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Abstract. In this paper, we give linear time algorithms to decide core
stability, core largeness, exactness, and extendability of flow games on
uniform networks (all edge capacities are 1). We show that a uniform
flow game has a stable core if and only if the network is a balanced DAG
(for all non-terminal vertices, indegree equals outdegree), which can be
decided in linear time. Then we show that uniform flow games are exact,
extendable, and have a large core if and only if the network is a balanced
directed series-parallel graph, which again can be decided in linear time.

1 Introduction

In 1944, von Neumann and Morgenstern [19] introduced the concept of
stable sets to analyse bargaining situations in cooperative games. In 1968,
Lucas [13] described a ten-person game without a stable set. Deng and
Papadimitriou [5] pointed out that deciding the existence of a stable set
for a given cooperative game is not known to be computable. Jain and
Vohra [8] recently showed that it is decidable whether a balanced game
has a stable core. When the game is convex, the core is always a stable
set. In general, however, the core and the stable set are not related. Hence
the question arises: when do the core and the stable set coincide, and how
can we decide core stability?

Several sufficient conditions for core stability have been discussed in
the literature. Sharkey [14] introduced the concepts of subconvexity of a
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game and core largeness. He showed that convexity implies subconvex-
ity which implies core largeness which implies core stability. In an un-
published paper, Kikuta and Shapley [12] studied another concept, later
called extendability of the game by Gellekom et al. [18], and proved that
it is necessary for core largeness and sufficient for core stability.

However, only few results are known about core stability and re-
lated concepts for concrete cooperative games. Solymosi and Raghavan
[15] studied these concepts for assignment games, and Bietenhader and
Okamoto [1] studied them for minimum coloring games on perfect graphs.

In this paper we study flow games, introduced by Kalai and Zemel
[10, 11], which arise from the profit distribution problem related to the
maximum flow in networks. We give the first linear time algorithms to de-
cide core stability, core largeness, exactness, and extendability of uniform
flow games (all edge capacities are 1). We obtain these efficient algorithms
by characterizing structural properties of those networks that have flow
games with the desired properties. These characterizations might be use-
ful in other contexts.

We show that a uniform flow game has a stable core if and only if
the network is a balanced DAG (for all non-terminal vertices, indegree
equals outdegree). This can easily be tested in linear time, so we get a
linear time algorithm to decide core stability, which improves a previous
algorithm with runtime O(|V|? - |E|?) [16]. We also show that uniform
flow games are exact, extendable, and have a large core if and only if the
network is a balanced directed series-parallel graph. Again, this can be
tested in linear time [17], so we also get a linear time algorithm to decide
exactness, extendability, and core largeness of uniform flow games. In [16],
Sun et al. established the equivalence of these three properties and proved
them to be equivalent to a certain structural property of the network
(see Section 2.2.4) but left it as an open problem to design an efficient
algorithm to decide this property. Note that core largeness, exactness,
and extendability of a flow game all imply core stability (because flow
games are totally balanced).

This paper is organized as follows. In Section 2 we define cooperative
games and review some results on the core of flow games and its stability.
In Section 3, we characterize those networks that have uniform flow games
with these properties, leading to linear time algorithms to decide them.
We conclude with some open problems in Section 4.



2 Definitions

2.1 Graphs

A flow network is a directed graph G = (V, E;w), where V is the vertex
set, F is the edge set, and w : E — IR is the edge capacity function. Let
s (the source) and t (the sink) be two distinct vertices of G. W.l.o.g., we
assume that every edge in F lies on some simple (s, t)-path. G is a uniform
flow network if all edge capacities are equal. By scaling the capacities we
can w.l.o.g. assume that the edge capacities are equal to one in this case.

