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Abstract. Zigzag pocket machining (or 2D-milling) plays an important
role in the manufacturing industry. The objective is to minimize the num-
ber of tool retractions in the zigzag machining path for a given pocket
(i-e., a planar domain). We give an optimal linear time dynamic pro-
gramming algorithm for simply connected pockets, which generalizes to
an exact algorithm running in linear plus O(l)o(h) time for pockets with
h holes. We generalize our dynamic programming approach to optimally
solve in polynomial time pockets with holes whose dual graph (induced
by the zigzag line segments) is a partial k-tree of bounded degree or a
k-outerplanar graph, for fixed k. Finally, we propose a polynomial time
algorithm for finding a machining path with at most OPT + ¢ - h retrac-
tions, where € > 0 is any constant. Our algorithms substantially improve
the previously best solutions, and result in the best possible approxima-
tion if the output quality is measured in terms of the number of holes.

1 Introduction

2D-milling, or zigzag pocket machining (ZPM), is an important problem in the
manufacturing industry [16,26,32]. Either a workpiece is translated under a
spinning milling tool, or a cutter is moved across the workpiece. We model the
workpiece as an arbitrary planar domain, called a pocket. The actual shape of the
pocket is not really important for us, so we may just think of a polygon. Usually,
the cutter (or the workpiece moving below the milling tool) can only cut while
moving along a fixed direction, for example, parallel to the z-axis (but it can
cut moving in both directions along the line). When it reaches the boundary of
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the workpiece, it must either move along the boundary to another line parallel
to the z-axis (usually the lines are assumed to be equally spaced with a zigzag
step-over distance 6 > 0; again, this technical requirement is not important to
us), creating a zigzag movement pattern, or it must jump to another part of the
workpiece. A jump requires the cutter to be retracted. Since retractions are time-
consuming (and may have other disadvantages due to technological problems),
the goal is to find a machining path minimizing the number of retractions, under
the additional constraint that the cutter must work on any part of the workpiece
exactly once while it cannot traverse any part of the boundary more than once.

Considerable work has been done on ZPM, see [32] for an extensive survey
of the current state-of-the-art. A few algorithms were given in [9,19], but they
did not attempt to minimize the number of tool retractions or to optimize any
other criteria. Some heuristic methods were used to reduce the number of tool
retractions for general pockets [15,16]. For pockets with holes, ZPM was shown
to be NP-hard by Arkin et al. [3] by a reduction from the Planar 3-Satisfiability
Problem [12,20]. They also presented a linear time approximation algorithm
with at most 5- OPT + 6 - h tool retractions based on a graph model, called the
machining graph, where OPT is the smallest possible number of retractions and
h is the number of holes in the pocket. Tang etal. [27] studied a special case
when the step-over distance is small with respect to the geometry of the pocket.
However, no quantitative measure was given on how small the step-over distance
needs to be in order for the optimal solution to hold (see [17]).

Tang and Joneja [28] presented a linear time approximation algorithm for
ZPM with at most OPT + h + N, retractions, where N, is the number of the
so-called reducible blocks of the pocket Although the coefficients of OPT and h
are both 1 in [28], the additional parameter N, can be large in some situations.
In fact, the parameter N, is related to several factors, such as the shape of the
given pocket, the step-over distance, the inclination of the reference line, etc.
For example, the longer the step-over distance is, the larger may N, become.
Thus, the results in [3] and in [28] are not directly comparable. Some practical
implications and applications of ZPM were discussed in [16,27]. Recently, based
on the approaches in [3,28], Wang et al. [30] gave a linear time approximation
algorithm with at most 3- OPT + 3 - h retractions for a pocket with A > 0 holes.

It is worth pointing out that although ZPM for pockets with holes is NP-hard
[3], for the important case of simply connected pockets (i.e., without holes), only
approximation algorithms were previously known [3,28,30]. In fact, it was an
open problem to decide whether the simply connected pocket case is NP-hard|[3].

Other optimization criteria for ZPM have also been considered. For example,
multi-tool retraction minimization was studied in [6]. The problem of minimizing
the total length of the tool path was studied in [2]. Some algorithms for deter-
mining a cutting direction in order to minimize the tool retraction length were
given in [18]. Some algorithms were designed to optimize the tool path length
and the number of tool retractions [1, 25]. A survey of the pocketing requirements
can be found in [14].

In this paper, we present significantly improved algorithms for ZPM. Our tech-
niques are different from the previous ones [3, 28, 30]. Our algorithms are superior
to the existing ones in theoretical performance, and may even be interesting for
practical applications (e.g., for k-outerplanar dual graphs, with a small k).



(1) We give an optimal linear time dynamic programming algorithm for simply
connected pockets, settling the open “NP-hardness-or-not” question.

