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Abstract

Implicit representationshavethepotentialto representlargevolumessuccinctly. In thispaperwepresent
a multiresolutionand progressive implicit representationof scalarvolumetric datausing anisotropic
Gaussianradial basisfunctions(RBFs)de�ned over anoctree.Our representationlendsitself well to
progressive level-of-detailrepresentations.Our RBF encodingalgorithmbasedon a Maximum Like-
lihood Estimation(MLE) calculationis non-iterative, scalesin a O(nlogn) manner, andoperatesin a
memory-friendlymanneron very largedatasetsby processingsmallblocksat a time. We alsopresent
a GPU-basedray-castingalgorithmfor direct renderingfrom implicit volumes. Our GPU-basedim-
plicit volume renderingalgorithm is acceleratedby early-rayterminationand empty-spaceskipping
for implicit volumesandcanrendervolumesencodedwith 16 million RBFsat 1 to 3 frames/second.
Theoctreehierarchy enablestheGPU-basedray-castingalgorithmto ef�ciently traverseusinglocation
codesandis alsosuitablefor view-dependentlevel-of-detail-basedrendering.

1 Intr oduction

Scienti�c visualizationis currentlyfacingagrandchallengein copingwith vastquantitiesof dataarising
from high-�delity acquisitionsandlarge-scalescienti�c simulations.Suchdatasetsrangefrom afew gi-
gabytesto severalterabytesandareoftencharacterizedby animperativeneedfor interactiveexploratory
visualizationcapabilities.For instance,theRichtmyer-Meshkov instability simulationperformedat the
LawrenceLivermoreNationalLaboratory[23] hasproduceda 2048� 2048� 1920dataover 273time
steps.Thesheersizeof thisdatamakesit achallengeto visualizeit oncommoditygraphicshardware.

We believe that implicit representationsoffer a powerful model for facilitating interactive visual
explorationof largevolumetricdatasets.Implicit functionshave beenusedfor almosttwo decadesin
visualcomputing.Introducedasblobbymodels [1] andmetaballs[27], they have grown to bewidely
usedin gamesandmovies.A niceoverview of someof theearlywork in implicit surfacescanbefound
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Figure1: Renderingsfrom threedifferentlevelsof anRBF hierarchy for theUNC Headdataset.From
left to right, therenderingsweregeneratedusing4, 6, and8 levels from theoctreeandconsistof 561,
20.6K, and485K RBFs.

in [4]. Theuseof implicit representationsfor volumemodelingandrenderingis a recentphenomenon.
Implicit representationsoffer severaladvantagesfor volumes.First, theirexpressivepowermakesthem
well-suitedfor tradingoff memoryaccesseswith computation.This is proving to bea powerful tech-
niqueto hidememorylatency for modernmulti-corearchitectures.Second,theanalyticalformulation
of implicit representationsis highly amenableto local geometryprocessing,suchascomputing�rst
andhigher-orderderivatives. Indeed,recentresearchhasestablishedthe relationshipof suchgeomet-
ric operatorsto featuressuchasvorticesandshocksby Weiler et al. [33] andtheprincipleddesignof
transferfunctionsby Knissetal. [20, 21]. Third, volumetricimplicit representationsoffer amulti-scale,
andview-dependentcapabilityto control visual detail in an intuitive manner. This is likely to have a
direct implication in devising techniquesfor facilitatingcomprehensionandreducingclutter in visual
depictions.

In this paperwe presentan algorithm for succinctlyrepresentingand ef�ciently renderinglarge
scalarvolumetricdatausingahierarchy of implicit functionsbasedonanisotropicradialbasisfunctions.
Thenovel contributionsof ourwork are:

1. A multiresolutionrepresentationusinganisotropicradialbasisfunctionsthatcanencodea given
volumetricdatasetwith progressively greaterdetail. Our representationis well-suitedfor time-
critical rendering,progressive re�nement,view-dependentlevel-of-detail,andprogressive trans-
mission.

2. An O(nlogn)-scalable�tting algorithmbasedonMaximumLikelihoodEstimationthatcanrapidly
�t largedatasetsin a memory-friendlymanner. Speci�cally, we can�t 5123 datasetin around20
minuteswith a1:6%RMSerror.

3. A GPU-basedray-castingalgorithmthatcanef�ciently anddirectly renderfrom thehierarchical
implicit representationof volumes.Our GPU-basedray-castingalgorithmsupportsacceleration
techniquessuchasempty-spaceskippingandearly-rayterminationwith implicit volumes.

