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Abstract

Numerousreal-world applicationsproducenetworked datasuchasweb data
(hypertext documentsconnectedviahyperlinks)andcommunicationnetworks(peo-
ple connectedvia communicationlinks). A recentfocusin machinelearningre-
searchhasbeento extendtraditionalmachinelearningclassi�cationtechniquesto
classifynodesin suchdata. In this report,we attemptto provide a brief intro-
ductionto this areaof researchandhow it hasprogressedduringthepastdecade.
We introducefour of the mostwidely usedinferencealgorithmsfor classifying
networked dataandempirically comparethemon both syntheticandreal-world
data.

1 Intr oduction

Networks have becomeubiquitous. Communicationnetworks, �nancial transaction
networks,networksdescribingphysicalsystems,andsocialnetworksareall becoming
increasinglyimportantin ourday-to-daylife. Often,weareinterestedin modelsof how
objectsin the network in�uence eachother(e.g.,who infectswhom in an epidemio-
logicalnetwork), or wemightwantto predictanattributeof interestbasedonobserved
attributesof objectsin thenetwork (e.g.,predictingpolitical af�liations basedononline
purchasesandinteractions),or wemightbeinterestedin identifying importantlinks in
thenetwork (e.g.,in communicationnetworks). In mostof thesescenarios,animpor-
tant stepin achieving our �nal goal, that eithersolves the problemcompletelyor in
part,is to classifytheobjectsin thenetwork.

Given a network andan objecto in the network, therearethreedistinct typesof
correlationsthatcanbeutilized to determinetheclassi�cationor labelof o:

1. Thecorrelationsbetweenthelabelof o andtheobservedattributesof o.

2. The correlationsbetweenthe label of o andthe observed attributes(including
observedlabels)of objectsin theneighborhoodof o.
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Figure1: A smallwebpageclassi�cationproblem.Eachbox denotesa webpage,each
directededgebetweena pair of boxesdenotesa hyperlink, eachoval nodedenotesa
randomvariable,eachshadedoval denotesanobservedvariablewhereasanunshaded
oval nodedenotesanunobservedvariablewhosevalueneedsto bepredicted.Assume
thatthesetof labelvaluesis L = f 0SH 0;0CH 0g. The�gure showsasnapshotduringa
run of ICA. AssumethatduringthelastICA labelingiterationwe chosethefollowing
labels: y1 = 0 SH 0 andy2 = 0 CH 0. a0

1 anda0
2 show what may happenif we try to

encodethe respective valuesinto vectorsnaively, i.e., we getvariable-lengthvectors.
Thevectorsa1 anda2 obtainedafterapplyingcount aggregationshows oneway of
gettingaroundthis issueto obtain�x ed-lengthvectors.Seetext for moreexplanation.

3. Thecorrelationsbetweenthe labelof o andtheunobserved labelsof objectsin
theneighborhoodof o.

Collectiveclassi�cation refersto the combinedclassi�cation of a set of interlinked
objectsusing all threetypesof information describedabove. Note that, sometimes
thephraserelationalclassi�cation is usedto denoteanapproachthatconcentrateson
classifyingnetwork databy usingonly the�rst two typesof correlationslistedabove.
However, in many applicationsthat producedatawith correlationsbetweenlabelsof
interconnectedobjects(a phenomenonsometimesreferredto asrelationalautocorre-
lation [41]) labelsof the objectsin the neighborhoodareoften unknown aswell. In
suchcases,it becomesnecessaryto simultaneouslyinfer the labelsfor all theobjects
in thenetwork.

Within the machinelearningcommunity, classi�cation is typically doneon each
object independently, without taking into accountany underlyingnetwork that con-
nectsthe objects. Collective classi�cationdoesnot �t well into this setting. For in-
stance,in thewebpageclassi�cationproblemwherewebpagesareinterconnectedwith
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hyperlinksandthe taskis to assigneachwebpagewith a label that bestindicatesits
topic, it is commonto assumethat the labelson interconnectedwebpagesarecorre-
lated.Suchinterconnectionsoccurnaturallyin datafrom avarietyof applicationssuch
asbibliographicdata[10,16], emailnetworks[7] andsocialnetworks[41]. Traditional
classi�cationtechniqueswould ignorethecorrelationsrepresentedby theseintercon-
nectionsandwould be hardpressedto producethe classi�cationaccuraciespossible
usingacollective classi�cationapproach.

Even thoughtraditional exact inferencealgorithmssuchas variable elimination
[68, 11] andthejunctiontreealgorithm[22] harborthepotentialto performcollective
classi�cation,they arepracticalonly whenthegraphstructureof thenetwork satis�es
certainconditions. In general,exact inferenceis known to be an NP-hardproblem
andthereis noguaranteethatreal-world network datasatisfytheconditionsthatmake
exactinferencetractablefor collectiveclassi�cation.As aconsequence,mostof there-
searchin collective classi�cationhasbeendevotedto thedevelopmentof approximate
inferencealgorithms.

In this report we provide an introductionto four popularapproximateinference
algorithmsusedfor collective classi�cation, iterative classi�cation, Gibbssampling,
loopybeliefpropagationandmean-�eldrelaxationlabeling. We provide anoutlineof
thebasicalgorithmsby providing pseudo-code,explain how onecouldapply themto
real-world data,providetheoreticaljusti�cations (if thereexist any), anddiscussissues
suchasfeatureconstructionandvariousheuristicsthat may leadto improved classi-
�cation accuracy. We provide casestudies,on both real-world andsyntheticdata,to
demonstratethestrengthsandweaknessesof theseapproaches.All of thesealgorithms
havea rich historyof developmentandapplicationto variousproblemsrelatingto col-
lectiveclassi�cationandweprovideabrief discussionof thiswhenweexaminerelated
work. Collective classi�cationhasbeenanactive �eld of researchfor thepastdecade
andasaresult,therearenumerousotherapproximateinferencealgorithmsbesidesthe
four we describehere. We provide pointersto theseworks in the relatedwork sec-
tion. In thenext section,we begin by introducingtherequirednotationandde�ne the
collective classi�cationproblemformally.

