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Abstract

Wede�ne a new representationfor non-manifold3D shapesdescribedbythree-dimensionalsimplicialcomplexes,
thatwecall theDouble-Level Decomposition(DLD) datastructure. TheDLD datastructure is basedona unique
decompositionof thesimplicial complex into nearlymanifoldparts,andencodesthedecompositionin anef�cient
and powerful two-level representation.It is compact,and it supportsef�cient topological navigationthrough
adjacencies.It also providesa suitablebasisfor geometricreasoningon non-manifoldshapes.We describean
algorithm to decomposea 3D simplicial complex into nearly manifoldparts.We discusshow to build the DLD
data structure from a descriptionof a 3D complex as a collection of tetrahedra, dangling triangles and wire
edges,and we presentalgorithmsfor topological navigation.We presenta thoroughcomparisonwith existing
representationsfor 3D simplicial complexes.

1. Intr oduction

Simplicial complexes are widely used representationfor
3D shapesin computergraphics,ComputerAided Design
(CAD) and�nite elementsimulation,becauseof their inner
simplicityandof theavailability of algorithmsfor generating
suchrepresentationseffectively. In this work, we consider
theproblemof modelingnon-manifold3D shapesdescribed
by three-dimensionalsimplicial complexes.A lot of work
hasbeendevelopedon modeling3D shapesby decompos-
ing their boundaryinto trianglemeshes,or into moregen-
eral simplicial 2-complexes [DH05]. Theselatter are used
to model non-manifoldshapes,which are subsetsof the
Euclideanspacethat can be regardedas combinationsof
wire frame,surface,solid andcellular decompositions.In-
formally, amanifoldobjectis asubsetof theEuclideanspace
for which theneighborhoodof eachinternalpoint is homeo-
morphicto anopenball. Objectsthatdonot ful�ll thisprop-
ertyatoneor morepointsarecallednon-manifoldobjects.

Three-dimensionalshapesareoftendiscretizedastetrahe-
dral meshesmainly in �nite elementsimulations[CDM04].
Mostof thework in theliterature,however, hasbeenfocused
on representationsfor tetrahedralmeshespartitioningman-
ifold shapes.On the other hand,when generatinga �nite
elementmeshfrom a CAD model to meetsimulation re-
quirements,severalsimpli�cation operationsneedto beper-

formed,suchasremoval of details,topologymodi�cation,
e.g.holeremoval,or reductionin thedimensionalityof some
parts,which producenon-manifoldgeometries(see,for in-
stance,[FRL00]). Thus,theneedarisesfor representingnon-
manifold 3D shapesdiscretizedas general3D simplicial
complexes,i.e.,consistingof tetrahedra,but alsoof dangling
trianglesandwire edgesdescribinglower-dimensionalgeo-
metric entities.A suitableapproachwould consistof par-
titioning a 3D non-manifoldshape,which haspartsof dif-
ferentdimensionalities,into uniformly-dimensionalcompo-
nentswhicharemanifold,or nearlymanifold.Theobjective
is to beableto understandthestructureof ashape,to identify
partsof the shapethat de�ne characteristicfeatureswhich
arerelevant in a speci�c applicationenvironment,like pro-
trusions,or depressions,or partsde�ning through-holesor
handles.

In this work, we addressthe problemof modelingnon-
manifold3D shapesdiscretizedas3D simplicial complexes
througha decomposition-basedapproach.In [DMMP03], a
theoryhasbeenproposedaddressingthecriteriafor asound
decompositionof arbitrarily dimensionalabstractsimpli-
cial complexes,notnecessarilyembeddablein theEuclidean
space.Intuitively, a sounddecompositionshouldremove as
many non-manifoldsingularitiesaspossible,withoutbreak-
ing thecomplex atmanifoldparts.Naturally, suchdecompo-
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sition cutsthe complex at all non-manifoldsimplexes.The
resultingcomponentshavebeenshown to bealmost,but not
exactly, manifold.Thisapproachhasbeenshown to produce
auniquedecompositionof anabstractsimplicialcomplex. In
thispaper, weconsiderthisdecompositionfor 3D simplicial
complexes embeddedin 3D Euclideanspace,andwe pro-
posedimension-speci�calgorithmsfor generatingandnavi-
gatingonsuchdecomposition.

We de�ne an ef�cient andeffective representationfor a
3D simplicial complex, that we call the Double-Level De-
composition(DLD) data structure.The DLD data struc-
tureprovidesa two-level descriptionof thecomplex, where
theupperlevel describesthedecompositionof thecomplex
into simpleruniformly dimensionalcomponentsasa graph,
while the lower-level representationdescribesthe tetrahe-
dra, danglingtriangle and wire edgesin eachcomponent,
with connectivity information and mutual adjacency rela-
tions. The DLD data structureis compact,it scalesvery
well to the manifold case(that is, it requiresalmost the
sameamountof storagecomparedwith a datastructureof
the sameclassspeci�c for manifold 3D complexes)and it
supportsef�cient navigation within the complex. We com-
paretheDLD datastructurewith a highly optimizedrepre-
sentationfor 3D simplicial complexespresentedin [DH03]
aswell aswith 3D instancesof dimension-independentdata
structuresfor simplicial complexes.

Theremainderof this paperis organizedasfollows.Sec-
tion 2 providesthe backgroundnotionson simplicial com-
plexesandon entitiesandtopologicalrelationsin a simpli-
cial complex. Section3 reviews relatedwork in theareasof
topologicaldatastructures,andon shapedecomposition.In
particular, it reviews thetheorybehindthedecompositionof
abstractsimplicial complexes mentionedabove. Section4
presentsan algorithm for the decompositionof a 3D sim-
plicial complex into nearlymanifoldcomponents.Section5
describesthe DLD datastructure,and analysesits storage
costsand scalability. Section6 presentsalgorithmsfor re-
trieving topologicalrelationsfrom the DLD datastructure.
Section7 presentsa comparisonof the DLD datastructure
with existing representations.Finally, Section8 draws some
concludingremarks.