If S and T partition the vertex set into two parts such that s € §
and ¢ € T, then the set C of edges going from a node in S to a node
in T is an (s,t)-cut. The capacity of C' is the sum of its edge capacities.
C' is a minimal (s,t)-cut if no proper subset of C is an (s,t)-cut. C is a
minimum (s, t)-cut if it has smallest capacity among all (s, t)-cuts. We say
a uniform network G is cut-normal if every minimal (s,t)-cut is already
a minimum (s, t)-cut.

A directed graph is a DAG (directed acyclic graph) if it does not
contain a directed cycle. A 2-terminal DAG is a DAG with two vertices
s and t such that the indegree of s and the outdegree of ¢ are zero and
every other vertex appears in at least one simple (s, t)-path. A 2-terminal
DAG is balanced if the indegree of every vertex other than s and ¢ equals
its outdegree.

A 2-terminal directed series-parallel graph (2-DSPG) is a directed
graph with two distinguished vertices (terminals) s and t that is ob-
tained inductively as follows. A basic 2-DSPG consists of two terminals
s and ¢, connected by a directed edge (s,t). If G; and G2 are 2-DSPGs
with terminals s; and ¢;, ¢ = 1,2, then we can combine them in series by
identifying ¢; with sy to obtain a 2-DSPG with terminals s; and ¢, or in
parallel by identifying s; with sy and t; with ¢35 to obtain a 2-DSPG with
terminals the combined vertex s1/se and the combined vertex ty /to.

2.2 Cooperative Games

A cooperative (profit) game I' = (N,v) consists of a player set N =
{1,2,--- ,n} and a profit function v : 2V — IR with v()) = 0. A coalition
S is a non-empty subset of N, and v(S) represents the profit that can be
achieved by the players in S without help of other players. The central
problem in a cooperative game is how to allocate the total profit v(N)
among the individual players in a ‘fair’ way. An allocation is a vector
r € R" with 2(N) = v(N), where 2(S) = > ;. g x; for any S C N.



Different requirements for fairness, stability and rationality lead to
different optimal allocations which are generally called solution concepts.
The core is an important solution concept.

An allocation x € IR" is called an imputation if x; > v({i}) for all
players i € N. Every player is happy in this case because he gets at least
as much as he could expect from the profit function of the game. We
denote by X (I") the set of imputations of I".

The core C(I") of I is the set of imputations where no coalition S has
an incentive to split off from the grand coalition N and go their own way.
Formally, C(I") = {z € R" | x(N) = v(N) and z(S) > v(S) for all S C
N}. A game is balanced if its core is not empty.

For a subset S C N, the induced subgame (S,vg) on S has profit
function vg(T") = v(T) for each T' C S. A cooperative game I is called
totally balanced if all its subgames are balanced, i.e., all its subgames have
non-empty cores.

2.3 Core Stability, Core Largeness, Extendability, and
Exactness

In their classical work on game theory, von Neumann and Morgenstern
[19] introduced the stable set which is very useful for the analysis of
bargaining situations. Suppose that x and y are imputations. We say that
x dominates y if there is a coalition S such that z(S5) < v(S) and z; > y;
for each i € S. A set F of imputations is stable if no two imputations in
JF dominate each other, and any imputation not in F is dominated by at
least one imputation in F. In particular, the core of a game is stable if
for any non-core imputation y there is a core imputation x dominating ,
ie., z(S) =v(Y) and z; > y; for each i € S.

There are three other concepts closely related to the core stability.
Let I" = (N,v) be an n-player cooperative game. The core of I" is large
if for every y € IR" satisfying y(S5) > v(S5), for all S C N, there exists a
core imputation z such that x < y. I' is extendable if for every S C N
and every core imputation y of the subgame (S,vg) there exists a core
imputation € C(I") such that x; = y; for all i € S. I' is called ezact if
for every S C N there exists x € C'(I") such that z(S) = v(S).

Kikuta and Shapley [12] showed that a balanced game with a large
core is extendable, and an extendable balanced game has a stable core.
Sharkey [14] showed that a totally balanced game with a large core is ex-
act. Biswas et al. [2] pointed out that extendability also implies exactness.
Note that flow games are totally balanced.