2 Collective Classi�cation: Notation and Problem Def-
inition

Collective classi�cation is a combinatorialoptimization problem, in which we are
given a set of nodes,V = f V1; : : : ; Vn g and a neighborhoodfunction N , where
N i � V n f Vi g, which describesthe underlyingnetwork structure. Eachnodein V
is a randomvariablethat cantake a valuefrom an appropriatedomain. V is further
divided into two setsof nodes:X , the nodesfor which we know the correctvalues
(observedvariables)and,Y, thenodeswhosevaluesneedto bedetermined.Our task
is to labelthenodesYi 2 Y with oneof a smallnumberof labels,L = f L 1; : : : ; L qg;
we'll usetheshorthandyi to denotethelabelof nodeYi .

We explain the notationfurther usinga webpageclassi�cationexamplethat will
serve asa runningexamplethroughoutthereport. Figure1 shows a network of web-
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pageswith hyperlinks.In this example,we will usethewords(andphrases)contained
in thewebpagesaslocalattributes.For brevity, weabbreviatethelocalattributes,thus,
`ST' standsfor “student”,`CO' standsfor “course”,`CU' standsfor “curriculum” and
`AI' standsfor “Arti�cial Intelligence”.Eachwebpageis indicatedby abox,thecorre-
spondingtopicof thewebpageis indicatedby anellipseinsidethebox,andeachword
in thewebpageis representedusingacircle insidethebox. Theobservedrandomvari-
ablesX areshadedwhereastheunobservedonesY arenot. We will assumethat the
domainof theunobserved labelvariablesL , in this case,is a setof two values:“stu-
denthomepage”(abbreviatedto `SH') and“coursehomepage”(abbreviatedto `CH').
Figure1 shows a network with two unobserved variables(Y1 andY2), which require
prediction,andsevenobservedvariables(X 3, X 4, X 5, X 6, X 7, X 8 andX 9). Notethat
someof theobservedvariableshappento belabelsof webpages(X 6 andX 8) for which
we know thecorrectvalues.Thus,from the �gure, it is easyto seethat thewebpage
W1, whoseunobserved label variableis representedby Y1, containstwo words`ST'
and`CO' andhyperlinksto webpagesW2, W3 andW4.

As mentionedin the introduction,dueto the largebodyof work donein this area
of research,we have a numberof approachesfor collective classi�cation. At a broad
level of abstraction,theseapproachescanbe divided into two distinct types,one in
which we usea collectionof unnormalizedlocal conditionalclassi�ersandonewhere
we de�ne the collective classi�cationproblemasoneglobal objective function to be
optimized.Wenext describethesetwo approachesand,for eachapproach,wedescribe
two approximateinferencealgorithms. For eachtopic of discussion,we will try to
mentiontherelevant referencesso that the interestedreadercanfollow up for a more
in-depthview.

3 Approximate Infer enceAlgorithms for Approaches
basedon Local Conditional Classi�ers

Two of themostcommonlyusedapproximateinferencealgorithmsfollowing this ap-
proacharethe iterative classi�cation algorithm (ICA) andgibbssampling(GS),and
wenext describethesein turn.

3.1 Iterati veClassi®cation

The basicpremisebehindICA is extremelysimple. Considera nodeYi 2 Y whose
valueweneedto determineandsupposeweknow thevaluesof all theothernodesin its
neighborhoodN i (notethatN i cancontainbothobservedandunobservedvariables).
Then,ICA assumesthat we aregiven a local classi�er f that takesthe valuesof N i

asargumentsandreturnsthe bestlabel value for Yi from the classlabel setL . For
local classi�ersf thatdonot returnaclasslabelbut agoodness/likelihoodvaluegiven
a setof attributevaluesanda label,wesimply choosethelabelthatcorrespondsto the
maximumgoodness/likelihoodvalue;in otherwords,we replacef with argmaxl 2L f .
Thismakesthelocalclassi�er f anextremely�e xible functionandwecanuseanything
rangingfrom adecisiontreeto anSVM in its place.Unfortunately, it is rarein practice
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thatwe know all valuesin N i which is why we needto repeattheprocessiteratively,
in eachiteration,labelingeachYi usingthecurrentbestestimatesof N i andthelocal
classi�er f , andcontinuingto dosountil theassignmentsto thelabelsstabilize.

Algorithm 1 IterativeClassi�cationAlgorithm (ICA)
for eachnodeYi 2 Y do // bootstrapping

// computelabelusingonly observednodesin N i

compute~ai usingonly X \ N i

yi  f (~ai )
end for
repeat// iterativeclassi�cation

generateorderingO over nodesin Y
for eachnodeYi 2 O do

// computenew estimateof yi

compute~ai usingcurrentassignmentsto N i

yi  f (~ai )
end for

until all classlabelshavestabilizedor a thresholdnumberof iterationshaveelapsed

Most local classi�ersarede�ned asfunctionswhoseargumentconsistsof a �x ed-
lengthvectorof attributevalues.Goingbackto theexamplewe introducedin thelast
sectionin Figure1, assumethatwe arelooking at a snapshotof thestateof thelabels
aftera few ICA iterationshave elapsedandthe labelvaluesassignedto Y1 andY2 in
the last iterationare`SH' and`CH', respectively. ~a0

1 in Figure1 denotesoneattempt
to pool all valuesof N1 into onevector. Here,the �rst entry in ~a0

1 correspondsto the
�rst neighborof Y1 is a `1' denotingthatY1 hasaneighborthatis theword `ST' (X 3),
andsoon. Unfortunately, this not only requiresputtinganorderingon theneighbors,
but sinceY1 andY2 haveadifferentnumberof neighbors,this typeof encodingresults
in ~a0

1 consistingof a differentnumberof entriesthan~a0
2. Sincethelocal classi�er can

take only vectorsof a �x ed length,this meanswe cannotusethesamelocal classi�er
to classifyboth~a0

1 and~a0
2.