2. Background Notions
In thisSection,wereview thenotionof simplicialcomplexes
and relatedde�nitions as well as the formal de�nition of
topologicalrelations.

2.1. Simplicial Complexes
A Euclideansimplex s of dimensionk is theconvex hull of
k+ 1 linearly independentpoints in the n-dimensionalEu-
clideanspaceEn, 0 � k � n. We simply call a Euclidean
simplex of dimensionk a k-simplex. k is called the dimen-
sionof s andis denoteddim(s ). Any Euclideanp-simplex
s 0, with 0 � p < k, generatedby asetVs 0 � Vs of cardinal-
ity p+ 1 � d, is calledap-faceof s . Whenevernoambiguity

arises,the dimensionalityof s 0 can be omitted,and s 0 is
simplycalledafaceof s . Any faces 0of s suchthats 06= s
is calledaproperfaceof s .

A �nite collectionS of Euclideansimplexesformsa Eu-
clideansimplicialcomplex if andonly if (i), for eachsimplex
s 2 S, all facesof s belongto S, and(ii), for eachpair of
simplexess ands 0, eithers \ s 0= /0 or s \ s 0 is a faceof
boths ands 0. If d is themaximumof thedimensionsof the
simplexes in S, we call S a d-dimensionalsimplicial com-
plex, or a simplicial d-complex. The domain, or carrier, of
a Euclideansimplicial d-complex S embeddedin En, with
0 � d � n, is thesubsetof En de�ned by theunion,aspoint
sets,of all thesimplexesin S.

Theboundaryof asimplex s is thesetof all facesof s in
S, differentfrom s itself. Thestar of a simplex s is theset
of simplexesin S thathaves asa face.Any simplex s such
thatthestarof s containsonly s is calledatopsimplex. The
link of asimplex s is thesetof all thefacesof thesimplexes
in thestarof s whicharenot incidentin s .

We call h-simplex s in a d-complex S, 0 � h � d� 1,
a manifold h-simplex if and only if thereare at most two
(h+ 1)-simplexesincidentat s . We call anh-pathany path
betweentwo (h+ 1)-simplexesformedby analternatingse-
quenceof h-simplexes and (h + 1)-simplexes. An h-path,
0� h � d� 1, suchthateveryh-simplex in thepathis amani-
fold simplex is calledamanifoldpath. Two simplexesareh-
connectedif andonly if thereexistsanh-pathjoining them.
Two (h+ 1)-simplexesareh-manifoldconnectedif andonly
if thereexistsa manifoldh-pathconnectingthem.We call a
d-complex denselyconnectedif it is (d� 1)-manifold con-
nected.A regular (d� 1)-connectedd-complex in which all
(d� 1)-simplexes are manifold is called a (combinatorial)
pseudo-manifoldcomplex (possiblywith boundary).

A d-dimensionalpseudo-manifoldin which the link of
eachvertex is homeomorphicto the unit d-sphere(or to
the unit (d� 1)-dimensionalopen disk) is called a mani-
fold complex. Wecall ak-simplex s , with k < d � 1, anon-
manifoldsimplex if andonly if lk(s ) consistsof morethan
oneconnectedcomponent.A(d � 1)-simplex s is calleda
non-manifoldsimplex if threeor mored-simplexesareinci-
dentat s . Figure1 shows examplesof non-manifoldsim-
plexesin a simplicial 3-complex. Figure1(a) shows a non-
manifoldedgee, the link of e is highlightedin Figure1(b).
Figure1(c) showsanexampleof anon-manifoldvertex v.
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Figure1: Singularitiesin 3D simplicial complexes
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2.2. TopologicalRelations

We introduceherea formalizationof the topologicalrela-
tionsamongtheentitiesin a simplicial complex. Topologi-
cal relationsareaneffective framework for de�ning, analyz-
ing andcomparingthedatastructuresfor cell andsimplicial
complexes[De05]. They describetheconnectivity informa-
tion amongthecells.Thechoiceof cellsandrelationsto be
encodeddeterminesthe effectivenessof the datastructure
for a speci�c application.Topologicalrelationshave been
de�ned amongtheentitiesin a cell complex. Relationsin a
simplicialcomplex canbede�ned in thesameway. Let S be
a simplicial d-complex andlet s 2 S be a p-simplex, with
0� p� d. Wede�ne thefollowing topological relations:

� For 0 � q � p� 1, boundaryrelationRp;q(s ) consistsof
thesetof q-simplexesin thesetof facesof s .

� For p+ 1 � q � d, coboundaryrelationRp;q(s ) consists
of thesetof q-simplexesin thestarof s .

� For p > 0, adjacencyrelation Rp;p(s ) is the set of p-
simplexesin S that are(p� 1)-adjacentto s . Adjacency
relation R0;0(s ), wheres is a vertex, consistsof the set
of verticess 0suchthatf s ;s 0g is a1-simplex of S.

Boundaryandcoboundaryrelationsarecalledincidence
relations. In theremainder, wealsode�ne variouspartialre-
lations.Partial relation,generallydenotedby R�

p;q, is a sub-
setof thecompleteRp;q relation.We call constantany rela-
tion which involvesaconstantnumberof entities.Relations,
which involve a variablenumberof entities,arecalledvari-
able. Co-boundaryandadjacency relationsarevariablerela-
tions in general,while boundaryrelationsareconstant.We
consideranalgorithmfor retrieving a topologicalrelationR
to beoptimal if it retrievesa givenrelationR in time linear
with respectto thenumberof entitiesinvolvedin R.

3. RelatedWork

In thisSection,wereview relatedwork onrepresentationsof
3D shapes,andon shapedecompositiontechniques.In par-
ticular, wereview thetopologicaldecompositionfor abstract
simplicial complexesproposedin [DMMP03].