(2) For pockets with holes, we introduce the concept of the boundary graph to
remodel the problem, and generalize our dynamic programming approach to
optimally solve in polynomial time the cases when the dual planar graph of
the pocket is a partial k-tree of bounded degree or a k-outerplanar graph,
for any fixed k. Here, we use the algorithmic framework for partial k-trees
in [5].

(3) Combining the ingredients of (1) and (2) with the approximation scheme for
planar graphs in [7], we develop a polynomial time approximation algorithm
for finding a machining path with at most OPT + € - h retractions for a
pocket with h holes, for any constant € > 0. This substantially improves the
previous approximation solutions [3, 28, 30], and in fact gives a best possible
approximation if the output quality is measured in terms of the number of
holes.

(4) We give an exact dynamic programming algorithm running in linear plus
O(1)°™ time for a pocket with h holes. This implies that, in particular,
ZPM with a logarithmic number of holes is still polynomial-time solvable.

The rest of this paper is organized as follows. In Section 2, we review some
definitions in [3] and state the problem formally. In Section 3, we describe an
optimal linear time dynamic program for simply connected pockets. In Section 4,
we first introduce the concept of a boundary graph and the MRPC problem, and
then present exact polynomial time algorithms if the dual graph of a pocket with
holes is a partial k-tree of bounded degree or a k-outerplanar graph. In Section 5,
we present a “best possible” polynomial time approximation algorithm for the
general problem. In the Appendix, we give the details of the dynamic program
for simple connected pockets, and review some facts about k-trees and bounded
tree-width.

2 Preliminaries

We mainly use the terminology in [3]. A pocket P is a compact connected planar
domain bounded by a contour B. It is simply connected (e.g., a simple polygon)
if it contains no holes, or multiply connected otherwise. For a pocket with h
holes, B consists of h+ 1 unconnected loops (the boundary of the outer face and
the boundaries of the h holes). The edges of B can be straight line segments or
any types of simple curves.

Let 06 > 0 be a constant, the so-called zigzag step-over distance. Let A be
another constant. We assume that the given reference line for the machining
path is parallel to the z-axis. A line parallel to the x-axis with ordinate y is
denoted by I(y). Fig. 1(a) shows a pocket in the plane.

The set ZL(P) of zigzag lines w.r.t. P is the set of lines

ZL(P)={l(y;):yi=A+1i-6, lly;))NP#0, andi e Z}.

The set ZS(P) of zigzag segments induced by P is ZS(P) = Uy z1(p)PNL. Here
we make the assumption of general position, i.e., the zigzag lines do not just



(a) (b) (c)
Fig. 1. (a) A simple pocket. (b) Its dual graph is a tree. (¢) A face in a simple pocket.

touch B as a tangent. Let N be the set of all endpoints of the zigzag segments
in ZS(P). The machining graph Mp is an undirected graph on the node set
N. We distinguish two types of edges in Mp: (1) compulsory edges (c-edges)
connecting the two endpoints of a zigzag segment;  2) non-compulsory edges
(nc-edge) connecting two neighboring nodes on B.

Throughout the paper, we denote the machining graph of a pocket P by
Mp = (N, E). The size of N is denoted by n. Note that every node in Mp is
incident to exacty one c-edge and two nc-edges.

Given a machining graph Mp = (N, E), a tool traversing path (or machining
path) is a collection P of simple vertex-disjoint paths in Mp, called no-retraction
paths, such that (1) every c-edge is traversed exactly once, and  (2) every nc-
edge is traversed at most once. The machining tool must follow all no-retraction
paths of P. When it reaches the end of a path, it jumps to an unprocessed no-
retraction path. This operation is called a retraction. The number of retractions is
one less than the number of no-retraction paths in P. An optimal (or minimum)
machining path P minimizes the number of retractions (or equivalently, the
number of no-retraction paths in P). If the pocket is multiply connected, then
finding an optimal machining path is NP-hard [3].

The c-edges and nc-edges of a machining graph Mp induce a planar partition
P of the pocket P. The faces F of P induce the dual graph Dp = (F, E4) of
Pg (see Fig. 1(b)).

Throughout this paper, we denote by OPT the minimum number of retrac-
tions of all feasible machining paths for P, the number of holes in P by h, the
number of nodes in Mp by n, and the number of edges in Mp by m. We also
abuse the notation by calling Dp the dual graph of Mp.

3 An Optimal Algorithm for Simply Connected Pockets

In this section, we optimally solve ZPM for a simply connected pocket P in linear
time based on dynamic programming. We first discuss some properties of an
optimal traversal of Mp and then present our new algorithm. Observe that Dp
is a tree if and only if P is a simply connected pocket. Figs. 1(a) and 1(b) show
an example. For a vertex v € F, let face(v) denote the corresponding face in
Pe.