4. A multiresolutionoctreehierarchy over implicit RBFs that can leverageprior work on octree
locationcodesfor ef�cient ray-casting,obviatesthe needto storecell boundaries,andenables
view-dependentlevel-of-detailrendering.

We review relatedwork in section2. We presentour �tting algorithmin section3 andour direct
volumerenderingalgorithmin section4. Finally, we concludewith somesuggestionsfor futurework
in section5.
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2 RelatedWork

Thebasicgoalof implicit function �tting is to �t a representationf (xi) = di ; i = 1; : : : ;n, to surface
or volumetricdata,wheredi areappropriatelychosenscalars,suchthat the level setsof the function
f ; given by the valuesdi have somemeaningassociatedeitherwith the geometryor the propertiesof
the object. When�tting an implicit function to the input data,a local form of the �tting expression
is desirable,sincethe �t mustadaptto local geometricalfeatures.Radialbasisfunctions(RBFs)have
beenshown to bea versatile�tting tool in various�elds. A strongmathematicalbasisfor their theory
hasbeenestablishedandtheoremsshowing accuracy in variousnormedspaceshave beenproven for
bothsurfaceandvolumetricdata [6, 7, 10,24,30,31,32, 36]. Theserepresentationshave severalnice
propertiesassociatedwith sensitivity to local features,ability to supportdifferentlevelsof detail,ability
to mitigatenoise,ability to incorporatevariousdegreesof smoothnessandotherpriorsvia regularization
andchoiceof particularRBFs(e.g.,thin platesplines[9]). While thesemethodsareconsideredto be
accurate,theirnaive implementationsarebothexpensive to �t, andsubsequentlyevaluate,makingthem
notverypopularmethodsfor �tting largedatasetsof thetypewearedealingwith in thispaper.

Researchby Beatsonet al. [5] shows how RBF function�tting andevaluationof the�tted function
canbespedup by anorderof magnitudeusingthefastmultipolemethod(FMM) [12]. They usednon-
compactlysupportedRBFsdueto their interpolationandextrapolationproperties.Morseet al. [24]
werethe �rst to �t surfacesusingcompactly-supportedRBFs. Due to their local region of in�uence,
compactly-supportedRBFscanpermitef�cient evaluationandtheability to incorporatelocalchangesto
the�tted functionwithout theneedfor theFMM data-structures.Co et al. [8] andJanget al. [16] were
the �rst to representscatteredandirregular volumetricscalar�elds usingRBFs. They usedPrincipal
ComponentAnalysis(PCA) [17] to clusteranddeterminecentersfor theGaussianRBFsandusedthe
Levenberg-Marquardtoptimizationmethodto determinetheGaussianRBFvariances.Weileretal. [33]
presenteda k-d-tree-basedmethodto �t GaussianRBFsto anunstructuredvolumetricvector�eld. In
additionto usingPCA clustering,they selectsomeof their RBF centersto beat peaksandtroughsof
low frequenciesin thedata.They alsouseanapproximateiterative methodto quickly solve thesystem
of equationsfor theRBFweights.Hongetal. [14] usearbitrarily-orientedelliptical RBFsto �t dataon
anirregulargrid. TheRBF variancesandorientationsarechosento matchtheVoronoicellsof thedata
points. PCA is usedto createan initial guessfor the RBF parameters,which is thenre�ned usingan
iterative optimizationalgorithm. Janget al. [15] give a methodof �tting arbitrarily-orientedelliptical
RBFsusingnon-linearoptimization,andextendit to supportvectordata.

Renderingof implicit functionshasa rich history in visualcomputing.Raytracingof implicit sur-
faceshasbeenreasonablywell-studied [1, 13,18,29,35]. An alternative to ray-tracingis to samplethe
implicit surfacewith a collectionof well-distributedparticlesandthenrendersuchparticles.Methods
for carefullysamplingthe implicit surfaceshave beendiscussedby Witkin andHeckbert[34] aswell
asby Turk andO'Brien [32]. Anotherapproachinvolvesconvertingtheimplicit functionsto polygons
by usingmarchingcubes[22] or continuationmethods[2, 3]. Thepolygonscanthenberenderedasin
traditionalgraphics.Direct volumerenderingof implicit functionsis a relatively new endeavor. Janget
al. [16] andWeiler et al. [33] have developedGPU-basedvolumerenderingalgorithmsthatproceedin
aslice-by-slicefashion.For eachfragmentin aslice,a fragmentprogramiteratesoverRBF parameters
storedin a texture, computesthe scalarvalueat that location,and looks up the correspondingcolor
from a 1D texture. Neophytou et al. [26] presenta splatting-basedGPU-acceleratedvolumerendering
methodfor arbitrarily-orientedelliptical RBFs. Their methodsplatseachRBF onto eachintersecting
sliceasatexturedpolygonandaccumulatesthesplatsin atexturebuffer. Theslicecanthenberendered
afterclassi�cationwith a fragmentprogram.