3.1. Representationsof 3D shapes

Variousapproacheshave beenproposedin the literaturefor
representingnon-manifold3D shapes.Most of the works
have beenon representinga 3D shapethrougha decompo-
sition of its boundaryby a 2D cell or simplicial complex
embeddedin the3D Euclideanspace.The�rst proposalfor
aboundaryrepresentationof non-manifold3D shapesis pro-
vided by the Radial-Edgedatastructure[Wei88]. Several
variantsof theRadial-edgedatastructureexist, suchas,for
instance,thePartialEntities[LL01], andtheLoopEdge-use
[MH01] data structures.The Directed Edge [CKS98] ex-
tendsthe Half-Edgedatastructure,proposedfor manifold
2D cell complexes,to arbitrary2D simplicialcomplexes.All
suchdatastructuresareverboseanddo not scalewell to the
manifoldcase[DH05].

An alternative to the previous datastructures,with the
sameexpressive power, is theIncidenceGraph[Ede87] and
its variants[DGH04, VL97]. Suchdatastructuresdescribe
a complex by capturingthe incidencerelationsamongthe
cells in the complex. They are simpler to implementand
de�nitely morecompact.However, to achievehighcompact-
ness,it is necessaryto minimizetheencodedinformationby
encodingonly a subsetof the topologicalentitiesandrela-
tions.In this view, theIndexeddatastructurewith Adjacen-
cies(IA) [Nie97] is a pioneerwork, which however is lim-
ited to pseudo-manifoldcomplexes.The Triangle-Segment
datastructure[DMPS04] is the �rst datastructurethat ex-
tendsthe indexeddatastructureto handlenon-manifold2D
simplicial complex. It is very compactand allows retriev-
ing topologicalrelationsin optimaltime (see[DH05] for an
analysisandcomparisonwith other representationsfor 2D
simplicial complexes).

Thereare few representationsfor describing3D shapes
discretizedas3D simplicialcomplexes.Mostsuchrepresen-
tationsarelimited to themanifolddomain.Examplesarethe
Facet-Edge[DL89, Muc93] and the Handle-Face [LT97].
TheNon-manifoldIndexedDataStructurewith Adjacencies
(NMIA) proposedin [DH03] is suitablefor general3D sim-
plcial complexes.Thisdatastructureexplicitly representsall
verticesandtopsimplexes,speci�cally, tetrahedra,dangling
facesandwire edges.It is highly compactandsupportsthe
ef�cient retrieval of topologicalrelations.

3.2. Decompositionsof 3D shapes

Another approachto representnon-manifoldshapescon-
sistsof decomposingthe shapeinto manifold components.
Someapproacheshave beenproposedin the literaturefor
uniformly-dimensionalnon-manifoldshapes.

DesaulniersandStewart [DS92] proposea representation
schemebasedon a decompositionof solid objectinto regu-
lar parts(r-sets).Sucha decompositionprovidesinteresting
topological information aboutan object. In [FR92], Falci-
dienoandGianninidiscusstheproblemof identifying form
featuresfrom ther-setdecompositionof anon-manifoldob-
ject. In [GTLH98], Gueziecet al. proposea decomposition-
basedtechniquetoconvertanon-manifoldobjectintoaman-
ifold one.Pescoet al. [PTL04] proposea decompositionof
a 2D cell complex basedon a combinatorialstrati�cation of
the complex, inspiredby Whitney strati�cation. They pro-
poseadatastructureandasetof operatorsbasedonsuchrep-
resentation,but they do not provide analgorithmfor build-
ing it from a given (non-decomposed)complex. Selective
GeometricComplexes(SGCs)[RO90] candescribeobjects
throughcell complexeswhosecells canbe eitheropen,or
not simply connected.In SGCs,cellsandtheir mutualadja-
cenciesareencodedin an incidencegraph[Ede87]. Lopes
etal. [LNPT00] de�ne astrati�cation of 3D cell complexes,
but limited to manifold ones,andproposea datastructure
andeditingoperatorsfor manipulatingit.

c
 TheEurographicsAssociation2006.



A. Hui, L VaczlavikandL. DeFloriani / A Decomposition-basedRepresentationfor 3D SimplicialComplexes

3.3. Initial Quasi-Manifold Decomposition

A decompositionof anon-manifoldshapeinto simplerparts
canbeobtainedby splittingtheshapeatthoseelements(ver-
tices,edges,faces,etc.)wheresingularitiesoccur. In order
to be effective, the decompositionprocessshould remove
as many singularitiesas possible,without introducingar-
ti�cial, or arbitrary, “cuts" throughmanifold parts.Under
theseassumptions,a decompositioninto manifold compo-
nentsis possible,in general,only for two-dimensionalcom-
plexes.In threeor higherdimensions,a decompositioninto
manifold componentsmay needto introducearti�cial cuts
throughtheobject.In six or higherdimensions,a decompo-
sition into manifold componentsis not feasiblein general,
sincetheclassof d-manifoldshasbeenprovento benot de-
cidablefor d � 6 [Nab96]. A decompositionhasbeende-
�ned in [DMMP03] for abstractsimplicial complexes,and
it is describedherein thecontext of complexesembeddable
in theEuclideanspace.This decompositionis unique, since
it doesnot make any arbitrarychoicein decidingwherethe
objecthasto bedecomposed,andnatural, sinceit removes
singularitiesby splitting the complex at non-manifoldsim-
plexesonly.

A complex S0 is a decompositionof anothercomplex S
whenever S0canbeobtainedby cuttingS alongsomefaces.
If S0 is a decompositionof S, thenany otherdecomposition
of S0 will alsobe a decompositionfor S. This fact induces
a partial order over the set of all possibledecompositions
of a complex, in which S is theminimumandthecomplex
obtainedby decomposingS into thecollectionof its topsim-
plexesis themaximum.This lattercomplex is calledtheto-
tally explodeddecompositionof S, andit is denotedwith S> .
Any decompositionof S canbeseenasobtainedby pasting
togethersimplexesin S> . Pastingoccursthroughatomicop-
erationsthat identify two verticesof the form vn andvm at
a time.Thesetof all possibledecompositionsof a complex
S formsa lattice.Two complexesadjacentin thelatticecan
betransformedinto eachotherby anatomicsplit or join in-
volving just a pair of vertices.Figure2 givesanexampleof
all possibledecompositionsof a complex andthe resultant
lattice.Thecomplex in theroot (top) of thelatticeis theto-
tally explodedcomplex. Thecomplex in thesink(bottom)is
theoriginal complex. Eachedgein the latticeconnectstwo
adjacentcomplexes,indicatingthatonecomplex canbeob-
tainedfrom anotherby cutting (if moving up the lattice)or
pasting(if moving downwards).