Lemma 1 [3]. There exists an optimal machining path P such that

1. each no-retraction path in P starts and ends with a c-edge, and



2. no two nc-edges are traversed consecutively. ad

We will compute a machining path satisfying the conditions of Lemma 1. We
treat Dp = (F, E4) as a tree T rooted at an arbitrarily chosen degree-one node
root € F. For a node v € F, let T,, denote the subtree of T" rooted at v, Pg/,
denote the portion of the partition Pg corresponding to T,. If v # root, then the
boundary of face(v) contains a c-edge, ec(v), of Mp separating face(v) from the
face of v’s parent in T'. Let M, denote the machining subgraph of Pg/,, where
we require that ec(v) is a c-edge of M,. The two endpoints of ec(v) are left,
and right,, where the former one is the endpoint we reach first when we walk
counterclockwise along B, starting somewhere in face(root).

We compute optimal machining paths for Pg/, for all nodes v of T' in a
bottom-up manner, starting at the leaves. Fig. 1(c) shows the situation for an
internal node v with three children. In general, v may have k children v, ..., vg,
where we assume that ec(v1), .. ., ec(vy) appear counterclockwise along the bound-
ary of face(v). Let bridge(v;) denote the nc-edge connecting ec(v;) and ec(v;41)
for 1 <i < k. Note that we have already computed the machining paths for the
subtrees rooted at vq,...,v;. Now we must extend these paths to integrate the
edge ec(v).

There are a few cases. If left,, or right,, is the endpoint of a no-retraction
path, we can extend this path to include ec(v). If both these points are endpoints
of two different paths, we can even connect both paths via ec(v), thus saving one
retraction. If both points are not path endpoints, ec(v) will form a new path by
itself. Since we do not know in advance which case can yield an optimal solution
of Mp, we must provide for all cases, i.e., we use dynamic programming.

Let M, ; = Uz:in2 Uui;ilbridge(w), for 1 <14 < j <k, be the connected
portion of Mp formed by M,,, ..., M, and the bridges connecting the pieces. We
characterize all feasible machining paths for M; ; into five classes. Pi?j contains
all machining paths such that no no-retraction path ends at left,, or right, ;
Pi{ ; contains all paths such that a no-retraction path ends at left,, but no such
path ends at right,;; P;; contains all paths such that a no-retraction path ends
at right,; but no such path ends at left,,; finally, PZ“; contains all paths such
that some no-retraction paths end at le ft,, and right,,; actually, we must divide
the last class further into Pilfjl, where the same no-retraction path connects both

points, and Pilg27 where two different no-retraction paths end at the two points.

Let h*(v;,v;), for x € {0,1,r,lrl,1r2}, be the minimum number of retrac-
tions among all machining paths in P;’;. Then the optimal value for Mp is
min{h°(root, root), h'(root,root), h" (root, root), h'"t (root, root), h'"%(root, root)}.

Initially, for any leaf v of T', h!™ (v, v) = 0 and h°(v,v) = hl(v,v) = h"(v,v) =
h!"2(v,v) = NULL, where NULL means there is no machining path in this class. If
a term NULL appears in an arithmetic expression, the expression has value NULL.
It is straightforward to compute these values iteratively for an internal node v
and all pairs of indices ¢ < j if the values for all children of v are known. For
example,



R (viyvj41) = min{ A" (vi, v5) + B (w41, v541),  use bridge(v;)
h"(vi,vj) + h"(vj41,vj41) + 1, cannot use bridge(v;)
h0(vi, v5) + A (vj 41, v541) + 1,

hO(vi,v;) + B7(vj41,v541) + 1}
The complete set of recursive formulas can be found in Appendix A.
It remains to compute the values h”(v,v). Recall vy, ..., v} are children of v.
W (v, v) = 1+ mingeo,1,r,r1,ir2}
{h* (v1,vg)}, B'?(v,v) = NULL, h" (v,v) = 14-minge g r10r23{h" (v1, 0%)}, b (0, 0)
1+ minge 71,1723 {A" (v1, 01) }, and RO (v,v) = A" (vy,vy) — 1.

Theorem 2. The dynamic program computes an optimal machining path for
simply connected pockets in linear time. a

If P has h holes, the dual graph Dp is no longer a tree. However, we can
identify O(h) pivot nodes such that the removal of these nodes results in a forest
of trees such that each tree is adjacent to a constant number of pivot nodes (for
details see the full version of the paper). The trees of the forest can be solved
similar as in Section 3. Since each tree has only a constant size interface with
the pivot nodes, we can test all possible choices for the c-edges of these nodes
in O(l)o(h) time. This implies that the problem is still polynomial-time solvable
for pockets with h = O(log(n + m)) holes.

Theorem 3. We can find an optimal machining path for a pocket with h holes
in time O(n +m) + O(1)°"), O

4 The MRPC Problem

Note that even for a pocket with holes, its dual graph is a planar graph embedded
in the plane. In this section, we investigate certain types of planar dual graphs.
These special cases will be a key to our “best possible” approximation algorithm
for the general case in Section 5.

