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Abstract

Thisreportpresents generl analysisfor theperformanceof WLANIocationdeterminatiorsystemsln partic-
ular, we presentan analyticalmethodor calculatingthe average distanceerror and probability of error of WLAN
locationdeterminatiorsystemsTheseaxpressionsare obtainedwith no assumptionsegarding thedistribution of
signal strengthor the probability of the userbeingat a speci ¢ location, which is usuallytakento be a uniform
distribution over all the possibldocationsin currentWLANIocationdeterminatiorsystems\We usetheseexpres-
sionsto nd the optimalstrategy to estimatehe userlocationandto prove formally that probabilistictechniques
givemore acculacythandeterministidechniqueswhich hasbeentakenfor grantedwithoutprooffor alongtime
Theanalytical resultsare validatedthrough simulationexperiments.We also studythe effect of the assumption
that the userpositionfollows a uniformdistribution over the setof possiblelocationson the accuracy of WLAN
location determinationsystems.The resultsshowthat knowingthe probability distribution of the userposition
can reducethe numberof accesspointsrequired to obtain a givenaccuracy. However, with a high densityof
accesyoints,the performanceof a WLANIocationdeterminatiorsystems consistenunderdifferent probability
distributionsfor the userposition.

1. Intr oduction

WLAN locationdeterminatiorsystemsusethe popular802.11[10] network infrastructurgo determingheuser
locationwithoutusingary extra hardware. This makesthesesystemsattractve in indoorenvironmentswvheretra-
ditionaltechniquessuchasthe GlobalPositioningSystem(GPS)[5], fail to work or requirespecializecardware.
Many applicationshave beenbuilt ontop of locationdeterminatiorsystemgo supportpenasive computing.This
includes]4] location-sensitie contentdelivery, direction nding, assetracking,andemegeng noti cation.

In orderto estimatethe userlocation, a systemneedsto measurea quantity that is a function of distance.
Moreover, the systemneedsone or more referencepoints to measurehe distancefrom. In caseof the GPS
systemthereferencgpointsarethe satellitesandthe measuredjuantityis thetime of arrival of the satellitesignal
to the GPSrecever, which is directly proportionalto the distancebetweenthe satelliteand the GPSrecever.
In caseof WLAN location determinatiorsystemsthe referencepoints are the accesgoints andthe measured
guantityis the signalstrengthwhich decaydogarithmically with distancen free space.Unfortunatelyin indoor
ervironments the wirelesschannelis very noisy andtheradio frequeny (RF) signalcansuffer from re ection,
diffraction, and multipath effect [9, [11], which makes the signal strengtha complex function of distance. To



overcomethis problem,WLAN locationdeterminatiorsystemgatulate this function by samplingit at selected
locationsin the areaof interest. This tatulation hasbeenknow in literatureasthe radio map,which captureghe
signatureof eachaccesgoint at certainpointsin the areaof interest.

WLAN locationdeterminatiorsystemsusuallywork in two phases:of ine phaseandlocationdetermination
phase.During the of ine phase the systemconstructghe radio-map. In the location determinatiorphase the
vectorof samplegeceved from eachaccesgoint (eachentry is a samplefrom one accessoint) is compared
to the radio-mapandthe “nearest’matchis returnedasthe estimateduserlocation. DifferentWLAN location
determinatiortechniquedliffer in the way they constructheradiomapandin thealgorithmthey useto compare
arecevedsignalstrengthvectorto the storedradiomapin thelocationdeterminatiorphase.

In this report, we presenta geneirl analysisof the performanceof WLAN location determinationsystems.
In particular we presenta generalanalyticalexpressionfor the averagedistanceerror and probability of error
of WLAN location determinationsystems. Theseexpressionare obtainedwith no assumptionsegarding the
distribution of signal strengthor usermovemenipro le. We usetheseexpressiongo nd the optimal stratey to
useduring the location determinatiorphaseto estimatethe userlocation. Theseexpressionsalsohelpto prove
formally that probabilistictechniqueggive more accurag than deterministictechniqueswhich hasbeentaken
for grantedwithout proof for a long time. We validate our analysisthrough simulationexperiments. We also
presentan analysisof the effect of the assumptiorthatthe userlocationis uniformally distributed over the setof
all possiblelocationson the performancef thelocationdeterminatiorsystemsFor the restof the reportwe will
referto the probability distribution of the userlocationastheuserpro le.