The standarddecompositionof a complex is a speci�c
elementof the lattice, which is obtainedby discardingthe
whole set of “non-interesting”decompositions,and taking
the “most general”of the remainingdecompositions.Usu-
ally, oneperceivesnon-manifoldsimplexesas “joints” be-
tweenmanifoldparts,andit might seemreasonableto build
a decompositionby splitting the complex just at them.On
theotherhand,it doesnot seemdesirableto introducecuts
alongmanifoldsimplexes.Sucha decompositionS0 is con-
sideredin somesense“essential”.A decompositionS0 is an

Figure2: Anexampleof thelatticeof all possibledecompo-
sitionsof a 2D simplicial complex. Thestandard decompo-
sition is marked.All theessentialdecompositionsare those
belongingto thesub-latticerootedat thestandard decompo-
sition

essentialdecompositionof S if andonly if S0 is obtainedby
splittingS only atnon-manifoldsimplexes.

Amongall theessentialdecompositions,thestandard de-
compositionDSis themostdecomposed.Thus,it hasbeen
decomposedatall singularitiesthatcanbeeliminatedby cut-
ting only throughnon-manifoldfaces.It is easyto seethat
DSmustbea complex with regularconnectedcomponents.
Moreover, all connectedcomponentsbelongto the classof
Initial Quasi-Manifolds(IQMs). A regular d-complex S is
calledaninitial quasi-manifoldif andonly if everypairof d-
simplexesin thestarof everyvertex of S is (d� 1)-manifold-
connected.Up to dimensiontwo, the classof initial quasi-
manifoldscoincideswith that of manifolds.In general,in
threeor higherdimensions,an IQM is not alwaysa mani-
fold (andnot evena pseudo-manifold).However, in dimen-
sion d � 3, if an IQM is embeddablein Ed, it must be a
pseudo-manifoldcomplex. Figure3 shows anexampleof a
3D initial quasi-manifold,which is nota manifoldcomplex.

v

Figure 3: A pinched-pie, which is an 3D initial qusai-
manifoldbut nota manifold

In [DMP03], a representationfor abstractsimplicial com-
plexes,not necessarilyembeddablein the Euclideanspace,
hasbeendesigned.Any h-dimensionalIQM componentis
describedby an adjacency-baseddata structure,in which
relation Rh;h(s ) for h-simplex s is encoded,that, how-
ever, involvesan arbitrarynumberof h-simplexesadjacent
to s , since it is not guaranteedthat a componentis a
pseudo-manifold.This representationhasnot beenimple-
mented,andit canbeheavily simpli�ed whendealingwith
d-complexesembeddedin Ed for aspeci�c valueof d.
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4. Decompositionof 3D simplicial complex

In this Section,we presentan algorithmfor computingthe
IQM decompositionof a 3D simplicial complex. In a 3D
simplicial complex, non-manifoldsingularitiesmay occur
at edgesandvertices.The IQM decompositioncanbe ob-
tainedby cutting the complex alongall non-manifoldver-
ticesandnon-manifoldedges.For an ef�cient computation
of suchdecomposition,weneed:adjacency relationsR3;3 for
all tetrahedra,adjacency relationsR2;2 for all danglingfaces,
andthestarsof all thevertices.Thedecompositionalgorithm
performsthefollowing � vesteps,thataredetailedin therest
of thisSection:

1. Computeadjacency relationR3;3 for all tetrahedra.
2. Computeadjacency relationR2;2 for all danglingfaces.
3. Computethe starsof all vertices,whereeachstaris de-

scribedasthesetof all topsimplexesincidentat thatver-
tex.

4. Identify non-manifoldedgesand non-manifoldvertices
througha traversalof thestarof eachvertex.

5. Decomposethecomplex at non-manifoldsimplexesand
identify IQM components.

Step1: Compute adjacencyrelation R3;3 for all tetrahe-
dra. An ef�cient way to computeit is to sort the tetrahedra
by their four faces.It canbedoneasfollows:

1. The facesof the tetrahedraare not explicit in the in-
put. Eachsuchfacecanbe describedthrougha 4-tuple
(u1;u2;u3; t), whereu1;u2;u3 arethreeverticesthat de-
scribeonefaceof t, andaresortedin the increasingor-
der of their indices.Each4-tuple not only identi�es a
uniqueface,but alsoassociatesthe facewith a tetrahe-
dronboundedby it. For eachtetrahedront four 4-tuples
arecreated.

2. After sorting all the 4-tuples in lexicographical or-
der, adjacent4-tuples of the form (u1;u2;u3; t1) and
(u1;u2;u3; t2) indicatethat tetrahedrat1 andt2 areface-
adjacent.

The time complexity for this stepis O(m3log(m3)) , where
m3 denotesthenumberof tetrahedrain thecomplex.

Step2: Compute adjacencyrelation R2;2 for all dangling
faces.Thetechniqueis thesameasthecomputationof rela-
tion R3;3 for tetrahedradescribedabove. Thecomplexity of
this stepis, thus,O(d2log(d2)) , whered2 denotesthenum-
berof danglingfacesin thecomplex.

Step3: Computethestarsof all vertices.Thisisperformed
asfollows:

1. For eachvertex v andeachh, createemptysets,b(v;h),
whichwecall buckets, for collectingall thetopsimplexes
of dimensionh incidentat v.

2. For each top h-simplex s described by vertices
f v1; � � � ;vh+ 1g, adds tobucketsb(vi ;h), for i = 1; � � � ;h+
1.

This step is performedin time linear with respectto the
numberof verticesand the numberof top simplexes, i.e.,
O(v0 + w1 + d2 + m3), wherev0 is the numberof vertices,
w1 the numberof wire edges,d2 the numberof dangling
facesandm3 thenumberof tetrahedra.