2.4 Flow Games

Flow games were introduced by Kalai and Zemel [10, 11]. Consider a flow
network G = (V, F;w). In the corresponding flow game I' = (E,v) on G
each player controls one edge. The profit v(.5) of a coalition S C E is the
value of a maximum (s, ¢)-flow that only uses edges controlled by S. The
flow game is uniform if the underlying network is uniform.

In this paper, we focus on uniform flow games. These games belong
to the class of packing and covering games introduced by Deng et al. [4].
Kalai and Zemel [11] showed that flow games are totally balanced. Fang
et al. [7] proved that the problem of testing membership in the core of
a flow game is co-N'P-complete. Deng et al. [4] showed that the core of
a uniform flow game is exactly the convex hull of the indicator vectors
of the minimum (s,t)-cuts of the network, which can be computed in
polynomial time.

An edge e € E is called a dummy edge if v(E \ {e}) = v(E), ie.,
removal of e does not change the value of the maximum (s,¢)-flow. Sun
et al. [16] showed that a uniform flow game has a stable core if and only
if the network does not contain dummy edges. Based on this structural
property they designed an O(|V|? - |E|?) time algorithm to decide core
stability of uniform flow games. In Section 3 we will see that we can
recognize graphs without dummy edges much faster. Note that dummy
edges also play a role in the efficient computation of the nucleolus of flow
games [3].

Sun et al. [16] also showed that for uniform flow games the concepts
of exactness, extendability, and core largeness are equivalent, and that
they are equivalent to the property of the network that every (s,t)-cut
contains a minimum (s, t)-cut. It is easy to see that this is equivalent to
being cut-normal.

Lemma 1. A 2-terminal DAG with terminals s and t is cut-normal if
and only if every (s,t)-cut contains a minimum (s,t)-cut. O

In next section we show that the cut-normal uniform flow networks are
exactly the balanced directed serial-parallel graphs with two terminals.
This immediately implies a linear time algorithm to decide whether a
uniform flow game is exact, extendable, and has a large core.



3 Efficient Algorithms

3.1 Core Stability

Let G = (V, E) be a uniform flow network with source s and sink ¢. In
this section we will give a linear time algorithm to decide core stability
of the flow game on G.

Theorem 2. G contains no dummy edge if and only if G is a balanced
DAG.

Proof. If: Suppose G is a balanced DAG. Let f be a maximum integer
(s,t)-flow (which is also a maximum (s,t)-flow). Then, f pushes either
zero or one unit of flow along each edge. Consider the subgraph G’ of
G of all edges e € E with f(e) = 0. Since G is balanced and f satisfies
the flow conservation property in every vertex except s and t, G’ is also
balanced. As a subgraph of G it is also acyclical. Thus, if G’ is not empty,
there must be a simple (s,¢)-path in G’. But then we can push one more
unit of flow along this path, contradicting the maximality of f. Thus, G’
is empty, i.e., G contains no dummy edge.

Only if: The flow conservation property and the fact that all edges
have capacity one imply that for each maximum flow f at least one edge
incident to an unbalanced vertex is not used by f. Thus, every unbalanced
graph contains dummy edges.

Suppose G contains a directed cycle C'. Since we may w.l.o.g. assume
that a maximum (s, t)-flow f does not have flow flowing around in cycles,
at least one edge of C will not be used by f, i.e., it is a dummy edge. O

Corollary 3. We can decide core stability of uniform flow games in lin-
ear time.

Proof. Sun et al. [16] have shown that a uniform flow game has a stable
core if and only if the network does not contain dummy edges. ad

3.2 Extendability, Exactness, and Core Largeness

In this section we will give a linear time algorithm to decide exactness,
extendability, and core largeness of uniform flow games. Note that these
properties imply core stability. In view of Theorem 2 we can therefore
w.l.o.g. assume in this subsection that flow networks are balanced DAGs.

