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Abstract. As sensor networks increase in size and number, efficient
techniques are required to process the data arising from them. Frequently,
sensor networks monitor objects in motion within their vicinity; the data
associated with the movement of these objects is known as kinetic data.
In an earlier paper we introduced an algorithm which, given a set of sen-
sor observations, losslessly compresses this data to a size that is within a
constant factor of the asymptotically optimal joint entropy bound. In this
paper we present an efficient algorithm for answering spatio-temporal
range queries, which operates on a compressed representation of the data,
without the need to decompress it. We analyze the efficiency of our al-
gorithm in terms of two natural measures of information content, the
statistical and empirical joint entropies of the sensor outputs. We show
that with space roughly equal to entropy, queries can be answered in time
that is roughly logarithmic in entropy. These results represent the first
solution to range searching problems over compressed kinetic sensor data.

1 Introduction

Sensor networks and the data they collect have become increasingly preva-
lent. Sensor networks are frequently employed to observe objects in mo-
tion and are used to record traffic data [12,20], observe wildlife migra-
tion patterns [17,23], and observe motion from many other settings [2].
In order to perform accurate statistical analyses of this data over arbi-
trary periods of time, the data must be faithfully recorded and stored.
For example, a large sensor network observing a city’s traffic patterns
may generate gigabytes of data each day [12]. The vast quantities of such
data necessitate compression of the sensor observations, yet analyses of
these observations is desirable. Ideally, such analysis should operate over
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the compressed data without decompressing it. Before more sophisticated
statistical analyses of the data may be performed, retrieval queries must
be supported. In this paper, we present the first range searching queries
operating over compressed kinetic sensor data.

In an earlier paper [10], we presented an algorithm for losslessly com-
pressing kinetic sensor data and a framework for analyzing its perfor-
mance. (This framework and compression algorithm are discussed in more
detail in Section 2.) We assume that we are given a set of sensors, which
are at fixed locations in a space of constant dimension. (Our results ap-
ply generally to metric spaces of constant doubling dimension [15].) These
sensors monitor the movement of a number of kinetic objects. Each sen-
sor monitors an associated region of space, and at regular time steps it
records an occupancy count of the number of objects passing through its
region. Over time, each sensor produces a string of occupancy counts, and
the problem considered in [10] is how to compress all these strings.

Previous compression of sensor data in the literature has focused
largely on approximation algorithms in the streaming model or lossy
compression of the data. We consider lossless compression. This is of-
ten more appropriate in scientific contexts, where analysis is performed
after the data has been collected and accurate results are required. Loss-
less compression algorithms have been studied in the single-string setting
[13,19,24,25] but remain mostly unstudied in a sensor-based setting [10].

In order to query observed sensor data, which ranges over time and
space, we need to consider both temporal and spatial queries. Tempo-
ral range queries are given a time interval and return an aggregation of
the observations over that interval. Spatial range queries are given some
region of space (e.g., a rectangle, sphere, or halfplane) and return an ag-
gregation of the observations within that region. Spatio-temporal range
quertes generalize these by returning an aggregation restricted by both
a temporal and a spatial range. We assume that occupancy counts are
taken from a commutative semigroup of fixed size, and the result is a
semigroup sum over the range. There are many different data structures
for range searching (on uncompressed data), depending on the proper-
ties of the underlying space, the nature of the ranges, properties of the
semigroup, and whether approximation is allowed [1, 16].

We present data structures for storing compressed sensor data and
algorithms for performing spatio-temporal range queries over this data.
We analyze the quality of these range searching algorithms in terms of
both time and space by considering the information content of the set
of sensor outputs. There are two well-known ways in which to define the



information content of a string, classical statistical (Shannon) entropy
and empirical entropy. Statistical entropy [21] is defined under the as-
sumption that the source X is drawn from a stationary, ergodic random
process. The normalized statistical entropy, denoted H(X), provides a
lower bound on the number of bits needed to encode a character of X. In
contrast, the empirical entropy, denoted Hy(X ), while similar in spirit to
the statistical entropy, assumes no underlying random process and relies
only on the observed string and the context of the most recent k char-
acters. These definitions and distinctions are discussed in more detail in
Section 3 and Appendix A.

Previous retrieval over compressed text (without relying on decom-
pression) has been studied in the context of strings [3,9,11,18] and XML
files [8]. For example, Ferragina and Manzini [9] show that it is possible
to retrieve all occurrences of a given pattern in the compressed text with
query time equal to the number of occurrences plus the length of the
pattern. Their space requirement is 57 - Hy(X) + o(T) bits for a string
X of length T. However, their data structure allows substring queries,
which are very different from semigroup range searching queries, which
we consider here.

In this paper we present the first range query results over compressed
kinetic sensor data. In addition we generalize the analysis of our previ-
ously presented compression algorithm [10] to the empirical context. We
analyze the range query results in both a statistical and an empirical con-
text. The preprocessing makes only one pass over the compressed data,
and thus it can be performed as the data is being collected. The query
bounds are logarithmic in the input size. The space bounds, given in
bits, show that we achieve these results without decompressing the data.
Specific bounds are given in Table 1.

Table 1. Time and space bounds for temporal range searching and e-approximate
spherical spatio-temporal range searching in R%. S is the number of sensors in the
network, T is the length of the observation period, and Enc(X) and Enc(X) denote
the sizes of the compressed representations for single sensor stream (for temporal range
searching) and sensor system (for spatio-temporal range searching), respectively.

Bounds for Range Searching

Temporal Spatio-temporal
Preprocessing time O(Enc(X)) O(Enc(X))
Query time O(logT) O(((1/e*1) 4+ log S) log T)

Space O(Enc(X)) O(Enc(X)log S)




2 Framework for Kinetic Sensor Data

In an earlier paper [10] we introduced a framework and an lossless com-
pression scheme for discrete kinetic data observed by a sensor network.
This framework will be used as a basis for the results of this paper. We
begin with some basic definitions about the structure of the sensor net-
work and the associated observed data streams. Consider a static sensor
network with .S sensors, monitoring the motion of a collection of moving
objects. Let P be a point set indicating the sensor locations. All sensors
are assumed to operate over T' synchronized time steps. Each sensor ob-
serves the motion of objects in some region surrounding it, and records
an occupancy count indicating the number of objects passing within its
region during the observed time step. No assumptions are made about
the nature of the point motion nor the nature of the sensor regions (e.g.,
their shapes, density, disjointness).

Central to our framework is the notion that each sensor’s output is
statistically dependent on a relatively small number of nearby sensors.
For some point p € P, let NN,,(p) C P be the m nearest neighbors of p.
Sensors ¢ and j with associated sensor positions p;, p; € P are said to be
mutually m-close if p; € NN,,(j) and p; € NN,,(i). For a constant m,
a sensor system is said to be m-local if all pairs of sensors that are not
mutually m-close are statistically independent.

In [10] we introduced a compression algorithm, PartitionCompress,
which operates on an m-local sensor system. (The algorithm is sketched
in Section C.) It compresses the sensor outputs to within a constant factor
¢ (depending on dimension) of the optimal joint entropy bound. The algo-
rithm works by compressing the outputs from clusters of nearest neighbor
groups together, as if they were a single stream. In order to obtain the
desired compression bounds, these clusters must be sufficiently well sep-
arated so that any two mutually m-close sensors are in the same cluster.
PartitionCompress partitions the points into ¢ subsets for which this is
true and then compresses clusters together to take advantage of local
dependencies. The compression of a single cluster may be performed us-
ing any string compression algorithm; to obtain the near optimal bound,
this algorithm much compress streams to their optimal entropy bound. In
Appendix A we show that LZ78, the Lempel-Ziv dictionary compression
algorithm [25], is sufficient for our purposes.

