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Abstract

We de ne a new representatiorfor non-manifold3D shapegsiescribedby three-dimensionadimplicial complees,
thatwecall theDouble-Level Decompositior{DLD) datastructue. TheDLD datastructure is basedona unique
decompositiorf the simplicial comple into nearlymanifoldparts,andencodeshedecompositiorin an ef cient
and powerful two-level representationlt is compact,and it supportsefcient topolagical navigationthrough
adjacencieslt also providesa suitablebasisfor geometricreasoningon non-manifoldshapesWe describean
algorithmto decomposa 3D simplicial comple into nearly manifold parts. We discusshow to build the DLD
data structule from a descriptionof a 3D comple as a collection of tetraheda, dangling triangles and wire
edges, and we presentalgorithmsfor topolagical navigation.We presenta thorough comparisonwith existing

representationsor 3D simplicial complees.

1. Intr oduction

Simplicial complees are widely used representatiorfor
3D shapesn computergraphics,ComputerAided Design
(CAD) and nite elementsimulation,becausef theirinner
simplicity andof theavailability of algorithmsfor generating
suchrepresentationsffectively. In this work, we consider
the problemof modelingnon-manifold3D shapesiescribed
by three-dimensionasimplicial complexes. A lot of work
hasbeendevelopedon modeling3D shapedy decompos-
ing their boundaryinto triangle meshespr into more gen-
eral simplicial 2-complexes [DHO5]. Theselatter are used
to model non-manifold shapeswhich are subsetsof the
Euclideanspacethat can be regardedas combinationsof
wire frame, surface,solid and cellular decompositionsln-
formally, amanifoldobjectis asubsebf theEuclidearspace
for which theneighborhoof eachinternalpointis homeo-
morphicto anopenball. Objectsthatdonotful Il this prop-
erty atoneor morepointsarecallednon-manifoldobjects.

Three-dimensionalhapesireoftendiscretizedastetrahe-
dral meshesnainlyin nite elementsimulations CDMO04].
Mostof thework in theliterature however, hasbeenfocused
on representationfor tetrahedrameshegartitioningman-
ifold shapesOn the other hand,when generatinga nite
elementmeshfrom a CAD modelto meetsimulationre-
quirementsseveralsimpli cation operationsieedto beper
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formed, suchasremoval of details,topology modi cation,

e.g.holeremoval, or reductionin thedimensionalityof some
parts,which producenon-manifoldgeometrie{see,for in-

stance[FRLOQ). Thus,theneedarisesfor representingion-
manifold 3D shapesdiscretizedas general3D simplicial
complees,i.e.,consistingof tetrahedrabut alsoof dangling
trianglesandwire edgegdescribingower-dimensionabeo-
metric entities. A suitableapproachwould consistof par

titioning a 3D non-manifoldshape which haspartsof dif-

ferentdimensionalitiesinto uniformly-dimensionatompo-
nentswhich aremanifold, or nearlymanifold. The objective
isto beableto understandhestructureof ashapetoidentify
partsof the shapethat de ne characteristideatureswhich
arerelevantin a speci c applicationervironment,like pro-
trusions,or depressionspr partsde ning through-holesor

handles.

In this work, we addresghe problemof modelingnon-
manifold 3D shapedgliscretizedas3D simplicial complees
througha decomposition-baseapproachin [DMMPO03], a
theoryhasbeenproposedddressinghe criteriafor a sound
decompositionof arbitrarily dimensionalabstractsimpli-
cial complees,notnecessarilgmbeddablén theEuclidean
spacelntuitively, a sounddecompositiorshouldremove as
mary non-manifoldsingularitiesaspossible without break-
ing thecomple atmanifoldparts.Naturally, suchdecompo-
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sition cutsthe complex at all non-manifoldsimplexes. The
resultingcomponentfiave beenshownn to bealmost,but not
exactly, manifold. This approacthasbeenshawvn to produce
auniguedecompositiomf anabstracsimplicialcomplex. In

this paperwe considetthis decompositiorfor 3D simplicial

complexes embeddedn 3D Euclideanspace,andwe pro-
posedimension-speci algorithmsfor generatingandnavi-

gatingon suchdecomposition.

We de ne an efcient and effective representatiorfior a
3D simplicial comple, that we call the Double-Level De-
composition(DLD) data structure.The DLD data struc-
ture providesa two-level descriptionof the comple, where
the upperlevel describeshe decompositiorof the complex
into simpleruniformly dimensionacomponent&sa graph,
while the lower-level representatiorescribeshe tetrahe-
dra, danglingtriangle and wire edgesin eachcomponent,
with connectity information and mutual adjacenyg rela-
tions. The DLD data structureis compact,it scalesvery
well to the manifold case(that is, it requiresalmostthe
sameamountof storagecomparedwith a datastructureof
the sameclassspeci ¢ for manifold 3D complees)andit
supportsef cient navigation within the complex. We com-
parethe DLD datastructurewith a highly optimizedrepre-
sentationfor 3D simplicial compleespresentedn [DHO3]
aswell aswith 3D instance®f dimension-independedata
structuredor simplicial complexes.

Theremainderof this paperis organizedasfollows. Sec-
tion 2 providesthe backgroundhotionson simplicial com-
plexesandon entitiesandtopologicalrelationsin a simpli-
cial comple. Section3 reviews relatedwork in the areasof
topologicaldatastructuresandon shapedecompositionin
particular it reviews thetheorybehindthe decompositiorof
abstractsimplicial complexes mentionedabove. Section4
presentsan algorithmfor the decompositiorof a 3D sim-
plicial complex into nearlymanifold componentsSection5
describeghe DLD datastructure,and analysests storage
costsand scalability Section6 presentsalgorithmsfor re-
trieving topologicalrelationsfrom the DLD datastructure.
Section7 presentsa comparisorof the DLD datastructure
with existing representations:inally, Section8 dravs some
concludingremarks.