In this paperwe presentthe �rst GPU-acceleratedray-castingalgorithm for direct renderingof
implicit volumesandthe �rst octree-structuredRBF representationof regular volumedatathat lends
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itself well to adaptiveandprogressive levelsof detail.

3 Modelling

We modelvolumedataasa sumof RadialBasisFunctions(RBFs). Symbolically, this canbe repre-
sentedas:

f (x) = w0 +
M

å
i= 1

wi f i(x) (1)

where

x is thepositionvectorof apoint in thevolume
f (x) is thescalarvalueat thatpoint
f i is theith RBF
M is thenumberof RBFs
w0 is aconstantterm
wi is theweightof theith RBF

In thiswork wehaveusedGaussianRBFs:

f i(x) = e� r2=2 (2)

3.1 Multir esolutionHierar chical Fitting

Sincewe aretargetingregular volumetricdata,we cantake advantageof the inherentstructureof the
dataand�t the RBFsto a multi-resolutionoctreehierarchy, from low resolutionto high. We startby
�tting asingleRBFto a23 resolutiondownsampledversionof thegivendataset.Thisbecomestheroot
of our RBF hierarchy. We thentake a versionof thedatasetthathasbeendownsampledto 43, evaluate
the initial (root) RBF at eachof the43 datapoints,andcomputethedifferencebetweenthe root RBF
valueandthedownsampledversion.The43 blockof residualdatais thendividedinto eightblocksof 23

datavalues,andtheentireprocessis repeatedfor eachof theseblocks.This is continuedusingversions
of thedatathathave beendownsampledto 83, 163, etc. (see�g. 2). Eachtime a new block is �t, the
RBFs in that block andall of its ancestorsaresampledat the locationsof the datapoints in the full
resolutiondata,andthecurrent�tting error is computed.If theerror is below a user-de�ned threshold,
thatblock is not subdividedany further. Otherwise,theblockswill continueto besubdivideduntil they
reachthefull originaldataresolution.

This �tting algorithmonly everneedsto accessthefull datain asequentialmanner, duringtheerror
evaluationstage.All otheroperationsareperformedon onesmall, �x ed-sizeblock of dataat a time,
which will likely �t in a memorycache.Besidesbeingmemory-friendly, theoverall �tting algorithm
alsoscalesin aO(nlogn) manner.

In this methodwe truncateeachRBF at the boundaryof its octreecell. Due to �tting errors,this
would causenoticeablediscontinuitiesat thebordersbetweenoctreecellsduring rendering.To avoid
this,we�t eachRBFto notonly thedatawithin its 23 block,but alsoto datawithin a1 datapointborder
aroundthat block (eachRBF is thus�tted to 43 datavalues).The �tting areaof eachblock therefore
overlapshalf of eachface-adjacentblock, onequarterof eachedge-adjacentblock, andoneeighthof
eachcorner-adjacentblock (see�g. 3 for anexampleonaquadtree).During rendering,theRBFvalues
areblendedtogetherbasedon thedistancefrom thecenterof eachRBF's block (seesection4.3).
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(a) (b) (c) (d)

Figure2: Overview of the �tting process.An RBF is �rst �t to low-resolutiondata(a), andthe �tting
error is evaluatedat the full resolution(b). If theerror is too high, additionalRBFsare�t at a higher
resolution(c), and their error evaluated(d). In the actualimplementationthe bordersof eachblock
would overlapneighboringblocksby onedatapoint on eachside,giving eachblock a resolutionof 43

ratherthan23 – this is omittedin this illustrationfor clarity.

Figure 3: Blending betweenquadtreenodes. Only one edge-adjacentnode(blue) and one corner-
adjacentnode(red) areshown. Samplepointswithin the centralblock (grey) would be blendedwith
samplesfrom adjacentblockswhoseshadedregionsthepointsfell in.

3.2 BasicAlgorithm

In thesimplestversionof thealgorithmtheRBF widthss i areidentical. In this case,theRBF radiusr
is simply:

r = k
x� mi

s i
k (3)

where
x is thepositionvectorof apoint in thevolume
mi is thepositionvectorof theith RBF'scenter
s i de�nesthewidth of theith RBF.