The results of [10] are presented in terms of statistical entropy, but in
the next section we generalize the results to the case of empirical entropy.



3 Entropy and Independence

As mentioned in the introduction, the results of this paper apply (with
minor variations) to two well known measures of information content, sta-
tistical entropy and empirical entropy. While the statistical approach is
better known and allows for a simpler presentation, it requires the strong
assumption that the stream of characters is generated by an stationary,
ergodic random process, and performance bounds hold only in the limit
as the string’s length approaches infinity. In contrast, the empirical ap-
proach is based purely on properties of the given string, and requires no
such assumptions. The results of [10] were proven in the context of statis-
tical entropy and rely on statistical concepts, such as joint probability and
statistical independence. In this section we show that these notions can
be adapted to the empirical setting. (Due to space limitations, technical
details have been moved to Appendix A.)

Consider a set of streams X = { X7, Xo, ..., Xz}, each of length 7', and
let Sope(X) = T - Hi(X), where Hy(X) is the empirical entropy (see [9]
and Appendix A). We generalize a result of Ferragina and Manzini by
showing that Sy, (X) is a lower bound on the size of a compressed string,
assuming an encoder in which each output depends only on the current
symbol and the k immediately preceding symbols. We also introduce the
notions of (exact and approximate) empirical and statistical indepen-
dence and introduce the notion of a (4, m)-local sensor system. We will
use Enc,q(X) to denote the length of the encoded set of sensor outputs
X, where alg specifies the string compressor used by the compression al-
gorithm of [10]. Since the LZ78 algorithm will suffice for our purposes,
let Enc(X) = Encrz7s(X). We summarize the principal results of Ap-
pendix A below. These state that the encoding size of a sensor system
under the previously introduced framework is on the order of the lower
bound Spp:(X) in both the statistical and empirical contexts, where the
lower bound Sop:(X) has been generalized to Syt (X, ) to account for our
notion of limited independence.

Theorem 1. Given a set X of sensor outputs from a statistically (5, m)-
local sensor system, for any 0 < § <1 — £2(1),

Enc(X) = O(max{dT, Sopt(X,0)}) bits.

Theorem 2. Given a set X = {X1, Xo,..., Xz} of sensor outputs taken
over a sufficiently long time T from an empirically (6,m)-local sensor



system, for any 0 < <1— (1),

Enc(X) = cTzZ: <Hk(Xi) +0 <blg()lgm§ff>>
=1

=0 (max {5T, Sopt (X, 6), W}) bits.

4 Temporal Range Searching

In this section we describe a data structure that answers temporal range
searching queries over a single compressed sensor stream. Recall that we
are given a sequence X of sensor counts over time period [1,7], which
will be compressed and preprocessed into a data structure so that given
any temporal range [to,t1] € [1,T], the aggregated count over that time
period can be calculated efficiently. We assume that the individual sen-
sor counts are drawn from a semigroup, and the sum is taken over this
semigroup. The space used by the data structure (in bits) will be asymp-
totically equal to that of the compressed string, and the query time will be
logarithmic in T'. Here is the main result of this section. Recall that, given
string X, Enc(X) denotes the length of the compressed encoding of X.

Theorem 3. There exists a temporal range searching data structure, which
given string X over a time period of length T, can be built in time
O(Enc(X)), achieves query time O(logT), and uses space O(Enc(X))
bits.

The remainder of this section is devoted to proving this theorem. In
the next section we consider the simpler group case, where both addition
and subtraction are allowed, and in Section 4.2, we consider the semi-
group case, where only addition is allowed. We also make use of the fact,
proved in Appendix A, that dlogd = Enc(X).

4.1 Group Setting

We begin by describing the preprocessing for our data structure in the
group context, where subtraction of counts is allowed. First, the given se-
quence X is compressed using the LZ78 compression algorithm and creat-
ing the standard accompanying trie (also known as a dictionary) contain-
ing nodes that represent words [25]. Each word in the dictionary (possibly
excepting the last) is used in the compressed version of the string exactly



once. In addition, each word in the dictionary was generated only after
all prefixes had previously been added, so the trie is prefiz-complete [9].

The compressed text is modified to be of the form W$Ws$ ... Wy$
where {W7,..., Wy} are the words in the dictionary and §$ is a character
not in the original alphabet. Each $ is associated with the W; preceding
it, and the location of that $, or anchor point, is added as an annotation
to each dictionary word. (These manipulations were introduced by Fer-
ragina and Manzini [9], and though pointers to the beginning of words
would suffice for our application, we use the insertion of $’s for notational
convenience.) This process requires one scan through the input, which
takes time O(T'). Since each dictionary word appears exactly once in the
compressed text, each word has a single associated anchor point. Answer-
ing queries as described below will require access to a sorted list of anchor
points. There are d such anchor points, which take O(dlog d) time to sort.

The next preprocessing step is to precompute the sum of the counts
within each word. These totals are added to the associated nodes in the
dictionary by starting from the top of the trie and iteratively adding the
count at the current node to its parent’s sum and storing it at the cur-
rent node (see Figure B.1). This takes time on the order of the number
of words in the dictionary, or d.

Lemma 1. Assuming that the input is given in compressed form, tem-
poral range searching takes preprocessing time O(dlogd) = O(Enc(X)).

Next we describe query processing. When given a temporal range
[to, t1], the first step is to locate the anchor points $y and $; such that $5 <
to and $1 > t1, and there are no other ${, or $| such that $y < $), < ¢y and
$1 > 8} > t1. This is performed by a binary search through the sorted list
of anchor points, which takes time O(log d). We say that the result is over-
lapping, if there exists some anchor between $y and $; in the compressed
text, and otherwise it is internal. We handle these as separate cases.

Qverlapping Case: First sum the counts for all words that are com-
pletely contained within the given temporal range. There can be no more
than d of these, so this summation takes at most d time. Next, the count of
the suffix of the requested range, which is the prefix of the word that starts
just after 7 and ends at $1, is added to the sum. By prefix-completeness,
this prefix is stored on its own in the trie. The prefix count can be effi-
ciently retrieved in O(1) time, given a pointer to the leaf node associated
with $;1, the length of the prefix, and the data structure of [5] for answer-
ing level-ancestor queries. (This data structure can be built in O(d) time
and requires O(dlogd) bits).



Finally, the prefix of the requested range, which is the suffix of the
word wg beginning at $, is added to complete the sum. The suffix count
is calculated by first looking up the prefix of wg that ends just before
to, and subtracting its count from wg’s total count. This prefix count is
computed exactly as in the previous paragraph.

Internal Case: The dictionary word is subdivided into three non-
overlapping sections based on the range query; the prefix, the query re-
gion, and the suffix. Due to prefix-completeness, the count for the prefix is
recorded in the annotated dictionary. It can be retrieved in O(1) time, as
above, using the level ancestor algorithm [5]. Similarly, the count for the
word resulting from the concatenation of the prefix and the query region
is also in the dictionary and can be retrieved in O(1) time. Subtracting
this count from the total word count results in the count for the suffix.
Subtracting the suffix and prefix counts from the total word count gives
the count for the query region, as desired.

The query time, once given a specific temporal range, is O(d + log d).
In order to reduce the query time, we supplement the data structure for
the overlapping case so that d words are never summed individually, but
rather are looked up in an aggregation tree (of size O(d)) from which we
use the largest component subtrees. Using this data structure, the num-
ber of summed subtrees is O(logd). Thus, the query time is reduced to
O(logd).

Lemma 2. The query time for temporal range searching in the group
setting is O(logd) = O(logT).