To the bestof our knowledge, our work is the rst to analyzethe performanceof WLAN location systems
analytically provide the optimal strateyy to selectthe userlocation,andstudythe effect of theuserpro le onthe
performancef WLAN locationdeterminatiorsystems.

Therestof this reportis structuredasfollows. Sectiorld summarizeshe previouswork in the areaof WLAN
location determinationsystems. Sectiond presentshe analyticalanalysisfor the performanceof the WLAN
locationdeterminatiorsystems.n Sectiord, we validateour analyticalanalysisthroughsimulationandprovide
experimentgo testthe effect of the userpro le onthe performanceof locationdeterminatiorsystems.Sectiond
concludeghereportandpresentsomeideasfor futurework.

2. RelatedWork

Radiomap-basedechniquesanbe cateyorizedinto two broadcateyories: deterministicdechniquesndprob-
abilistic techniquesDeterministictechniques(suchas [12,[8]) representhe signalstrengthof anaccesgointata
locationby a scalarvalue,for example the meanvalue,andusenon-probabilistiapproacheto estimatehe user
location. For example,in the Radarsysten2] the authorsusenearesheighborhoodechniqueso infer the user
location. On the otherhand, probabilistic techniques(suchas [3, 7, 6, [12]) storeinformationaboutthe signal
strengthdistributionsfrom theaccessointsin theradiomapanduseprobabilistictechniquego estimateheuser
location. For example,the Horus systemfrom the University of Maryland[12, [L3] usesthe storedradio mapto

nd thelocationthathasthe maximumprobability giventherecevedsignalstrengthvector

All thesesystemaasetheir performanceavaluationon experimentakestbedsvhich may not give a goodidea
on the performanceof the algorithmin different ervironments. The authorsin [[7, [12, [13] showved that their
probabilistictechniqueoutperformeahe deterministictechniqueof the Radar system[2] in a speci ¢ testbed
andconjecturedhat probabilistictechniqueshouldoutperformdeterministictechniquesThis reportpresentsa
generalanalyticalmethodfor analyzingthe performanceof differenttechniquesWe usethis analysismethodto
provide a formal proof thatprobabilistictechnique®utperformdeterministidechniquesMoreover, we shav the
optimalstratgy for selectingocationsin thelocationdeterminatiorphase.

All thecurrentWLAN locationdeterminatiorsystemsassumehatthe userhasan equalprobability for being
at ary locationin the setof radio maplocations(uniform userpro le). We studythe effect of this uniform user



pro le assumptioron the performancef thelocationdeterminatiorsystems.
3. Analytical Analysis

In this section,we give an analyticalmethodto analyzethe performanceof WLAN location determination
techniquesWe startby describingthe notationsusedthroughouthereport. We provide two expressionsonefor
calculatingthe averagedistanceerror of a giventechniqueandthe otherfor calculatingthe probability of error
(i.e. theprobabilitythatthelocationtechniquewill give anincorrectestimate).

3.1.Notations

We consideranareaof interestwhoseradiomapcontainsN locations.We denotethe setof locationsasL . At
eachlocation,we cangetthe signalstrengthfrom k accesgoints. We denotethe k-dimensionakignalstrength
spaceas S. Eachelementin this spaceis a k-dimensionalvector whoseentriesrepresenthe signal strength
readingfrom differentaccesqoointsﬁ. Sincethe signal strengthreturnedfrom the wirelesscardsare typically
integer values the signalstrengthspaceS is a discretespace.For avectors 2 S, f , (s) representshe estimated
locationreturnedby the WLAN locationdeterminatioriechniqueA whensuppliedwith theinputs. For example,
in the Horus system[12, [13], fHorus(s) will returnthelocationl 2 L thatmaximizesP (I=s). Finally, we use
Euclidearfl{; 1) to denotethe Euclideandistancebetweerntwo locationsl; andl».