De�ning theRBFapproximationis thenonly amatterof choosingaconstanttermw0, RBFweights
wi , RBFcentersmi , andRBFwidthss i . Someresultsof thissimplealgorithmareshown in the�rst row
of table2. Somepossiblechoicesfor theinitial valueof theconstanttermarezero,theminimumdata
value,or themeanof thedata. In our experimentswe foundthatsettingthe initial valueto zerooften
producedthebestresults– thiswasdonefor all resultsreportedin thiswork.

To computetheRBFcentersandweights,thefollowing simplealgorithmcanbeused:

1. Performa linear searchover the datato �nd the datapoint with the maximumapproximation
error. Thiswill bethelocationof thenew RBF'scenter.

2. SettheRBF'sweightto theerrorvalueat thiscell. SinceGaussianRBFshaveavalueof 1 at their
center, settingtheweightin thiswaywill causethecenterdatapoint to havezeroerror.

3. Updateerrorvaluesstoredateachdatapointwithin theRBF's radiusof in�uence.

4. Repeatthisprocessuntil thedesirederrorthresholdis reached.

5



3.3 Anisotropic Width Selection

A naturalextensionto the basicalgorithmis to allow the widths of the RBFsto vary anisotropically.
Thiscanbeaccomplishedby makings in equation1 avectorandallowing it to takeondifferentvalues
for differentdimensions,dividing it componentwiseinto thex� mi vector. Generalelliptical RBFswere
usedby Hong et al.[14], Janget al.[15], andNeophytou et al.[26], althoughwe restrictour RBFsto
be axis-aligned,sacri�cing somegeneralityfor a more compactrepresentation.The effect of using
anisotropicwidthsis illustratedin table1.

Thesimplestway to selecttheRBF widths is by usinga greedyalgorithm. For eachRBF, we �rst
initialize the value of eachs xi ;syi;szi to somesmall number(we use0.3 times the width of a grid
cell). We thenbegin iteratingrepeatedlyover thex;y;z dimensions.For eachdimension,we increment
the correspondings i by somesmall number(we use0.1 timesthe width of a grid cell), andcheckif
theaverageerror in theRBF's areaof effect wasmadeworseby this change.If it was,thechangeis
reverted,andthatdimensionis excludedfrom furtheriterations.Otherwise,thechangeis kept,andthe
iterationscontinued. Intuitively, this algorithmcanbe viewed asblowing up the RBF like a balloon
insidea closedbox, with the sidesof the box representingthe widths at which further in�ation along
thataxisbeginsincreasingtheerror.

Alternatively, afast,non-iterativemethodof selectingtheRBFwidthsis MaximumLikelihoodEsti-
mation(MLE)[19]. In thismethod,thedatato be�t is treatedasahistogramof samplesfrom aGaussian
probabilitydensityfunctionwith thepreviouslycomputedmean.Thewidth s of theprobabilitydensity
functionthatwouldgivethissetof samplesthehighestprobabilityof beinggeneratedis thencomputed.
Thiscomputationcanbeperformedindependentlyfor eachdimension,giving s xi ;syi;szi.

Theequationsfor computingtheMLE width for thex dimensionare:

U0 = å f
Ux = å xf
Uxx = å (x� Ux=U0) f
s 2

xi = U0=2Uxx

(4)

where
x is thex coordinateof thedatapoint
f is thedatavalueat thatpoint

Otherdimensionsarecomputedsimilarly.
Sincethe residualdatabeing�t cantake on negative values,we mustsomehow convert this into

a positive-valuedhistogramfor theMLE computation.We do this by treatingnegative datavaluesas
zerowhentheRBF weight is positive, andtheoppositewhentheRBF weight is negative (exceptthen
alsotakingtheabsolutevalueof thedatavalues).Therationalefor this is thatwewould like theRBF's
regionof in�uence to berestrictedto anareain whichthedatahasthesamesignastheRBF, sincethese
aretheareasin whichtheRBFwill decreasethe�tting errorratherthanincreaseit. Settingvaluesof the
histogramto zerooutsidethisareaencouragesprobabilitydistributionwidthsthatdonotproducemany
samplesoutsidethisarea,andthusresultin RBFsthatdonothavemuchin�uence outsidethisarea.

A comparisonbetweenMLE width selection,iterative anisotropicwidth selection,and iterative
isotropicwidth selectionis given in table1. TheMLE methodis clearly comparablein accuracy and
yet is signi�cantly fasterto compute.