Finally, we consider the total number of bits of space used in this pro-
cess. The storage of the anchor points requires space d and the annotated
dictionary takes space d. Under our assumption that the group is of fixed
size, the largest sum that can be achieved during this process is O(T).
These sums annotate dictionary words, so the modified dictionary takes
space at most O(dlogT), which is O(dlogd) since T = O(d?). In addi-
tion, we make use of an auxiliary data structure to solve the level ancestor
problem [5]. This data structure requires storage only of the tree, O(d)
pointers to nodes in the tree, and a table of O(d) encoded subtrees that
each take O(logd) space. Thus, the total size required by this auxiliary
data structure is also O(dlogd).

Lemma 3. The total space in bits required for our temporal range struc-
ture in the group setting is O(dlogd) = O(Enc(X)).



4.2 Semigroup Setting

The results from the previous section hold only for group operations.
Specifically, they do not hold for queries such as “max” and “min.” We
generalize these results to the semigroup setting. In order to handle semi-
group operations, for a substring in a given temporal range we need to
be able to return the aggregated result in O(logd) time without rely-
ing on subtraction. We base our auxiliary data structure on the link-cut
tree [22]. We augment the link-cut tree to include the aggregated cost of
the subpath represented by the node for each node in the binary trees
associated with solid paths (see Figure B.2). With these additions, the
data structure still takes space O(dlogd). Further explanation and proof
of the following lemma can be found in Appendix B.2.

Lemma 4. The query time for temporal range searching in the semigroup
setting is O(logd).

5 Spatio-temporal Range Searching

In this section we consider how to extend the results of the previous sec-
tion on temporal range searching on a single string to range searching for
a sensor system, in which queries include both the spatial and temporal
components of the data. We assume that we are given an m-local sen-
sor system with S sensors. Each sensor is identified with its location p;
in space and a stream X; of occupancy counts over some common time
interval [1,7]. We assume that the sensors reside in real d-dimensional,
R?, where d is a constant.

The remainder of this section is devoted to proving the following
theorem, which shows that approximate spherical spatio-temporal range
queries can be answered efficiently. (Proofs of the lemmas presented here
can be found in Appendix C.)

Theorem 4. There exists a data structure for answering e-approximate
spatio-temporal spherical range queries for an S-element m-local sensor
system X in R? for all sufficiently long time intervals T with preprocess-
ing time O(Enc(X)), query time O(((1/e9=1) +log S)logT), and space
O(Enc(X)log S) bits.

Rather than considering a particular range searching problem, we will
show that the above problem can be reduced to a generalization of clas-
sical range searching. To motivate this reduction, we recall that the com-
pression algorithm presented in [10] groups sensors into small clusters,



and the sensor outputs within each cluster are then compressed jointly.
In order to answer range queries efficiently, it will be necessary to classify
each such cluster as lying entirely inside the range, outside the range, or
overlapping the range’s boundary. In the last case, we will need to further
investigate the cluster’s internal structure. Efficiency therefore is depen-
dent on the number of clusters that overlap the range’s boundary. We will
exploit spatial properties of the clusters as defined in [10] to achieve this
efficiency. To encapsulate this notion abstractly, we introduce the problem
of range searching over clumps, in which the points are replaced by balls
having certain separation properties. Eventually, we will show how to
adapt the BBD-tree [4] structure to answer range queries in this context.

Given any metric space of constant dimension, a set of clumps is de-
fined to be finite set C of balls that satisfies the following packing property
for some constant v (depending possibly on dimension): Given any met-
ric ball b of radius r, the number of clumps of C' of radius 7’ that have a
nonempty intersection with b is at most O((1 + (r/r’))7).

The relevance of the notion of clumps to our setting is established in
the following lemma. We refer the reader to the PartititonCompress al-
gorithm of [10]. This algorithm partitions the sensor point set P into a
constant number of groups, Pi,..., P, (where ¢ depends only on the di-
mension of the space). Each group P; is further partitioned into subsets,
called clusters, such that if two sensors are in different clusters then their
outputs are independent of each other. Given a ball b and real ¢ > 0, let
@b denote the ball concentric with b whose radius is a factor of ¢ times
the radius of b.

Lemma 5. Given a point set P, let P' C P be any of the groups gener-
ated by the PartitionCompress algorithm, and let Py,..., P denote the
associated set of clusters for this group. Then there exists a set of balls
C ={b1,...,by} that form a set of clumps such that P] C b;.

In the appendix we define a natural generalization of range searching
called range searching among clumps. The following lemma shows that
any data structure for this problem can be used to answer spatio-temporal
range queries.

Lemma 6. Suppose that we have a partition-tree based data structure
that, given a set C' of n clumps, can answer range queries over a query
space Q with preprocessing time pp(n), query time qt(n), space sp(n) bits,
and has height h(n). Then there exists a data structure that can answer
spatio-temportal range queries for an m-local sensor system X of size S



over a range space Q and time interval of length T with preprocessing
time O(h(S) - pp(S) + Enc(X)), query time O(qt(S) - logT'), and space
O(sp(S) + h(S) - Enc(X)) bits.

Many data structures, such as the range searching algorithm appear-
ing in [4] for approximate spherical range searching, exploit packing prop-
erties to achieve efficiency. Our next result shows that, through a straight-
forward adaptation of the algorithm presented there, it is possible to an-
swer such queries in the context of clumps.

Lemma 7. There exists a data structure for answering e-approximate
spherical range searching queries over a set C' of n clumps in R® with
preprocessing time O(nlogn), query time O((1/e%=1) 4 logn), and space
O(n- (prec(C)+logn)) bits, where prec(C) denotes the mazimum number
of bits of precision in the geometric coordinates used to define C.

By applying Lemma 6 to the above data structure, it follows that we
can answer g-approximate spherical range searching queries for a sensor
system of size S over a time period of length T" with preprocessing time
O((Slog® S)+Enc(X)), query time O(((1/e%1) +log S) log T), and space
O((S - (prec(C) +1og S) + Enc(X) log S) bits, where prec(C) denotes the
maximum number of bits of precision in the geometric coordinates used
to define C. Under the assumption that 7' is sufficiently large that the
encoding space dominates over time-invariant quantities, this completes
the proof of Theorem 4.
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A Entropy and Independence

A.1 Statistical Setting

We begin by considering entropy and independence in the traditional sta-
tistical setting. In this setting, a sensor’s output stream is modeled by a
stationary, ergodic random process X over an alphabet X of fixed size.



The statistical probability p(x) of some outcome z € X is the probability
associated with that outcome by the underlying random process. The sta-
tistical entropy of X is defined to be — > v p(z)logp(x). (Throughout,
logs are taken base 2.) The normalized statistical entropy generalizes this
to strings of increasing length:

H(X) = lim _E > plx)logp(x

k—o00
xeXk

This value represents the number of bits needed to encode a single charac-
ter of the stream [6]. Unless otherwise specified, all references to entropy
will mean normalized entropy. The normalized joint statistical entropy of
two streams X and Y is defined to be

H(X,Y) = lim fE Z (z,y)logp(x,y),

k—o00
x,yeXk

where p(x,y) denotes the joint probability of both x and y occurring.

We say that two sensor streams X and Y are statistically independent
if, for all k and any z,y € X*, we have p(z,y) = p(x)p(y). If X and
Y are statistically independent then H(X,Y) = H(X) + H(Y) [6]. The
following technical result will be of later use.

Lemma 8. Consider two sensor outputs X and Y over the same time
period. Let X +Y denote the componentwise sum of these streams. Then

HX+Y)<HX,)Y)<HX)+H(Y).