2. Background Notions

In this Sectionwe review thenotionof simplicialcomplees
and relatedde nitions as well asthe formal de nition of
topologicalrelations.

2.1. Simplicial Complexes

A Euclideansimples s of dimensiork is the corvex hull of
k+ 1 linearly independenpointsin the n-dimensionalEu-
clideanspaceE™, 0 k n. We simply call a Euclidean
simpl of dimensionk a k-simple. k is calledthe dimen-
sionof s andis denoteddim(s). Any Euclideanp-simplex
sOwith0 p< k generatedbyasetVso Vs of cardinal-
ity p+1 d,iscalledap-faceof s. When&ernoambiguity

arises the dimensionalityof s© canbe omitted,and s % is
simply calledafaceof s . Any faces %of s suchthats %6 s
is calleda properfaceof s.

A nite collectionS of Euclideansimplexesformsa Eu-
clideansimplicialcomplexif andonlyif (i), for eachsimplex
s 2 S, all facesof s belongto S, and(ii), for eachpair of
simplexess ands? eithers\ s%= Dors\ s%isafaceof
boths ands? If d is themaximumof thedimension®f the
simplexesin S, we call S a d-dimensionalsimplicial com-
plex, or a simplicial d-comple. The domain or carrier, of
a Euclideansimplicial d-complex S embeddedn E", with
0 d n,isthesubsebf E" de ned by theunion,aspoint
setsof all thesimplexesin S.

Theboundaryof asimplex s is thesetof all facesof s in
S, differentfrom s itself. The star of asimplex s is the set
of simplexesin Sthathave s asaface.Any simplex s such
thatthestarof s containsonly s is calledatop simplex. The
link of asimplex s is thesetof all thefacesof thesimplexes
in thestarof s whicharenotincidentin s.

We call h-simplex s in ad-complx S,0 h d 1,
a manifold h-simplex if and only if thereare at mosttwo
(h+ 1)-simplexesincidentat s . We call an h-pathary path
betweenwo (h+ 1)-simplexesformedby analternatingse-
guenceof h-simplexes and (h+ 1)-simplexes. An h-path,
0 h d 1,suchthateveryh-simplex in the pathis amani-
fold simplex is calledamanifoldpath Two simplexesareh-
connectedf andonly if thereexistsanh-pathjoining them.
Two (h+ 1)-simplexesareh-manifoldconnectedf andonly
if thereexistsa manifoldh-pathconnectinghem.We call a
d-complex denselyconnectedf it is (d  1)-manifold con-
nectedA regular(d 1)-connectedd-comple in which all
(d 1)-simplexes are manifold is called a (combinatorial)
pseudo-manifoldomple (possiblywith boundary).

A d-dimensionalpseudo-manifoldn which the link of
eachvertex is homeomorphido the unit d-sphere(or to
the unit (d 1)-dimensionalopendisk) is called a mani-
fold complex. We call ak-simplex s, with k< d 1,anon-
manifoldsimple if andonly if 1k(s) consistsof morethan
one connecteccomponentA(d 1)-simplex s is calleda
non-manifoldsimple if threeor mored-simplexesareinci-
dentat s. Figure 1 shavs examplesof non-manifoldsim-
plexesin a simplicial 3-comple&. Figure 1(a) shavs a non-
manifold edgee, thelink of e is highlightedin Figure 1(b).
Figure1(c) shavs anexampleof a non-manifoldvertex v.

Figure 1: Singularitiesin 3D simplicial complees
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2.2. TopologicalRelations

We introduceherea formalizationof the topologicalrela-
tions amongthe entitiesin a simplicial comple. Topologi-
calrelationsareaneffective framework for de ning, analyz-
ing andcomparinghedatastructuredor cell andsimplicial

complexes[De 05]. They describeheconnectvity informa-
tion amongthe cells. The choiceof cellsandrelationsto be
encodeddetermineghe effectivenessof the datastructure
for a speci c application.Topologicalrelationshave been
de ned amongthe entitiesin a cell comple. Relationsin a
simplicial complex canbede nedin thesameway. Let S be
a simplicial d-complec andlet s 2 S be a p-simplex, with

0 p d.Wede ne thefollowing topolagical relations

ForO g p 1,boundaryrelationRpgq(s) consistsof

thesetof g-simplexesin thesetof facesof s.

Forp+1 g d,coboundaryelationRpq(s) consists
of the setof g-simplexesin thestarof s.

For p> 0, adjacencyrelation Rp;p(s) is the setof p-

simplexesin S thatare(p 1)-adjacento s. Adjacency
relation Ro.o(s ), wheres is a verte, consistsof the set
of verticess Osuchthatf s ; s 4 is a 1-simple< of S.

Boundaryand coboundaryrelationsare calledincidence
relations In theremainderwe alsode ne variouspartialre-
lations.Partial relation,generallydenotedby Ry,q, is asub-
setof the completeR,,q relation.We call constantary rela-
tion whichinvolvesa constannumberof entities.Relations,
which involve a variablenumberof entities,arecalledvari-
able Co-boundarandadjacenyg relationsarevariablerela-
tionsin generalwhile boundaryrelationsare constantWe
consideranalgorithmfor retrieving atopologicalrelationR
to be optimalif it retrievesa givenrelationR in time linear
with respecto the numberof entitiesinvolvedin R.

3. RelatedWork

In this Sectionwe review relatedwork onrepresentationsf
3D shapesandon shapedecompositiotechniquesln par
ticular, we review thetopologicaldecompositiorior abstract
simplicial compleesproposedn [DMMPO03].