Two graphs are homeomorphic if they can be made isomorphic by
inserting new vertices of degree two into edges, i.e., substituting directed
edges by directed paths (which does not change the topology of the
graph). Let H denote the graph shown on the left side of Fig. 1.
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Fig. 1. Left: the graph H; Right: the graph G3s

Theorem 4. [6,9, 17] A 2-terminal DAG is a 2-DSPG if and only if it
does not contain a subgraph homeomorphic to H. a

We now give a characterization of balanced 2-DSPGs.

Theorem 5. A balanced 2-terminal DAG is cut-normal if and only if it
is a balanced 2-DSPG.

Proof. If: It is easy to see that balanced 2-DSPGs can be generated in-
ductively as 2-DSPGs with the additional constraint that a combination
in series step (where we identify the two terminals ¢; and s3) requires the
indegree of 1 being equal to the outdegree of s,.

We now prove the claim by induction on |E|. If |E| = 1, the graph
is (s,t)-normal. Suppose the statement holds for all balanced 2-DSPGs
with fewer than |E| edges. If G was generated from G; = (V1, E1) and
Go = (Va, E3) by combination in parallel, then any minimal (s,t)-cut
C' in G consists of a minimal (s1,t1)-cut C N Ej in G; and a minimal
(sg,t2)-cut C'N Es in G5. By inductive hypothesis, these are minimum
cuts. Thus, C' is a minimum (s, ¢)-cut in G.

If G was generated from G7 and G5 by combination in series, then a
minimal (s,t)-cut C in G is either a minimal (and thus minimum) (sy,;)-
cut in G or a minimal (and thus minimum) (s, t2)-cut in Gs. Since the
indegree of t; equals the outdegree of so and cutting all edges incident
to t1 (s2) defines a minimal (s1,¢1)-cut in G (minimal (sg,%2)-cut in
G2), a minimum (s, ¢1)-cut in G has the same capacity as a minimum
(s2,t2)-cut in Ga. Thus, C' is a minimum (s, ¢)-cut in G.

Only if: Let G = (V, E) be a balanced 2-terminal DAG with terminals
sand t. Let V ={s =wvy,v,... ,u, =t} be a topological ordering of G.
Let k denote the outdegree of s. If G is not a 2-DSPG, then we can con-
struct a minimal cut of size larger than k, contradicting the assumption
that G is cut-normal. By Theorem 4, GG contains a subgraph homeomor-
phic to H which we denote by H(a,b,c,d, Py, Py, Ped, Pac, Poq), where
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Fig. 2. Cases (1) and (2) in the proof of Theorem 5

v, is the node corresponding to hy, v, the node corresponding to ho, v,
the node corresponding to hg, vgy the node corresponding to h4, and the
vertex-disjoint (except at their endpoints) paths Py, Poe, Peg, Pac and Py
correspond to the edges (hi,hs), (ha, hs), (hs, hs), (h1,hs3), and (he, hy)
in H, respectively. Among all subgraphs homeomorphic to H we choose
one, Gy, with largest b.

Gp is not balanced, but since G is balanced we can find in G six
pairwise edge-disjoint paths (they are also edge-disjoint with Gp) Psqa1,
Psuo, Py, P.t, Py1, and Py that we can add to G to obtain a balanced
graph G3 (see Fig. 1, right side). Note that G'3 is the union of three edge-
disjoint (S, t)—paths Psa1 + Py + Pog + Pat1, Psas + Py + Pog + Pygo, and
Py, + Py + Py (we use P; + P to denote the concatenation of paths P
and P»).