3.2.AverageDistanceErr or

We wantto nd the averagedistanceerror (denotedby E (DErr)). Using conditionalprobability; this canbe
written as:

X
E(DErr) = f E (DErr=l is thecorrectuserlocation:P (I is the correctuserlocationg D)
2L

whereP (| is thecorrectuserlocation depend®ntheuserpro le.
We now proceedo calculatekE (DErr=l is the correctuserlocatior). Usingconditionalprobability again:

E (BErr =l is the correctuserlocation
=  fE(DErr=s;l isthecorrectuserlocation:P (s=l is the correctuserlocationg @
s _ , :
=  fEuclidearf 5 (s);1):P (s=lis thecorrectuserlocationg
s2S
whereEuclideaif , (s);|) representshe Euclideandistancebetweerthe estimatedocationandthe correctloca-
tion.

Equatiorfd saysthatto getthe expecteddistanceerror givenwe areat locationl, we needto getthe weighted
sum, over all the possiblesignal strengthvaluess 2 S, of the Euclideandistancebetweenthe estimateduser
location(f , (s)) andtheactuallocationl.

Substitutingequatior? in equatiorl we get:

X X

E(DEm) = f Euclidear(f 5 (s);1):P (s=l is thecorrectuserlocation:P (I is thecorrectuserlocationg
s2S I2L

©)
Notethatthe effect of thelocationdeterminationtechniquas summarizedn thefunctionf , . We seekto nd the

functionthatminimizesthe probability of error. We differ the optimality analysigill we presenthe probability of
error analysis.

lif anaccespointcannotbe heardata givenlocation,this is representetly a specialsignalstrengthvalue.
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3.3.Probability of Err or

In this section,we wantto nd an expressionfor the probability of error which is the probability that the
locationdeterminatiortechniquewill returnanincorrectestimate This canbeobtainedrom equatiorid by noting
thatevery non-zerodistanceerror (representetdy the function Euclidearf 4 (s);1)) is consideredinerror More
formally, we de ne thefunction:

9(x) = 0 : x=0
1 : x>0
The probability of errorcanbe calculatedrom equatiorid as:

X X
P(Erron) = f g(Euclideaff 4 (s); 1)) :P (s=l is thecorrectuserlocation):P (I is thecorrectuserlocatior)g

s2S12L

(4)

In the next section,we will presenta propertyof thetermg(Euclideaff , (s);1)) andusethis propertyto getthe
optimalstratgy for selectinghelocation.

3.4.Optimality

We will baseour optimality analysison the probability of error.

Lemmal For a givensignalstrengthvectors, g(Euclidearf , (s); 1)) will be zewo for only onelocation| 2 L
andonefor theremainingN 1 locations.

Proof For a given signalstrengthvectors, the locationdeterminatiortechniquewill returna singlelocation. If
this locationmatcheghe correctlocationl, the distanceerrorwill be zeroandhencethe functiong. If not, the
distanceerrorwill begreatetthanzeroandthefunctiong will equalsone. The estimatedocationf , (s) canonly
matchoneof the possibleN locations.

Thelemmastateghatonly onelocationwill give avalueof zerofor thefunctiong(Euclideaf 4 (s); 1)) in the
innersum. This meanghatthe optimal stratgy shouldselectthis locationin orderto minimizethe probability of
error. Thisleadsusto thefollowing theorem.

Theorem 1 (Optimal Strategy) Selectingthe location | that maximizeghe probability P (s=I):P (1) is both a
necessarygndsufcient conditionto minimizethe probability of error.

Proof [Suf cient part] SelectinghelocationthatmaximizegheprobabilityP (s=I):P (I) will leadto makingthe
functiong in theinnersumequalszerofor this probability Sincethistechniquaemaoresthemaximumprobability
forall s 2 S, this minimizesthe overall probability of error.

[Necessarypart] By contradiction:Assumenot, thenthereexist an optimal stratgy A 1 thatfor atleastone
signalstrengthvectors, selectsalocationl °thatdoesnot maximizethe productP (s=19:P (19. Let the probability
of errorusingthis stratgy be E 1. Consideranotherstratgy A » thattake the samedecisionsasA 1 exceptfor the
signalstrengthvectors, whereit returnsthelocationl thatmaximizegheproductP (s=I):P (). Let theprobability
of errorusingthis stratgly beE 2. Clearly, E 2 is lessthanE 1 which contradicturassumptiorthatA 1 is optimal.