A commonapproachto circumvent sucha situationis to usean aggregation op-
eratorsuchascount or mode. Figure1 shows the two vectors~a1 and~a2 that are
obtainedby applyingthecount operatorto ~a0

1 and~a0
2, respectively. Thecount op-

eratorsimply countsthenumberof neighborsassigned̀SH' and`CH' andaddsthese
entriesto the vectors. Thuswe get onenew value for eachentry in the setof label
values. Assumingthat the setof label valuesdoesnot changefrom oneunobserved
nodeto another, this resultsin �x ed-lengthvectorswhich cannow beclassi�edusing
thesamelocalclassi�er. Thus,for instance,~a1 containstwo entries,besidestheentries
correspondingto the local word attributes,encodingthatY1 hasoneneighborlabeled
`SH' (X 8) andtwo neighborscurrentlylabeled̀ CH' (Y2 andX 6). Algorithm 1 depicts
theICA algorithmaspseudo-codewherewe use~ai to denotethevectorencodingthe
valuesin N i obtainedafteraggregation. Note that in the �rst ICA iteration,all labels
yi areunde�nedandto initialize themwe simply apply the local classi�er to theob-
served attributesin the neighborhoodof Yi , this is referredto as “bootstrapping”in
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Algorithm 1.

3.2 GibbsSampling

Gibbssampling(GS)[20] is widely regardedasoneof themostaccurateapproximate
inferenceprocedures.It wasoriginally proposedin Geman& Geman[15] in thecon-
text of imagerestoration.Unfortunately, it is alsoveryslow andacommonissuewhile
implementingGS is to determinewhen the procedurehasconverged. Even though
thereareteststhatcanhelponedetermineconvergence,they areusuallyexpensive or
complicatedto implement.

Due to the issueswith traditionalGS, researchersin collective classi�cation [36,
39] usea simpli�ed versionwherethey assume,just like in the caseof ICA, that we
haveaccessto a localclassi�er f thatcanbeusedto estimatetheconditionalprobabil-
ity distribution of the labelsof Yi givenall thevaluesfor thenodesin N i . Note that,
unlike traditionalGS, thereis no guaranteethat this conditionalprobability distribu-
tion is thecorrectconditionaldistribution to besamplingfrom. At best,we canonly
assumethat the conditionalprobability distribution given by the local classi�er f is
anapproximationof thecorrectconditionalprobabilitydistribution. Neville & Jensen
[46] provide morediscussionandjusti�cation for this line of thoughtin thecontext of
relationaldependency networks,wherethey useasimilar form of GSfor inference.

Thepseudo-codefor GSis shown in Algorithm 2. Thebasicideais to samplefor
thebestlabelestimatefor Yi givenall thevaluesfor thenodesin N i usinglocal clas-
si�er f for a �x ednumberof iterations(a periodknown as“burn-in”). After that,not
only dowesamplefor labelsfor eachYi 2 Y but wealsomaintaincountstatisticsasto
how many timeswe sampledlabell for nodeYi . After collectinga prede�nednumber
of suchsamples,weoutputthebestlabelassignmentfor nodeYi by choosingthelabel
thatwasassignedthemaximumnumberof timesto Yi while collectingsamples.For
all our experiments(thatwe reportlater)we setburn-in to 200iterationsandcollected
1000samples.

3.3 FeatureConstruction and Further Optimizations

Oneof the bene�ts of both ICA andGS is the fact that it is fairly simpleto plug in
any local classi�er. Table1 depictsthe variouslocal classi�ers that have beenused
in thepast.Thereis someevidenceto indicatethatsomelocal classi�erstendto pro-
ducehigher accuraciesthan others,at least in the applicationdomainswheresuch
experimentshavebeenconducted.For instance,Lu & Getoor[35] reportthatonbibli-
ography datasetsandwebpageclassi�cationproblemslogistic regressionoutperforms
nä�ve Bayes.

Recallthat, to representthevaluesof N i , we describedtheuseof anaggregation
operator. In the example,we usedcount to aggregate valuesof the labels in the
neighborhoodbut count is by nomeanstheonly aggregationoperatoravailable.Past
researchhasuseda varietyof aggregationoperatorsincludingminimum, maximum,
mode, exists and proportion . Table 2 depictsvariousaggregation operators
andthesystemsthatusedtheseoperators.Thechoiceof whichaggregationoperatorto
usedependson theapplicationdomainandrelatesto the largerquestionof relational
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Algorithm 2 Gibbssamplingalgorithm(GS)
for eachnodeYi 2 Y do // bootstrapping

// computelabelusingonly observednodesin N i

compute~ai usingonly X \ N i

yi  f (~ai )
end for
for n=1to B do // burn-in

generateorderingO over nodesin Y
for eachnodeYi 2 O do

compute~ai usingcurrentassignmentsto N i

yi  f (~ai )
end for

end for
for eachnodeYi 2 Y do // initialize samplecounts

for labell 2 L do
c[i; l ] = 0

end for
end for
for n=1to Sdo // collectsamples

generateorderingO over nodesin Y
for eachnodeYi 2 O do

compute~ai usingcurrentassignmentsto N i

yi  f (~ai )
c[i; yi ]  c[i; yi ] + 1

end for
end for
for eachnodeYi 2 Y do // compute�nal labels

yi  argmaxl 2L c[i; l ]
end for

feature constructionwherewe areinterestedin determiningwhich featuresto useso
thatclassi�cationaccuracy is maximized.In particular, thereis someevidenceto in-
dicatethatnew attributevaluesderivedfrom thegraphstructureof thenetwork in the
data,suchasthebetweennesscentrality, maybebene�cial to theaccuracy of theclas-
si�cation task[14]. Within the inductive logic programmingcommunity, aggregation
hasbeenstudiedasa meansfor propositionalizinga relationalclassi�cationproblem
[28, 29, 30]. Within thestatisticalrelationallearningcommunity, PerlichandProvost
[48, 49] havestudiedaggregationextensively andPopesculandUngarPopescul& Un-
gar [50] have worked on featureconstructionusing techniquesfrom inductive logic
programming.

