relationsarevariablerelations We call analgorithm
whichretrievesatopologicalrelationR optimalif andonly if
it retrievesrelationR in time linearin the numberof entities
involvedin R.

3. Data structuresfor d-dimensionalsimplicial
complexes

A widely-used dimension-independerdata structure for

simplicial d-compleesis the Indexeddata structure, which

encodesfor eachtop k-simplex s, relationRy.o(s), i.e., the

¢ TheEurographic#ssociation2005.

indexesto its (k+ 1)-vertices.Only boundaryrelationsof
type Rej(s), j < k, for ary top k-simplex s, can be ex-
tractedin optimal time from it. Note that the j-simplexes
ontheboundaryof s aredescribedhroughj+ 1 vertex in-
dexes.Here ,however, we areinterestedn so-calledopolay-
ical datastructues which alsoencodeadjaceng andinci-
dencenformationamongsimplexes.

A very commondatastructureusedfor simplicial pseudo-
manifoldsis the Indexed data structure with Adjacencies
(IA)[Nie97] (alsocalledwinged representatiof PBCF93),
which encodesfor eachd-simplex s in acomple, relations
Ry:0(s) andRy.q(s) (whichis aconstantelationfor pseudo-
manifolds).ThelA datastructurecanbeextendedwhenre-
strictedto initial quasi-manifoldshy encodingfor eachver
tex v, relation Ry.4(V), i.e., oned-simplex in the starof v.
This extensionallows extractingall simplexesin the starof
avertex in time linearin the numberof suchsimplexes,i.e.,
all Ry(v) relations,where0 k d, in time linearin the
numberof k-simplexesin Ro.(v), whichis optimal.

To the extent of our knowledge, only three dimension-
independentopologicaldatastructureshave beenproposed
in theliteraturefor d-dimensionakimplicial complexeswith
a completely generaldomain, namely the Initial Quasi-
Manifold (IQM) data structue [DMMPO03], the Incidence
Graph [Ede87 and the Simpli ed IncidenceGraph (SIG)
[DGHO04.

3.1. The Initial Quasi-Manifold data structure

Thelnitial Quasi-Manifold(IQM) datastructurd DMMPO3]

describeshe decompositiorof a simplicial complex into k-

dimensionalinitial quasi-manifoldcomponentswhich are
nearly manifold in their properties.Intuitively, the decom-
position of S is obtainedby cutting the complex at non-
manifold simplexes.Figure4(b) shavs an exampleof a de-
compositionof the complex shovn in Figure4(a) into three
initial quasi-manifoldcomponentsin [DMMPO03)], analgo-
rithm hasbeenproposedwhich computesa uniquedecom-
position, called standad decompositionof a simplicial d-

comple into initial quasi-manifolccomponents.

The basisof the IQM datastructureare an extendedin-
dexed datastructurewith adjacencieso encodeeachlQM
componentand a hypegraph describinghow the compo-
nentsare connectedogetherin the decompositionAn h-
dimensionallQM can be effectively describedby an ex-
tendedndexeddatastructurewith adjacenciessincethestar
of eachvertex in thelQM canbetraversedby usingrelations
RO;h p|USRh§h-

The connectioramongcomponentss describedhrough
the verticesboundingthe k-simplexes,which are sharedby
morethanonelQM componentA vertex v of S, which is
sharedby several IQM componentsis calleda split vertex.
Thecopy of split vertex vin acomponen€;, to whichvertex
v belongsjs denotedasy; andit is calledavertex copy. The
relationsamongthe componentsn an IQM decomposition
of a complex describedby the split verticesis represented
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asa hypemgraphH, in which the nodescorrespondo IQM
componentandeachhyperarccorrespondso a split vertex
v andit connectsll component€; sharingv. In theexample
shavnin Figure4, vertex vin Figure4(a)is splitinto vertices
v1, V2 andvs in thedecompositiorshavn in Figure4(b). In
the hypegraphshown in Figure 4(c), a hyperarcassociates
v with thethreecomponent€,, C, andC; throughthethree
vertex copies.