3.4 Weight selection

Oncethe RBF centerandwidths have beenchosen,we computethe weightsto minimize the sumof
squarederrorsby forming thefollowing systemof linearequations,similar to [16, 33,24]:
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Data Width Fitting Number RMS
DataSet Size RBFType Selection Time of RBFs Error

UNC Head 2563 Isotropic Iterative 4.12m 520K 1.93%
UNC Head 2563 Anisotropic Iterative 9.48m 455K 1.50%
UNC Head 2563 Anisotropic MLE 2.25m 485K 1.75%

VHF Torso 5123 Isotropic Iterative 29.9m 3.48M 1.68%
VHF Torso 5123 Anisotropic Iterative 58.2m 2.95M 1.23%
VHF Torso 5123 Anisotropic MLE 19.1m 3.22M 1.60%

LLNL R-M 10243 Isotropic Iterative 2.32h 1.59M 2.22%
LLNL R-M 10243 Anisotropic Iterative 5.25h 1.54M 1.64%
LLNL R-M 10243 Anisotropic MLE 1.42h 1.60M 1.85%

Table1: Comparisonof iterative �tting of isotropicRBFs, iterative �tting of anisotropicRBFs,and
single-step�tting of anisotropicRBFs. Seesection3.7 for a descriptionof thedatasets.The iterative
�tting methodcanproduceasomewhatbetter�t, but would take3-4 timeslonger.
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where

m is thenumberof RBFs
n is thenumberof datacells
x j is thepositionof the jth datapoint in thevolume
f (x j ) is thedatavalueat thatpoint
w0 is theconstantterm
wi is theweightof theith RBF
f i is theith RBF, with centermi andwidthss i

If m = n, thenthis systemcanbe solved exactly. Typically we will have m < n, so in generalwe
computethebestsolutionin theleast-squaressensethroughtheuseof singular-valuedecomposition.

3.5 Choiceof the BasisFunction

GaussianRBFs(as in equation2) have seenmuchusein prior work [8, 14, 15, 16, 26, 33], largely
dueto thesmoothblendingthatoccurswhentheseRBFsarebroughtin closeproximity to eachother.
Sincewe truncateRBFsat octreecell boundariesandperformexplicit blendingbetweenthecells,we
do not bene�t from this naturalblending. However, thereare still somedesirablepropertiesof this
basisfunction. First, it decaysto zeroratherthangoing off to in�nity , so if an octreecell is poorly
�t by its RBF in someregion, thereis a limit to how muchdamagethe badRBF cando to the �nal,
blendedresult. Second,thederivativesof GaussianRBFsdo not degenerateat higherorders,so these
basisfunctionsareusefulif higher-orderderivative informationneedsto becomputed.Still, mostof our
work is not dependenton theparticularchoiceof basisfunction,andinvestigation into otherpossible
basisfunctionsmayproveuseful.

7



3.6 Binary Representation

OncetheRBF representationhasbeencomputed,we storeit in thefollowing format. Thenodesof the
octreefrom section3.1 arestoredin breadth-�rstorder. Eachnodecontainsexactly oneRBF andhas
eithereightor zerochildren.

We�rst storea4-byteintegergiving thebyteoffsetto thestartof thisnode'schildren.Wethenstore
themaximumandminimumdatavaluescontainedwithin thenodeastwo 2-byteintegers. Themaxi-
mumandminimumvaluesarepacked into 2 byteseachby subtractingtheir minimumvalue,dividing
by theirrange,andthenmultiplying by themaximumsizeof a2-byteinteger. Wenext storetheconstant
term w0 andRBF weight w1, eachasa 4-byte�oat. We thenstorethe x;y;z componentsof the RBF
mean,eachasa1-byteinteger. Thepackingcomputationtakesinto accountthenode'ssizeandposition
in theoctree.For eachcomponentwe subtractthelowestvalueit couldtake on in thatnode,divide by
thewidth of thenode,andthenmultiply by themaximumsizeof a 1-byteinteger. Finally, we storethe
sx;sy;sz width factors,eachasa4-byte�oat. Thisgivesatotalsizeof 31bytespernode,whichwepad
to 32bytessothatit �ts evenly into two 16-bytetexturelook-ups.Thispackingis illustratedin �gure 4.

At thestartof the�le we storea headergiving thenumberof levelsin theoctreeandtheminimum
valuesandrangesof thenodemaximumsandminimums,to allow thepackingto beundone.

Byte Offset
to Children

Max/Min

w0

w1

Mean x,y,z

Padding

Width x,y,z

0 32

4 2 2 4 4 1 1 1 1 4 4 4

Figure4: RBFandoctreeparameterspackedinto 32bytes.