Otheraspectsof ICA that have beenthe subjectof investigation include the or-
deringstrategy to determinein which orderto visit the nodesto relabelin eachICA
iteration. Thereis someevidenceto suggestthat ICA is fairly robust to a numberof
simpleorderingstrategiessuchasrandomordering,visiting nodesin ascendingorder
of diversity of its neighborhoodclasslabelsand labelingnodesin descendingorder
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Reference local classi�er used
Neville & Jensen[44] nä�ve Bayes
Lu & Getoor[35] logistic regression
Jensen,Neville, & Gallagher[25] nä�ve Bayes,

decisiontrees
Macskassy& Provost[36] nä�ve Bayes,

logistic regression,
weighted-vote
relationalneighbor,
classdistribution
relationalneighbor

McDowell, Gupta,& Aha [39] nä�ve Bayes,
k-nearestneighbors

Table1: Summaryof local classi�ersusedby previouswork in conjunctionwith ICA
andGS.

of labelcon�dences[18]. However, thereis alsosomeevidencethatcertainmodi�ca-
tions to the basicICA proceduretendto produceimproved classi�cationaccuracies.
For instance,bothNeville & Jensen[44] andMcDowell, Gupta,& Aha [39] propose
a strategy whereonly a subsetof the unobserved variablesareutilized as inputs for
featureconstruction.More speci�cally, in eachiteration,they choosethe top-k most
con�dent predictedlabelsanduseonly thoseunobserved variablesin the following
iteration's predictions,thusignoring the lesscon�dent predictedlabels. In eachsub-
sequentiterationthey increasethevalueof k so that in the last iterationall nodesare
usedfor prediction. McDowell et al. reportthat sucha “cautious”approachleadsto
improvedaccuracies.

4 Approximate Infer enceAlgorithms for Approaches
basedon Global Formulations

An alternateapproachto performingcollective classi�cationis to de�ne a globalob-
jective function to optimize. In what follows, we will describeonecommonway of
de�ning suchanobjective functionandthiswill requiresomemorenotation.

We begin by de�ning a pairwiseMarkov random�eld (pairwiseMRF) [55]. Let
G = (V; E) denotea graphof randomvariablesasbeforewhereV consistsof two
typesof randomvariables,the unobserved variables,Y, which needto be assigned
valuesfrom label set L , and observed variablesX whosevalueswe know. Let 	
denoteasetof cliquepotentials. 	 containsthreedistincttypesof functions:

� For eachYi 2 Y,  i 2 	 is a mapping i : L ! < � 0, where< � 0 is thesetof
non-negative realnumbers.

� For each(Yi ; X j ) 2 E ,  ij 2 	 is amapping ij : L ! < � 0.
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Reference aggr. operators
PRMs,Friedmanetal. [12] mode, count ,

SQL
RMNs,Taskar, Abbeel,& Koller [55] mode, SQL
MLNs, Richardson& Domingos[51] FOL
Lu & Getoor[35] mode, count ,

exists
Macskassy& Provost[36] prop
Gupta,Diwan,& Sarawagi [21] mode, count
McDowell, Gupta,& Aha [39] prop

Table2: A list of systemsandtheaggregationoperatorsthey useto aggregateneigh-
borhoodclasslabels. The systemsinclude probabilistic relationalmodels(PRMs),
relationalMarkov networks(RMNs) andMarkov logic networks(MLNs). Theaggre-
gation operatorsincludeMode, which is the mostcommonclasslabel, prop which
is the proportionof eachclassin the neighborhood,count , which is the numberof
eachclasslabel,andexists , which is anindicatorfor eachclasslabel.SQLdenotes
the standardstructuredquerylanguagefor databasesandall aggregation operatorsit
includesand,FOL standsfor �rst orderlogic.

� For each(Yi ; Yj ) 2 E ,  ij 2 	 is amapping ij : L � L ! < � 0.

Let x denotethe valuesassignedto all the observed variablesin G and let x i de-
notethe valueassignedto X i . Similarly, let y denoteany assignmentto all the un-
observed variablesin G and let yi denotea value assignedto Yi . For brevity of
notationwe will denoteby � i the clique potentialobtainedby computing� i (yi ) =
 i (yi )

Q
(Yi ;X j )2 E  ij (yi ). Wearenow in apositionto de�ne apairwiseMRF.

De®nition 1. A pairwiseMarkov random�eld (MRF) is givenbya pair hG; 	 i where
G is a graphand	 is a setof cliquepotentialswith � i and ij asde�nedabove. Given
an assignmenty to all the unobservedvariablesY, the pairwiseMRF is associated
with theprobability distribution P(y jx) = 1

Z (x )

Q
Yi 2Y � i (yi )

Q
(Yi ;Y j )2 E  ij (yi ; yj )

wherex denotestheobservedvaluesofX andZ (x) =
P

y 0

Q
Yi 2Y � i (y0

i )
Q

(Yi ;Y j )2 E  ij (y0
i ; y0

j ).

Theabove notationis furtherexplainedin Figure2 whereweaugmenttherunning
exampleintroducedearlierby addingclique potentials. MRFs arede�ned on undi-
rectedgraphsand thus we have droppedthe directionson all the hyperlinks in the
example. In Figure2,  1 and 2 denotetwo clique potentialsde�ned on the unob-
servedvariables(Y1 andY2) in thenetwork. Similarly, wehaveone de�ned for each
edgethat involvesat leastoneunobservedvariableasanend-point.For instance, 13

de�nesamappingfrom L (which is setto f SH; CH g in theexample)to non-negative
realnumbers.Thereis only oneedgebetweenthetwo unobservedvariablesin thenet-
work andthisedgeis associatedwith thecliquepotential 12 thatis afunctionovertwo
arguments.Figure2 alsoshows how to computethe � cliquepotentials.Essentially,
givenanunobservedvariableYi , onecollectsall theedgesthatconnectit to observed
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Figure 2: A small webpageclassi�cation problemexpressedas a pairwiseMarkov
random�eld with cliquepotentials.The �gure alsoshows themessagepassingsteps
followedby LBP. Seetext for moreexplanation.

variablesin thenetwork andmultipliesthecorrespondingcliquepotentialsalongwith
thecliquepotentialde�nedonYi itself. Thus,asthe�gure shows,� 2 =  2 �  25 �  26.

Given a pairwiseMRF, it is conceptuallysimple to extract the bestassignments
to eachunobservedvariablein thenetwork. For instance,we mayadoptthecriterion
thatthebestlabelvaluefor Yi is simply theonecorrespondingto thehighestmarginal
probability obtainedby summingover all othervariablesfrom the probability distri-
bution associatedwith thepairwiseMRF. Computationallyhowever, this is dif�cult to
achievesincecomputingonemarginalprobabilityrequiressummingoveranexponen-
tially largenumberof termswhich is why weneedapproximateinferencealgorithms.