Proof. To prove the first inequality, let Z = X 4+ Y, and observe that
p(z) = Eery:z p(z,y). Clearly, if x + y = z, then p(x,y) < p(z). Thus,

HX+Y)= Zp ) log p(z Z Z (x,y)logp(x,y)

ac+y z

=—> p(z,y)logp(z,y) = H(X,Y).
x,y

By basic properties of conditional entropy (see, e.g., [6]), we have
HX,)Y) = HX)+X(Y|X) < HX)+ H(Y),

which establishes the second inequality. O



A.2 Empirical Setting

Unlike statistical entropy, empirical entropy is based purely on the ob-
served string, and does not assume an underlying random process. It
replaces the probabilities of normalized entropy over substrings of length
k by observed probabilities, conditioned on the value of the previous k
characters. Let X be a string of length T" over some alphabet X of fixed
size. For k > 1 and 2 € X%, let ¢o(x) denote the number of times z
appears in X, and let ¢(x) denote the number of times x appears with-
out being the suffix of X. Let px(z) = c¢(z)/(T — k) denote the observed
probability of z in X. (When X is clear from context, we will express this
as p(x).) Following the definitions of Kosaraju and Manzini [14], the Oth
order empirical entropy of a string X is defined to be

Hy(X) = =) pla)logp(a) == (@) g 0la)

T T
act acX

For a € X, let px(a|lz) = c¢(xa)/c(z) denote the observed probability
that a is the next character of X immediately following x. The kth order
empirical entropy is defined to be

Hp(X) = —% > ) [Zp(a!x) logp(a\ff)] :

zeXk acy

It is known that T - Hg(X) is a lower bound to the output size of any
compressor that encodes each symbol with a code that only depends on
the symbol itself and the k£ immediately preceding symbols [9].

In addition, we introduce some concepts that are analogous to those
defined for the statistical entropy. Given two strings X, Y € X7 and z,y €
X* define c(x, ) to be the count of the number of indices i, 1 <i < Tk,
such that X[i...i+k—1] =2z and Y[i...i+k—1] = y. Define px v(z,y) =
c(z,y)/(T—k). For a,b € X, define px v (a, b|x,y) = c(xa, yb)/c(x,y) to be
the observed probability of seeing @ and b in X and Y, respectively, just af-
ter seeing x and y. The joint empirical entropy of X and Y is defined to be

1
B(X.Y) = ~ 5 Y cew) | S pavlable.y)lozp(a.blr.y)
x,yGEk a,bey’

The joint empirical entropy of a set of strings X = {X1,..., Xz} is de-
fined analogously and is denoted Hy(X).



We define the empirical conditional entropy of two strings X,Y € X7
to be

1
Hk(X|Y) = T Z c(x,y) Z px,Y(aab|$ay) IngX,Y(xaaw?b)a
x7y62k a,bGZ]

where we define px v (z, aly, b) = pxv(x,aly, b) = pxv(a,blx,y)/py(bly) to
be the probability that a directly follows z in X given that b directly
follows y in Y. We also define the empirical mutual information

! pxy(a,b|x,y)
I,(X;Y) = — clx,y Px, a,b|z,y)log ————"T—"72
e sze:zk ( )a,bze)? vl bley) px(alz)py (bly)

We say that two strings X and Y are empirically independent if, for
all j < k+1andall z,y € X7, the observed probability of z occurring at
the same time instant as y is equal to the product of the observed prob-
abilities of each outcome individually, that is, pxv(z,y) = px(z)py(y).
If X and Y are empirically independent then this also implies that, for
a € X and b€ X, pxv(a,blz,y) = px(alz)py(bly).

The following technical lemma provides a few straightforward gener-
alizations regarding properties of statistical entropy to empirical entropy.

Lemma 9. Consider two strings X,Y € XT. Let X +Y denote the com-
ponentwise sum of these strings.

(i

(i

) If X andY are empirically independent, Hi(X,Y) = Hi(X)+H(Y).
)
)
)

H(X,Y) = Hi(X) + Hi(Y[X).
I(X3Y) = Hp(X) — Hp(X]Y).
(iv) He(X +Y) < Hp(X) + Hi(Y).

(vit



Proof. We will not prove (i) here, since it will follow as a special case of
Lemma 11 below (by setting 6 = 0). To prove (ii), observe that

1
Hk:(X7 Y) = _f C($ay) Z pX,Y(a7 b‘l‘,y) long,Y(a7 b\m,y)
z,ycXk | a,beX
1
- _T Z C(.T,', y) Z pX,Y(a7 b‘l’, y) log (px(a‘x)pX,Y(ya b‘.%', a’))
x,ycXk | a,beX
1
= _T Z C(.’E,y) Z pX,Y(a7 b‘.’IZ‘,y) IngX(CL’IIZ') +
:E,yGEk _a,bEZ
1
7? Z 0(177 y) Z pX,Y(a? b‘l’, y) long,Y(y7 b|3§‘7 a)
z,yez‘k _a,bEE

= Hi(X) + Hy(Y|X).

Symmetrically, we have Hy(X,Y) = Hi(Y) + Hi(X|Y).
To prove (iii), observe that

1 a,blz,
Ik(XaY> = Z C(J,',y) Z pX,Y(a7b‘x7y) IOgM

T:cyexk abes px(alz)py(bly)
1 pxv(z,aly,b)
T Z o(z,y) Z pX,Y(a,b\x,y)logT
x,yezk a,beXy px\ajx
1
= G c(x,y) Z px.v(a,blz,y)log px(alx) +
x7y62k a,beX’
1
T Z c(z,y) Z px.v(a,blz,y)log px v(z,aly,b)
z,yc Xk a,beX’
1
=-7 c(x) Z px(a|z) log px(alz) —
x7y62k a,bGE
1
—7 D c@y) D pxvlablr,y)logpy(e,aly,b)
x7y62k a,beX’

— Hy(X) — Hy(X|Y).

Symmetrically, we have I},(X;Y) = Hi(Y) — Hi(Y|X). By (ii) we have
In(X;Y) = H(X) + H,(Y) — H(X,Y). Since I;,(X;Y) is clearly non-
negative, this implies that Hp(X,Y) < Hi(X) + Hi(Y).



To prove (iv), let Z = X 4+ Y. By the definition of empirical entropy
we have Hp(X +Y) =

—% Z Z c(z+y) Z Z pz(a+ bl + y)log py(a+blz +y) | ,
ek s I g

where x-+y is an outcome of length k and a+b is an outcome of length 1 in

the new string X +Y. By the same reasoning as in Lemma 8, px yv(z,y) <

pz( + y). Substituting this relationship into our equation and, since we

desire an upper bound, considering only cases in which —px y(a + blx +

y)logpxv(a+blz +y) < —pxv(a,b|z,y)log(pxyv(a,blz,y)), we find that

1
Hk(X =+ Y) < T Z C(Qj,y) Z pX,Y(aa b|33>y) long,Y(a‘vb|x>y)
r+yeXk a,bey
= Hk(X, Y).

By (iii) we have H(X,Y) < H(X) + H(Y), which implies that Hy(X +
Y)< H(X)+ H(Y), as desired. 0

A.3 Limited Independence

Perfect statistical or empirical independence may be too strong an as-
sumption to impose on sensor outputs. To deal with this, in this section
we introduce a notion of limited independence for both the statistical
and empirical settings. Given 0 < § < 1, we say that a set of sensor
streams X = {X1, Xo, ..., Xz} is statistically 0-independent if, for any k
and outcomes z; € X*, p(x1)p(z2)..p(xz)(1 = 8) < play, z2,...,x7) <
p(z1)p(z2)...p(xz)(1 4+ 6). In the following lemma, we develop a relation-
ship regarding the entropies of statistically d-independent streams.