@

Figure 4: IQM decompositioof a comple

Thehypemgraphis encodedn thefollowing datastructure:

for eachcomponen(C;: a referenceto the extendedlA

datastructuredescribingCi;

for eachhyperarcthecorrespondingplit vertex v andthe

vertex copiesof v,

for every vertex copy v; correspondingo split vertex v:

— thecomponentontainingy;;

— areferencdo its hyperarc,.e., V.
The hypeigraph supportsa vertex-basedtraversal among
componentgonnectedhroughthe samehyperarc.Givena
vertex copy v; from ary componencC;, we canfollow the
referenceto its hyperarcand nd all othervertex copiesy;
connectedvith v, aswell asall othercomponentsharingv.

3.2. The Incidence Graph

ThelncidenceGraph(IG) [Ede87 encodesill thesimplexes
of ary givensimpliciald-complex S, andthefollowing topo-
logicalrelations:
for eachp-simplex s, whereO< p d, boundaryrelations
Rp:p 1(s),
for eachp-simplex s, where0 p< d, co-boundaryela-
tionsRy;pr1(S)
Thus, for eachp-simplex s, the IG encodests immediate
boundaryandits immediateco-boundary

3.3. The Simpli ed IncidenceGraph
The Simpli ed IncidenceGraph (SIG)[DGH04 is basedn
the concepiof h-cluster(seeSection2. The SIG encodesll
simplexesin asimplicial comple S aswell asthefollowing
topologicalrelations:
for eachp-simplex s, whereO< p d, boundaryrelations
Rp:p 1(8),
for each p-simplex s, where 0 p< d, partial co-
boundaryrelationsRp,q(s) (whereq> p), which is de-
ned as follows: Rpq(s) consistsof one arbitrarily-
selected)-simple, for eachg-clusterin therestrictedstar
s(s) of s. In theexampleof Figure2(c), t; andt; forma
3-clusterRy3(v) = ft1;t2;t40.

Notethatpartialco-boundaryelationRy ;.4(s) isthesame
as co-boundaryrelation Ry 1.4(s). If the domainof S is

manifold, all partial co-boundaryrelationsare empty with

the exceptionof R,4(s), which consistsof at mosttwo d-

simplexes.

3.4. Comparison

All three datastructureshave the sameexpressie power.
While the IQM datastructureis ohviously decomposition-
basedtheSIG encodesomeha adecompositiomf thestar
of a simplex. Note that the two decompositiongre not the
sameA manifold-connecteli-componenis generallymore
tightly connectedhananh-cluster Thestarof vertec vin the
complex in Figure5(a) consistof four IQM componentss
shavn in Figure5(b), but it hasonly two 3-clustersandone
2-clusterasshawn in Figure5(c).

Bt p™
(b) (©)

N4 df, df,

Figure 5: (a) Starof v; (b) IQM componentst v; and (c)
Clustesatv

The IQM datastructureencodesonly the top simplexes
andthe vertices,while both the IG andthe SIG encodeall
simplexes.ThelQM datastructures adjaceng-basedsince
it encodeghe adjacenyg relationamongtop simplexesjust
like the A datastructureandits extensionsThe othertwo
areincidence-basedincethey encodeonly incidencerela-
tions. In the IG, the numberof co-boundaryrelationsen-
codedis the sameasthe boundaryrelationsencodedThe
numberof partial co-boundaryelationsencodedn the SIG
dependson the numberof g-clustersincidentat eachsim-
plex. ThelG is conceptuallysimpler but de nitely lesscom-
pactthanthe othertwo datastructures.

A p-simplex s, thatis not explicitly encodedn the IQM
datastructurejs representeéitherthrougha subsebf ver
ticesin Reo(s%, wheres®is a top k-simplex incidentat s,
or by addressing asa p-faceof s® Sinceit generalizeshe
extendedindexed datastructurewith adjacenciesthe IQM
structuremostef ciently answergjuerieson top h-simplex
s regardingits vertices(i.e., Ry.o(s) relation)andits neigh-
boursof dimensionh (i.e., Rn.n(s) relation).For extracting
co-boundaryelationfor asimplex s, thegeneraktratgy is
to retrieve avertex v of s, traverseall the top simplexesin-
cidentatv andextractfrom themtherelevantsimplexesthat
areincidentats.

ThelG mostef ciently supportqqueriesabouttheimme-
diate boundaryR,n 1(s), or co-boundarR,h+1(s) of an
h-simplex s. It supportsa simplerecursve strat@y to re-
trieve all othertopologicalboundaryand co-boundaryrela-
tions. Adjacenciegelationsareretrieved in two steps: rst,

¢ TheEurographic#ssociation2005.
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Figure 6: Propertiesof simplicial complexesin 3D space

the immediateboundaryof the query p-simplec s is re-
trieved; andthen,for each(p 1)-faceof s, its immediate
co-boundarsimplexesareextracted.