3.7 Fitting Results

Data File Fitting Number RBFFile RMS
DataSet Size Size Time of RBFs Size Error

UNC Head 1283 4 MB 0.28m 91.4K 2.8MB 2.22%
UNC Head 2563 32MB 1.90m 485K 15MB 1.75%

VHF Torso 1283 4 MB 0.38m 109K 3.4MB 2.14%
VHF Torso 2563 32MB 2.10m 520K 16MB 2.00%
VHF Torso 5123 256MB 16.2m 3.22M 99MB 1.60%

LLNL R-M 1283 2 MB 0.22m 62.2K 1.9MB 5.24%
LLNL R-M 2563 16MB 1.52m 402K 13MB 4.37%
LLNL R-M 5123 128MB 11.3m 2.58M 79MB 3.31%
LLNL R-M 10243 1024MB 85.3m 16.0M 489MB 1.85%

Table2: Fitting resultsfor severaldifferentdatasetsusinganositropicMLE-basedRBFwidth selection.
For comparison,theVHF TorsoandLLNL R-M datasetshave beendownsampledto severaldifferent
resolutionsprior to �tting.
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WehavetestedourRBF�tting implementationonthreedifferentdatasets.The�rst (UNC Head)is
a CT scanof a humanheadfrom theUniversityof North Carolina.This datasetoriginally consistedof
113slices,with eachslicebeinga 2562 arrayof 16-bit integers(althoughonly 12 bits of precisionare
actuallyused).We linearly interpolatedadditionalslicesbetweentheexisting onesandduplicatedthe
�nal sliceseveraltimesto producea datasetof size2563. In our testswe usedthis datasetaswell asa
versiondownsampledto 1283.

Theseconddataset(VHF Torso)is a 5123 block of thetorsoareaof theFemaleCT datasetfrom
theVisibleHumanProject[25],in thesameformatastheUNC Headdata.In our testsweusedboththe
full 5123 versionandversionsdownsampledto 2563 and1283.

The third dataset(LLNL R-M) is time step100 from theRichtmyer-Meshkov Instability dataset
from LLNL[23], which consistsof an arrayof 2048� 2048� 19208-bit integers. We paddedthis to
20483 andthendownsampledit to severaldifferentresolutionsfor testing.

Weperformedour �ttings ona64-bitLinux machinewith dualIntel Xeon3.0GHzCPUsand8 GB
of RAM. As our �tting programis singlethreaded,it canonly makeuseof oneCPU.

Fitting resultsaregivenin table2. For mostof thedatasetsour �tting methodachievesa reduction
in �le size of about50% with an RMS error of about1%-2%. An exceptionto this was the lower
resolutionsof the LLNL R-M dataset. We suspectthe reasonfor this is that theselow resolution
versionscontainsharp,large-magnitudediscontinuitieswhich arenot amenableto �tting with smooth
GaussianRBFs.

It is dif�cult to comparetheef�ciency of our �tting resultswith previouswork dueto a lackof prior
reported�tting times. Oneexceptionto this is Hong et al. [14] who report �tting at the rateof 1300
grid pointsper minute. Although our resultsareseveral ordersof magnitudefaster, this is not a fair
comparisonsincethey are�tting unstructureddatawhile we �t structured.

4 Rendering

We useray-castingto renderimplicit RBF-encodedvolumes.Datavaluesat pointsin thevolumeare
computeddirectly from the RBF representationwithout reconstructingthe full dataset in memory.
Specifcally, thescalarvalueat a point is computedby summingup thevaluesof all RBFsthatoverlap
that point. The gradientvectorscanbe computedin a similar fashion,by summingthe gradientsof
all RBFs that overlap the samplepoint (this works becausethe gradientoperatordistributesacross
summations).This samplingmethodcanthenbeusedto implementany renderingschemethatworks
by samplingdatavaluesandgradientsatvariouspoints,suchasdirectvolumerenderingor point-based
isosurfacerendering.

4.1 GPU Dir ectVolumeRendering

We have implementeda GPU direct volumerenderingalgorithmusingNVIDIA's new CUDA GPU
programmingsystem.Our implementationsupportspiecewise-lineartransferfunctions,gradient-based
lighting,earlyrayterminationbasedonaccumulatedopacity, andempty-spaceskippingbasedoncheck-
ing whetherthe rangeof valuescontainedwithin an octreecell overlapsthe rangewhich, given the
transferfunction, would produceany contribution to cumulative color or opacity. We also perform
view-dependentlevel-of-detailby adjustingthe ray stepsizeandmaximumoctreedepthbasedon the
currentdistancealongtheray.