We describetwo approximateinferencealgorithmsin this report. Both of them
adoptasimilarapproachtoavoidingthecomputationalcomplexity of computingmarginal
probability distributions. Insteadof working with the probability distribution associ-
atedwith thepairwiseMRF directly (De�nition 1) they bothusea simpler“trial” dis-
tribution. The ideais to designthe trial distribution so thatoncewe �t it to theMRF
distribution thenit is easyto extract marginal probabilitiesfrom the trial distribution
(aseasyasreadingoff the trial distribution). This is a generalprinciplewhich forms
thebasisof aclassof approximateinferencealgorithmsknown asvariationalmethods
[26].

Wearenow in apositionto discussloopybeliefpropagation(LBP) andmean-�eld
relaxationlabeling(MF).
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Algorithm 3 Loopy beliefpropagation(LBP)
for each(Yi ; Yj ) 2 E(G) s.t. Yi ; Yj 2 Y do

for eachyj 2 L do
mi ! j (yj )  1

end for
end for
repeat// performmessagepassing

for each(Yi ; Yj ) 2 E(G) s.t. Yi ; Yj 2 Y do
for eachyj 2 L do

mi ! j (yj )  �
P

y i
 ij (yi ; yj )� i (yi )Q

Yk 2N i \Y nYj
mk ! i (yi )

end for
end for

until all m i ! j (yj ) stopshowing any change
for eachYi 2 Y do // computebeliefs

for eachyi 2 L do
bi (yi )  � � i (yi )

Q
Yj 2N i \Y mj ! i (yi )

end for
end for

4.1 Loopy Belief Propagation

Loopy beliefpropagation(LBP) appliedto pairwiseMRF hG; 	 i is amessagepassing
algorithmthatcanbeconciselyexpressedasthefollowing setof equations:

mi ! j (yj ) = �
X

y i 2L

 ij (yi ; yj )� i (yi )

Y

Yk 2N i \Y nYj

mk ! i (yi ); 8yj 2 L (1)

bi (yi ) = � � i (yi )
Y

Yj 2N i \Y

mj ! i (yi ); 8yi 2 L (2)

wherem i ! j is a messagesentby Yi to Yj and � denotesa normalizationconstant
thatensuresthateachmessageandeachsetof marginal probabilitiessumto 1, more
precisely,

P
y j

mi ! j (yj ) = 1 and
P

y i
bi (yi ) = 1. Thealgorithmproceedsby making

eachYi 2 Y communicatemessageswith its neighborsin N i \ Y until themessages
stabilize(Eq. (1)). After themessagesstabilize,we cancalculatethemarginal proba-
bility of assigningYi with labelyi by computingbi (yi ) usingEq.(2). Thealgorithmis
describedmorepreciselyin Algorithm 3. Figure2 shows a sampleroundof message
passingstepsfollowedby LBP on therunningexample.

LBP hasbeenshown to bean instanceof a variationalmethod.Let bi (yi ) denote
themarginal probabilityassociatedwith assigningunobservedvariableYi thevalueyi

and let bij (yi ; yj ) denotethe marginal probability associatedwith labeling the edge
(Yi ; Yj ) with values(yi ; yj ). ThenYedidia,Freeman,& Weiss[65] showed that the
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following choiceof trial distribution,

b(y ) =

Q
(Yi ;Y j )2 E bij (yi ; yj )

Q
Yi 2Y bi (yi ) jY \N i j� 1

andsubsequentlyminimizing theKullback-Lieblerdivergencebetweenthetrial distri-
butionfrom thedistributionassociatedwith apairwiseMRF givesustheLBP message
passingalgorithmwith somequali�cations. Note that the trial distribution explicitly
containsmarginalprobabilitiesasvariables.Thus,oncewe �t thedistribution,extract-
ing themarginalprobabilitiesis aseasyasreadingthemoff.

4.2 RelaxationLabeling via Mean-Field Approach

Another approximateinferencealgorithm that can be applied to pairwiseMRFs is
mean-�eldrelaxationlabeling(MF). Thebasicalgorithmcanbedescribedby thefol-
lowing �x edpointequation:

bj (yj ) = � � j (yj )
Y

Yi 2N j \Y

Y

y i 2L

 bi (y i )
ij (yi ; yj ); yj 2 L

wherebj (yj ) denotesthemarginalprobabilityof assigningYj 2 Y with labelyj and�
is a normalizationconstantthatensures

P
y j

bj (yj ) = 1. Thealgorithmsimply com-
putesthe�x edpoint equationfor every nodeYj andkeepsdoingsountil themarginal
probabilitiesbj (yj ) stabilize.Whenthey do,we simply returnbj (yj ) asthecomputed
marginals.Thepseudo-codefor MF is shown in Algorithm 4.

Algorithm 4 Mean-�eld relaxationlabeling(MF)
for eachYi 2 Y do // initialize messages

for eachyi 2 L do
bi (yi )  1

end for
end for
repeat// performmessagepassing

for eachYj 2 Y do
for eachyj 2 L do

bj (yj )  � � j (yj )
Q

Yi 2N j \Y ;y i 2L  bi (y i )
ij (yi ; yj )

end for
end for

until all bj (yj ) stopchanging

MF canalsobejusti�ed asa variationalmethodin almostexactly thesamewayas
LBP. In thiscase,however, wechooseasimplertrial distribution:

b(y ) =
Y

Yi 2Y

bi (yi )

We refer the interestedreaderto Weiss[61], Yedidia,Freeman,& Weiss[65] for
moredetails.
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5 Experiments

In our experiments,we comparedthe four collective classi�cation algorithms(CC)
discussedin theprevioussectionsanda content-onlyclassi�er (CO), which doesnot
take thenetwork into account,alongwith two choicesof local classi�ersondocument
classi�cation tasks. The two local classi�ers we tried were nä�ve Bayes(NB) and
Logistic Regression(LR). This gave us8 differentclassi�ers: CO with NB, CO with
LR, ICA with NB, ICA with LR, GSwith NB, GSwith LR, MF andLBP. Thedatasets
weusedfor theexperimentsincludedbothreal-world andsyntheticdatasets.