Let the boundary graph Bp = (Np, Eg) of Mp be the graph obtained when
we contract every c-edge into a single node. Note that Bp is a planar graph
of maximum degree four. Its edges are exactly the nc-edges of Mp. Not every
path in Bp is a feasible no-retraction path in Mp, because such a path should
not use two consecutive nc-edges, i.e., on a path in Bp we cannot leave a node
on an arbitrary other edge since some edge is prohibited. We call a path in Bp
valid if and only if it corresponds to a feasible no-retraction path in Mp. We
call pairs of edges that can lie consecutively on a valid path consistent. The
minimum restricted path cover problem (MRPC) is now the problem of finding a
set of vertex-disjoint simple valid paths in Bp such that each node of Bp lies on
exactly one path. Our goal is to minimize the number of such paths.

We assume that the reader is familiar with the definitions of k-trees and
bounded tree-width. A good introduction of k-trees, partial k-trees, and tree-
width can be found in [11,13]. We follow the terminology and the dynamic
programming framework developed in [5]. In Appendix B, we review some defi-
nitions and facts that we use in this paper. In the rest of this section we assume



that the boundary graph Bp has bounded tree-width, and that a k-tree is given
together with its reduction sequence.

For simplicity, we use the following notation: For a vertex v, K = K(v) is
the set of neighbors of v when v becomes a k-leaf during the k-tree reduction
process. Let K’ = K U {v} and K" = K’ — {u}, for any vertex u € K’'. B(K)
is, at all times, the set of vertices in the currently removed branches on K. R is
the root clique.

We now extend the simple dynamic program from Section 3, where we worked
bottom-up in a tree, to k-trees. We keep a state for each K. This state informa-
tion for K in some sense represents the equivalence classes of the solutions (usu-
ally for a slight generalization of the original problem) of the subgraph induced
by K and all its descendants. This is similar with the classes P?, P!, P", Pl
and P'"? we classified in Section 3. In a k-tree, the interface between a node
and its descendants is more complicated because a k-leaf is connected to a k-
clique instead of a single parent node. Still, for fixed k, the number of possible
equivalence classes is a (large) constant.

We use an index set to denote the state. The index set C(K) for K is a
set of solutions to the problem on the subgraph induced by K U B(K). An
index ¢ € C(K) is an equivalence class of the solutions. The value of K with
index ¢, s(c, K), is the optimum value of the solutions represented by ¢, and
we call this value the state value. They have a similar meaning as the functions
RO, Rkt A", A" and h*? in Section 3.

If a vertex v is removed, we must update the state value s(c, K) for every ¢ €
C(K). The update is based on the state values for all K* (u € K’) and reflects
each K*’s influence on the state value of K for a particular index ¢ € C(K). This
procedure is normally called combining removed branches, since the removal of
v means that we need to combine v with the already removed branches on K.

Now we define the index set for our algorithm. Let a ve-pair be a pair (v, e),
where v is an end vertex of an edge e in the boundary graph Bp. Let asc(v)
denote the edge e in the ve-pair (v,e). We say that two ve-pairs (vi,e;) and
(va,e2) are disjoint if v1 # va. Intuitively, a no-retraction path can only enter
and then again leave the interface K on a pair of disjoint ve-pairs.

The state of K is indexed by a set of triples (D, S, I), where D is a set of
mutually disjoint (unordered) pairs of ve-pairs (a path enters and leaves K), S
is a set of disjoint ve-pairs (a path ends in K), and [ is a set of the ‘touched’
vertices (internal vertices of a path) in K that are disjoint from D and S Let

D = {((vi1, €i1), (viz, €i2)) | 1 <4 <D}, and S = {(vi,e;) | 1 <0 <|S|}.
Further, let
V(D) ={(vi1,vi2) | 1 <i < |D[}, E(D) = {(ei1,ei2) | 1 <i < [D[},

V(S) ={vi |1 <i<[S]}, and E(S) ={e; [ 1 <i <[]}

A partial solution of index ¢ = (D, S,I) € C(K) means a set of |D| disjoint
simple valid paths with both endpoints in K, a set of |S| disjoint simple valid
paths with only one endpoint in K, and some other simple valid paths with
no endpoint in K in the subgraph induced by K U B(K), such that no two
consecutive internal vertices of a path are both in K and these paths should cover



all vertices of B(K). The state value s((D,S,I), K) is a positive integer that is
the minimum number of valid paths covering K U B(K) under the restrictions
of index (D, S, I), or is NULL if no such valid paths exist.