Lemma 10. Given 0 < § < 1 and a set of statistically 6-independent
streams X = {X1, X2, .., Xz}, (1=8)(C72, H(X:))—0(6) < H(X) <
(1+6) (T, H(Xi) +0(5) -

Proof. For simplicity of presentation, here we prove the lemma for sets
X = {X,Y}. The proof for a set of any size follows clearly from this

presentation.
Recall that

H(X,Y) = lim —% Z p(z,y)log p(z,y).



By the assumption of statistical d-independence, we have

HXY) < Jim —0 S p(@)p(y)(1+ ) loa(p(r, 1)
zeX,yeY

= lim 3 p@py)(1 +6)log

p(z,y)

1
Sl 2 PO e

1+9
m ——
k—oo k

— > (p(x)logp(x)) = > (p(y)log p(y)) + log

rzeX yey

1—|—(51 1
08T 5

1-9

= (1 8)(H(X) + H(Y)) + lim

—oo  k

By a Taylor expansion in the neighborhood of § = 0, we see that (1 +
8)log 15 = O(9), which yields H(X,Y) < (1+8)(H(X)+H(Y))+0(9).
The proof that (1—0)(H(X)+ H(Y))—O(d) proceeds symmetrically. O

We also introduce the idea of limited independence in the context of
empirical entropy. Given 0 < ¢ < 1 a set of strings {X1, Xo,..., Xz} is
empirically 6-independent if, for all z; € X7 for j < k + 1,
p(x1)p(x2)..p(x2)(1 = 0) < p(1, 22, ... 7) < p(z1)p(T2)...p(T2)(1 + ).

Lemma 11. Given 0 < § < 1, and a set of empirically é-independent
strings X = {X1, Xa, ..., Xz} for X; € X7 where j < k+1,

Z Z
(1-0)) He(X;)—0(8) < Hy(X) < (146)>  Hy(X;) +0(5).

=1 i=1

IN

Proof. For simplicity of presentation, here we prove the lemma for sets
X = {X,Y}. The general case is a straightforward generalization.

1
Hk:(X7Y) = _T Z C(ﬂ’j7y) Z p(a,b\x,y)logp(a,bkv,y)
x,yez‘k a,bEE



Since p(a,blx,y) = co(za,yb)/c(x,y) where cy(xa,yb) is the number of
times the string xa € X appears at the same indices as yb € Y, we have

1 co(xa,yb
H(X,Y) =2 3 eley) 3 2910000, ble, )
Txyezk ooy cl@y)

1
= Z Z co(za, yb) logp(a, blx,y)

x yezk a bGE

b) T k
:_7 Z Z CO = y )logp(a,b\x,y)

z yeXk abey

Since p(za,yb) = w and p(a,blz,y) = % this is

H,(X)Y) = T K Z Z za,yb) log< (a(ca y;)))

zyeXk abey

Before proceeding with this analysis, we develop a useful relationship.

—(T;k) 3 p@ply) S plale)p(bly) log(p(al)p(bly))

zyeXk a,bex’
= | & @) X plalowl) lozplale)+
x,ycXk a,bey
> e@)ely) Y plalz)p(bly) log p(bly)
z,yc Xk a,bey
= LIS ) 30 A S pvly) S plale) og plala) +
T T—k
zeXk yexk beX aex
T_ Z c(y) > plalz) > p(bly) log p(bly)
reXk ek acy bexy

_ _% Z c(x) Zp(a]x) log p(a|z) + Z c(y) Zp(b\y) log p(bly)

zeXk aey yexk beXx

Now we develop an upper bound on the earlier equation. Let f =

—p(za,yb) log p(?a’yf) = p(za,yb) log p?;ﬁ’zz) . Then the equation we’re try-




ing to bound is
T—k
- 2 X/
T m,yezk a,beZ

where, by the definition of d-independence,

f < (1+0)p(za)p(yb)log (1%)

(14 6)p(x)p(y) )
(1 —=0)p(za)p(yd) )

Since p(za, yb) = p(alx)p(z)p(bly)p(y), this is equal to
(1+49) >

(1 —9)p(alz)p(bly)

= (1+ ekt (105 (5 ~ lox (alelp(ol) ).

< (1+ 8)p(za)p(yb) log (

(1 +9)p(z)p(y)p(alz)p(bly) log <

Substituting back in for f and using our previously developed relation-
ship, we have

Hp(X,Y) < (1+0)(Hp(X) + Hi(Y)) +

CEIT =R S~ spw) 3 plalz)p(bly) logitg
Ty sk a,bexy’
= (L 0)(H(X) + Bl + EEUTR o 10

Let g(6) = log % = log(1+ 12755). Consider the Taylor expansion for g(d)
in the neighborhood of § = 0 (i.e., the Maclaurin series). The Maclaurin
series for ¢g(d) is within a constant factor of the expansion for log(1/(1 —
§)) =6 +62/2483/3+ O(8*). Since § < 1 by definition, §* > ¢/ for i < j,
so log(1/(1 —0)) = O(6) and g(6) = O(). Substituting back into our
main inequality, we have

Hy(X,Y) + W

IN

(14 6) (H(

s
_|_
=
=

0(9)

The proof that
(1= 0)(Hi(X) + Hr(Y)) = O(5) < Hip(X,Y)

proceeds symmetrically. O



A.4 Compression Space Bounds

In this subsection will consider the encoding size that can be achieved by
PartitionCompress [10]. Recall that PartitionCompress relies on a com-
pression algorithm as a subroutine; the compression bounds for this sub-
routine will impact the final encoding size achieved by PartitionCompress.
We will analyze this size in both statistical and empirical settings. In ei-
ther context, we will use Encqy(X) to denote the length of the encoded
set of sensor outputs X, where alg is the compression algorithm used by
PartitionCompress. Encyq(X) will be the bound on which we build our
analyses in later sections.

Given a set of streams X = {Xi, Xy,..., Xz} in a statistical set-
ting, standard information theory results [6] tell us that the optimal en-
coded space is ZZZ:1 H(Xj;) bits; call this Sop(X). From Section A.3, we
know that the optimal space used by an encoded set of statistically o-
independent streams X is (1 — ¢) <ZzZ:1 H(XZ)) — O(0) bits; call this
Sopt(X, 9). Let opt be some compression algorithm that achieves the opti-
mal statistical entropy encoding length, for example LZ78. We know from
[10] that Encey(X) = O(H (X)) bits for a set of observations from an m-
local sensor system, where the hidden constant is exponential in m and the
doubling dimension. We define a statistically (5, m)-local sensor system to
be the same as an m-local sensor system but with an assumption of 4-
independence between the clusters instead of pure independence. We have
the following theorem regarding the space used by PartitionCompress:

Theorem 1. Given a set X of sensor oulputs from a statistically
(6, m)-local sensor system, for any 0 <6 <1 — 2(1),

Enc(X) = O(max{dT, Sopt(X,0)}) bits.

Proof. The optimal space bound is

Z
Sopt(X,6) = T(1 = 6)(Y_ H(X;)) = T - O(9)

i=1

while PartitionCompress achieves a bound of

Z
O(Sn(X)) = O (T - ZH(X») .
=1



The ratio is

0 (SL, H(X)
(1-6) [ L2, HX)| - 06)

The rest of the proof proceeds similarly to the proof of Theorem 6, but
for H(X;) instead of H(X;) and with an extra constant factor hidden in
the final bound. O

The space established in Theorem 1 is the basic statistical encoded
space bound on top of which we will build range searching structures in
Sections 4 and 5. It hides constants that are exponential in m and the
doubling dimension. As a direct consequence of Lemma 8 and Theorem 1
we have the following corollary:

Corollary 1. Consider two sensor outputs X and Y owver the same time
period. Let X +Y denote the componentwise sum of these streams over
some commutative semigroup. Then Encop(X+Y) < Encop(X)+Encop(Y)
in the statistical setting.