Step 4: Identify non-manifold edgesand non-manifold
vertices. Non-manifold vertices and edgesare identi�ed
througha traversalof the star of eachvertex. This traver-
sal is doneby using the information storedin the buckets
b(v;h), plus the relationsR3;3 for tetrahedra,and R2;2 for
danglingfaces.Duringthetraversal,thetopsimplexesin the
star of v are groupedinto densely(h� 1)-connectedcom-
ponents.Eachcomponentfound is assigneda uniquelabel,
which we call thecomponentindex. All vertices(exceptfor
v) in a componentC arelabeledwith the index of C. These
labelsareusedfor identifyingnon-manifoldedgesin thestar
of v. If a vertex u in the link of v hasmorethanonelabel,
thenedge(u;v) is a non-manifoldedge.If thestarof v con-
sistsof morethanonecomponent,thenv is a non-manifold
vertex; it is a manifold vertex otherwise.Algorithm 1 pro-
videsapseudo-codedescriptionof thetraversalstrategy.

Algorithm 1 FindComponentsInStar(v, b)
1: j  1
2: for h from 3 downto1 do
3: while b(v;h) is notempty do
4: Remove theunvisitedtopsimplex s from b(v;h)
5: Createnew componentCj for v
6: Enqueue(Q, s )
7: while notempty(Q) do
8: s  Dequeue(Q)
9: Cj  Cj [ s

10: for eachg in Rh;h(s ) do
11: if the (h� 1)-facebetweens andg is mani-

fold andvisited(g)=0 then
12: visited(g)  1
13: Enqueue(Q, g)
14: end if
15: end for
16: endwhile
17: for eachs in Cj do
18: Add label j to all verticesof s (exceptv)
19: end for
20: endwhile
21: end for

We illustratethe labelingof thestarof v throughtheex-
amplein Figure4. In this example,thefour tetrahedraform
two densely2-connectedcomponentsandthethreedangling
facesthreedensely1-connectedcomponentsin the starof
vertex v. Theverticesin the link of v arelabeledaccording
to thecomponent(s)to which they belong,thusexposingthe
non-manifoldedgesin thestarof v.

Thetraversalof thestarof eachvertex is a linearprocess
with respectto thenumberof topsimplexesin thatstar. The
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Figure4: (a) Labelingdenselyconnectedcomponentsin the
starof vertex v

time complexity for Step4 is thus O(å v2S jst(v)j), where
jst(v)j denotesthe size of the star of vertex v in S. Since
eachh-simplex belongsto thestarsof exactly h+ 1 vertices,
thetimecomplexity resultsto belinearin thenumberof top
simplexesin thecomplex.

Step 5: Decomposenon-manifold simplexesand iden-
tify IQM components.To completethedecomposition,the
complex is cutat thenon-manifoldsimplexes.For eachnon-
manifoldvertex v, onevertex copy vi is createdfor eachIQM
componentin thestarof v. After thecutting,thewholecom-
plex is traversedonce,but thetraversaldoesnotpassthrough
non-manifoldedgesandnon-manifoldvertices.All tetrahe-
dra that are 2-connectedbelongto the sameIQM compo-
nent.All thedanglingfacesthatare1-connectedform asep-
aratemanifoldcomponent.Likewise for all wire edgesthat
are0-connected.

Thestarof eachnon-manifoldvertex is partitionedwhen
copiesare createdfor the non-manifoldvertex. The sub-
sequenttraversal of the whole complex takes linear time
with respectto thesizeof thecomplex. Thusthis steptakes
O(å vs2S jst(vs)j) + O(v0+ w1+ d2+ m3+ k0), wherejst(vs)j
denotesthesizeof thestarof non-manifoldvertex vs in S, k0
is thenumberof IQM componentsat all non-manifoldver-
tices,andv0;w1;d2;m3 denotethenumberof vertices,wire
edges,danglingfacesandtetrahedrarespectively.

Both Steps1 and 2 involve sorting, while all the other
stepsperformoperationsthatarelinear in termsof thetotal
numberof top simplexes in the complex. For a typical 3-
complex that is mostly3-manifoldwith few danglingfaces
andwire edges,thetime consumptionof thedecomposition
is dominatedby Step1.

5. A Decomposition-basedData Structur e for a
Simplicial 3-complex

In thisSection,wepresenttheDouble-LevelDecomposition
(DLD) data structure, which is basedon the IQM decom-
position and is generatedthroughthe algorithm described
in Section4. The DLD datastructureis a two-layerrepre-
sentationin which the upperlevel describesthe connectiv-
ity of theIQM componentsthroughtheirnon-manifoldsim-
plexes,while thelowerlevel describestheentities,theircon-
nectivity andadjacency relationinsidetheIQM components
C1; � � � ;Ck. This is similar in conceptto the representation
proposedin [DMMP03] for decomposedabstractsimplicial
complexeswhich is still a two-level datastructure,but the

descriptionof the singleIQM componentis morecomplex
sinceit maynotnecessarilybepseudo-manifold.

Theconnectivity of thecomponentsin thedecomposition
is representedasa hypergraphG=< N;A> , whereN is a
set of nodesrepresentingthe IQM componentsC1; � � � ;Ck,
andA is a setof hyperarcs.Thereare two kinds of hyper-
arcs:hyperarcsof typevertex, whichrepresentnon-manifold
vertices,and hyperarcs of type edge which representnon-
manifold edges.A hyperarc representinga non-manifold
vertex v connectsall componentswhich containcopiesof
vertex v. Similarly, a hyperarcrepresentinga non-manifold
edgee connectsall componentswhich contain copiesof
edgee.