The state values s(c, K) are initially NULL for all ¢ and K. Upon the removal
of v, we update s((D, S, I), K), where (D, S,T) arises from a set of k + 1 triples
(Dy, Su, In) € C(K™), one for every u € K’, such that the following conditions
(i)—(v) are satisfied. The case for removing the root needs a little more work and
will be described later separately. Intuitively, satisfying these conditions means
that we can combine the partial solutions for different K*’s for u € K'.

(1) LNl = 0ifu#w, (Upev(p,){p}) NIy = 0 for u,w € K', and V(S,)N1, =
0 for u,w € K'.

(ii) A vertex pair d € V(D) occurs at most once.

(iii) Conmsider the multi-set M = {J, ¢ g (Upev(p,)ip} U V(S.)) (multiplicity is
counted). Every vertex u € K’ appears at most twice in M.

(iv) For a vertex v that appears twice in M, consider the two ve-pairs (each
contributing a v to M) (v,e1) and (v, e2); then e; and es must be consistent.

(v) The graph F = (K',Uyecx/V(D,)) has no cycle, i.e., F is a set of paths and
isolated vertices.

We define (D, S’,I’) as follows. Consider a path in F. Suppose its two end-
points are v; and wvs. If the multiplicities of v; and vg in M are both one, then
((v1, asc(vy), (v2,asc(vz)) € D'. If only one of v; and vy has multiplicity one in
M, say v1, then (vi,asc(vy)) € S" and vy € I'. Moreover, I’ contains the union
of the I,,’s and the interior vertices of the paths of F.

Next, we compute (D, S, I) from (D’,S’,I’), and then update the state value
s((D, S,I),K). It is possible that we obtain more than one (D,S,I) from a
single (D',S’,I’), and we update the state value for every (D,S,I) obtained.
Recall that s((D, S, I), K) is initially NULL. Once we obtain a (D, S,I) from
(D', 8, I') and a value for it, called the temp value, we replace the value of
s((D,S,I),K) by the temp value if it is smaller than the current value of
s((D, S, 1), K).

(D, S, 1) is obtained from (D’,S’,I') in one of the following ways. Suppose
we are currently removing v. Denote the temp value of (D, S, I) by tempv.

tempv = Z s((D*, 8%, I*), K) — #(elements with multiplicity two in M) .
uc K’

(1) fvel',then I =I'—{v}and D=D', S=9".
(2) If v € V(S'), then
(a) S=95"—{(v,asc(v))} and D=D", I =1T.
(b) There is a vertex v; € K’ that is adjacent to v and v; ¢ I’. Then
(b.1) If vy € V(S') and asc(vy) and asc(v) are consistent with (v, v1), then
S =5 —{(v,asc(v)), (v1,asc(vy))} and tempv = tempv — 1.
(b.2) If (v1,vg) € V(D') and asc(vy) and asc(v) are consistent with (v, vq),
then D = D' —{((v1,asc(v1)), (v, asc(v2)))}, S = S—{(v,asc(v)) }U
{(va,asc(va))}, I =1'U{v1}, and tempv = tempv — 1.
(b.3) If vy is neither in V(S’) nor in any pair of V(D) and asc(v) is
consistent with (v,v1), then S =5 — {(v,asc(v))} U {(v1, (v,v1))}.



(3) If (v,v1) € V(D') for some vy, then

(a) D = D" — {((v,asc(v)), (v1,asc(v1)))}, S = S" U {(v1,asc(v1))}, and
I1=r.

(b) There is a vertex ve € K’ that is adjacent to v and vy ¢ I'.

(b.1) Ifve € V(S') and asc(vz) and asc(v) are consistent with (v, vs), then
D = D'— {((v,asc(v)), (v1,asc(v1)))}, S =5 U{(v1,asc(vy))}, and
tempv = tempv — 1.

(b.2) If (v, v3) € V(D') and asc(ve) and asc(v) are consistent with (v, va),
then D = D'— {((v, asc(v)), (v1, asc(v1))), ((va, asc(va)), (vs, asc(vs))) U
{((v1,asc(v1)), (vs,asc(vs)))}, I = I'U{va}, and tempv = tempv—1.

(b.3) If vy is neither in V(S’) nor in any pair of V(D) and asc(v) is
consistent with (v,v2), then D = D’ — {((v, asc(v)), (v1, asc(v1)))} U
{((v1, asc(v1)), (v2, asc(vz2)))}-

(4) If v is neither in I’ nor in V(S) nor in any pair of V(D'), then

(a) D=D',S=5"1=1T, and tempv = tempv + 1.

(b) If v is adjacent to v; which is in K’ — I’, then let asc(vy) = (v,v1),
I' = I'U{v}. Add v; to the multi-set M, test whether conditions (i)—(v)
are all satisfied, obtain (D', S’,I'), and then (D, S, I) and tempv, from
(D', 8, I'), in exactly the same way as above.