Theorendll suggestghat the optimal location determinatiortechniqueshouldstorein the radio map the signal
strengthdistributionsto be ableto calculateP (s=I). Moreover, the optimal techniqueneedsto know the user
pro le in orderto calculateP (1).
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Figure 1. Expected error for the special case of two locations

Corollary 1 Deterministictechniquesare notoptimal.

Proof Sincedeterministictechniqueslo not storeary informationaboutthe signal strengthdistribution at each
location,it follows from Theorenfllthatthey arenot optimal.

Note that we did not make ary assumptioraboutthe independencef accesgoints, userpro le, or signal
strengthdistribution in orderto getthe optimalstratey.

A major assumptiorby all the currentWLAN location determinationsystemsss that all userlocationsare
equi-probableln thiscaseP(l) = Ni andTheorenfll canberewritten as:

Theorem 2 If the useris equally probableto be at any location of the radio maplocationsL, thenselecting
thelocation| that maximizeghe probability P (s=I) is botha necessanand sufcient conditionto minimizethe
probability of error.

Proof Theproofis aspecialcaseof the proof of Theorendll

This meanghat, for this specialcase|t is sufcient for the optimaltechniqueto storethe histogramof signal
strengthat eachlocation. Thisis exactly thetechniqueusedin the Horus system{[12, [13].

Figurdllshavsasimpli ed exampleillustratingtheintuition behindtheanalyticalexpressionsindthetheorems.
In the example,we assumehatthereareonly two locationsin the radio mapandthatat eachlocationonly one
accesgoint canbe heardwhosesignalstrength for simplicity of illustration, follows a continuousdistribution.
Theusercanbeatary oneof thetwo locationswith equalprobability For theHorussystem(Figure[lla), consider
theline thatpassedy the point of intersectiorof thetwo curves. Sincefor a given signalstrengththe technique
selectghelocationthathasthe maximumprobability the errorif the useris atlocationl is theareaof curve 1 to
theright of thisline. If theuseris atlocation2, theerroris theareaof curve 2 to theleft of thisline. Theexpected
errorprobabilityis half the sumof thesetwo areasasthe two locationsareequi-probableThisis the sameashalf
theareaunderthe minimumof thetwo curves(shadedn gure).
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Figure 2. Plan of the oor where the experiment was conducted. Readings were collected in the
corridor s (shown in gray).

For the Radar system(Figure 1.b), considerthe line that bisectsthe signal strengthspacebetweenthe two
distribution averages.Sincefor a given signal strengththe techniqueselectsthe locationwhoseaveragesignal
strengthis closerto the signalstrengthvalue,the errorif the useris atlocationl is the areaundercurve 1 to the
right of thisline. If theuseris atlocation2, theerroris theareaundercurve 2 to theleft of thisline. Theexpected
errorprobabilityis half the sumof thesetwo areasasthetwo locationsareequi-probabl€half the shadedareain
the gure).

FromFigurel, we canseethatthe Horussystenoutperformshe Radarsystensincetheexpectederrorfor the
formeris lessthanthe later (by the hashedareain Figure 1.b). The two systemswould have the sameexpected
errorif theline bisectingthe signalstrengthspaceof the two averagepassedy theintersectiorpoint of the two
curves.Thisis nottruein general.This hasbeenprovedformally in theabove theorems.

We provide simulationandexperimentakesultsto validateour resultsin Section4.

3.5.Averaging Signal Strength Vectors

DifferentWLAN locationdeterminatiorsystemg13, 7] suggestedhataveragingmultiple signalstrengthvec-
torsandusingthe averagedvectorasaninputto the systemenhanceshe systemperformanceln this sectionwe
extendour analysisto cover the caseof averagingof multiple signalstrengthvectors.

We startby obtainingthe distribution of the averagevector Let X betherandomvariable(R.V.) representing
the averageof n signalstrengthvectors(s;'s) at a givenlocation,all comingfrom the samedistribution (denoted

by P (s=I)). ConsidertherandomvariableY = s;, thedistribution of theR.V. Y is then timescorvolution of

i=1
the original distribution (P (s=l)). SinceX = Y=n, thisimpliesthatP (X = x) = P(Y = n:x). Thisrelateshe
distribution of theR.V. X to theoriginal signalstrengthdistribution P (s=I).