3.1. Representationsof 3D shapes

Variousapproachesare beenproposedn the literaturefor
representingnon-manifold3D shapesMost of the works
have beenon representing 3D shapethrougha decompo-
sition of its boundaryby a 2D cell or simplicial comple
embeddedn the 3D EuclideanspaceThe rst proposalfor
aboundaryrepresentationf non-manifold3D shapess pro-
vided by the Radial-Edgedata structure[Wei8g. Several
variantsof the Radial-edgedatastructureexist, suchas,for
instancethePartial Entities[LLO1], andthe Loop Edge-use
[MHO1] datastructures.The Directed Edge [CKS9] ex-
tendsthe Half-Edge datastructure,proposedfor manifold
2D cell complexes,to arbitrary2D simplicial complees.All
suchdatastructuresareverboseanddo not scalewell to the
manifoldcasg DHOY).

¢ TheEurographic#ssociation2006.

An alternatve to the previous data structureswith the
sameexpressie power, is the IncidenceGraph[Ede87 and
its variants[DGHO4, VL97]. Suchdatastructuresdescribe
a compl by capturingthe incidencerelationsamongthe
cells in the complex. They are simplerto implementand
de nitely morecompactHowever, to achieze highcompact-
nessijt is necessaryo minimizethe encodednformationby
encodingonly a subsewf the topologicalentitiesandrela-
tions. In this view, the Indexed datastructurewith Adjacen-
cies(lA) [Nie97] is a pioneerwork, which however is lim-
ited to pseudo-manifoldcomplees. The Triangle-Sgment
datastructure[DMPS04 is the rst datastructurethat ex-
tendsthe indexed datastructureto handlenon-manifold2D
simplicial comple. It is very compactand allows retriev-
ing topologicalrelationsin optimaltime (see[DHO5] for an
analysisand comparisorwith otherrepresentationfor 2D
simplicial complexes).

Thereare few representationfor describing3D shapes
discretizedas3D simplicial complexes.Most suchrepresen-
tationsarelimited to themanifolddomain.Examplesarethe
Facet-Edge[DL89, Muc93 and the Handle-Face [LT97].
TheNon-manifoldindexed DataStructurewith Adjacencies
(NMIA) proposedn [DHO03] is suitablefor generaBD sim-
plcial complees. Thisdatastructureexplicitly representsill
verticesandtop simplexes,speci cally, tetrahedradangling
facesandwire edgeslt is highly compactandsupportshe
ef cient retrieval of topologicalrelations.

3.2. Decompositionsof 3D shapes

Another approachto representon-manifold shapescon-
sistsof decomposinghe shapeinto manifold components.
Someapproacheshave beenproposedn the literature for
uniformly-dimensionahon-manifoldshapes.

DesaulnierandStevart[DS99 proposearepresentation
schemebasedon a decompositiorof solid objectinto regu-
lar parts(r-sets).Sucha decompositiorprovidesinteresting
topologicalinformation aboutan object. In [FR92, Falci-
dienoandGianninidiscusghe problemof identifying form
featuredrom ther-setdecompositiorof a non-manifoldob-
ject.In [GTLH98], Gueziecetal. proposea decomposition-
basedechniqueo corvertanon-manifoldobjectintoaman-
ifold one.Pesccetal. [PTL0O4 proposea decompositiorof
a 2D cell complex basedn a combinatorialstrati cation of
the comple, inspiredby Whitney strati cation. They pro-
poseadatastructureandasetof operatordasednsuchrep-
resentationbut they do not provide an algorithmfor build-
ing it from a given (non-decomposedjompl. Selectve
GeometricComplees(SGCs)[RO9( candescribeobjects
throughcell complexeswhosecells can be either open,or
not simply connectedln SGCs,cellsandtheir mutualadja-
cenciesare encodedn anincidencegraph[Ede87. Lopes
etal. [LNPTOQ de ne astrati cation of 3D cell complees,
but limited to manifold ones,and proposea datastructure
andeditingoperatorgor manipulatingt.
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3.3. Initial Quasi-Manifold Decomposition

A decompositiorof anon-manifoldshapento simplerparts
canbeobtainedy splittingtheshapeatthoseelementgver
tices, edgesfaces,etc.) wheresingularitiesoccur In order
to be effective, the decompositionprocessshould remove
as mary singularitiesas possible,without introducing ar
ti cial, or arbitrary “cuts" through manifold parts. Under
theseassumptionsa decompositiorinto manifold compo-
nentsis possiblejn generalonly for two-dimensionatom-
plexes.In threeor higherdimensionsa decompositiorinto
manifold componentsnay needto introducearti cial cuts
throughthe object.In six or higherdimensionsa decompo-
sition into manifold componentss not feasiblein general,
sincethe classof d-manifoldshasbeenprovento benotde-
cidablefor d 6 [Nab94. A decompositiorhasbeende-
ned in [DMMPO3] for abstractsimplicial complees,and
it is describecdherein the context of complexesembeddable
in the Euclideanspace This decompositions unique since
it doesnot make ary arbitrarychoicein decidingwherethe
objecthasto be decomposedandnatural, sinceit removes
singularitiesby splitting the comple at non-manifoldsim-
plexesonly.

A complex SPis a decompositiorof anothercomplex S
whenever S°canbe obtainedby cutting S alongsomefaces.
If SPis adecompositiorof S, thenary otherdecomposition
of SPwill alsobe a decompositiorfor S. This factinduces
a partial order over the setof all possibledecompositions
of acomple, in which S is the minimum andthe comple
obtainedby decomposing into thecollectionof its top sim-
plexesis the maximum.This latter comple is calledtheto-
tally explodeddecompositiomf S, andit is denotedvith S~ .
Any decompositiorof S canbe seenasobtainedby pasting
togethersimplexesin S™ . Pastingoccursthroughatomicop-
erationsthatidentify two verticesof the form v, andvy, at
atime. The setof all possibledecompositionef a comple
S formsa lattice. Two complexesadjacenin thelattice can
betransformednto eachotherby anatomicsplit or join in-
volving just a pair of vertices.Figure2 givesanexampleof
all possibledecomposition®f a complex andthe resultant
lattice. The comple in theroot (top) of thelatticeis theto-
tally explodedcomple. Thecomple in thesink (bottom)is
the original complex. Eachedgein the lattice connectdwo
adjacentomplees,indicatingthatonecomplex canbe ob-
tainedfrom anotherby cutting (if moving up the lattice) or
pasting(if moving downwards).