Given an eye positionandviewing direction,we constructray origin anddirectionvectorsfor a
perspectiveprojectionon theGPUandstorethemin GPUmemory. We thenexecuteaGPUkernelthat
traceseachray in parallelandwritesthe�nal resultingcolorsto GPUmemory.
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Thekernel�rst setstheinitial samplepoint to theray's intersectionwith thedatavolume'sbounding
cube,andthenbeginssteppingalongtheray. At eachsamplepoint thekernelexecutesaspaceskipping
routinethatdescendsthroughtheoctreecellscontainingthatpoint. For eachcell, it makesa single16-
byte texture look-upandunpackssomeparametersasdescribedin section3.6. It thencheckswhether
thecell's rangeof datavalueswould produceany contribution to the �nal color or opacity. If not, the
kernel computesthe ray's intersectionwith that octreecell andmoves the samplepoint just beyond
theintersectionpoint. This is repeateduntil theskippingroutineencountersa samplepoint at which it
decendsall theway throughtheoctree.

Thekernelthenevaluatesthescalar�eld andits gradientat thecurrentsamplepoint. This simply
requirestraversingtheoctreefrom theroot to a leaf,evaluatingthevalueandgradientof theRBFstored
in eachcell at the locationof the samplepoint andsummingup thesevalues. We make useof the
ef�cient location-code-basedoctreetraversalmethodsof FriskenandPerry[11]. For eachoctreecell the
kernelmakestwo 16-bytetexturelook-upsandunpackssomeof theparametersasdescribedin section
3.6. Finally, we samplecolor andopacityvaluesfrom the transferfunction usinglinear interpolation
andapplydiffuse,gradient-basedlighting.

4.2 View-DependentLevel of Detail

Figure5: Comparisonof varyingamountsof view-dependentLevel of Detail reduction(seesection4.2)
for the10243 LLNL R-M dataset.Thetop row shows therenderingswith theLOD reductionapplied.
Thebottomrow shows which LOD is beingusedin which areaof thevolumeby color coding—from
front to back,the colorsrepresentlevels of detail generatedfrom 10, 9, 8, and7 levels of the octree.
Fromleft to right, therenderingtimesare0.59s,0.53s,0.48s,and0.44s.

Our multi-resolutionRBF hierarchy allows usto implementview-dependentlevel-of-detailrender-
ing by reducingthe depthin the octreethat we visit basedon the distancealongthe ray. Every time
a certainamountof distancehasbeentraversed,we reducethe maximumdepthin the octreethat we
canvisit by onelevel. To avoid level-of-detailtransitiondiscontinuitiesonecanstorethesamplevalue
computedatonelevel abovethecurrentlevel duringtheoctreetraversal,andblendbetweenthissample
andthe�nal samplebasedonthedistancefrom thepreviouslevel-of-detailtransition.Weexperimented
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with this blending,but found that in practicethe level-of-detailtransitionstendedto occurfar enough
away from theviewer that thediscontinuitieswerenot perceptible,evenwithout blending.We did not
uselevel-of-detailblendingfor theimagesandresultsin thispaper.

In additionto decreasingtheoctreedepthbasedon thedistancealongthe ray, we alsodoublethe
ray stepsizeevery time we decreasethemaximumdepthby onelevel. We accountfor this duringthe
incrementalupdatingof cumulativecolorandopacityby keepingtrackof theintegerratioof thecurrent
stepsizeto the original stepsizeanditeratingour incrementalupdatesthis many timesat every step,
usingthesamesamplecolorandopacityvalues.

Screenshotsof renderingsusingvariousamountsof view-dependentlevel-of-detailreductionand
renderingratesaregivenin �g. 5.

4.3 Blending

TruncatingtheRBFsatoctreecell boundariescanleadto visuallynoticeablediscontinuities.To resolve
this,wetake into accountdatain adjacentcellswhen�tting eachcell'sRBF(seesection3.1).Then,for
eachsamplepoint, in additionto computinga samplevaluefrom theRBFsin thatpoint's octreecells,
we alsocomputesamplevaluesat thatpositionfrom theRBFsin adjacentoctreecells. We implement
this by simply altering the locationcodeof the samplepoint to the locationcodeof a point in each
adjacentcell.

Sinceeachcell's overlapregion extendshalfway into eachadjacentcell, at eachsamplepoint there
is the possibility of blendingwith up to threeface-adjacentcells, threeedge-adjacentcells, andone
corner-adjacentcell. The contribution of eachof the adjacentcells is linearly weightedbasedon the
distancefrom thesamplepoint to thecorrespondingface,edge,or corner(see�g. 3 for anexampleon
a quadtree).This blendingschemeis similar to theoneusedin Ohtake et al.'s multi-level partitionof
unity implicits[28].