Boundaryrelationsareretrievedfrom the SIG in thesame
way asfrom the IG. The generalstratagy for retrieving co-
boundaryrelationsat a simplex s consistsof performinga
traversalof thestarof s, andthenretrieving theboundaryre-
lationsof thetop simplexesin thestars. Thestratey for re-
trieving adjaceng relationsats consistf retrieving theco-
boundaryrelationsfor thesimplexesthatarein theboundary
relationof s [DGHO04].

In summaryall threedatastructurescan supportthe re-
trieval of boundaryrelationsRpq; p> q andof co-boundary
relation Ry 1.9 and Ro,q in optimal time. The other co-
boundaryrelationsRp,q(s);0< p< g canberetrievedfrom
the IG andthe SIG in optimal time but not from the IQM
datastructure.Similarly, in retrieving adjaceng relations,
thelG andthe SIG areoptimal, but the IQM datastructure
is not.[DHO5]

4. Data structur e for 3D simplicial complexes

In this Section,we discussa data structuresspeci c for
three-dimensionasimplicial complees, the Non-Manifold
Indexed data structuie with AdjacenciesSNMIA) [DHO3].
We compareit with the three-dimensionahstanceof the
datastructureslescribedn Section3.

We considersimplicial 3-complexesembeddedn E3. In
suchcomplexes,we call atop 2-simple< adanglingface(for
instancefriangledf in Figure6(a)), anda top 1-simplex a
wire edee (for instance edgewe in Figure 6(a)). Eachsub-
complex of st(e) boundedby a connectedcomponentof
Ik(e) at an edgeis called an edge-baseccluster An edge-
basedclustermay consistof just one single danglingface
(suchasdf in Figure6(b) andthethreefacesn Figure6(c)),
onesingletetrahedronor a fan of tetrahedrgsuchasts, t»
andtz in Figure6(b)).

4.1. The Non-Manifold Indexed data structur e with
Adjacencies

The Non-Manifoldindexeddata structure with Adjacencies
(NMIA) [DHO3] encodeghe vertices,all the top simplexes
of a simplicial 3-complex andthe following topologicalre-
lations:

For eachtetrahedrort:
— relationRzo(t);
— relationRz.3(t);
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— for each non-manifold edge e of t, relation
Ra3.clugers(t), which encodesthe preceeding and
the succeedingop simplexes,arounde, whenthattop
simplex is not in the sameedge-basedlusterast.
For example,in Figure 6(b), Rz.clugers(t3) at edgee
consistof t4, but nott,.

For eachdanglingfacef:

— relationRy.o(f);

— for each non-manifold edge e of f, relation
Ro-clugers( f), which encodeshe preceedingand the
succeedingop simplexes, arounde. In Figure 6(b),
Ro-clugers(d f) atedgee consistof t4 andt

For eachwire edgew: relationRy.o(w);

For eachvertex v: relation Ry,clugers(v) Which encodes
onetop simplex from eachconnectedcomponenin the
restrictedstarof v

The NMIA data structure is a non-manifold exten-
sion of the extendedIA data structure (IA) and thus it
is an adjaceng-baseddata structure. The multiple con-
nected componentsat non-manifold vertices and non-
manifold edgesthrough relations Ry.cjugers for dangling
faces R clugers for tetrahedronandRyciugers atvertices.

Thestoragecostof theNMIA datastructurds asfollows:
8n3+ 3nb+ 2n| + Ce+ Cy, whereng is the total numberof
tetrahedran), the total numberof danglingfacesnj the to-
tal numberof wire edgesCe thetotal numberof edge-based
clustersat non-manifoldedgesandCy the total numberof
connected-component all vertices.Whenthe domainof
the complex is manifold, Ce = nb, = n, = 0 andCy = no.
ThustheNMIA structureencode8ns + ng, exactlythesame
amountof informationasthe extended A structurefor sim-
plicial 3-complees.