The standarddecompositionof a complec is a speci ¢
elementof the lattice, which is obtainedby discardingthe
whole setof “non-interesting”decompositionsand taking
the “most general”of the remainingdecompositionsUsu-
ally, one perceves non-manifoldsimplexes as “joints” be-
tweenmanifold parts,andit might seenreasonabléo build
a decompositiorby splitting the comple just at them.On
the otherhand,it doesnot seemdesirableto introducecuts
alongmanifold simplexes. Sucha decompositiors?is con-
sideredn somesense‘essential”.A decompositiorsis an
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Figure 2: Anexampleof thelattice of all possibledecompo-
sitionsof a 2D simplicial comple. The standad decompo-
sition is marked. All the essentiadecompositionare those
belongingto the sub-latticerootedat the standad decompo-
sition

essentiadecompositiorof S if andonly if S%is obtainedby
splitting S only at non-manifoldsimplexes.

Amongall theessentialecompositionghe standad de-
compositionDSis the mostdecomposedThus, it hasbeen
decomposedtall singularitieghatcanbeeliminatedby cut-
ting only throughnon-manifoldfaces.lt is easyto seethat
DS mustbe a complex with regularconnectedcomponents.
Moreover, all connecteccomponentdelongto the classof
Initial Quasi-Manifolds(IQMs). A regular d-comple S is
calledaninitial quasi-manifoldf andonly if every pairof d-
simplexesin thestarof everyvertex of Sis (d  1)-manifold-
connectedUp to dimensiontwo, the classof initial quasi-
manifolds coincideswith that of manifolds.In general,in
threeor higherdimensionsan IQM is not always a mani-
fold (andnot even a pseudo-manifold)However, in dimen-
siond 3, if anIQM is embeddablén EY, it mustbe a
pseudo-manifoldomple. Figure 3 shavs an exampleof a
3D initial quasi-manifoldwhichis notamanifoldcomple.

&

D

N

Figure 3: A pinched-pie which is an 3D initial qusai-
manifoldbut nota manifold

In [DMPO03, arepresentatiofor abstracsimplicial com-
plexes, not necessarilyembeddablén the Euclideanspace,
hasbeendesignedAny h-dimensionallQM components
describedby an adjaceng-baseddata structure,in which
relation Ryn(s) for h-simplex s is encoded,that, how-
ever, involves an arbitrary numberof h-simplexes adjacent
to s, sinceit is not guaranteedhat a componentis a
pseudo-manifoldThis representatiornas not beenimple-
mentedandit canbe heavily simpli ed whendealingwith
d-complexesembeddedn EY for aspeci ¢ valueof d.
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4. Decompositionof 3D simplicial complex

In this Section,we presentan algorithmfor computingthe

IQM decompositiorof a 3D simplicial complec. In a 3D

simplicial comple&, non-manifoldsingularitiesmay occur
at edgesandvertices.The IQM decompositiorcan be ob-

tainedby cutting the complex along all non-manifoldver

ticesandnon-manifoldedges For an ef cient computation
of suchdecompositionye need:adjaceny relationsR3.3 for

all tetrahedraadjaceng relationsRy. for all danglingfaces,
andthestarsof all thevertices Thedecompositiomlgorithm
performsthefollowing ve stepsthataredetailedin therest
of this Section:

1. Computeadjaceng relationRgz;3 for all tetrahedra.

2. Computeadjaceng relationRy.» for all danglingfaces.

3. Computethe starsof all vertices,whereeachstaris de-
scribedasthe setof all top simplexesincidentatthatver-
tex.

4. Identify non-manifoldedgesand non-manifoldvertices
througha traversalof the starof eachvertex.

5. Decomposehe complex at non-manifoldsimplexesand
identify IQM components.

Step 1: Compute adjacencyrelation Rz.3 for all tetrahe-
dra. An efcient way to computeit is to sortthetetrahedra
by their four faceslt canbe doneasfollows:

1. The facesof the tetrahedraare not explicit in the in-
put. Eachsuchfacecanbe describedthrougha 4-tuple
(u1; up;uz;t), whereus; up; ug arethreeverticesthatde-
scribeonefaceof t, andaresortedin the increasingor-
der of their indices. Each 4-tuple not only identi es a
uniqueface,but also associateshe facewith a tetrahe-
dronboundedby it. For eachtetrahedrort four 4-tuples
arecreated.

2. After sorting all the 4-tuples in lexicographical or-
der, adjacent4-tuples of the form (ug;up;us;t;) and
(u1; Up; uz;tp) indicatethattetrahedrd; andt, areface-
adjacent.

The time compleity for this stepis O(mzlog(mg)), where
mg denoteghe numberof tetrahedran the comple.

Step2: Compute adjacencyrelation Ry, for all dangling
faces.Thetechniques the sameasthe computatiorof rela-
tion Rs:3 for tetrahedralescribedabove. The compleity of
this stepis, thus,O(dzl0og(d2)), whered, denoteghe num-
berof danglingfacesin thecomplex.

Step3: Computethe starsof all vertices.Thisis performed
asfollows:

1. For eachvertex v andeachh, createemptysets,b(v; h),
whichwe call budkets for collectingall thetop simplexes
of dimensiorh incidentatv.

2. For each top h-simplex s described by vertices
fvi; ;Vh 10, adds tobucketsb(vi;h),fori= 1, ;h+
1.

¢ TheEurographic#ssociation2006.

This stepis performedin time linear with respectto the
numberof verticesand the numberof top simplexes, i.e.,
O(vp + w1 + dy + mg), wherevp is the numberof vertices,
wy the numberof wire edges,d, the numberof dangling
facesandmy the numberof tetrahedra.