Figure6: Comparisonof (left to right) no blending,four-sampleblending,andeight-sampleblending
(seesection4.3)for the2563 UNC Headand10243 LLNL R-M datasets.Renderingtimesaregivenin
table3.
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Rendering
DataSet BlendingType Time

LLNL R-M One-Sample 0.37s
LLNL R-M Four-Sample 0.72s
LLNL R-M Eight-Sample 1.11s

UNC Head One-Sample 0.10s
UNC Head Four-Sample 0.21s
UNC Head Eight-Sample 0.33s

Table3: Comparisonof noblending,four-sampleblending,andeight-sampleblending(seesection4.3)
for the2563 UNC Headdatasetandthe10243 LLNL R-M dataset.Screenshotsaregivenin �g. 6

While completelysmoothblendingrequiresblendingacrossfaces,edges,andcorners,many of the
discontinuitiescanbe resolved by simply blendingacrossfaces.This reducesthe numberof samples
requiredperpoint from eight(1 local + 3 face+ 3 edge+ 1 corner)to four, reducingrenderingtime by
aboutafactorof two. A comparisonbetweenusingnoblending,four-sampleblending,andeight-sample
blendingis givenin �g. 6 andtable3.

4.4 RenderingResults

Figure7: Renderingresultsusingthreedifferenttransferfunctionsfor the5123 VHF Torsoandthe2563

UNC Head.Renderingtimesandotherdetailsaregivenin table4.

Unlessstatedotherwise,all renderingswere donewith MLE-�tted data(seesection3.3), four-
sampleblending(seesection4.3),andanimageresolutionof 5122. Renderingswereperformedusing
a betaversionof NVIDIA's CUDA driverson a GeForce8800GTX with 768MB of RAM. Rendering
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Transfer Data Rendering
DataSet Function Size StepSize Time

UNC Head Skin 2563 384� 1 0.45s
UNC Head Skin/Bones 2563 384� 1 0.67s
UNC Head Bones 2563 384� 1 0.21s

VHF Torso Skin 2563 384� 1 0.32s
VHF Torso Skin/Bones 2563 384� 1 1.09s
VHF Torso Bones 2563 384� 1 0.30s

VHF Torso Skin 5123 768� 1 0.54s
VHF Torso Skin/Bones 5123 768� 1 2.15s
VHF Torso Bones 5123 768� 1 0.53s

LLNL R-M Isosurface 2563 384� 1 0.26s
LLNL R-M Isosurface 5123 768� 1 0.40s
LLNL R-M Isosurface 10243 1536� 1 0.72s

Table4: Renderingresultsfor severaldifferenttransferfunctionsanddatasetsof severaldifferentsizes.
All renderingsweredoneusingfour-sampleblending(seesection4.3). StepSizeis thelengthof astep
alongtheray giventhatthedatavolumeis a unit cube.Imagesof severalof thesedatasetsaregivenin
�g. 7.

timesfor severaldifferentdatasetsandtransferfunctionsaregivenin table4, andscreenshotsaregiven
in �g. 7.

We foundthattheray stepsizerequiredto avoid artifactswasdependenton thesizeof thesmallest
octreenodesin the �tting, which is relatedto the amountof high frequenciesin the �tted data. We
thereforeneededto usesmallerstepsfor higherresolutiondata.For a givendatasetandtransferfunc-
tion, mostof thedifferencesin renderingratebetweenoriginaldataresolutionsareaccountedfor by the
differencein stepsize.

5 Futur eWork

A greatdealof work hasbeendonein the areaof RBF �tting, for examplein the machine-learning
community. It seemslikely that someof thatwork could furtherbene�t proceduralencodingthrough
RBFs.Possibleimprovementsincludeaddingtheability to �t to a givenerrorboundandremoving the
needto performexplicit blendingbetweenoctreecells. It alsomightprovebene�cial to investigatebasis
functionsotherthantheGaussianRBFs.

Anotherareaof futurework mightbeto investigate4D �tting of time-varyingdatasets.Sincethese
datasetsoftencontaina largeamountof temporalcoherence,�tting multiple timestepssimultaneously
couldresultin asigni�cant reductionin thenumberof basisfunctionsrequiredto representthedataset.

Finally, thereare likely many possibleusesof the higher-level informationprovided by the RBF
representationthathave not yet beenexplored,perhapsinvolving theuseof high orderderivativesthat
wouldhavebeentooexpensive to computewhenusingtraditionalvolumerenderingtechniques.
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