Figures5(a)-(c) give an exampleof the IQM decompo-
sition of a simple3-complex and the hypergraphthat rep-
resentsthedecomposition.The3-complex shown in Figure
5(a) consistsof two tetrahedrathat sharethe non-manifold
edgee which is incidentat non-manifoldverticesu andv,
andtwo wire edgesthatareincidentatvertex v. Thedecom-
positionof thiscomplex consistsof four components:C1 and
C2 arethetwo tetrahedra,C3 andC4 arethewire edges.Fig-
ure5(b) showsall thecomponentsof thedecomposition.The
non-manifoldedgee andnon-manifoldverticesu andv are
copiedfor eachcomponent.Figure5(c) is a full description
of thedecompositiongraphG. ThenodesareC1; � � � ;C4 and
the hyperarcsare e, u and v. In the hypergraph,the solid
lines connectingCi andthe hyperarcsarethe copiesof the
non-manifoldjoints. The dashedlines betweenu, v and e
indicatetheir incidence.

e
u

v

C2C1

C3

u2

v1

u

e

v

C4

u1

e2e1

v3 v4

v2

u1

e1

u2

e2
v1

v3

v2

v4

C1 C2

C4

C3

(a) (b) (c)

Figure5: (a) a 3D complex; (b) its IQM decomposition;and
(c) thehypergraphdescribingthedecomposition

All non-manifoldsingularitiesare thus explicitly repre-
sentedonly in theupperlevel, whichencodeshypergraphG.
Thefollowing informationareencoded:

� For eachnoderepresentingIQM componentCi :

– dimensionof thecomponent;
– andapointerto onetopsimplex in thiscomponent.

� For eachhyperarcrepresentingnon-manifoldedgee: (We
considerhyperarce in Figure5(c) to illustratethefollow-
ing)

– apointereachto its extremevertices,whicharehyper-
arcsin G (in our illustration,they arehyperarcsu and
v for e);

– two lists of pointers:eachpointerreferencesa repre-
sentative top simplex for each2D or 3D IQM compo-
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nent in the star of e. One list collectsthe 2D repre-
sentativesandtheotherthe3D representatives(in our
illustration, the2D list of e is emptywhile its 3D list
consistsof thetwo tetrahedrain Figure5(b)).

� For eachhyperarcrepresentingnon-manifoldvertex v:
(Seehyperarcv in Figure5(c) asanexample)

– A list of pointers,eachto thevertex copy of v in each
IQM componentin thestarof v, (for theexample,the
list of v consistsof copiesv1; � � � ;v4);

– a list of pointers,onefor eachnon-manifoldedgein
graphG, that is incidentat v (for the sameexample,
thelist of v containshyperarce).

The lower level describesthe IQM components.For any
h-dimensional IQM componentCi , we use the Indexed
data structurewith Adjacencieswhich encodesall the h-
simplexes,theverticesandthefollowing relations:

� For eachvertex v in thecomponent,relationR�
0;h(v) which

consistsof oneh-simplex in thestarof v;
� For eachh-simplex s of Ci , relationRh;0(s ) andrelation

Rh;h(s )

Thelow level datastructureis implementedthroughthefol-
lowing constructs:

� For eachvertex v in componentCi :

– A 1-bit �ag to indicatewhetherv is manifold;
– Onepointerfor relationR�

0;h(v);

� For eachwire edges of Ci : a pointerarrayof size2 for
relationR1;0(s )

� For eachtoph-simplex s of Ci , h > 1:

– A pointerarrayof size(h+ 1) for relationRh;0(s )
– A pointerarrayof size(h+ 1) for relationRh;h(s )
– A bit �ag of size(h+ 1

1 ) to indicatewhethereachedge
of s is manifold;

� A hashtableHv that storesthe pointersfrom the vertex
copiesto thenodethatcorrespondsto v in graphG.

Thestoragecostrequiredby theDLD datastructurecan
beevaluatedin termsof thefollowing quantities:

m0 : numberof manifoldvertices;
n0 : numberof non-manifoldvertices;
k0 : total numberof IQM componentsat all non-manifold

vertices;
n1 : numberof non-manifoldedges;
w1 : numberof wire edges;
k1 : total numberof IQM componentsat all non-manifold

edges;
d2 : numberof danglingfaces;
m3 : numberof tetrahedra;
C : totalnumberof IQM componentsin thewholecomplex.

In the lower level datastructure,the total numberof ver-
tices (including all manifold verticesand copiesof non-
manifoldvertices)is m0 + k0. Assumingthatthehashtables
are10%full in orderto supportconstantaccesstime,thesize

of thehashtableHv is 20n0 pointers.Thestoragecostof the
DLD datastructurefor variousdomainsis shown below:
� For generalnon-manifoldcomplexes:

– lower level: m0 + k0 + 2w1 + 4d2 + 8m3 + 20n0 + 30n1
pointersandm0 + k0 + 3d2 + 6m3 bits,

– upperlevel: 2C+ 6n1 + 2n0 + k1 + k0 pointers,
– hashtable:20n0 pointers.

� For manifoldcomplexes,d2 = w1 = n0 = n1 = k0 = k1 = 0
andC= 1

– lower level: m0 + 8m3 pointersandm0 + 6m3 bits,
– upperlevel: 2 pointers,
– hashtable:0 pointers.

A comparisonwith the extendedIndexed datastructure
with Adjacencies(IA)[ Nie97] for manifoldsgivesusamea-
sureof thescalabilityof theDLD datastructure.Whenen-
codingmanifolds,theDLD datastructureis reducedto the
IA with just someadditionalbit �ags. Thus,theoverheadof
the DLD datastructurein encodingmanifold is m0 + 6m3
bitsand2 pointers.

6. Navigation in the DLD data structur e
In this Section,we discusshow to retrieve topologicalrela-
tionsfrom theDLD datastructure.Thesealgorithmsarethe
basicbuilding blocksfor any algorithmwhich navigatesor
updatesthecomplex.

Boundaryrelationcanberetrievedbothfor topsimplexes
and for facesof top simplexes.For any top p-simplex, s
(p= 2;3), thesetof q-facesof s aredescribedas( p+ 1

q+ 1) com-
binationsof (q+ 1) verticesof s . Thus,to retrieveboundary
relationRp;q(s ), relationRp;0(s ) is retrieved,andthecom-
binationsdescribingtheq-facesaregenerated.