4.2. Comparison

Both the NMIA andthe IQM datastructuresencodeonly
top simplexes, while the IG and the SIG encodeall sim-
plexes. We can obsenre that the NMIA structureencodes
informationon singularitiesmainly from the perspectie of
the top simplexes, thatis, given a top simplex, we cantell
whetherit is a non-manifold singularity or its boundary
is a non-manifoldsingularity The IQM structureencodes
non-manifoldinformationat the vertices.The SIG encodes
non-manifoldinformation at the non-manifold simplexes,
namely throughthe presencef several clustersin its star
The G makesno explicit distinctionbetweermanifoldand
non-manifoldsimplexes.

We comparethe storagecostof the NMIA, of the 3D in-
stance®f thelG, theSIGandthelQM datastructureonthe
vedatasetsshavnin Table1(a). Thebunry datasetis man-
ifold. Thespidercontainsccomparablewumbersf tetrahedra
anddanglingfaces.The otherdatasetshave small number
of singularitiesTable1(b) shavs the storagecostof thefour
datastructuresWe canseethethe |G usesaboutl.38times
asmuchstorageasthe SIG andat least3 timesthe storage
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size of the NMIA. The IQM datastructureis only slightly
largerthantheNMIA datastructureandin themanifoldcase
they arealmostequialent.

Dataset V WE DF T Ce G ng nigm
bunry 443 0 0 199 O 0 1
dragon 1485 O 0 499 O 8 1

hand 3139 1 1 9986 4 4 2
chime 246 7 9 360 18 30 27
spider 1250 0 1989 503 44 0 2

@)
Dataset NMIA IQM  IG  SIG

bunry 16.4k 16.4k 51.4k 36.8k
dragon 41.46k 41.48k 137.2k 97.70k
hand 83.04k 83.05k 276.8k 197.1k
chime 3.20k 3.32k 11.90k 8.51k
spider 17.22k 17.36k 39.56k 30.06k

(b)

Tablel: (a) Fivedatasets:V=# verticesWE=#wireedes,
DF=# danglingfaces,T=# tetrahedm; (b) Storage costof
thefour datastructuesfor thedatasetsin (a).

All four datastructureareableto supportthe retrieval of
all topologicalrelations.The NMIA datastructurebehaes
like the IQM structurein extractingboundaryrelations.For
co-boundaryrelations,top simplexesincidentat an edgee
areorderedasclustersThus,they canberetrieved by using
relationsRg;cjugers @nd Ry:cjugers at the top simplexesinci-
dentat e. Top simplexesincidentat a vertex v mustbe re-
trieved by traversingthe starof v throughrelationRgcjugers.

Table2 summarizeshetime compleity of thealgorithms
for retrieving topologicalrelationsfor theNMIA datastruc-
ture andthe 3D instancesf the IQM datastructure of the
SIG andof the IG. RelationsR;.3 andRy:3 canberetrieved
from theNMIA datastructurein sub-optimakime.[DHO3]

Becauseof its compactnessthe implementationof the
NMIA datastructureis more comple thanthe SIG or the
IG. A non-optimizedmplementatiorof the IQM datastruc-
tureis notdif cult. Themajorproblemis thatthedecompo-
sition algorithmneedgo be appliedto ary given simplicial
complex for computingit [DMMPO3]. Algorithm for updat-
ing an NMIA datastructurethroughedgecollapseand its
reverse,vertex split, aredescribedn [DHO4]. We have de-
velopedalgorithmsfor performingvertex pair collapseon
the SIG [DHO5]. Similar algorithmshave beenproposedor
thelG [PH97. No algorithmhasbeendevelopedto update
thedecompositioron which the IQM datastructures based
whenthe underlyingsimplicial comple< is modi ed.

5. Data structur esfor 2D simplicial complexes
In this Section, we discuss data structures for two-
dimensionakimplicial complexesembeddedn ES. Were-

Relations NMIA IQM IG & SIG

Rp:q;p< g optimal optimal optimal

Ro.3 optimal optimal optimal

Ri:3 O(ns) O(ny) for optimal
V2 Ryo(s)

Ri:2 optimal O(ny) for optimal
V2 Ryo(s)

Ro:3 O(ns) optimal optimal

Ro2 & Ro1  optimal optimal optimal

Ra3 optimal optimal optimal

Ro2 & Ry:1  optimal O(ny) for optimal

V2 Reo(s);k= 1,2
Roo optimal optimal optimal

Table 2: Retrieving topolagical relationsof a simple s in
3-complees:ns denoteghe numberof top simpleesin the
starof s, visavertexof s, andny denoteghenumberof top
simpleesin thestar of v.