5.1 Featuresused

For CO classi�ers, we usedthe words in the documentsfor observed attributes. In
particular, we useda binary value to indicatewhetheror not a word appearsin the
document.In ICA andGS,we usedthesamelocal attributes(i.e.,words)followedby
count aggregationto countthenumberof eachlabelvaluein anode'sneighborhood.
Finally, for LBP andMF, we usedpairwiseMRF with cliquepotentialsde�ned on the
edgesandunobservednodesin thenetwork.

5.2 Experimental Setup

Dueto thefactthatwe aredealingwith network data,traditionalapproachesto exper-
imentaldatapreparationsuchascreatingsplits for k-fold cross-validationmaynot be
directly applicable.Splitting the datasetinto k subsetsrandomlyandusingk � 1 of
themfor trainingleadsto splitswhereweexpect k � 1

k portionof theneighborhoodof a
testnodearelabeled.Whenk is reasonablyhigh(say, 10)thenthiswill resultin almost
the entireneighborhoodof a testnodebeinglabeled. If we wereto experimentwith
suchasetup,wewouldnotbeableto comparehow well theCCalgorithmsexploit the
correlationsbetweentheunobservedlabelsof theconnectednodes.

To constructsplits whoseneighborsareunlabeledasmuchaspossible,we usea
strategy thatwereferto assnowball samplingevaluationstrategy (SS).In thisstrategy,
we constructsplits for testdataby randomlyselectingthe initial nodeandexpanding
aroundit. We do not expandrandomly; instead,we selectnodesbasedon the class
distribution of thewholecorpus;that is, the testdatais strati�ed. Thenodesselected
by the SSareusedasthe testsetwhile the restareusedfor training. We repeatthis
processk times to obtaink test-trainpairsof splits. Besidesexperimentingon test
splits createdusingSS,we alsoexperimentedwith splits createdusing the standard
k-fold cross-validationmethodologywherewe choosenodesrandomlyto createsplits
andreferto thisasRS.

WhenusingSS,someof the objectsmay appearin more thanonetestsplit. In
thatcase,we needto adjustaccuracy computationso thatwe do not over countthose
objects.A simplestrategy is to averagethe accuracy for eachinstance�rst andthen
take the averageof the averages.Further, to help the readercomparethe SSresults
with the RS results,we alsoprovide accuraciesaveragedper instanceandacrossall
instancesthatappearin at leastoneSSsplit. We denotethesenumbersusingtheterm
matchedcross-validation(M).
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5.3 Learning the classi®ers

Oneaspectof thecollective classi�cationproblemthatwe have not discussedsofar is
how to learnthevariousclassi�ersdescribedin theprevioussections.Learningrefers
to theproblemof determiningtheparametervaluesfor the local classi�er, in thecase
of ICA andGS,andthe entriesin the clique potentials,in the caseof LBP andMF,
which canthenbe subsequentlyusedto classifyunseentestdata. For all our exper-
iments,we learnedthe parametervaluesfrom fully labeleddatasetscreatedthrough
thesplitsgenerationmethodologydescribedabove usinggradient-basedoptimization
approaches.For amoredetaileddiscussion,see,for example,Taskar, Abbeel,& Koller
[55], Sen& Getoor[52], andSen& Getoor[53].

5.4 Real-world Datasets

We experimentedwith two real-world bibliographicdatasets:Cora[38] andCiteSeer
[19]. TheCora datasetcontainsanumberof MachineLearningpapersdividedinto one
of 7 classeswhile the CiteSeerdatasethas6 classlabels. For both datasets,we per-
formedstemmingandstopword removal besidesremoving thewordswith document
frequency lessthan10. The �nal corpushas2708documents,1433distinctwordsin
thevocabularyand5429links, in thecaseof Cora,and3312documents,3703distinct
wordsin thevocabulary and4732links in thecaseof CiteSeer. For eachdataset,we
performedboth RS evaluation(with 10 splits) andSSevaluation(averagedover 10
runs).

5.4.1 Results

Theaccuracy resultsfor therealworld datasetsareshown in Table3. Theaccuracies
areseparatedby samplingmethodandbaseclassi�er. The highestaccuracy at each
partition is in bold. We performedt-test (pairedwhereapplicable,andWelch t-test
otherwise)to teststatisticalsigni�cancebetweenresults.Herearethemainresults:

1. Do CCalgorithmsimprove overCOcounterparts?

In bothdatasets,CC algorithmsoutperformedtheirCO counterparts,in all eval-
uationstrategies(SS,RSandM). Theperformancedifferencesweresigni�cant
for all comparisonsexceptfor theNB (M) resultsfor Citeseer.

2. Doesthechoiceof thebaseclassi�er affect theresultsof theCC algorithms?

We observed a similar trendfor the comparisonbetweenNB andLR. LR (and
theCC algorithmsthatusedLR asa baseclassi�er) outperformedNB versions
in all datasets,andthedifferencewasstatisticallysigni�cant for Cora.

3. Is thereany CCalgorithmthatdominatestheother?

The resultsfor comparingCC algorithmsare lessclear. In the NB partition,
ICA-NB outperformedGS-NBsigni�cantly for CorausingSSandM, andGS-
NB outperformedICA-NB for CiteseerSS. Thus, therewas no clear winner
betweenICA-NB andGS-NBin termsof performance.In theLR portion,again
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Cora Citeseer
Algorithm SS RS M SS RS M
CO-NB 0:7285 0:7776 0:7476 0:7427 0:7487 0:7646
ICA-NB 0:8054 0:8478 0:8271 0:7540 0:7683 0:7752
GS-NB 0:7613 0:8404 0:8154 0:7596 0:7680 0:7737
CO-LR 0:7356 0:7695 0:7393 0:7334 0:7321 0:7532
ICA-LR 0:8457 0:8796 0:8589 0:7629 0:7732 0:7812
GS-LR 0:8495 0:8810 0:8617 0:7574 0:7699 0:7843
LBP 0:8554 0:8766 0:8575 0:7663 0:7759 0:7843
MF 0:8555 0:8836 0:8631 0:7657 0:7732 0:7888

Table3: Accuracy resultsfor the CoraandCiteseerdatasets.For Cora, the CC al-
gorithmsoutperformedtheir CO counterpartssigni�cantly. LR versionssigni�cantly
outperformedNB versions.ICA-NB outperformedGS-NBfor SSandM, theotherdif-
ferencesbetweenICA andGSwerenot signi�cant (bothNB andLR versions).Even
thoughMF outperformedICA-LR, GS-LR,andLBP, thedifferenceswerenot statisti-
cally signi�cant. For Citeseer, theCC algorithmssigni�cantly outperformedtheir CO
counterpartsexcept for ICA-NB andGS-NB for matchedcross-validation. CO and
CC algorithmsbasedon LR outperformedthe NB versions,but the differenceswere
not signi�cant. ICA-NB outperformedGS-NBsigni�cantly for SS;but, therestof the
differencesbetweenLR versionsof ICA andGS,LBP, andMF werenot signi�cant.

thedifferencesbetweenICA-LR andGS-LRwerenotsigni�cant for all datasets.
As for LBP andMF, they oftenslightly outperformedICA-LR andGS-LR,but
thedifferenceswerenotsigni�cant.