Consider the (s,t)-cut Cp in G induced by the partition of V' into
{v1,... ,up_1} and {vp,... ,v,}. Since G is a DAG and all vertices lie on
some (s, t)-path, this is a minimal cut. If |C| > k, we have a minimal cut
that is not a minimum cut. So assume |C| = k. We partition the edges
of Cp into two classes, Cp; and Cpo. An edge e belongs to Cp; if every
(s,t)-path containing e passes through v., otherwise it belongs to Cps.

We will now show that C3; is not empty. Specifically, we show it con-
tains the edge e = P,.NC}. Assume there is an (s, t)-path P, containing e
but not v.. Let v, be the largest node in F,. N P.. Let v, be the first node
corresponding to a node in G5 that we encounter on P, when starting to
walk at v, (such a node exists because P, ends at t € Gi3). Let P,, denote
the path from v, to v,.

Since e € (Y, r > b. Actually, r > b because vy is not on P,.. And
r < c¢ because v, € P,. and v, ¢ P.. But then there exists another
H(a,r,vy,...) in G, a contradiction because r > b. To see this, we dis-
tinguish five cases, depending on the location of v, (see Fig. 2-4). Let
P,y (i, 7) denote the subpath of P,, from v; to v;, where z,y € {a,b, ¢, d}.

1. Vg € Py H(a,r, q,¢, Pac(aar)a ranbc(Q7C)aPab +Pbc(by Q)apac(ry C))



Fig. 4. Case (5) in the proof of Theorem 5

2. Vg € P.y: H(a,r, c,q,Pac(a,r),PaC(r, c),Pcd(c, Q)aPab +PbcaPrq)'

3. Vq € Pbd: H((I,’I", q, d7 Pac(aar)a Tqapbd(qad)apab+Pbd(b7 Q)apac(ry C)+
P.g).

4. vq S PCt: H(CL,T’, ¢ q, PaC(CL,T'),PaC(T, C),Pct(C, Q);Pab + PbC7P7”q)'

5’ vq S Pdtl or vq S PdtQ: H(a7,r7 daQapaC(aar)7PaC(r7 C) + Pcd,qu7Pab +
Pbdyqu)-

Next, we show that |Cp| < cout, Where ¢y denotes the outdegree of
ve in G. Let U be a maximal set of edge-disjoint (s, t)-paths containing v,
that includes the path Pyu1 + Py + Pye + P.q+ Pgi1- Note that |U| < cout-
Clearly, Cp; is a subset of U N Cy by the definition of Cy;. Since the last
edge of P, belongs to U N C} but not to Cyq, it is even a proper subset,
proving the claim

Let C be the set Cps plus all edges outgoing from v.. C'is an (s, t)-cut
because every (s,t)-path must either contain an edge in Cpy or the node
ve. C'is a minimal (s, t)-cut because every outgoing edge of v, is necessary
because Cj is not empty, and every edge in Cys is necessary by definition.
The size of C is [C| = |Ca| + cout > [Cra| + [Co1| = |Cp| = k. Thus, C
is not a minimum (s,t)-cut, a contradiction. Therefore, the assumption
that G is not a 2-DSPG must be wrong. a

Corollary 6. We can test in linear time whether a balanced uniform flow
network is cut-normal. Consequently, we can decide exactness, extendabil-
ity, and core largeness of uniform flow games in linear time.



Proof. We can test in linear time whether a DAG is balanced and whether
it is a 2-DSPG [17]. By Theorem 5 this is equivalent to being cut-normal.
By Lemma 1, a uniform flow network is cut-normal if and only if every
(s,t)-cut contains a minimum (s,t)-cut. Sun et al. [16] have shown that
this is equivalent to the flow game being exact, extendable, and having a
large core. ad

4 Open Problems

In this paper, we gave structural characterizations of exact, extendable,
large-core and stable-core uniform flow games that can be tested in linear
time. Currently, little is known about core stability of flow games on
networks with arbitrary capacities. Although it is co-NP-complete to
decide whether an imputation belongs to the core this does not rule out
the possibility that core stability can be decided efficiently. We leave it
as an open problem.
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