view and analyzean adjaceng-baseddatastructurecalled
the Triangle-Sgment(TS)datastructuref DMPS04, which
extendsthe IA data structureto generalsimplicial com-
plexes,andthreeedge-basedatastructurespamely:

a specializationwe have performedof the Partial Edge
(PE) datastructure[LLO1] originally designedor cell 2-
compleesembeddedn E3,

the Loop Edge-use(LE) datastructure[McMOQ], which
specializeghe RadialEdge(RE) datastructureproposed
by Weiler [Wei88 for cell 2-complexesto regularsimpli-
cial 2-complees,in which the starof a vertex consistsof
asingleconnectedomponent,

the DirectedEdge (DE) data structure [CKS99, which
canencodeary simplicial complexesembeddedn E3.

The specializationsof the PE and the LE are detailedin
[DHO5]. We have also de ned a specializationof the RE
datastructureto generakimplicial complexes,which we do
not presenthere,sincethe PE datastructureis a morecom-
pactrepresentationvith the sameexpressie power asthe
RE datastructure[LLO1].

5.1. The Triangle-Segmentdata structur e

The Triangle-Sgment (TS) data structure[DMPS04 en-
codesall vertices andtop simplexes,i.e., trianglesandwire
edgesin a simplicial comple toegetherwith the following
topologicalrelations:

For eachtrianglet:
— boundaryrelationRy.o(t);
— relationR,.,(t) that,for eachedgee of t, encodeghe
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triangle(s)that are immediately precedingand suc-
ceedingt in counterclockwiseorderaroundedgee.
In theexampleof Figure6(c), Ry.»(f2) = f fy; fag.

For eachvertex v:

— relation Ry»(v) which encodesone triangle for each
connectedomponenbf 1k(v)

— relationRy.o(V), whichis theRg,o(V) relationrestricted
towire edgesThus,wisin Ry.o(V) if andonlyif fv,wg
is awire edge.

In the TS data structure,edgesare not encoded.Wire
edgesareimplicitly representethroughRy relations.No-
tice that relation R,.,(t) in the TS is equialent to the
Ro-clugers(t) relationin the NMIA datastructure Relations
Ro.2(V) andRy.o(Vv) togetherare equivalentto Rycjugers(V)
relation.Theonly differences thatwire edgesareimplicitly
describedn the TS datastructure.

The storagecostof the TS datastructureis equalto 6n,
+ Ce + Cy, wheren; is the total numberof triangles Ce the
total numberof edge-basedlustersat non-manifoldedges
andC, thetotal numberof connected-componenasall ver-
tices.For amanifolddomain,Ce = 0 andCy = ng, sothe TS
encodesn, + ny piecesof information,which is the same
asthespacerequiredby the 2D instanceof the extended A
datastructure.

Algorithms for retrieving topological relations are de-
scribedin [DHO5]. In [DMPS04, algorithmsfor perform-
ing vertex pair contractionand vertex split on a simplicial
compl encodedn the TS datastructurearepresentedAll
topologicalrelationscanbe retrieved in optimal time from
the TS datastructuregl DHO5].

5.2. Edge-basedata structur es
5.2.1. The Partial Entities data structure

The Partial Entities (PE) data structue [LLO1] hasbeen
proposedor cell complees.It encodesedges andvertices
plustwo orientedentities,i.e.,facesandpartial-edges Each
faceis boundedby one orientedloop, which consistsof a
circle of partial-edgesEachpartial-edgecorrespondso the
appearancef anedgeon the orientedioop boundingaface.
Thus, if thereare m facesincidentat edgee, the PE data
structurestoresm partial-edgesorrespondingo e. A wire
edgewe hasaloop thatconsistf two partial-edgesf we

We have simpli ed theoriginal PEdatastructurepy drop-
ping the loops and entities like the shell and the region,
which have beenintroducedin the PE structureto encode
objectswith severalboundariesandseveralconnectedcom-
ponentsThe PE datastructurefor simplicial complecesen-
codesthe following information (we referto Figure7 to il-
lustrateit):

For eachfacef: areferenceo apartial-edgenits bound-

ary. (In Figure7, f1 hasareferenceo ep;);