We retrieve coboundaryrelationRp;q(s ) of a p-simplex
s througha traversalof the starof s , (p = 0;1;2). In the
casein which s is a manifold simplex, all q-simplexesin-
cidentat s belongto the sameIQM component.Thus,the
traversalof thestarof s is performedwithin thelower level
datastructure.Whens is non-manifold,thestarof s is dis-
tributedamongseveral components.Therefore,it is neces-
saryto accesstheupperlevel datastructureto retrieveall the
componentsincidentat s .

RelationR0;h(v), h = 2;3, in anh-dimensionalIQM com-
ponentC is retrievedby traversingthestarof v in C through
relations R�

0;h, Rh;h and Rh;0. The traversal is performed
by starting with h-simplex s = R�

0;h(v). The h-simplexes
(h� 1)-adjacentto s arefound throughRh;h(s ), andthose
which are incident at v are found by consideringRh;0 for
suchh-simplexes.This processis linearin thenumberof h-
simplexesincidentat v. If we want to retrieve R0;q(v) in an
h-dimensionalIQM componentwith q < h, we performthe
sametraversaldescribedabove, but we collectasresultthe
q-facesof the h-simplexesfound in the retrieval. The time
complexity is still linear in thenumberof q-simplexesinci-
dentat v, sincethenumberof h-simplexesin thestarof v is
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linearin thenumberof q-simplexesincidentat v becauseof
Euler' formula.

Next, we considerhow to retrieve relation R0;q(v), 0 <
q � h, for anon-manifoldvertex u. Thestarof u is theunion
of the starsof all its vertex copies.The vertex copiesof u
are retrieved from the upper level datastructure.Relation
R0;q for eachvertex copy is retrieved from the lower level
datastructureas thoughthe vertex copy u wasa manifold
vertex. Givenanarbitraryvertex v in agivencomponentC of
dimensionh, thebit-�ag indicateswhetherv is avertex copy.
If it is, the referenceto the hyperarcrepresentingthe non-
manifold vertex is retrieved from the hashtableHv. From
the hyperarc,we retrieve all the other copiesof the same
vertex, andthentheq-simplexesincidentat eachsuchcopy.
Thus,all R0;q(v) relations,where0 < q � h, canberetrieved
in time linearin thenumberof q-simplexesin thestarof v.

We considerhow to retrieve co-boundaryrelationof type
R1;q(e), 0 � q � h, for anedgee. If e is amanifoldedge,we
considera tetrahedronor triangles containingit. (Notethat
sincethe edgesarenot encodedin the DLD datastructure
for the IQM component,we considerall edgesto bespeci-
�ed throughatopsimplex containingit.) For a3-component,
weretrieveall tetrahedra,or triangles,dependingonwhether
q = 2 or 3, incidentat e, by traversingthestarof e starting
from s , andretrieving all the othertetrahedraor triangles,
by usingRh;h andRh;0 relations.For a2-component,R1;2(e)
is retrievedby simplyconsideringR2;2 of triangles .

If e is anon-manifoldedge,wegetaccessfrom thehyper-
arcdescribingit to atopsimplex in eachcomponentcontain-
ing it. For eachcomponent,we repeattheprocessdiscussed
above for themanifoldedge.Thetimecomplexity of thisal-
gorithm is linear in the numberof q-simplexes incidentat
e.

CoboundaryrelationR2;3( f ) for a triangle f is retrieved
throughtheR3;3 relationof a tetrahedronthatsharesf . Ad-
jacency relationsRp;p (p = 0;1;2) areretrieved asa com-
binationof boundaryandcoboundaryrelations,andarenot
elaboratedhere.Their time complexity is linearin thenum-
berof p-simplexesproducedasresultof retrieval. Thus,all
topologicalrelationscanbe extractedin optimal time from
theDLD datastructure.

7. Comparisons
In this Section,we analyzeandhighlight thedistinctive fea-
turesof theDLD datastructureby comparingit with exist-
ing datastructuresfor representingnon-manifoldsimplicial
complexes.

7.1. Non-manifold Indexeddata structur ewith
Adjacencies(NMIA)

The Non-Manifold Indexed data structure with Adjacen-
cies(NMIA) [DH03] is a highly compactdatastructurefor
simplicial 3-complexes.The NMIA datastructureencodes
verticesandtop simplexes,andthe following completere-
lations: Rh;0(s ), for each h-dimensionaltop simplex s ,

R3;3(t), eachtetrahedront. In addition,partial coboundary
relationsareencodedfor verticesandnon-manifoldedges.
Vertex-basedpartial relationsencodedby the NMIA asso-
ciateswith eachvertex v oneq-dimensionalconnectedcom-
ponentin st(v). In theexampleof Figure6(a)eachof thetop
simplexes is a connectedcomponentby itself, so the par-
tial coboundaryrelationsencodedat v consistof we;d f and
t. Edge-basedpartial relationsencodedby the NMIA asso-
ciateeachnon-manifoldedgee with one top q-simplex in
eachq-dimensionalcomponentincidentate. In Figure6(b),
therearethreeconnectedcomponentsat edgee, so thepar-
tial relationsby theNMIA for edgeeconsistof d f ;t1 andt4.

v

t
df

we

t 2

t 1

4t

t 3

dfe

(a) (b)

Figure 6: Partial coboundaryrelations encodedby the
NMIA at (a) non-manifoldvertex v and (b) non-manifold
edgee

Both theDLD andtheNMIA datastructuresencodeonly
verticesandtop simplexes.Their primarydifferenceis that
theDLD datastructureencodesthecomplex asanIQM de-
composition,thusallowing thenon-manifoldsingularitiesto
beexplicitly addressable,while theNMIA encodesthecom-
plex asa singlepiecewith non-manifoldsingularitiesdis-
tributed insidethe complex. Both the NMIA andthe DLD
datastructurearecomparableto the extendedIA whenthe
domainis manifold. Also, both datastructuressupportan
ef�cient retrieval of topologicalrelations.The retrieval al-
gorithmsfor relationsRp;3, for p = 0;1, aresub-optimalfor
theNMIA datastructure,but still linearin thenumberof top
simplexesin thestarof avertex for p = 0, or edgefor p = 1.

