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Abstract

We investigate program verification, a fundamental and chal-
lenging task in quantum programming, based on quantum
Hoare logic and quantum invariants. Ying et al. (POPL’17)
have developed a framework based on semidefinite programs
(SDPs) for computing quantum invariants for partial correct-
ness, which is however expensive to use due to its exponen-
tial scaling in terms of the number of qubits. In this paper,
we develop two approaches that can effectively reuse the
information generated from quantum invariants so as to
avoid repetitive costs in solving exponentially large SDPs.
Our first contribution is the formulation of the master Hoare
triple that encodes the complete information of quantum
programs inspired by the Choi-Jamiotkowski isomorphism.
We demonstrate how to obtain the master Hoare triple by
a single use of SDP, and once it is generated, how to obtain
any other Hoare triple from the master one by a simple logic
rule, and how master Hoare triples of sub-programs can be
reused to simplify the computation of quantum invariants
of the main program. Our second contribution is the intro-
duction of approximate quantum invariants and a framework
to reuse invariants of any given quantum program to effi-
ciently analyze its nearby (e.g., noisy, erroneous) programs
without using SDPs. Finally, we demonstrate the use of our
techniques on realistic quantum programs, such as quantum
Hamiltonian simulation and Repeat-Until-Success, with a
huge numerical advantage over the previous SDP approach.

Keywords quantum programming languages, quantum Hoare

logic, quantum invariants, invariant generation and analysis,
program verification, semidefinite programs.

1 Introduction

Program analysis and verification is a central topic in pro-
gramming languages. It is an important and challenging task
especially for quantum programming, because standard ap-
proaches to software assurance are likely to break down in
the quantum setting. For example, unit testing is infeasible
due to both the indeterminacy of quantum algorithms and
the substantial expense involved in executing or simulating
them. The rapid development of quantum computing, in par-
ticular, the introduction of several quantum programming
languages and platforms such as Quipper [16], Scaffold [3],
QWIRE [29] Microsoft’s Q# [34], IBM’s Qiskit [4], Google’s
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Cirq [1], Rigetti’s Forest [2], and so on, has also imposed
practical need of verification of quantum programs.

Indeed, quantum program verification has been a central
topic ever since the seminal work on semantics and language
design [15, 26, 30, 31, 33]. There have been many attempts of
developing Hoare-like logic [18] for verification of quantum
programs [5, 8, 9, 12, 21, 41, 44]. In particular, D’Hondt and
Panangaden [11] proposed the notion of quantum weakest
precondition, and Ying [41] established quantum Hoare logic
for reasoning about partial and total correctness of quantum
programs for a quantum extension of the while-language.
Based these developments, an semidefinite program (SDP)
algorithm for quantum invariant generation and termina-
tion analysis of quantum programs were developed in [44]
and [23] respectively. For detailed surveys, see [14, 32, 42, 43].

The profound influence of classical Hoare logic in the
practice of software development [17] has inspired quantum
researchers to build a rich tool-box of quantum Hoare logic,
e.g., [35, 36, 45], for various quantum applications.

A strong motivation of this paper is to contribute to the
tool-box of quantum Hoare logic. Specifically, we focus on
the SDP framework proposed by Ying et al. [44] for quantum
invariant generation and partial correctness, which has a
major drawback because of the exponential scaling of SDP
size in terms of the number of involved qubits. Although this
complexity is consistent with the one of classical simulation
of quantum systems, it becomes very costly in the practical
verification of quantum programs with SDPs.

We ask the question whether such expensive use of SDPs can
be mitigated in practical scenarios of verification of quantum
programs. For example, we would hope to avoid repeating
the entire SDP-based derivation of Hoare triples if we only
want to change the post-condition of any already studied
program. Or, if we have already analyzed certain quantum
programs, we would hope these analyses would simplify the
analysis if we reuse these programs as subroutines.

Another common scenario is to leverage existing program
analysis to study the behavior of its "nearby" programs. For
example, the nearby programs could be a noisy/erroneous
variant of the existing one. Or, they could come from the real-
vs-ideal framework in algorithm analysis, where the analysis
of a real program is conducted by studying a nearby easy-
to-analyze ideal program and bounding their differences.

Unfortunately, the original SDP framework by Ying et al.
[44] cannot leverage these scenarios to mitigate the cost.
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One still needs to solve an exponentially large SDP for every
required Hoare triple.

Contributions. We provide an affirmative answer to our
question by developing techniques that efficiently reuse anal-
ysis generated by SDPs. We will restrict our discussion to
more relevant terminating programs. We also include prelim-
inaries on quantum information (Section 2), quantum while
programs (Section 3), and quantum invariants (Section 4).