Step 4: Identify non-manifold edgesand non-manifold

vertices. Non-manifold vertices and edgesare identi ed

througha traversalof the star of eachvertex. This traver

sal is doneby using the information storedin the buckets
b(v; h), plus the relationsRg3.3 for tetrahedraand Ry, for

danglingfacesDuring thetraversal thetop simplexesin the
star of v are groupedinto densely(h 1)-connecteccom-
ponents Eachcomponenfoundis assigned uniquelabel,
which we call the componenindex. All vertices(exceptfor

v) in acomponent arelabeledwith theindex of C. These
labelsareusedfor identifying non-manifoldedgesn thestar
of v. If avertex u in thelink of v hasmorethanonelabel,
thenedge(u; V) is anon-manifoldedge.If thestarof v con-
sistsof morethanonecomponentthenv is a non-manifold
vertex; it is a manifold vertex otherwise.Algorithm 1 pro-
videsa pseudo-codéescriptionof thetraversalstratey.

Algorithm 1 FindComponentsinStar(b)
1. 1
2: for hfrom 3downto 1 do
3:  while b(v;h) is notempty do
4 Remawe theunvisitedtop simplex s from b(v; h)
5: Createnew componenC; for v
6: Enqueue(Q, S)
7
8
9

while notempty@Q) do
S Dequeue(Q)

: Ci Cj[s
10: for eachgin Ryp(s) do
11 if the(h 1)-facebetweens andgis mani-
fold andvisited(@)=0 then
12: visited@@ 1
13: Enqueue(Q, g)
14: endif
15: end for
16: endwhile
17: for eachs inCj do
18: Add label j to all verticesof s (exceptv)
19: endfor
20: endwhile
21: endfor

We illustratethe labeling of the starof v throughthe ex-
amplein Figure4. In this example,thefour tetrahedrdorm
two densely2-connecte@omponentsindthethreedangling
facesthreedenselyl-connecteccomponentsn the star of
vertex v. The verticesin thelink of v arelabeledaccording
to thecomponent(sho which they belong thusexposingthe
non-manifoldedgesn thestarof v.

Thetraversalof the starof eachvertex is alinearprocess
with respecto the numberof top simplexesin thatstar The
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Figure4: (a) Labelingdenselyconnectedomponent the
star of vertex v

time compleity for Step4 is thus O(&,sjst(Vv)j), where
jst(v)j denotesthe size of the starof vertex v in S. Since
eachh-simplex belongsto the starsof exactly h+ 1 vertices,
thetime compleity resultsto belinearin the numberof top
simplexesin the comple.

Step 5: Decomposenon-manifold simplexesand iden-
tify IQM components.To completethe decompositionthe
comple is cutatthenon-manifoldsimplexes.For eachnon-
manifoldvertex v, onevertex copy v is createdor eachiQM

componenin thestarof v. After thecutting,thewholecom-
plex istraversedonce but thetraversaldoesnotpasshrough
non-manifoldedgesandnon-manifoldvertices.All tetrahe-
dra that are 2-connectedelongto the samelQM compo-
nent.All thedanglingfaceshatarel-connectedorm asep-
aratemanifold componentLik ewise for all wire edgeghat
are0-connected.

The starof eachnon-manifoldvertex is partitionedwhen
copiesare createdfor the non-manifoldvertex. The sub-
sequenttraversal of the whole comple takes linear time
with respecto the sizeof the complex. Thusthis steptakes
O(av,2sist(vs)j) + O(Vo+ Wy + dp+ mg+ ko), wherejst(vs)j
denoteghesizeof thestarof non-manifoldvertex vs in S, kg
is the numberof IQM componentst all nhon-manifoldver
tices,andvg; wy; do; mg denotethe numberof vertices,wire
edgesdanglingfacesandtetrahedraespectiely.

Both Steps1 and 2 involve sorting, while all the other
stepsperformoperationghatarelinearin termsof thetotal
numberof top simplexesin the comple. For a typical 3-
compl« thatis mostly 3-manifoldwith few danglingfaces
andwire edgesthetime consumptiorof the decomposition
is dominatecby Stepl.

5. A Decomposition-basedata Structur e for a
Simplicial 3-complex

In this Sectionwe presenthe Double-Lerel Decomposition
(DLD) data structure, which is basedon the IQM decom-
position and is generatedhroughthe algorithm described
in Section4. The DLD datastructureis a two-layerrepre-
sentationin which the upperlevel describeghe connecty-
ity of thelQM componentshroughtheir non-manifoldsim-
plexes,while thelowerlevel describesheentities theircon-
nectvity andadjacenyg relationinsidethe|QM components
C1;  ;Ck. This is similar in conceptto the representation
proposedn [DMMPO03] for decomposedbstracsimplicial
complexeswhich is still a two-level datastructure but the

descriptionof the singleIQM componenis more comple
sinceit maynot necessarilype pseudo-manifold.

Theconnectiity of thecomponentén thedecomposition
is representecs a hypegraphG=< N;A>, whereN is a
setof nodesrepresentinghe IQM componentCy;  ;C,
andA is a setof hyperarcsTherearetwo kinds of hyper
arcs:hypearcsof typevertex, which represenhon-manifold
vertices,and hypearcs of type edge which represennon-
manifold edges.A hyperarcrepresentinga hon-manifold
vertex v connectsall componentavhich containcopiesof
vertex v. Similarly, a hyperarcrepresenting non-manifold
edgee connectsall componentswvhich contain copies of
edgee.