(¢) If v is adjacent to v; and vy which are both in K’ — I', and (v,v1)
and (v,vq) are consistent with each other, then let asc(vi) = (v,v1),
asc(ve) = (v,v2), and I' = I' U {v}. Add v; and v to the multi-set M
and augment F' with the edge (v1,v2). Further, test whether conditions
(i)—(v) are all satisfied, obtain (D', S, I’), and then (D, S, I) and tempv,
from (D', S’,I'), in exactly the same way as above.

This finishes the discussion of the non-root case of the MRPC algorithm. For the
root clique R, we do the same as in the non-root case, but we also perform some
additional steps. For an obtained index (D, S, I'), we try all possible combinations
of the unused edges in the subgraph induced by R. We check the validity (i.e.,
the consistency of all pairs of adjacent edges) of each path, and decide the final
value of tempv. Note that an isolated vertex in R should be treated as one
no-retraction path in the final solution.

Up to now, we assumed that Bp has been known to be a k-tree and is given
with a reduction sequence of the k-tree. However, deciding whether a graph has
a tree-decomposition with tree-width at most k is NP-complete [4]. Fortunately,
we can use an approximation of the tree-width. For a graph G = (V, E) of
(unknown) tree-width k, it is possible to compute a tree-decomposition of G of
tree-width at most 3k + 2 in O((|V| + |E|) log(|V| + | E|)) time [22]. Thus, given
a boundary graph Bp of bounded tree-width, we can find a tree-decomposition
of Bp with at most a constant factor blowup of its tree-width. Then we can
compute a reduction sequence of the resulting k-tree for Bp and apply the
dynamic program to obtain an optimal solution of ZPM in linear time.

Theorem 4. If the boundary graph Bp of Dp has bounded tree-width k, then
MRPC can be solved optimally in polynomial time. a

Lemma 5. If Dp is a partial k-tree of mazimum degree d, then Bp is a partial
(kd + d — 1)-tree.



Proof. Suppose Dp = (F, Ep) has a tree-decomposition (X, T(I, F')) with

max;er | X;| < k+ 1. We construct a tree-decomposition (Y,Tp(Ip, F)) of Bp.
T and T, have the same topology. For a node ¢ € I representing X; C F, the
corresponding node Y; C Ep in Ip is defined as Y; = {e € Ep | e has an end
vertex in X;}. It is easy to verify that T is a tree-decomposition of Bp and
maX;esg |Y]| S (k‘ + 1)d O

Theorem 6. If Dp has bounded tree-width and bounded degree, then we can
compute an optimal machining path in polynomial time.

Intuitively, a k-outerplanar graph is a planar graph such that nothing remains
after we peel away its outer vertices k times.

Lemma 7. If Dp is k-outerplanar, then Bp is (2k)-outerplanar.

Proof. If v € F is at the outer layer of the embedding of Dp, then there is
an edge e = (v,v1) whose corresponding vertex v, € Bp is at the outer layer
of the embedding of Bp. After peeling away the outer layer of Bp, all vertices
corresponding to the edges adjacent to v in Dp are either peeled off or exposed
to the outer face of the remaining Bp. Hence, the next peeling will remove all
vertices of Bp corresponding to the edges adjacent to v. Therefore, after 2k
peelings, nothing remains in Bp. a

Lemma 8 [8]. A k-outerplanar graph has tree-width at most 3k — 1. O

Theorem 9. If Dp is a k-outerplanar graph, we can compute an optimal ma-
chining path in polynomial time. ad

5 An Approximation Algorithm for Pockets with Holes

This section gives a “best possible” approximation algorithm for the zigzag
pocket machining problem for a pocket with A holes. On the dual graph Dp =
(F, Ey), we define an edge-cutting operation on an edge (v,v1) at v as follows:
Eliminate edge (v,v1), create a new node v’, and add the edge (v’,v1). The cor-
responding operation on the original machining graph is to divide face(v) into
two parts. The boundary of one part will contain the c-edge between face(v) and
face(vy). We denote this new face as face(v'). See Fig. 2(a) for an illustration.
Note that it may happen that the pocket gets divided into two unconnected
regions. Nevertheless, we call the pocket (or both pockets together) after the
cut P/{v,v1} and its minimum number of retractions for a machining path
OPT/{v,v1}. The proof of the following simple lemma is given in Appendix C.

Lemma 10. If we cut an edge (v,v1) in Dp at v, then (1) OPT/{v,v1} <
OPT + 1, and  (2) from an optimal solution for P/{v,v1} we can obtain a
solution for P with at most OPT/{v,v1} + 1 retractions. 0

Our approximation algorithm uses a similar approach as the one in [7]. Let
k be a fixed integer. The term “face” below refers to the embedding of Dp. We
define the j-th layer L; as the set of vertices that are removed in the j-th round
of removal if we repeatedly remove the outer vertices of the remaining portion
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Fig. 2. (a) An edge-cutting operation. (b) Illustrating the proof of Lemma 10.