For eachedgee, a referenceto a partial-edgethat de-

scribese. (In Figure7, e hasareferenceo ep;);

¢ TheEurographic#ssociation2005.

ep3

Figure 7: Elementof the PE structuee: relationsat a non-
manifoldedge e shaedbythreefaces:fq; fp, f3

For eachpartial-edgeep boundingfacef, thereis arefer

enceto eachof the following: (seeep; in Figure7 asan

example)

— thecorrespondingdgee (e in theexample);

— thefacef (f1 in theexample);

— theprevious adjacenipartial-edgeorderedin counter
clockwisedirectionarounde (ep4 in theexample);

— thenext adjacenpartial-edgeorderedarounde (eps in
theexample);

— the previous partial-edgein counterclockwisedirec-
tion ontheboundaryof f (ep3 in theexample);

— thenext partial-edgeon the boundaryof f (ep, in the
example);

— thestartvertex of ep (v in theexample);

For eachvertex v: thelist of partial-edge®p thatstartatv

(In Figure7, v hasreferenceso ep1, €ps andepz.)

We can expressthe information encodedn the special-
ized PE datastructurein termsof topologicalrelations.The
formalizationof the PE datastructurecanbe summarizeds
follows:

For eachtriangle f: relationR,.;(f), which encodesne

edgeontheboundaryof f,

For eachedgee:

— RelationRy:2(€), orderedaroundedgee, so thatthe

i-th elementn Ry.2(e) is thei-th triangleincidentate;

— Partial relation Ry.;(€) which is de ned as follows:

Ry.1(e) consistsof the edgeson the boundaryof the
trianglesincidentat e andsharingone extremevertex
with e. The elementsin relation R;.;(€) are ordered
so that both the 2i-th andthe (2i + 1)-th elementsin
Ry.1(€) areonthei-th trianglein Ry;2(€).

— RelationRy.o(€);

For eachvertex v: relationRp .1 (Vv), unordered.
RelationsRy:2(€), Ry.1(€) andRy:o(€) for edgee describehe
informationencodedat edgesRy:2(€) describesherelation
betweenan edgeand a triangle de ned by a partial-edge.
RelationR;.1(€) captureghe associatiorbetweena partial-
edgeep andthe edgesfollowing and preceedingep in the
boundaryof thetriangle f with which ep is associatedThe
adjaceng of partial-edgest the sameedgee is implicitly
expressedhroughtheorderin Ry.;(€).

5.2.2. The Loop Edge-usedata structure

The Loop Edge-use(LE) data structure [McMO0OQ] simpli-
es the RE data structure[Wei8g developedfor cell 2-
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complexesembeddedn E3to regular simplicial complees
in which non-manifold singularitiesoccur only at edges.
Thus,the LE datastructuredoesnot representvire edges,
andis basedon the assumptiorthatthe link of eachvertex

consistof a singleconnectedcomponent.

In thisrepresentatioreach2-simple hasasingleorienta-
tion. Theentitiesencodedy theLE datastructureare:faces,
edgesyerticesandedge-useswherean edge-uses similar
to thepartial-edgen the PEdatastructureandrepresentthe
associatiobetweeranedgeandatriangleincidentatit. The
LE structureencodeshefollowing information:(we referto
theexamplesin Figure8 to illustrateit)

For eachfacef, areferenceo oneedge-usenthebound-

aryof f (In Figure8(a), f, hasareferencdo ey;);

For eachedgee, areferencedo oneedge-usehatis asso-

ciatedwith e (In Figure8(a), e hasareferenceo ey1);

For eachedge-us&, ontheboundaryof facef, thereis a

referenceao eachof thefollowing: (Weillustratethe elds

of ey with ey; in Figure8(a). For clarity, we illustratethe
lastof eld of ey with gz in Figure8(b).)