To obtainthe averagedistanceerror and probability of error, we canuseequations3 and4 and substitutes
the distribution of the R.V. X insteadof the original signal strengthdistributions. The equationfor the average



distanceerror (Equation3) becomes:

X X
E(DEm) = f Euclideartf 5 (s9;1):P (X = s%listhecorrectuserlocation):P (I is the correctuserlocationg
s 12L
5)
WhereSPis the new signalstrengthspaceor theR.V. X representinghe averageof n signalstrengthvectors.
Theequationfor the probability of error(Equation4) becomes:
X X
P(Erron) = f g(Euclideaf , (s9;1)):P (X = s%listhecorrectuserlocation):P (I is thecorrectuserlocationg
s 2L
(6)

Theeffectof averagingmultiple signalstrengthvectorsis to reducethevarianceof theresultingdistributionand
hencereducethe overlap betweerdistributions. The lessthe overlap,the betterthe error Note that Theoremsl
and2 still hold for averagingmultiple signalstrengthvectors.

4. Simulation Experiments

In this section,we validateour analyticalresultsthroughsimulationexperiments.For this purposewe chose
to implementthe Radar system[2] from Microsoft asa deterministictechniqueandthe Horus system[12, 13]
from the University of Marylandas a probabilistictechniquethat satisfy the optimality criteria as describedn
Theorem2. We startby describingthe experimentaltestbedthat we useto validate our analyticalresultsand
evaluatethe systems.

4.1.Testbed

We performedour experimentin a oor covering an 20,000feet area. The layout of the oor is shown in
Figure2. Bothtechniquesveretestedn the ComputerScienceDepartmentvirelessnetwork. Theentirewing is
coveredby 12 accespointsinstalledin thethird andfourth oors of the building.

For building the radiomap,we took the radiomaplocationson the corridorson a grid with cells placed5 feet
apart(the corridor's width is 5 feet). We have a total of 110locationsalongthe corridors. On the average each
locationis coveredby 4 accespoints.

We usedthe mwvlandriver andthe MAPI API [1] to collectthe sampledrom theaccesgoints.

4.2.Simulator

We built asimulatorthattakesasaninputthefollowing parameters:
theradiomaplocationscoordinates.
the signalstrengthdistributionsat eachlocationfrom eachaccesgoint.

thedistribution over theradiomaplocationsthatrepresentshe steadystateprobability of the userbeingat
eachlocation(userpro le).

n: thenumberof signalstrengthvectorsto average.



The simulatorthen chosesa location basedon the userlocation distribution and generates signal strength
vector accordingto the signal strengthdistributions at this location. The simulatorfeedsthe generatedignal
strengthvectorto the location determinationtechnique. The estimatedocationis comparedto the generated
locationto determinghedistanceerror.

Thenext sectionanalyzeheeffectof theuserpro le ontheperformancef thelocationdeterminatiorsystems.
We validateour analyticalresultsin all the experiments.

4 .3.Effect of User Pro le on Performance

We madethreeexperimentghatdiffer in how heterogeneous theuserpro le:
Pro le 1. Theuserhasequalprobability of beingatany location(uniform userpro le).

Pro le 2: Theusercanbein oneof two groupsof locations.The probability of beingin onegroupis twice
the probability of beingin the secondgroup. The userhasequalprobability of beingat any locationwithin
agroup.

Pro le 3: The userhasan exponentiallydampingdistribution for beingat differentradio maplocations.
More speci cally, the probability of beingatlocationi is givenby:

(B : 1<i<N 1
P (Location = i) = (%)N 1= N
Theheterogeneitpf theusermpro le increasesswe movefrom pro le oneto pro le three.Thepurposeof these
simulationexperimentss to studythe effect of theassumptiothatthe userlocationfollows a uniformdistribution
over all possiblelocationson the performanceof the locationdeterminatiorsystems.The next subsectionshav
theresultsof theseexperiments.