Figures5(a)-(c) give an exampleof the IQM decompo-
sition of a simple 3-complex andthe hypemgraphthat rep-
resentghe decompositionThe 3-complex shawvn in Figure
5(a) consistsof two tetrahedrahat sharethe non-manifold
edgee which is incidentat non-manifoldverticesu andyv,
andtwo wire edgeghatareincidentatvertex v. Thedecom-
positionof this comple consistof four componentsC; and
C, arethetwo tetrahedraCsz andC, arethewire edgesFig-
ure5(b) shavsall thecomponentsf thedecompositionThe
non-manifoldedgee andnon-manifoldverticesu andv are
copiedfor eachcomponentFigure5(c) is a full description
of thedecompositiographG. ThenodesareC;; ;C4 and
the hyperarcsare e, u andv. In the hypegraph,the solid
lines connectingC; andthe hyperarcsarethe copiesof the
non-manifoldjoints. The dashedines betweenu, v ande
indicatetheirincidence.

@ (b)

Figure5: (a) a 3D comple; (b) its IQM decompositionand
(c) thehypegraphdescribingthe decomposition

All non-manifoldsingularitiesare thus explicitly repre-
sentedbnly in theupperlevel, which encodesypergraphG.
Thefollowing informationareencoded:

For eachnoderepresentingQM componenC;:

— dimensionof thecomponent;
— andapointerto onetop simplex in this component.

For eachhyperarcrepresentingion-manifoldedgee: (We

considethyperarce in Figure5(c) to illustratethefollow-

ing)

— apointereachto its extremeverticeswhich arehyper
arcsin G (in ourillustration, they arehyperarcsu and
v for e);

— two lists of pointers:eachpointerreferences repre-
sentatve top simplex for each2D or 3D IQM compo-
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nentin the starof e. Onelist collectsthe 2D repre-
sentaesandthe otherthe 3D representagies(in our
illustration, the 2D list of e is emptywhile its 3D list
consistof thetwo tetrahedran Figure5(b)).

For eachhyperarcrepresentingnon-manifold vertex v:
(Seehyperarcv in Figure5(c) asanexample)

— A list of pointerseachto the vertex copy of vin each
IQM componentn the starof v, (for the example,the
list of v consistof copiesvy;  ;Va);

— alist of pointers,onefor eachnon-manifoldedgein
graphG, thatis incidentat v (for the sameexample,
thelist of v containshyperarce).

The lower level describesthe IQM componentsFor ary
h-dimensionallQM componentC;, we use the Indexed
data structurewith Adjacencieswhich encodesall the h-
simplexes,theverticesandthefollowing relations:

Foreachvertexvin thecomponentrelationRo;h(v) which
consistof oneh-simplex in thestarof v;
For eachh-simplex s of Cj, relationRyo(s) andrelation
Ron(s)
Thelow level datastructures implementedhroughthefol-
lowing constructs:

For eachvertex vin componencC;:

— A 1-bit ag to indicatewhetherv is manifold;
— Onepointerfor relationRy,(v);

For eachwire edges of C;: a pointerarrayof size2 for
relationRy.o(s)
For eachtop h-simplex s of Cj, h> 1:

— A pointerarrayof size(h+ 1) for relationRp,o(S)

— A pointerarrayof size(h+ 1) for relationRyh(s)

— A bit ag of size(hjl) to indicatewhethereachedge
of s is manifold;

A hashtable Hy that storesthe pointersfrom the vertex
copiesto thenodethatcorrespondso v in graphG.

The storagecostrequiredby the DLD datastructurecan
be evaluatedn termsof the following quantities:

mp : numberof manifoldvertices;

ng : numberof non-manifoldvertices;

ko : total numberof IQM componentst all non-manifold
vertices;

n1 : numberof non-manifoldedges;

wz : numberof wire edges;

ki : total numberof IQM componentst all non-manifold
edges;

d> : numberof danglingfaces;

mg : numberof tetrahedra;

C : totalnumberof IQM componenti thewholecomplex.
In thelower level datastructure the total numberof ver-

tices (including all manifold verticesand copiesof non-

manifoldvertices)is myp+ kg. Assumingthatthe hashtables

arel0%full in orderto supporiconstanaccessime,thesize
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of thehashtableHy, is 20ng pointers.The storagecostof the
DLD datastructurefor variousdomainss shavn below:

For generahon-manifoldcomplees:

— lowerlevel: mg+ kg+ 2wy + 4dy + 8mg+ 20ng+ 30N,
pointersandmg + kg + 3d, + 6mg bits,

— upperlevel: 2C+ 6n1 + 2ng + kg + kg pointers,

— hashtable:20ng pointers.

For manifold complexes,d, = wy = ng=n;= kg=k; = 0
andC=1

— lowerlevel: my+ 8myg pointersandmg + 6myg bits,
— upperlevel: 2 pointers,
— hashtable:0 pointers.

A comparisorwith the extendedIndexed datastructure
with AdjacenciegIA)[ Nie97] for manifoldsgivesusamea-
sureof the scalabilityof the DLD datastructure Whenen-
codingmanifolds,the DLD datastructureis reducedo the
IA with justsomeadditionalbit ags. Thus,the overheadf
the DLD datastructurein encodingmanifold is mg + 6mg
bitsand?2 pointers.

6. Navigation in the DLD data structure

In this Section,we discusshow to retrieve topologicalrela-
tionsfrom the DLD datastructure Thesealgorithmsarethe
basicbuilding blocksfor ary algorithmwhich navigatesor
updateghe comple.

Boundaryrelationcanberetrieved bothfor top simplexes
and for facesof top simplexes. For ary top p-simplex, s
(p= 2;3),thesetof g-facesf s aredescribechs(g: %) com-
binationsof (q+ 1) verticesof s. Thus,to retrieve boundary
relationRp;q(s ), relationRp,o(s) is retrieved,andthe com-
binationsdescribinghe g-facesaregenerated.

We retrieve coboundaryrelationRp;q(s) of a p-simplex
s througha traversalof the starof s, (p= 0;1;2). In the
casein which s is a manifold simple, all g-simplexesin-
cidentat s belongto the samelQM componentThus,the
traversalof thestarof s is performedwithin thelower level
datastructure Whens is non-manifold thestarof s is dis-
tributed amongseveral componentsTherefore,it is neces-
saryto accessheupperlevel datastructureto retrieve all the
componenténcidentat s .