D; of D (initially, D, = D). Let D(L;) denote the subgraph of D; induced by
the vertices of L; with the same embedding as D, O(L;) be the outer face of
D(L;), and I(L;) be the union of the inner faces of D(L;). Let h; be the number
of faces in R? — O(L;) — I(L;4+1) (the portion between layer j and layer j + 1).
Since UjZl(]R2 —O(L;) — I(Lj+1)) = R? — O(Ly), we have > jhj=nh.

Lemma 11. We can disconnect the boundary of I(L;) from the boundary of
I(Lj41) by breaking at most hj + hji1 edges.

Proof. W.lo.g., we assume that I(L;) is connected. Denote the outer boundary
vertices of I(L;) by B = {b1,...,b;}, in counterclockwise order; then, b; € L;
for 1 <4 <. Our proof is based on a construction that proceeds in two phases.
In the first phase, consider a vertex v on the outer boundary of I(L;). If no such
vertex is adjacent to some vertex in L;41, then the lemma holds. Suppose v is
adjacent to v1 € Lj;y1. If edge (v,v1) is shared by two different faces, we cut
(v,v1) at v. Let the newly created vertex be v’ € L;y;. This operation merges
these two faces into one face. Repeat the above operation until it cannot be
applied anymore, and let the resulting graph be Gj.

Consider a connected component C' of D(L;41). If C' is connected with B,
then there must be an edge (b,,vc) such that b, € B and ve € C. We claim
that cutting (b, vc) at b, will disconnect B and C' in G;. Suppose this is not
the case. Then there is another edge (b,, v;) connecting B and C, where b, € B
and v, € C. Then, (by,ve), {bzt1,...,by—1}, (by,vy), and a path from ve to
v in C form a cycle, and (b, ve), {b1,...,ba—1}, {by+1,...,bi}, (by,v5), and
a path from ve to vy in C form another cycle. This makes (b,,vc) adjacent to
two different faces, a contradiction.

In the second phase, we perform the following operation on G;. If B is con-
nected with a connected component C' of D(L;1) (C contains some nonempty
inner faces) by an edge (b,,vc) with b, € B and ve € C, then we cut (b, v¢o) at
b,.. Repeat this operation until it cannot be applied anymore on G;. From the
argument above, we can easily see that these operations disconnect the boundary
of I(L;) from that of I(L;j41).

Now we count how many edges have been cut. In the first phase, at most
h; edges are cut. In the second phase, the at most h;,; edges are cut since we
cut at most one edge for each connected component C' of D(L;41) with some
nonempty inner faces. ad

Let ¢, 0 < ¢ < k, be a constant integer to be chosen later. We disconnect
the boundary of I(L,) from the boundary of I(L,4+1), the boundary of I(Lj44)
from the boundary of I(Ly+4+1), the boundary of I(Laj44) from the boundary
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of I(Lak4qg+1), ---, by cutting in total at most Y . (hixtq + hiktq+1) edges, by
Lemma 11. Choose ¢ to be the integer that minimizes Hy = >, (hiktq+hiktq+1)-
By

k-1 k-1
S THi =Y (hjkri + hjrrivr) 2 hi =2,
i=0

i=1 j i

we have H,; < % Moreover, it is easy to see that the resulting graph is a series
of (k + 1)-outerplanar graphs. Using the techniques developed at the end of
Section 4, we compute in polynomial time an optimal solution for each of these
(k + 1)-outerplanar graphs.

The sum of the retractions for all (k + 1)-outerplanar graphs is at most
OPT + H, < OPT + 2! by the first inequality of Lemma 10. Then, by the
second part of Lemma 10, we know how to convert these solutions into a final
solution with at most OPT + 22 retractions. Choosing a constant integer value

k
of k such that € = %, we have the following result.

Theorem 12. We can compute in polynomial time a machining path with at
most OPT + € - h retractions, for any constant € > 0. a
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A Dynamic Program for Simple Pockets

Here we give the full set of recursive formulas for the dynamic program of Section 3.
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T

RO (vi,vj41) = min{ R (v, v; (vj41,v541), use bridge(v;)

( ) + At
(vi,v;) + h%(vjr1,v541) +1, can’t use bridge(v;)
(vi, ;) + B (g1, v541) + 1,
(vi, vj) + h%(vj41,v541) + 1}

R"(vi,vi41) = min{ k" (vi,v;) + W™ (vj41,v541), use bridge(vy)
(vi,v5) + A" (vj41,vj41) + 1, can’t use bridge(v;)
(vi,03) + W™ Uy, v541) + 1,
(vi, vj)
1

vi,05) + h"(vj41,v541) + 1}

Rl (vi,vj11) = min{ R"* (vi,v;) + B! (vj+1,v511), use bridge(v;)
W72 (v, ;) + B (Vi1 v541),
R (v, v5) + WO (vj41,v541) + can’t use bridge(v;)
W7 (v, ;) + B (v, v541) + 17
R (vi,v5) + R (vj41, vj41) + 1,
ht(vi, v3) + hO(Vj41, vj41) + 1}
+ h™ (vj41,v541). use bridge(v;)