— thefacef (f1 in theexample);

— the correspondinginorientededgee (e in the exam-
ple);

— the next adjacent edge-useordered around e in
counterclockwisedirection(eys in the example);

— theedge-usdollowing ey in counterclockwisedirec-
tion ontheboundaryof f (e, in theexample);

— thestartvertex v of g, (vin theexample);

— thenext edge-us¢hatstartsatv (In theexampleof Fig-
ure 8(b), the threeedge-usestartingat v areeys; €5
andeyy in counterclockwiseorder e, ; hasareference
to eys);

For eachvertex v, areferencdo anedge-usehatstartsat
v (In Figure8(b), v hasareferenceo e;);

(@) (b)

Figure 8: Elementsof the LE structue: (a) Edge-usesof a
non-manifoldedge e shaedby four faces: fy; f, f3, f4; (b)
Edge-usesstartingat a vertex v

Theformalizationof the LE datastructurein termsof topo-
logical relationscanbe expressedisfollows:

For eachtriangle f: RelationRy.1 (),

For eachedgee:

— RelationRy:2(€), orderedaroundedgee, so that the
i-th elemenis thei-th triangleate;

— Partial relation Ry.4(€), as de ned for the PE data
structure(seeSubsectiorb.2.1);
— RelationRy.g(€);

For eachvertex v. Partial relationRy.1 (), thatassociates
v with oneedgeincidentatv.

Notethatit is almostidenticalto that of the PE datastruc-
ture. The only differenceis that Rg,1 is encodedasa partial
relationsincethe LE datastructuredoesnot represenhon-
manifold singularitiesat vertices.

5.2.3. The DirectedEdgedata structure

TheDirectedEdge (DE) datastructurgf CKS99 is anexten-
sion of the Half-Edge datastructure[Man87 proposedor
two-dimensionatell compleceswith a manifold domain.It
is basedon the conceptof directededge.A directededge
g4 of anedgee in a 2-comple is an occurencedf e on the
boundarya triangleincidentat e. A directededgeis similar
to the edge-usein the LE datastructureandto the partial-
edee in the PEdatastructure.

In the DE datastructure the entitiesare directededges
andvertices.Trianglesandunorientededgesarenot explic-
itly encodedTrianglesareimplicitly encodedy the edges
on their boundary The associatiorbetweena triangle and
its threeedgesis throughindexing. The i-th triangle, f; is
describedby the 3i-th, (3i + 1)-th and (3i + 2)-th directed
edgeswhich form the orientedboundaryof f;. Wire edges
arerepresentedsdirectededgesThe DE datastructureen-
codesghefollowing information:

Figure 9: An illustration of the relationsencodedat a di-
rectededee ey

For eachtriangle f, thethreedirectededgesonthebound-

aryof f;

For eachdirectededgeey ontheboundaryof facef, there

is areferenceo eachof thefollowing entities:(seeFigure

9 for theillustration of the symbols)

— thestartvertex vq;

— theendvertex vy;

— theadjacentirectededgeer thatis incidentatv, and
V2,

— theprevious directededgeegoboundingf in counter
clockwiseorder;

— the next directed edge €] bounding f in counter
clockwiseorder;

For eachvertex v, onedirectededgefrom eachconnected
componenbf thelink of v.

We canformalizethetopologicalrelationsencodedn the
DE datastructureasfollows:
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For eachfacef: Ry.1(f), whichis encodedmplicitly (the

i-th directededgebelonggo the (i=3)-th triangle);

For eachedgee:

— RelationRy.o(€);

— Partial relation Ry.;(€), as de ned for the PE data
structure(seeSubsectiorb.2.1);

For eachvertex v: Partial relationRy 4 (v), which consists
of oneedgefor eachconnecteccomponenbf thelink of
v

In our formalization,we have encodedhe unorientededge
e, insteadof its orientededgesand,thus,theinformationin
the directededgesin the DE datastructurehasbeentrans-
ferredto the unorientededgeand describedoy partial rela-
tion Ry.1(€), andin its ordering.

Thus,the DE structureencodesiimostthe samerelations
asthe PE datastructureexceptfor relationRg,1(Vv) at vertex
v which is partially encodedn the DE datastructure,but
completelyencodedn the PE datastructure.

5.2.4. Discussion

The three edge-basedtructuresare very similar. The LE
datastructurehasa storagecostthatis half of that of the
PEdatastructureln the PEdatastructure gachpartial-edge
hasa referenceo its previous andnext partial-edgen ccw
orderon the sameface,anda referenceo its previous and
next adjacenpartial-edgeassociatedvith thesameedgeein
ccw order In the LE datastructure only the edge-use$ol-
lowing in ccw orderarereferencedn bothcasesFigure 10
illustratesthedifferenceghroughthearrons whichshav the
referencegncodedn eachstructure The DE datastructure

L\e /e

P3 u3
epz Q} €2 é‘
[

%v /o %v

(@) (b)

Figure 10: Comparisorbetween(a) the PE and (b) the LE
datastructues

is slightly morecompactthanthe LE datastructurebecause
facesandunorientededgesarenot encodedxplicitly .