RelationRy.p(v), h= 2;3, in anh-dimensionalQM com-
ponentC is retrievedby traversingthe starof v in C through
relations Rone Reh and Ry,0. The traversalis performed
by startingwith h-simplex s = Ry, (v). The h-simplexes
(h 1)-adjacento s arefoundthroughRyn(s), andthose
which are incidentat v are found by consideringRyg for
suchh-simplexes. This processs linearin the numberof h-
simplexesincidentat v. If we wantto retrieve Ry(V) in an
h-dimensionalQM componentwith q < h, we performthe
sametraversaldescribedabore, but we collectasresultthe
g-facesof the h-simplexesfound in the retrieval. The time
compleity is still linearin the numberof g-simplexesinci-
dentatv, sincethe numberof h-simplexesin the starof v is
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linearin the numberof g-simplexesincidentat v becausef
Euler' formula.

Next, we considerhow to retrieve relation Rp,q(v), 0 <
g h, for anon-manifoldvertex u. Thestarof uis theunion
of the starsof all its vertex copies.The vertex copiesof u
are retrieved from the upperlevel datastructure.Relation
Ro,q for eachvertex copy is retrieved from the lower level
datastructureasthoughthe vertex copy u was a manifold
vertex. Givenanarbitraryvertex vin agivencomponen€ of
dimensiorh, thebit- ag indicatesvhethelvis avertex copy.
If it is, the referenceto the hyperarcrepresentinghe non-
manifold vertex is retrieved from the hashtable Hy,. From
the hyperarc,we retrieve all the other copiesof the same
vertex, andthenthe g-simplexesincidentat eachsuchcopy.
Thus,all Ro,q(v) relationswhere0< g h, canberetrieved
in time linearin the numberof g-simplexesin the starof v.

We considerow to retrieve co-boundaryelationof type
Riq(6),0 g h,foranedgee. If eis amanifoldedgewe
consideratetrahedroror triangles containingit. (Notethat
sincethe edgesare not encodedn the DLD datastructure
for the IQM componentwe considerall edgeso be speci-

ed throughatop simplex containingt.) For a3-component,
weretrieve all tetrahedragr triangles dependingonwhether
g= 2 or 3,incidentat e, by traversingthe starof e starting
from s, andretrieving all the othertetrahedraor triangles,
by usingRy., andRyo relations.For a2-componentRy.o(€)
is retrieved by simply consideringRy.» of triangles .

If eis anon-manifoldedge we getaccesgrom thehyper
arcdescribingt to atop simplex in eachcomponentontain-
ing it. For eachcomponentye repeathe processliscussed
above for themanifoldedge Thetime complexity of thisal-
gorithm s linear in the numberof g-simplexesincidentat
e

CoboundaryrelationRy.3(f) for atriangle f is retrieved
throughthe Rz 3 relationof atetrahedrorthatsharesf. Ad-
jaceng relationsRp,p (p = 0;1,2) areretrieved asa com-
binationof boundaryandcoboundaryrelations,andarenot
elaboratechere.Their time compleity is linearin thenum-
berof p-simplexesproducedasresultof retrieval. Thus,all
topologicalrelationscanbe extractedin optimal time from
theDLD datastructure.

7. Comparisons

In this Sectionwe analyzeandhighlightthedistinctive fea-
turesof the DLD datastructureby comparingit with exist-
ing datastructuredor representingion-manifoldsimplicial
complexes.

7.1. Non-manifold Indexed data structur e with
Adjacencies(NMIA)

The Non-Manifold Indexed data structue with Adjacen-

cies(NMIA) [DHOJ] is a highly compactdatastructurefor

simplicial 3-complees. The NMIA datastructureencodes

verticesandtop simplexes,andthe following completere-

lations: Ry,0(s), for each h-dimensionaltop simplex s,

Ra3:3(t), eachtetrahedrort. In addition, partial coboundary
relationsare encodedor verticesand non-manifoldedges.
Vertex-basedpartial relationsencodedby the NMIA asso-
ciateswith eachvertex v oneg-dimensionatonnectedom-
ponentin (V). In theexampleof Figure6(a) eachof thetop
simplexesis a connecteccomponenty itself, so the par
tial coboundaryrelationsencodedat v consistof we df and
t. Edge-basegartial relationsencodedby the NMIA asso-
ciate eachnon-manifoldedgee with onetop g-simplex in
eachg-dimensionatomponentncidentate. In Figure6(b),
therearethreeconnectedcomponentst edgee, sothe par
tial relationsby the NMIA for edgee consistof df;t; andty.

df b,

Y e df

@) (b)

Figure 6: Partial coboundaryrelations encodedby the
NMIA at (a) non-manifoldvertex v and (b) non-manifold
edgee

BoththeDLD andtheNMIA datastructuresencodeonly
verticesandtop simplexes. Their primary differenceis that
the DLD datastructureencodeshe complex asanIQM de-
compositionthusallowing thenon-manifoldsingularitieso
beexplicitly addressablayhile theNMIA encodeshecom-
plex asa single piecewith non-manifoldsingularitiesdis-
tributedinside the complex. Both the NMIA andthe DLD
datastructureare comparabldo the extendedlA whenthe
domainis manifold. Also, both datastructuressupportan
efcient retrieval of topologicalrelations.The retrieval al-
gorithmsfor relationsRy,3, for p= 0; 1, aresub-optimalfor
theNMIA datastructureput still linearin the numberof top
simplexesin thestarof avertex for p= 0, or edgefor p= 1.