R (viyvj1) = B (v, 0
R (vi, v541) = min{ h™2(vi,v;) + h™ (vj41,v541), use bridge(v;)
prit )
h'rl2 Uq;,vj) +
R (vi, v3) + B Vg1, v541) + 1,
ht(vi,v3) + W2 (U1, v541) + 1,
ht(viyv5) + h" (i1, v541) + 1}

h"(vj+1,v541) + 1, can’t use bridge(v;)
(

R (vj41,v541) + 1,

Vi, V) +

)
(
(
(

B Graphs of Bounded Tree-width

A graph G = (V, E) is a k-tree if and only if we can obtain it from a k-clique by always
adding nodes such that their neighborhood is a k-clique. A partial k-tree is a spanning
subgraph of a k-tree. A tree-decomposition of G is a pair (X,T), where T = (I, F) is a
tree and X = {X; | ¢ € I} is a family of subsets of V' with one subset X; corresponding
to each node i of T, such that (1) U;er X; = V, that is, every vertex of G is covered by
some X;, (2) for every edge (v, w) € E, there is an X; containing both v and w, and
(3) for each vertex v € V, the subgraph of T' induced by {i € I | v € X;} is a connected
subtree of T'. The tree-width of a tree-decomposition (X,T") is max;er |X;| — 1. The
tree-width of G is the minimum width over all tree-decompositions of G.

Any graph of bounded tree-width k is in fact a partial k-tree [23, 31]. Partial k-trees
generalize tree, and many classes of graphs are partial k-trees for some constant k.

Using dynamic programming techniques, many NP-hard graph problems become
polynomially (usually linearly) solvable on partial k-trees, for example maximum in-
dependent set, graph coloring, and Hamiltonian circuit [5].

We can check whether a graph G is a k-tree by repeatedly removing a vertex of
degree k whose neighbors in the remaining graph form a k-clique, until no such vertex
remains; then G is a k-tree if and only if the final remaining graph is a k-clique Ky, [24].
This removal process generates a reduction sequence of the k-tree: When we remove a
vertex v (we say v becomes a k-leaf at this point), v is said to be a descendant of its k
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neighbors that together form a k-clique. If K is a k-clique, then v ¢ K is a descendant
of K in the reduction sequence if and only if, when v is being removed, each vertex
adjacent to v is either a member of K or a descendant of K. The connected components
of the subgraph of G induced by the descendants of K are the branches on K. In fact, a
reduction sequence of a k-tree and a tree-decomposition of the k-tree with tree-width k&
imply each other, i.e., given a reduction sequence of a k-tree G, we can easily obtain a
tree-decomposition of G with tree-width &, and vice versa. The last remaining k-clique
K}, is called the root or root clique. For a vertex v not in the root clique, let K (v) be
the set of neighbors of v when v becomes a k-leaf during the reduction process.

C Proof of Lemma 10

Lemma. 10 If we cut an edge (v,v1) in Dp at v, then (1) OPT/{v,v1} < OPT +1,
and  (2) from an optimal solution for P/{v,v1} we can obtain a solution for P with
at most OPT /{v,v1} + 1 retractions.

Proof. We refer to Fig. 2(b). To prove (1), consider the traversal of the c-edge (a,b)
on an optimal machining path p* for P. If, on p*, (a, b) is adjacent to neither (a, e) nor
(b, f), then p* is a feasible solution for P/{v,v1}. If (a,b) is adjacent to only one of
(a,e) and (b, f) in p*, say (a,e), then we break the no-retraction path of p* containing
(a, b) by removing the nc-edge (a, ) from p*. This gives a feasible solution for P/{v,v1}
with OPT + 1 retractions. If (a,b) is adjacent to both (a,e) and (b, f) in p*, then we
break the no-retraction path of p* containing (a,b) into two no-retraction paths: One
is the single edge (a, b), and the other one uses edges (e, ¢), (¢, d), and (d, f) (note that
these edges together form an nc-edge in P/{v,v1}) to replace (e, a), (a,b), and (b, f) in
p*. Again, we obtain a feasible solution for P/{v, v1} with at most OPT +1 retractions.

To prove (2), we construct a feasible machining path p for P from an optimal
machining path p’ for P/{v,v1} with at most one additional retraction. If p’ contains
the nc-edge (e, c,d, f) of P/{v,v1}, as in Fig. 2(b), then we remove this edge from p’,
resulting in a feasible machining path p for P with at most OPT/{v,v1 }+1 retractions.
In the other case, p = p’ is already a feasible solution for P. a
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