All topologicalrelationscanbe retrieved from the edge-
baseddatastructuresn optimaltime, andtheretrieval algo-
rithms are straightforvard [DHO5]. For example,retrieving
face-basethoundaryrelationsRy.1, Ry involvesfollowing
the orientededgeson the loop boundingthe face.Retrieval
of Ry.2(e) for anedgee involvesextractingall the oriented
edgeorderedaroundthe unorientededgee.

5.3. Comparison

The TS datastructureandthe 2D instanceof the IQM data
structureencodeonly topsimplexes.ThelG, theSIG,thePE

¢ TheEurographic#ssociation2005.

andtheLE datastructureencodeaall simplexes.TheDE data
structureencodenly orientededgesandvertices.The LE

datastructurerepresent®nly a subsef regular simplicial

compleeswhile all othersrepresenarbitrarynon-manifold
complees.

The TS and the IQM structuresare the most compact
onesbecausehey encodeonly top simplexes.We compare
the various data structureson the datasetsin Table 3(a).
The duck and the head are manifold data sets. The grid
is a regular dataset. The otherscontainnon-manifoldver
tices and edges.Generally edge-basedlata structuresre-
quire more spacethan the incidence-basedtructuresThe
DE datastructureis 1.3to 1.5timesthe sizeof thelG. It is
about1.25the size of the SIG. The IQM is slightly larger
thantheTS.

Dataset V WE F

duck 93 0 182 O 0
head 426 0 829 O 0
0
2

grid 200 O 492 256
gull 33 1 56 26
nch 629 12 1220 6 24

buttery 68 11 90 49 21

@)
DE TS

Dataset PE LE

duck 6918 3278 2823 1185 1186 1731 2184
head 31.5k 14.9k 13.0k 5379 5380 7908 9990
grid 18.9k 8778 7644 3280 3728 4628 5776
gull 2139 - 876 366 379 534 664
nch 46.5k - 19.0k 7981 8069 11.6k 14.7k
buttery 3539 - 1451 628 714 905 1112

(b)

Table 3: (a) Seven data sets: V=# vertices, WE=# wire
edges,F=# triangles; Storage costof datastructues(b) for
2D datasetsin (a).

IQM SIG IG

All edge-basediata structures(the PE, the LE and the
DE datastructures)all the incidence-basedatastructures
(the IG andthe SIG) andthe TS datastructuresupportthe
retrieval of all topologicalrelationsin optimaltime.

In the IQM datastructure relationsRy.» andRy:» canbe
retrieved in sub-optimaltime becauseetrieving theserela-
tions from the IQM structureinvolves visiting all compo-
nentsat a vertex of the edge,and thesecomponentanay
consistof wire edgesTable4 summarizeshe comparisons
amongthe datastructuredor 2D simplicial complees.

6. Conclusion

We have reviewed datastructuresfor simplicial complees.
ThelQM datastructure the IG andthe SIG aredimension-
independentThe NMIA data structureis specializedfor
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Aspect PE LE DE TS IQM SIG IG

Domain NM REG NM NM NM NM NM

Entities all  all all top top all all

Storagecost high high med low low med med

Retrieval of opt opt
relations

opt opt cobound opt opt
sub-opt

Table4: Summanofcomparisongor datastructuesfor 2-
compleces.For domain: NM=non-manifold, REG=regular.
For entities: top=top simplees,all=all simplees.For re-
trieval of relations:opt=optimal,sub-opt=sub-optimal.

compleesin E3. We have reviewed the TS datastructure
andthreeedge-basedatastructuresnamely the PE,the LE
andthe DE datastructuresfor 2D simplicial complexes.

The most compactdata structuresare adjaceng-based
representationsyhile edge-basednesarethe mostspace-
consuming.Incidence-basedtructuresare in the middle
rangefor storagecost.

Almost all thesedata structuressupportthe retrieval of
topologicalrelationsin optimaltime, exceptfor thelQM and
the NMIA datastructuresfor selectedrelations.The IQM
datastructureis moredif cult to updatethanthe otherones
becausehe decompositiorof the comple, on which it is
basedmustbe maintainedat eachupdate.
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