7.2. Incidence Graph and Simpli ed IncidenceGraph

ThelncidenceGraph(IG) [Ede87 is adatastructurefor rep-
resentingcell compleesof ary dimensionsWe considerit
for simplicial complexeshere.ThelG encodeshefollowing
topologicalrelations:

for eachp-simplex s, whereO< p d, boundaryrelations
Rp:p 1(8), _
for eachp-simplex s, whereO p< d, coboundaryrela-
tionsRy;pr1(S)
Thus,for eachp-simplex s, the IG encodests immediate
boundaryandits immediatecoboundary

The Simpli ed IncidenceGraph (SIG) [DGHO04 simpli-
es thelG by encodingthe coboundanypartially asfollows:
for eachsimplex s, the SIG encodesonetop h-simplex for
each(h 1)-connectedomponenbf top h-simplexesin the
starof s. Figure7 shavs two examplesof the coboundary
relationsencodedtavertex. Fortheexampleof Figure7(a),
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the SIG encodegust onetriangleaspartialcoboundaryela-
tion Ry of v. In Figure7(b), the partialcoboundaryelation
encodedy SIG atv consistof two triangles.

V, V,

V 4 (b

Figure 7: Two exampleof partial coboundaryrelationsen-
codedbythe SIGat vertex v

The SIG encodeghe sameboundaryrelationsasthe IG.
It simpli es the IG by encodinga subsetof the cobound-
ary insteadof the completemmediatecoboundaryWe have
shavn in [DHO5] thatthe SIG is almostalwaysmorecom-
pactthanthe IG. The main differencewith respectto the
DLD data structureis that both the IG and the SIG are
dimension-independerandthey encodeall simplexesin a
complex. Boththe IG andthe SIG supporttopologicalnavi-
gationin optimaltime, asdoesthe DLD datastructure.

7.3. Comparison on storagecosts

In this Subsectionye provide a comparisorof the storage
costsof the four datastructureson syntheticdatasetswith
high degree of non-manifoldnessTable 1 summarizeghe
characteristicef eachdataset. The storagecostsof thedata
structuredor eachof themareshawvn in Table2. The stor
agecostis measuredn termsof the numberof entitiesand
relationsencodedwhich is independenbf eachindividual
implementation.

FromTable2, we canmalke threeremarks First, thenum-
berof entitiesencodedy theNMIA andtheDLD datastruc-
turesare 7 to 3 of thatencodecby the IG andby the SIG.
Secondthe DLD datastructureis more compactthanthe
SIG and |G, sinceit occupiesonly Iessthan% the size of
the SIG andevenlessthanthatof the IG. Finally, the stor
agecostof theDLD datastructureis almostthe sameasthat
of the NMIA datastructure especiallywhenthereis a re-
strictednumberof non-manifoldsingularitieswith respecto
numberof simplexesin the comple (asit is almostalways
thecasein practicalapplications).

Model T F E V DF WE VW, Ej
3D13 28 82 84 31 0 O 1 O
3D15 40 116 11237 0 O 5 4
3DDe 30 97 10137 8 2 5 4
3D25 48 208 234 79 56 0 7 6

Table 1: Four 3D data setswith non-manifold proper
ties: T=#tetrahedr, F=#faces,E=#edges, DF =#dangling
faces,WE=#wire edgs, V=#vertices, V,=#non-manifold
vertices Ep=#non-manifoldedces,
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Model 1G IS NMIA DLD

Ent Rel | Ent Rel | Ent Rel| Ent Rel
3D13 | 225 1052|225 756 | 59 258| 59 263
3D15 | 305 1464| 305 1045| 77 373| 77 405
3DDe | 265 1226|265 879 | 77 327| 77 389
3D25 | 569 2568| 569 1815| 183 695| 183 943

Table 2: Stotage costs of four data structues on 3D
data sets with non-manifold properties: Ent=#entities,
Rel=#relations

8. Concluding Remarks

We have addressethe issueof modelingnon-manifold3D
shapesdiscretizedas 3D simplicial complees through a
decomposition-basedpproach.To this aim, we have de-
scribeda datastructurefor 3D simplicial complexesembed-
dedinto 3D Euclideanspacebasen uniqueandsoundde-
compositionof suchcomplexesinto nearly manifold com-
ponentsthatwe termedthe DLD datastructure.The struc-
ture of the decompositioris encodedasthe upperlevel in
the DLD datastructure,while eachnearly manifold com-
ponentis describedas an extendedindexed data structure
with adjacenciedy encodingconnectvity and adjaceng
relations.The DLD datastructureis compact,sinceit ex-
plicitly encode®nly verticesandtop simplexes, it is highly
scalableto the manifold case,andit supportsef cient re-
trieval of topologicalrelations.The DLD datastructureis
moreexpressvethantheNMIA datastructurg DHO3], since
it describeghe non-manifoldentitiesexplicitly, andhasal-
mostthe samestoragecost.Also, navigation algorithmsare
simplerto implementon the DLD datastructuresincenon-
manifold singularitiesarekeptdistinctfrom the lowerlevel
representationf thelQM componentsTheDLD datastruc-
ture, its constructionand navigation algorithmshave been
implementedandtestedon syntheticdatasets Figures8(a)-
(f) shav a3D complex describedy the DLD datastructure.

@) (b) (©)

(d) (e) )

Figure 8: (a) A wheelmodelwith 1000tetraheda, 32 dan-
gling facesand 96 wire edges; (b) a zoomed-inview of its
center; (c) a side-wayview; (d) the tetrahedal parts form
three 3D manifold components(e) the parts describedby
danglingfacesform eight 2D componentsand (f) the wire
parts(enlamged)
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A furtherimportantadvantageof the DLD datastructure
is thatit providesa uniquedecompositiorof a 3D shapeand
thusis a very suitablebasisfor performinggeometricrea-
soningof a 3D shapeby identifying interestingtopological
featuresandfor shapeunderstandingindrecognition.The
decompositioralsomalesit easierto extracttopologicalin-
variants suchasBettinumberswhich canbeusedasashape
signaturdor reasoningandrecognitionpurposes.
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