7.2. IncidenceGraph and Simpli�ed IncidenceGraph

TheIncidenceGraph(IG) [Ede87] is adatastructurefor rep-
resentingcell complexesof any dimensions.We considerit
for simplicialcomplexeshere.TheIG encodesthefollowing
topologicalrelations:

� for eachp-simplex s , where0< p� d, boundaryrelations
Rp;p� 1(s ),

� for eachp-simplex s , where0� p< d, coboundaryrela-
tionsRp;p+1(s )

Thus,for eachp-simplex s , the IG encodesits immediate
boundary, andits immediatecoboundary.

The Simpli�ed IncidenceGraph (SIG) [DGH04] simpli-
�es theIG by encodingthecoboundarypartially asfollows:
for eachsimplex s , theSIG encodesonetop h-simplex for
each(h� 1)-connectedcomponentof toph-simplexesin the
starof s . Figure7 shows two examplesof the coboundary
relationsencodedatavertex. For theexampleof Figure7(a),
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theSIGencodesjustonetriangleaspartialcoboundaryrela-
tion R0;2 of v. In Figure7(b), thepartialcoboundaryrelation
encodedby SIGatv consistsof two triangles.

1f 3f

2fv

3f

2f

1f

v

(a) (b)

Figure7: Twoexamplesof partial coboundaryrelationsen-
codedby theSIGat vertex v

TheSIG encodesthesameboundaryrelationsasthe IG.
It simpli�es the IG by encodinga subsetof the cobound-
ary insteadof thecompleteimmediatecoboundary. Wehave
shown in [DH05] that theSIG is almostalwaysmorecom-
pact than the IG. The main differencewith respectto the
DLD data structureis that both the IG and the SIG are
dimension-independent,andthey encodeall simplexesin a
complex. Both theIG andtheSIG supporttopologicalnavi-
gationin optimaltime,asdoestheDLD datastructure.

7.3. Comparisonon storagecosts

In this Subsection,we provide a comparisonof the storage
costsof the four datastructureson syntheticdatasetswith
high degreeof non-manifoldness.Table 1 summarizesthe
characteristicsof eachdataset.Thestoragecostsof thedata
structuresfor eachof themareshown in Table2. Thestor-
agecostis measuredin termsof thenumberof entitiesand
relationsencoded,which is independentof eachindividual
implementation.

FromTable2, wecanmakethreeremarks.First,thenum-
berof entitiesencodedby theNMIA andtheDLD datastruc-
turesare 1

4 to 1
3 of thatencodedby the IG andby theSIG.

Second,the DLD datastructureis more compactthan the
SIG and IG, sinceit occupiesonly lessthan 1

2 the sizeof
the SIG andeven lessthanthat of the IG. Finally, the stor-
agecostof theDLD datastructureis almostthesameasthat
of the NMIA datastructure,especiallywhenthereis a re-
strictednumberof non-manifoldsingularitieswith respectto
numberof simplexesin thecomplex (asit is almostalways
thecasein practicalapplications).

Model T F E V DF WE Vn En

3D13 28 82 84 31 0 0 1 0
3D15 40 116 112 37 0 0 5 4
3DDe 30 97 101 37 8 2 5 4
3D25 48 208 234 79 56 0 7 6

Table 1: Four 3D data sets with non-manifoldproper-
ties: T=#tetrahedra, F=#faces,E=#edges,DF=#dangling
faces,WE=#wire edges, V=#vertices,Vn=#non-manifold
vertices,En=#non-manifoldedges,

Model IG IS NMIA DLD
Ent Rel Ent Rel Ent Rel Ent Rel

3D13 225 1052 225 756 59 258 59 263
3D15 305 1464 305 1045 77 373 77 405
3DDe 265 1226 265 879 77 327 77 389
3D25 569 2568 569 1815 183 695 183 943

Table 2: Storage costs of four data structures on 3D
data sets with non-manifold properties: Ent=#entities,
Rel=#relations

8. Concluding Remarks

We have addressedthe issueof modelingnon-manifold3D
shapesdiscretizedas 3D simplicial complexes through a
decomposition-basedapproach.To this aim, we have de-
scribedadatastructurefor 3D simplicial complexesembed-
dedinto 3D Euclideanspacebasedonuniqueandsoundde-
compositionof suchcomplexes into nearlymanifold com-
ponents,thatwe termedtheDLD datastructure.Thestruc-
ture of the decompositionis encodedas the upperlevel in
the DLD datastructure,while eachnearly manifold com-
ponentis describedas an extendedindexed datastructure
with adjacenciesby encodingconnectivity and adjacency
relations.The DLD datastructureis compact,sinceit ex-
plicitly encodesonly verticesandtop simplexes,it is highly
scalableto the manifold case,and it supportsef�cient re-
trieval of topologicalrelations.The DLD datastructureis
moreexpressivethantheNMIA datastructure[DH03], since
it describesthenon-manifoldentitiesexplicitly, andhasal-
mostthesamestoragecost.Also, navigationalgorithmsare
simplerto implementon theDLD datastructuresincenon-
manifoldsingularitiesarekeptdistinct from the lower-level
representationof theIQM components.TheDLD datastruc-
ture, its constructionand navigation algorithmshave been
implementedandtestedon syntheticdatasets.Figures8(a)-
(f) show a3D complex describedby theDLD datastructure.

(a) (b) (c)

(d) (e) (f)

Figure 8: (a) A wheelmodelwith 1000tetrahedra, 32 dan-
gling facesand 96 wire edges; (b) a zoomed-inview of its
center; (c) a side-wayview; (d) the tetrahedral parts form
three3D manifoldcomponents;(e) the parts describedby
danglingfacesform eight2D components;and (f) thewire
parts(enlarged)
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A further importantadvantageof theDLD datastructure
is thatit providesauniquedecompositionof a3D shapeand
thus is a very suitablebasisfor performinggeometricrea-
soningof a 3D shapeby identifying interestingtopological
features,andfor shapeunderstandingandrecognition.The
decompositionalsomakesit easierto extracttopologicalin-
variants,suchasBetti numbers,whichcanbeusedasashape
signaturefor reasoningandrecognitionpurposes.
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