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Adaptive Constraint Reduction for Linear Programming Problems

Motivation

Many constrained optimization problems have a great number of (dual)
constraints.

For example, if we have a model matrix H and a data vector g, we might try to
determine the model parameters u to solve

min [Hu — g

which can be formulated as
mint
subject to
—te < Hu—g < te.

Usually there are a small number of parameters u but a large number of data
values g.

How many constraints will be active at the solution?
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The Bones of an Interior Point Method (IPM) for Constrained
Optimization

Given: An initial guess at the solution variables (primal variables) and the La-
grange multipliers (dual variables)
while no convergence
Use Newton's method, applied to the optimality conditions or a perturbed
variant of them, to generate a search direction.
Update the primal and dual variables, taking a step in the Newton direction.
end

Main work: Formation of the matrix for Newton's method.

“Reduction”

It can make sense to adaptively reduce:

e far-away (dual) constraints.
e (primal) variables that are near zero.

e small terms in the matrix defining the Newton direction.

Linear Programming: The Idea

Primal Problem Dual Problem
min ¢”'x max b’y
Ax = b, ATy <ec.

x > 0.

e Aism xn, withn>m.

e A is normalized so that each column has norm 1: ||a;|| = 1.

The KKT system of optimality conditions (7 = 0
ATy +s—c

Ax —b

Xs—T1e =

(x,s)
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where X = diag(x) and e is the vector of ones.

Interior Point Methods

IPMs construct a sequence of iterates, using Newton's method, converging to a
solution to the KKT system.

The heart of the algorithm is generation of the search direction
(Schur-complement form):

AS'XATAy = g-—AS !(h— Xf),
As = f—ATAy,
Ax = S7'(h—XAs)

This computation involves solving a linear system involving the matrix

n

_ - T Zj
M= AS'XAT = Z :jajajT,
j=1

but all terms are not created equal.

Structure in M

M=AS 'XAT = %ajaT

g
j=1 %
Considerations:
e As we converge to a vertex, at least m of the slack variables s; — 0, and

these terms dominate.

e It is well-known that an approximate Newton direction is sufficient for IPM
convergence, so we can drop the small terms (carefully).

e Related to column generation algorithms for simplex method, but no
“backtracking” or “minor iterations”.

e Related to IPM of Dantzig and Ye, Tone, ..., but no backtracking needed.

Terms to include

We need a solid rule for which terms to include so that we can guarantee
convergence globally, and guarantee a quadratic rate of convergence locally.

e Include all terms for which the slack variable s; < ¢, or at least k of these,
where k is a bound on the max number constraints active at a vertex.

e Include enough terms to make M full rank.



Linear Programming: Results

e Assume:

— A has full row rank.
— The dual strictly-feasible set is nonempty.
— Constraint qualification.
Then from every feasible starting point (x? > 0, s” > 0) if the sequence

{y*} for our reduced version of the primal-dual Mehrotra
Predictor-Corrector IPM is bounded, it converges to a solution.

e Assume:

— A has full row rank.
— The dual solution set is a singleton.

— Constraint qualification.

Then the sequence (x*,s*, y*) converges locally g-quadratically.

e Numerical experiments on random problems, common test problems,
Chebyshev approximation problems, filter design problems, etc.

— Helpful to add a random or meshed set of terms to the M
approximation.

— Typical behavior (random problem) 200 x 40000:
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Convex Quadratic Programming

As in linear programming, many constrained optimization problems have a great
number of (dual) constraints.

For example, in our data fitting problem above
mint
ut

—te < Hu — g < te,

the solution might be very sensitive to noise in the measurements. In that case,
we might need to regularize the solution by adding a term to the objective



function:

. 1 2
mint + sofjull

subject to
—te < Hu — g < te,

where « is a small positive number.

This results in a convex quadrative programming problem.

Convex Quadratic Programming Results

e The approximation to M now contains the Hessian matrix for the objective
function plus the important terms in the summation.

e Proved global convergence and local g-quadratic convergence for our
reduced version of the primal-dual affine-scaling IPM under assumptions
similar to the LP case.

e Used adaptive choice of important terms — more included at early iterations
and fewer in later ones.

e Used constraint relaxation to cope with infeasible starting points, with
similar convergence properties.

Application: Semi-infinite QP: Array Pattern Synthesis
For m sensors distributed around a circle, minimize the sidelobe energy of the
array response by adjusting the weights for the sensors. We can develop
approximations to this problem by linear programming, the regularization method
(ap) above, or least squares (qgp).

- Measured signal
— Model(LP)
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Measured signal
— Model(CQP)
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Regularized QP solution.

Measured signal
— Model(LS)
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Least squares solution.
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Conclusions and Future Work

e Constraint reduction is a powerful technique when used in state-of-the-art
IPM algorithms.

e Global convergence and a local quadratic rate of convergence has been
established for linear and quadratic optimization problems.

e Extension to semi-definite programming has begun (October 2009).

e The inexact barrier evaluation framework of Schurr, O'Leary, and Tits gives
a framework for approaching the proof of polynomial time complexity.
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