4.3.1 Uniform userlocation distrib ution

This is similar to the assumptiortaken by the Horus system. Therefore the Horus systemshouldgive optimal
results.Figures3 and4 shav the probability of errorandaveragedistanceerror (analyticalandsimulationresults)
respectrely for the Radar and the Horus systems. The error barsrepresenthe 95% con dence interval for
the simulationexperiments> The gure shaws that the analyticalexpressionsbtainedare consistenwith the
simulationresults. Moreover, the Horus systemperformancds betterthan the Radar systemas predictedby
Theorem?2. The Horus systemperformances optimalunderthe uniform distribution of userlocation.

The gure alsoshavs thatasthelocationdeterminatiorsystemaveragemoresignalstrengthsampleghe error
decreasesThe more sampleswe average,the narraver the resultingdistribution (lower variance),the lessthe
overlapbetweerthedistribution at differentlocationsandhencethe lessthe error.

4.3.2 Heterogeneoususerpro le distrib utions

This experimentstudy the casewherea location determinatiorsystemassumeshat the userlocationfollows a
uniform distribution over all possiblelocationswhile theactualdistributionis not.

Figuresb and 6 show the probabilityof errorandaveragedistancesrrorfor pro le 2. Figures7 and 8 shaw the
probabilityof errorandaveragedistanceerrorfor pro le 3. The gures comparesheRadarsystemHorussystem,
andtheoptimalstratgly whichtakestheuserpro le into account.The gures shav thatastheheterogeneityf the

2Theanalyticalresultsareshavn by linesto distinguishthemfrom the simulationresults(denotedoy the subscriptS in gures) which
areshawvn aspointswith errorbars.
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userpro le increasegfrom pro le 2to pro le 3), the performancef thelocationdeterminatiorsystemsieviates
from theoptimalstratgy. Figure8 shawvs thattheknowledgeof theuserpro le is critical for ervironmentswhere
thenumberof accespointsdeplo/edis limited andtheheterogeneitpf userpro le is high. The gure shavsthat,

for oneaccespoint,theoptimalstrat@y givesanaveragedistanceerrorof about2.25feetwhile the stratgjiesthat

doesnottaketheuserpro le into accoungivesanaveragedistancesrrorof about27 feet. However, asthenumber
of accespointsincreasesthe differencebetweernthe performancef the locationdeterminatiorsystemsandthe

optimal stratg)y decreasesAs the numberof accesgpointsincreasestheinformationthe locationdetermination
systemgetsaboutthe userlocationincreasesand dominateshe informationfrom the userpro le. The Horus

systemmaintaingts superiorperformancever the Radarsystem.

5. Conclusionsand Futur e Work

We have provided two novel contributionsto the areaof WLAN location determinatiorsystems. First, we
presente@nanalysismethodfor studyingtheperformancef WLAN locationdeterminatiorsystemsThemethod
canbeappliedto ary of the WLAN locationdeterminatiortechniquesanddoesnot make ary assumptiongabout
the signalstrengthdistributionsat eachlocation,independencef accesgoints,nor the userpro le. Secondwe
studiedthe effect of the userpro le ontheperformancef the WLAN locationdeterminatiorsystems.

We usedtheanalyticalmethodto obtainthe optimalstratgy for selectinghe userlocation,whichis notimple-
mentedby ary of thecurrentWLAN locationdeterminatiorsystemsThe optimalstratgy musttake into account
the signal strengthdistributions at eachlocationandthe userpro le. We alsousedanalyticalanalysisto study
the effect of averagingmultiple signalstrengthvectorson performanceTheresultsshowv thataveragingmultiple
signal strengthvectorsreduceshe varianceof the resultingdistribution and hencereducethe overlap between
distributions. Thelesstheoverlap,thdesstheerror.

We usedsimulation experimentsto validatethe analyticalresultsandto study the effect of userprole on
the performanceof the location determinationsystems. The resultsshowv that incorporatingthe userpro le in
the locationdeterminatiorsystemcanenhancehe accurayg signi cantly whenthe availablehardwareis limited.
However, with a reasonablenumberof accesgointsthat canbe heardat eachlocation,the performanceof the
locationdeterminatiorsystemis consistentunderdifferentuserpro les.

For future work, the methodcan be extendedto include other factorsthat affectsthe location determination
processuchastheuserhistorypro le (usuallytakenasthetime averageof thelatestlocationestimates)andthe
correlationbetweersamplegrom the sameaccesgpoints.
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