In the rest of this section, we extend these results to the empirical
setting. In order to reason about the empirically optimal space bound for
a set of strings X, consider the string X, created from the original set
of strings by letting the ith character of the new string, for 1 < i < T,
be equal to a new character created by concatenating the ith character
of each string in the original set. As mentioned earlier, the new string’s
optimal encoded space bound is T - Hy(Xpew)-

Lemma 12. Given a set of strings X and a string Xpew created from X
as described above, Hy(Xpew) = Hi(X).

Proof. Recall that the definition of joint empirical entropy is based on
the observed probability that single characters occur in all strings at the
same string index directly after specific substrings of length k. Observe
that by the construction of X, simultaneous occurrences appear for the
same indices at which a single combined character appears in X,,¢,,. This
observation implies that if Hy(X) is restated to refer to the characters
appearing in X,cy, Hi(Xnew) = Hi(X) completing the proof. O

Corollary 2. S (X) = T - Hi(X) bits is the optimal space bound for
an encoded set of strings assuming that each character depends only on
the preceding k characters.



We will rely on context to distinguish between S,,¢(X) in statistical
and empirical contexts. Although this construction suggests a compres-
sion procedure, it is impractical because in order to capture the repetitive
nature of the strings in X, the window size k£ would need to be large. In-
stead, we use the more local approach of PartitionCompress.

We define an empirically m-local sensor system and a empirically
(6,m)-local sensor system to be analogous to the definition of an m-
local sensor system, but with an assumption of empirical independence
or empirical d-independence respectively, instead of statistical indepen-
dence. The algorithm PartitionCompress relies on an entropy encod-
ing algorithm as a subroutine. In the context of an empirical entropy
based analysis it would be appropriate to use the data structure devel-
oped by Ferragina and Manzini [7] that gives an optimal space bound of
O(T - Hy(X;)) + T - o(1) as the subroutine that jointly compresses the
streams from a single cluster where X; is the merged stream for that sin-
gle cluster. For Theorems 5 and 6 our goal is to develop a lower bound on
the compression that can be achieved using PartitionCompress in an em-
pirical setting, so instead of using a specific algorithm we use the bound of
Sopt(X) discussed earlier and call the algorithm that achieves this bound
opt. Assuming empirical independence of the set of strings X from z sep-
arate clusters within a single partition, compressing these clusters sepa-
rately achieves the optimal bound of Sy (X) = T->"7_| Hi(X;) space for
a single partition. As a direct consequence, we have the following theorem.

Theorem 5. Given a set X of sensor outputs from an empirically m-
local sensor system, Encop (X) = O(Sopt(X)) bits.

The hidden constants from Theorem 5 and for Theorems 6 and 2
are exponential in m and the doubling dimension. If we consider em-
pirical é-independence, then the lower bound achieved by the compres-
sion algorithm (over Z total clusters in all partitions) remains O(T -
Zizzl Hi(X;)), but lezl Hi(X;) # Hi(X) and so an optimal algorithm
may be able to reduce the bound due to the § dependence allowed. By
application of Lemma 11, an optimal algorithm’s bound is Sy (X, d) =

T(1—9) (ZZZ:1 Hk(XZ)> + T - O(6). We have the following theorem re-
garding the compressed size of the sensor outputs.

Theorem 6. Given a set X of sensor outputs from an empirically (6, m)-
local sensor system for0 < 6 < 1—£2(1), Encop(X) = O(max{dT, Sopt(X)})
bits.



Proof. An optimal algorithm would compress each partition to take the
most advantage of the dependence between clusters. It would achieve a
space bound of

Sopt(X,8) = T(1 — ) —T.0(5)

Z Hi(X;)

for each partition, while PartitionCompress compresses each partition to
Z
Sopt(X) =T Hy(X;).
i=1
The ratio is P
Zi:l Hy,(Xi)

(1-6) [ L2, Hu(X0)| - 00)

Here we consider the two possible cases for the relationship of O(d) to
ZiZ:1 Hi(Xi):

1. Case O(6) > N2 | Hi(Xy):

S Hi(X:)
(1-0) [ X7 Hi(xX)] - 069)

- [1i5] 0(5) = 0(5).

For this case, PartitionCompress’s space bound is within O(9) of the
optimal for a single one of the ¢ partitions, or a total of O(J) times
Sopt (X, 8), which is O(8 - T), since O(6) > 327 Hp(X;).

2. Case O(9) < Z¢Z:1 Hp(X;):

_ 0 <115> — 0(1+6).

For this case, PartitionCompress’s space bound is O((146)Sep(X, 0))
which is O(Sep (X)) since § < 1 — £2(1).

1 1 o1 [ 1
1—6 |1_ 0(%) —1-6]1- L
L= sz, ) =0

The final bound is max {O(6T), O (Sopt (X))} total space. 0

For this paper, we will also be interested in the LZ78 algorithm, since
the dictionary created in the process of compression is useful for searching
compressed text without uncompressing it. While Kosaraju and Manzini
[14] show that LZ78 does not achieve the optimal bound of T' - Hy(X),



they show that it uses space at most T - H(X) + O((T' loglogT')/log T)).
In our context, this means that each cluster uses space T - Hp(X) +
O((TloglogT)/logT).

Theorem 2. Given a set X = {X1, Xo,..., Xz} of sensor outputs
taken over a sufficiently long time T from an empirically (5, m)-local sen-
sor system, for any 0 < § <1 — (1),

Enc(X) — cTZZ: (Hk<Xi) +0 (%))
i=1

TloglogT
=0 <max {5T, Sopt (X, 6), i)ogg(l)“g}> bits.

Proof. An optimal algorithm would compress each partition to take the
most advantage of the dependence between clusters. It would achieve a
space bound of

A
T(1 - 4) [ZHAXZ») —T-0(5)

while using LZ78 as the basis for PartitionCompress compresses each
partition to

Z Z

T Hp(Xi)+ Y _ O((TloglogT)/log T)
1=1 1=1

where Z is the total number of clusters over all partitions. The ratio is
S Hi(Xi) + 352, O((loglog T)/log T)
(1= 6) [SZ, Hil(X)] - 0(9)

_ 1| ZE HeX) + Y, O((loglog T) / log T)
b0 S2 H(X)] - 0)
Here we consider the two possible cases for the relationship of O(d) to
Zizzl Hi,(Xi):
1. Case O(8) > .7 | Hy(X,):

1|22, Hy(X:) + 37, O((loglog T) / log T)
1=0 Y2 Hy(Xi)| - 0(9)




1 [zi Hiy(Xi) + 27, 0((loglog T) /log T)
1—-6 O(9)
1 S>Z, O((loglog T)/ log T))
< m 0(5) + 1 O((S)

Choose T large enough so that O((loglogT')/logT) < O(J). Then the
ratio is )
< |—— =
< [1 — 5] 0(5) = 0(9)
for a single one of the c partitions, or O(J) total times S (X, 6),
which is O(0T) since O(6) > S°2 | Hy(X;).
2. Case O(6) < "2, Hi(X:):

| ZL He(X) + X7, O((loglog T)/ log T)
b X Hi(X)] - 06)
_ 1| XL He(X0) + 5, O((loglog T) /log T)
=9 0 (X2, Hi(x,))
_ 1 o)y ZitaO(loglogT)/10gT) |
bo 0 (SZ, Hi(xy)

Here, we consider two sub-cases based on the relationship between
O((Zloglog T)/logT) and "7 | Hp(X;).
(a) Case O((loglogT)/logT) > "2 | Hy(X;):
Then the ratio is at most O((1 + 9)(loglogT")/logT), for a total
space of
O((140)((loglog T") / log T') Sopt (X)), which is O(T'(loglog T") / log T")
since
O((loglogT)/log T) > Y71 Hy,(X;) > O(d).
(b) Case O((loglogT)/logT) < "2 | Hy(X,):
Then the ratio is

SO(L;) — 0(1+6)

for a single one of the ¢ partitions, or O (1 + J) total times S (X, 6),
which is O(S,p¢(X)) since § < 1 — £2(1).