4. How doSSresultsandRSresultscompare?

Finally, we take a look at the numbersunderthe columnslabeledM. First, we
would like to remindthe readerthat even thoughwe arecomparingthe results
on the testset that is the intersectionof the two evaluationstrategies (SSand
RS), different training datacould have beenpotentially usedfor eachtest in-
stance,thus the comparisoncanbe questioned.Nonetheless,we expectedthe
matchedcross-validation results(M) to outperformSSresultssimply because
eachinstancehadmorelabeleddataaroundit from RSsplitting. Thedifferences
werenot big (around1% or 2%); however, they weresigni�cant. Theseresults
tell us that the evaluationstrategiescanhave a big impacton the �nal results,
andcaremustbetakenwhile designinganexperimentalsetupfor evaluatingCC
algorithmsonnetwork data[13].

5.5 SyntheticData

Weimplementedasyntheticdatageneratorfollowing SenandGetoor[53]. High-level
pseudo-codeis given in Algorithm 5 for completeness,but moredetailscanbefound
in Sen& Getoor.
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Algorithm 5 Syntheticdatagenerator
i = 1
while i = 1 < numNodesdo

Sampler uniformly randomfrom [0; 1).
if r < ld then

Pickasourcenodenodes

Pickadestinationnodenoded basedondh anddegree
Add a link betweennodes andnoded

else
Generateanodenodei

Sampleaclassfor nodei

Sampleattributesfor nodei usinga binomial distribution. Introducenoiseto
theprocessbasedon theattributenoiseparameter.
Connectit to adestinationnodebasedondh anddegree
i  i + 1

end if
endwhile

At eachstep,we eitheradd a link betweentwo existing nodesor createa node
basedon the ld parameter(suchthat higher ld valuemeanshigher link density, i.e.,
more links in the graph)and link this new nodeto an existing node. Whenwe are
addinga link, wechoosethesourcenoderandomlybut wechoosethedestinationnode
usingthedh parameter(which varieshomophily[41] by specifyingwhatpercentage,
onaverage,of anode'sneighboris of thesametype)aswell asthedegreeof thecandi-
dates(preferentialattachment[3]). Whenwearegeneratinga node,wesamplea class
for it andgenerateattributesbasedon this classusinga binomial distribution. Then,
we adda link betweenthe new nodeandoneof the existing nodes,again using the
homophilyparameterandthedegreeof theexistingnodes.In all of theseexperiments,
we generated1000nodes,whereeachnodeis labeledwith oneof 5 possibleclassla-
belsandhas10 attributes. We experimentedwith varying degreeof homophilyand
link densityin thegraphsgeneratedandwe usedSSstrategy to generatethetrain-test
splits.

5.5.1 Results

Theresultsfor varyingvaluesof dh, homophily, areshown in Figure3(a). Whenho-
mophily in the graphwaslow, both CO andCC algorithmsperformedequallywell,
which wasexpectedresultbasedon similar work. As we increasedtheamountof ho-
mophily, all CCalgorithmsdrasticallyimprovedtheirperformanceoverCOclassi�ers.
With homophilyat dh=.9, for example,the differencebetweenour bestperforming
CO algorithmandour bestperformingCC algorithmis about40%. Thus,for datasets
which demonstratesomelevel of homophily, usingCC cansigni�cantly improve per-
formance.

Wepresenttheresultsfor varyingtheld, link density, parameterin Figure3(b) . As
we increasedthe link densityof thegraphs,we saw thataccuraciesfor all algorithms

16



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Homophily

A
cc

u
ra

cy

CO-NB
ICA-NB
GS-NB
CO-LR
ICA-LR
GS-LR
LBP
MF

(a)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Link Density

A
cc

u
ra

cy

CO-NB

ICA-NB

GS-NB
CO-LR

iCA-LR

GS-LR

LBP
MF

(b)

Figure3: (a)Accuracy of algorithmsthroughdifferentvaluesfor dh varyingthelevels
of homophily. Whenthehomophilyis very low, bothCO andCC algorithmsperform
equallywell but aswe increasehomophily, CCalgorithmsimproveoverCOclassi�er.
(b) Accuracy of algorithmsthroughdifferentvaluesfor ld varying the levels of link
density. As we increaselink density, ICA andGSimprove theirperformancethemost.
Next comesMF. However, LBP hasconvergenceissuesdueto increasedcyclesandin
factperformsworsethanCOfor high link density.

wentup,possiblybecausetherelationalinformationbecamemoresigni�cant anduse-
ful. However, the LBP accuracy hada suddendrop whenthe graphwasimmensely
dense.Thereasonbehindthis resultis thewell known fact thatLBP hasconvergence
issueswhentherearemany closedloopsin thegraph[45].

5.6 Practical Issues

In this section,we discusssomeof thepracticalissuesto considerwhenapplyingthe
variousCC algorithms. First, althoughMF andLBP performanceis in somecases
a bit betterthanICA andGS, they werealsothe mostdif�cult to work with in both
learningandinference.Choosingtheinitial weightssothat theweightswill converge
during training is non-trivial. Most of the time, we hadto initialize the weightswith
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theweightswe got from ICA in orderto getthealgorithmsto converge.Thus,theMF
andLBP hadsomeextra advantagein theabove experiments.We alsonotethatof the
two, we hadthe mosttroublewith MF beingunableto converge,or whenit did, not
convergingto theglobaloptimum.Ourdif�culty with MF andLBP areconsistentwith
previous work [61, 43, 64] andshouldbe taken into considerationwhenchoosingto
applythesealgorithms.

