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Many physics based simulations can be efficiently and accurately performed using particle
methods which focus computational resources at the location of sources or discontinuities (par-
ticles), and evaluation of relevant fields at locations of interest. These particle methods result in
the so-called N -body problem, in which the sum of N kernel functions Φ centered at N source
locations xi with strengths qi are evaluated at M receiver locations {yj} in Rd (see Eq. 1),

φ(yj) =
N∑
i=1

qiΦ(yj − xi), j = 1, . . . ,M, xi,yj ∈ Rd, (1)

The N -body problem also arises in interpolation using implicit functions, in simulation of molec-
ular and stellar dynamics, RBF interpolation and other areas of interest to the computational fluid
dynamic communities.

Figure 1: The vortex ring leapfrog

Fast and accurate N -body simulations are the goal of this paper. Recently, as tremendous
advances of graphics processors (GPU), it is possible to perform large size simulations for high
fidelity on a single desktop. In this paper, the Fast Multipole Method (FMM) has been proposed
for the case of dynamic N -body simulations using vortex methods on graphics processors. Such
approximation algorithm reduces its O(NM) cost per time step to O(N +M) but can achieve any
precision which is controlled by the truncation number p. Our major contributions include provid-
ing efficient data structures implemented on GPUs, and a novel parallel formulation of the FMM
on GPUs to address this problem. It shows the capacity of running million size dynamic N -body
simulations on a single GPU. Our FMM translations and expansions use real number representa-
tions as opposed to the usual complex spherical harmonic based representation usually provided.
This allows for GPU computation efficiency. We adapt the baseline FMM, which computes the
scalar 1/r Coulomb kernel, to compute the vector Green’s function kernel (the Biot-Savart ker-
nel). As an example application, we simulate the interactions between vortex rings and 1 million
fluid particles on a single desktop (vortex methods with the smoothing kernel) which shown in
Figure 1. Except for the initial setup, our approach process all the computations and updates on
GPU without expensive communications between CPU and GPU.
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Figure 2: FMM performance comparisons Figure 3&4: FMM relative error for single and double precision 

[1] and [2] both developed the GPU-based FMM. However, in these implementations, the data
structures were built on the CPU, which is too expensive for dynamic problems. [3] developed
a CPU-GPU-Hybrid treecode to accelerate the computation, but its overall performance does not
outperform the implementation presented in [1]. Recently, [4] achieves the state of the art perfor-
mance by developing the hybrid FMM algorithm on the heterogeneous architectures, which is only
for the scalar Coulomb kernel and has not been applied to vortex methods yet.

Based on our performance evaluation, by using GPU parallel algorithm, the data structure over-
heads are reduced up to 0.1 sec as opposed to 2-8 sec required for CPU for million size problems,
which provides substantial savings if particle positions need to be regenerated every time step. The
total running times analysis of FMM on different sizes and its error analysis are summarized in Fig-
ure 2 and Figure 3&4 respectively. We also show that even though the baseline FMM algorithm
is called three times, since we combine them together to reduce the GPU global memory access,
the full FMM computation time of Biot-Savart kernel is not tripled but even less than doubled
compared with the baseline FMM running time.
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