The final bound is O (max {67, Sopt(X, ), T'(loglog T')/logT}) total
space. O

As a direct consequence of Lemma 9(iv) and Theorem 2 we have the
following corollary:

Corollary 3. Consider two sensor outputs X and Y over the same time
period. Let X +Y denote the componentwise sum of these streams over
some commutative semigroup. Then Encrzzs(X +Y) < Encrz7s(X) +
Encpz78(Y) in the empirical setting.

We have now established Encpz7s(X) in both statistical and empiri-
cal settings (Theorems 1 and 2 respectively). Throughout this paper we
will also be interested in the number of nodes (representing words) in
the dictionary resulting from the LZ78 compression process, denoted d.
Note that due to the nature of the dictionary, d = O(T'/logT) [9], so
T = (2(dlogd). Since dlogd is the total space needed to store the com-
pressed string and dictionary, in our context dlogd = Encyz7s(X).

B Temporal Range Searching

B.1 Trie Figure

8, 2

Trie with associated anchor points and counts for a single sensor with
observation string “12112312”.



B.2 Semigroup Setting

($3,84)| 4
(30,%6)|21
(31,%2)] 2 (35,%6)| 6
(30,%3)| 6 (34,%6)| 11
($0,%1)| 1 (32,%3)| 3
($0,%1)| 1 (32,%3)| 3
(84,85)| 5 Key:
($4,$5)% edge |cost

subpath | cost

$01$12$23$34$45$56$6

A solid path between anchors $y and $ along sensor output string
“123456” with associated binary tree. Each node of the binary tree is
annotated with its associated edge cost and its associated subpath cost.
The search paths when finding the cost of the subpath between anchors
$3 and $¢ is shown with a dotted line. The cost of this subpath is found
to be 0 for the path from $3 plus 11 for the path from $g plus 4 for least
common ancestor, for a total cost of 15.

The results from the previous section hold only for group operations.
Specifically, they do not hold for queries such as “max” and “min.” In this
section we generalize these results to the semigroup setting. In order to
handle semigroup operations, for a substring in a given temporal range we
need to be able to return the aggregated result in O(logd) time without
relying on subtraction. The additions explained here are only used to han-
dle the remaining suffix needed for the overlapping case or for lookup in
the internal case. In other words, we will only be using this auxiliary data
structure when considering queries over time periods within a single word.

We base our auxiliary data structure on the link-cut tree [22]. They
annotate edges along the tree to be either solid or dashed so that any
path from the root to a leaf node has O(log d) dashed edges and any solid
path may have as many as O(d) edges. Each solid path is additionally an-
notated with a binary tree, so that any node may still be reached through
a path of O(log d) edges. This binary tree’s nodes represent edges and are
annotated with their edge’s cost. We augment the link-cut tree to addi-
tionally include the aggregated cost of the subpath represented by the
node for each node in the binary trees associated with solid paths (see



Figure B.2). With these additions, the data structure still takes space
O(dlogd).

To retrieve an aggregated value when given pointers to string end-
points that are fully contained within a solid tree path, start at each
endpoint’s corresponding leaf node and traverse the path to their least
common ancestor. While traversing from the left endpoint, at each parent
node that is not the least common ancestor of the endpoints, if the path
up the tree goes from a left child to the parent, add the subpath cost
stored at the parent to the running total. If the path up the tree goes
from a right child to the parent, no cost is added in that step. Proceed
symmetrically for the right endpoint. Sum the resulting paths and the
least common ancestor’s edge cost. This step takes time O(logd), or the
depth of a solid path’s binary tree. For an example, see Figure B.2.

In order to combine solid paths with dashed paths, recall that since
we only need to handle queries within a single word in this section, both
endpoints of the substring must be on a single path to the root. We tra-
verse from the given bottom most pointer up the tree until we reach the
corresponding ending pointer. The cost of all dashed edges on this path
are added to the sum, while solid path segments are handled as described
above and the resulting sum is added to the total. There are at most
|log d| dashed edges on the path from any vertex to the root if we make
solid vs. dashed edge choices based on the number of nodes in vertex sub-
trees [22], and traversing any solid path segment takes time in the depth
of the binary tree, so this step takes time O(logd).

Finally, note that the endpoint nodes can be identified in the tree by
considering to—$y and $; —t; since the queries are along a single path that
is indicated by $y and $;. Annotate the leaf nodes in the solid path binary
trees with their numeral positions in the path. Combining the navigation
through these trees with following the dashed edges along the identified
path, the endpoints of the substring can be found in O(logd) time. In
total, modifying the query procedures to handle semigroup operations
maintains the query time of O(logd).

Lemma 13. The query time for temporal range searching in the semi-

group setting is O(logd).

C Spatio-Temporal Range Searching Proofs

We define the problem of range searching among clumps as follows: Given
a space Q of allowable ranges and a set C' of clumps, each of which is
associated with a numeric weight from some commutative semigroup,



preprocess the clumps into a collection of subsets, called generators, such
that given any query range @ € Q, it is possible to report (1) a subset
of these generators that form a disjoint cover of the clumps lying wholly
within @ and (2) the subset of clumps that @ stabs. The total space
requirements of a data structure for the range searching problem over
clumps is the sum of space needed to represent the generators and the
clumps, together with the space needed for storing the index structure
needed to answer queries. The query time includes number of generators
and stabbed clumps returned, plus the time to compute them.

Lemma 5. Given a point set P, let P' C P be any of the groups
generated by the PartitionCompress algorithm, and let P{,..., P} denote
the associated set of clusters for this group. Then there exists a set of balls
C ={b1,...,bn} that form a set of clumps such that P! C b;.

Proof. For the sake of completeness, let us first recall how the set P’ is
formed by the PartitionCompress algorithm. Initially all the points of
P are unmarked. The algorithm repeatedly selects the unmarked point
p; € P that has the smallest m-nearest neighbor ball (with respect to the
entire point set P). Let b; denote this ball and let P/ = PNb;. These points
are removed from P, and all the points of P lying within 3b; of p; are
marked. This process is repeated until no unmarked point of P remains.
Let h denote the number of iterations until termination, and let C' denote
the resulting set of balls. Let P’ = P{U...UP}. (This produces one group.
To form the next cluster, the process is then applied recursively to the
points of P that were removed. This is all repeated until every point of
P has been assigned to some cluster. See [10] for further details.)

We assert that, for 1 < i < h, the balls %bl,...,%bh are pairwise
disjoint. Consider any pair 7, j, where 1 < ¢ < j < h. Let r; and r; denote
the radii of b; and b;, and let p; and p; denote their respective centers.
Since when p; is being processed, all the points lying within distance 3r;
are marked, and since only unmarked points are chosen as centers of the
balls, we have |p;pj|| > 3r;. Also, since the ball of radius ||pip;|| + 7
centered at p; contains the m-nearest neighbor ball of p;, it follows that
this ball contains strictly more than m points, from which we conclude
that r; < ||p;p;|| + 7. Combining these observations we have
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Because the sum of their radii is less than the distance between their
centers, it follows that the balls %bi and %bj are pairwise disjoint, and
this completes the proof of the assertion.