In contrast,ICA andGSparameterinitializationsworked for all datasetswe used
andwe did not have to tunetheinitializationsfor thesetwo algorithms.They werethe
easiestto trainandtestamongall thecollective classi�cationalgorithmsevaluated.

Finally, while ICA andGSproducedverysimilarresultsfor almostall experiments,
ICA is a muchfasteralgorithmthanGS.In our largestdataset,Citeseer, for example,
ICA-NB took14minutesto runwhileGS-NBtookover3 hours.Thelargedifferenceis
dueto thefactthatICA convergesin justafew iterations,whereasGShasto gothrough
signi�cantly moreiterationsperrun dueto theinitial burn-in stage(200iterations),as
well astheneedto run a largenumberof iterationsto geta suf�ciently largesampling
(800iterations).

6 RelatedWork

Eventhoughcollective classi�cationhasgainedattentiononly in thepast� ve to seven
years,initiatedby thework of JenniferNeville andDavid Jensen[44, 24, 25, 46] and
the work of Ben Taskaret al. [59, 17, 55, 58], the generalproblemof inferencefor
structuredoutputspaceshasreceivedattentionfor aconsiderablylongerperiodof time
from variousresearchcommunitiesincluding computervision, spatialstatisticsand
naturallanguageprocessing.In this section,we attemptto describesomeof thework
that is mostcloselyrelatedto the work describedin this report,however, dueto the
widespreadinterestin collective classi�cationour list is sureto beincomplete.

Oneof theearliestprincipledapproximateinferencealgorithms,relaxationlabeling
[23], wasdevelopedby researchersin computervision in thecontext of objectlabeling
in images.Due to its simplicity andappeal,relaxationlabelingwasa topic of active
researchfor sometime andmany researchersdevelopeddifferentversionsof thebasic
algorithm[34]. Mean-�eld relaxationlabeling[61, 65], discussedin this report, is a
simpleinstanceof thisgeneralclassof algorithms.Besag[5] alsoconsideredstatistical
analysisof imagesandproposedaparticularlysimpleapproximateinferencealgorithm
callediteratedconditionalmodeswhichis oneof theearliestdescriptionsandaspeci�c
versionof theiterativeclassi�cationalgorithmpresentedin this report.Besidescom-
putervision, researchersworking with aniterative decodingschemeknown as“Turbo
Codes”[4] cameupwith theideaof applyingPearl'sbeliefpropagationalgorithm[47]
on networkswith loops.This led to thedevelopmentof theapproximateinferenceal-
gorithmthatwe, in this report,referto asloopybeliefpropagation(LBP) (alsoknown
assumproductalgorithm)[31, 40, 32].

Anotherareathatoftenusescollective classi�cationtechniquesis documentclas-
si�cation. Chakrabarti,Dom,& Indyk [8] wasoneof the�rst to applycollective clas-
si�cation to a corporaof patentslinked via hyperlinksandreportedthat considering
attributesof neighboringdocumentsactuallyhurtsclassi�cationperformance.Slattery
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& Craven [54] alsoconsideredthe problemof documentclassi�cationby construct-
ing featuresfrom neighboringdocumentsusingan inductivelogic programmingrule
learner. Yang,Slattery, & Ghani[63] conductedanin-depthinvestigationovermultiple
datasetscommonlyusedfor documentclassi�cationexperimentsandidenti�ed differ-
entpatterns.Sincethen,collective classi�cationhasalsobeenappliedto variousother
applicationssuchaspart-of-speechtagging[33], classi�cationof hypertext documents
usinghyperlinks[55], link predictionin friend-of-a-friendnetworks[56], opticalchar-
acterrecognition[58], entity resolutionin sensornetworks [9], predictingdisulphide
bondsin proteinmolecules[57], segmentationof 3D scandata[2] andclassi�cationof
email“speechacts”[7].

Besidesthe four approximateinferencealgorithmsdiscussedin this report, there
areotheralgorithmsthatwedid notdiscusssuchasgraph-cutsbasedformulations[6],
formulationsbasedon linearprogrammingrelaxations[27, 60] andexpectationprop-
agation[42]. Otherexamplesof approximateinferencealgorithmsincludealgorithms
developedto extendandimprove loopy beliefpropagationto removesomeof its short-
comingssuchasalternativeswith convergenceguarantees[67] andalternativesthatgo
beyondjustusingedgeandnodemarginalsto computemoreaccuratemarginalproba-
bility estimatessuchastheclustervariationalmethod[66], junctiongraphmethod[1]
andregiongraphmethod[65].

More recently, therehave beensomeattemptsto extend collective classi�cation
techniquesto thesemi-supervisedlearningscenario[62, 37].

7 Conclusion

In this report,wegaveabrief descriptionof four popularcollectiveclassi�cationalgo-
rithms.Weexplainedthealgorithms,showedhow to applythemto variousapplications
usingexamplesandhighlightedvariousissuesthathave beenthesubjectof investiga-
tion in thepast.Most of the inferencealgorithmsavailablefor practicaltasksrelating
to collective classi�cationareapproximate.We believe thata betterunderstandingof
whenthesealgorithmsperformwell will leadto morewidespreadapplicationof these
algorithmsto morereal-world tasksandthatthisshouldbeasubjectof futureresearch.
Most of the currentapplicationsof thesealgorithmshave beenon homogeneousnet-
works with a singletype of unobserved variablethat sharea commondomain. Even
thoughextendingtheseideasto heterogeneousnetworksis conceptuallysimple,webe-
lievethatafurtherinvestigationinto techniquesthatdosowill leadto novel approaches
to featureconstructionandadeeperunderstandingof how to improvetheclassi�cation
accuraciesof approximateinferencealgorithms. Collective classi�cationhasbeena
topic of active researchfor the pastdecadeand we hopethat more reportssuchas
this onewill helpmoreresearchersgain introductionto this areathuspromotingfur-
therresearchinto theunderstandingof existing approximateinferencealgorithmsand
perhapshelpdevelopnew, improvedinferencealgorithms.
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