To see that C is a set of clumps, consider any positive real 7 and r’. Let
b be any ball of radius r, and let C’ denote the subset of balls of C' whose
radius is at least r’. By the above assertion, the centers of any two balls
of ¢’ must be at distance at least r’ from each other. By basic properties
of doubling spaces, it follows that b can be covered by O((1+7r/(r'/2))%)
balls of radius 7'/2. Clearly, each ball of this set can contain the center
of at most one ball of C’. Therefore, |C’| = O((1 + (2r/r"))?) = O((1 +
(r/r"))*+1). Setting v = d + 1 completes the proof. 0

Lemma 6. Suppose that we have a partition-tree based data structure
that, given a set C' of n clumps, can answer range queries over a query
space Q with preprocessing time pp(n), query time qt(n), space sp(n) bits,
and has height h(n). Then there exists a data structure that can answer
spatio-temportal range queries for an m-local sensor system X of size S
over a range space Q and time interval of length T with preprocessing
time O(h(S) - pp(S) + Enc(X)), query time O(qt(S) - logT), and space
O(sp(S) + h(S) - Enc(X)) bits.

Proof. We first run the PartitionCompress algorithm on the point set P
of the S sensor locations. Recall that this partitions P into O(1) groups,
which by Lemma 5 can each be represented by a collection of clumps. We
build a range searching structures for each of the resulting set of clumps.
We will answer each query by invoking the range search separately on each
of the individual structures, and then summing the results. Henceforth,
we consider just the processing of a single group, which we will denote by
P

We augment the clump range-search structure for P’ by building one
temporal range search structures for each of the individual clumps of P’
as well as for each of the generators, that is, for each of the internal nodes
of the associated partition tree. First, recall that each clump consists the
sensor streams for some number m’ < m of sensors. For each clump we
treat the data from this clump as a time stream whose elements are m/-
element vectors, where the ith element of the vector is the count of the
1th sensor. We compute a temporal range search data structure for the
associated stream of vectors (where the semigroup sum is extended to
the semigroup sum over vectors). Next, for each node u of the tree, let
gu denote the associated generator consisting of the points {p1,...,ps}
stored in the leaves that are descended from u. Let {X7,..., X} denote



the corresponding set of the sensor streams. Let X, be the aggregated
stream Zi;l X;, formed by taking the componentwise sum of the ob-
servations from all f streams. (Unlike the clump case, we collapse all the
sensors counts into a single sum, rather than creating an f-element vector.
This is because f may generally as large as the total number of sensors.)
We build a temporal range searching structure for X,,, and associate this
auxiliary tree with wu.

Next, let us consider how to answer a given spatio-temporal query
(@, [to, t1]) over P’. We first apply the range searching data structure for
@ over the set of clumps associated with P’. Recall that this returns (1) a
subset of generators lying within @) and (2) the clumps that are stabbed by
Q). The former set may be assumed to be associated with a set of internal
nodes of the tree and the latter with a set of leaf nodes of the tree. For
each node u of (1), we invoke the corresponding auxiliary temporal data
structure over the aggregated stream X, and the time interval [to,t1],
and include the resulting semigroup sum in the final total. For each each
leaf node of (2), we invoke the associated auxiliary temporal range search
structure for vector [tg,t1] to determine the semigroup vector sum over
this interval. For each sensor of the clump we determine whether it lies
within @), and if so, we include its component of the vector sum in the
final total.

The space used by the data structure is equal to the total space sp(S)
for the range searching structure over clumps, plus the space needed for
the temporal range search structures for each of the clumps and each of
the generators. To bound this quantity, consider the h(S) levels of the
tree. Each of the nodes of this level is associated with a generator, such
that each sensor stream contributes to at most one node of the level. It
follows from m-locality and Lemmas 8 and 9(iv) (for the statistical and
empirical cases, respectively) that the entropy of the componentwise sum
of the stream is not greater than the sum of entropies of the sensor streams
at the leaf level, which by Corollaries 1 and 3 is at most Encyz7s(X)
bits. Summing over h(S) levels yields the desired space bound. Similarly,
the preprocessing time of the data structure is just the preprocessing
time needed to build the range searching structure over clumps, plus the
time needed to construct the individual auxiliary temporal range search
structures.

To bound the total query time, observe that the query time is domi-
nated by the time O(¢gt(S)) to compute the set of nodes whose associated
clumps and generators form the answer to the query, together with the



O(logT) time from Lemma 3 to access each auxiliary data structure to
answer the temporal range queries. This completes the proof. O

Lemma 7. There exists a data structure for answering e-approzimate
spherical range searching queries over a set C' of n clumps in R? with
preprocessing time O(nlogn), query time O((1/e1) 4+1logn), and space
O(n- (prec(C)+logn)) bits, where prec(C') denotes the mazimum number
of bits of precision in the geometric coordinates used to define C.

Proof. Recall from [4] that a BBD-tree for a set of n points is type of
balanced and compressed quadtree decomposition, in which the tree has
size O(n) and height O(logn). In order to guarantee that the tree has
logarithmic depth, in addition to the standard quadtree splitting opera-
tions there is a decomposition operation, called centroid shrinking. Define
a quadtree box to be any axis-parallel hypercube that can be formed by
starting with the unit hypercube, and repeatedly splitting it into 2¢ con-
gruent subcubes, by passing d axis-parallel hyperplanes through the cen-
ter of the cell. Given a quadtree box b, this operation computes a nested
quadtree box b C b such that a constant fraction of the points of b lie
within ¢’. Corresponding to this operation there is a special node of the
tree, called a shrink node, whose two child nodes are associated with b’
and b\ ¥/, respectively. Each node of the tree is naturally associated with
a region of space, called its cell. The cell associated with each node of the
BBD tree is either a quadtree box or the set-theoretic difference of two
quadtree boxes, one nested within the other. (See [4] for further details.)

The BBD-tree data structure is generalized to process range searching
over clumps as follows. First, we assume that the sensor points have been
scaled so they lie within a unit hypercube. The center points of the clumps
are inserted into the BBD-tree, just as in [4], with the following exception.
Let u denote a node of the clump-based BBD-tree, let ¢ denote the cell
associated with u, and let s denote b’s maximum side length (also called
its size). Each clump whose center lies within ¢ and whose radius lies
between s/2 and s is stored in a special leaf node which is made a child
of u. It is easy to establish the invariant that the descendants of any node
whose cell size is s are clumps of radius at most s. By Lemma 5, the
number of such leaves per node is O(1). Otherwise, the preprocessing is
identical to that of the BBD-tree. The preprocessing time is essentially the
same as that of the BBD-tree, which is O(nlogn). The space is equal to
the total space needed for the point coordinates, which is O(n - prec(C'))
bits, and the total space needed for the tree and its pointers, which is
O(nlogn) bits.



In order to answer a query, we follow essentially the same searching
procedure given in [4], but with a few differences. Recall that the algo-
rithm recursively descends the tree starting at the root. On its arrival at
some leaf node u, we test whether the associated clump lies within QT
(in which case we include it in the set of generators lying within Q™) or
is stabbed by the annulus Q1 \ Q™ (in which case we include it among
the stabbed clumps). On arrival at an internal node u, let ¢, denote the
associated cell and let s, denote its size. Since the clumps lying within
u have radius at most s,, we check whether ¢, dilated by s, lies entirely
within @, and if so we include the associated generator among those
lying within the range query. On the other hand, if the dilation of ¢, lies
outside of @, we ignore the associated generator. If neither of these cases
holds, then we recursively apply the search to the children of u.

By a straightforward adaptation of the packing arguments given in
[4], it follows that the number of nodes visited by this algorithm is
O((1/e%=1) 4 logn) 0