In the first scenario, we introduce ancilla variables and
Hoare triples on the extended space of both original and an-
cilla variables. Note that these ancilla variables are for anal-
ysis purpose only and won’t appear in program execution,
which distinguishes us from some existing work on ghost
variables [13, 22]. Inspired by the Choi-Jamiotkowski isomor-
phism between quantum operations and states (e.g., [38]),
we identify the master Hoare triples, to encode the entire
information of any quantum program. We show such mas-
ter Hoare triple can be computed by SDPs in a similar way
to [44]. Once it is generated, one can derive the weakest pre-
condition for any post-condition by using a newly developed
Hoare logic rule, called the CoLLAPSE rule, on the master
Hoare triple. It can also reduce the size of SDPs for the main
program when used as subroutines. (Section 5.)

We introduce approximate quantum invariants to address
the second scenario. Note that approximation was also intro-
duced to quantum Hoare logic by Zhou et al. [45] to improve
its usability by hand. However, it comes at the cost of sacri-
ficing its expressive power (predicate being projection) and
numerical infeasibility. Our notion poses a weaker require-
ment to keep its expressive power and allows its solution
by SDPs at the same time. We also develop two approaches
that convert quantum invariants of one program to approxi-
mate quantum invariants of a nearby one for any quantum
program with (a, n)-bounded loops [19]. (Section 6.)

Finally, we demonstrate our techniques numerically on
important and realistic quantum programs, such as quantum
Hamiltonian simulation [24] and Repeat-Until-Success [7,
27, 40], in the aforementioned two scenarios. In particular,
we make a comparison between our new approaches and
the original SDP framework from [44] and observe a huge
save in the actual running time. (Section 7.)

Related work. Ancilla variables have been introduced in
the analysis of Hoare logic either classically (e.g., [13, 22]) or
quantumly (e.g., [35]). The specific uses of ancilla variables
in both cases are quite different ours. The classical exam-
ples [13, 22] actively update ancillas to simplify program
reasoning or detect common program errors. The quantum
example [35] introduced the ghost variables to express the
behavior of quantum program, especially whether its vari-
ables share classical or quantum correlations, which is very
useful information in cryptographic settings.
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2 Preliminaries on quantum information

This section presents basic background on quantum informa-
tion. Here, we focus on the notations majorly discussed in
this paper, and a more self-contained introduction is included
in Appendix A. A notation table is included in Appendix C.

2.1 Quantum states

For any finite integer n, an n-dimensional Hilbert space H is
essentially the space C" of complex vectors. We use Dirac’s
notation, |i/), to denote a complex vector in C".

Linear operators between n-dimensional Hilbert spaces
are represented by n X n matrices. The Hermitian conjugate
of operator A is denoted by A'. Operator A is positive simidef-
inite if for all vectors |/) € H, (Y|Al) > 0 This gives rise
to the Lowner order € among operators: A C Bif B— Ais
positive semidefinite.

A density operator p is a positive semidefinite operator
p = 2 pilYiXyi| where X, pi = 1,p; > 0. A special case
p = |¥X| is conventionally denoted as |/). A positive semi-
definite operator p on H is said to be a partial density op-
erator if tr(p) < 1. The set of partial density operators is
denoted by D(H).

2.2 Evolution of a quantum system

The evolution of a quantum system can be characterized by
a completely-positive and trace-non-increasing linear map &
from D(H) to D(H’) for Hilbert spaces H, H’.

For every superoperator & : D(H) — D(H’), there ex-
ists a set of Kraus operators { Ex } such that E(p) = 31 Eka;Q
for any input p € D(H). The Schrédinger-Heisenberg dual
of a superoperator & = 3} Ex OEZ, denoted by &* = >, ETk °
E}, is another superoperator such that for every state p €
D(H) and any operator A, tr(AE(p)) = tr(E*(A)p).

A quantum measurement on a system over Hilbert space
H can be described by a set of linear operators {M,, },,, where
Som M;Mm = Ig. The outcome m when measuring p is ob-
served with probability p,, = tr(M,,pM.,) for each m. A
major difference between classical and quantum computa-
tion is that a quantum state collapses after measurement.
The collapsion with result m is captured by an superoperator
Em = 5=Mpy o M.

3 Quantum programs

Our work builds on top of the quantum while-language
developed by Ying [41, 42]. Here we review the syntax of
this language, and present several typical programs. A more
detailed introduction to the syntax and the semantics is pro-
vided in Appendix B.
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3.1 Syntax

The syntax of a quantum while program, also called a pro-
gram, P is defined as follows.

P == skip | g:=10) | g:=Ulq] | P;; P2 |
case M[q] =m — Py, end |

while M[q] = 1 do P; done. (3.1.1)

This syntax is analogue to the classical while language, but
substituting their quantum operations for their counterparts.
The denotational semantics of a quantum while program P
is a superoperator, denoted by [[P].

3.2 Examples

We introduce several basic programs written in quantum
while language here.

Example 3.1 (Teleportation). Quantum teleportation is a
protocol that can send one qubit from the sender to the receiver
only using classical communication and shared entanglement.
More specifically, Alice communicates a state |) from register
a to Bob on register b.

ot[a] =b :=10); c:=|0); c:= H[c]; ¢,b:= CNOT][c, b];
a,c := CNOTla,c]; a := H|a];
case M[a, c] = 00 — skip;01 — b = X[b];
10 - b = Z[b];11 —» b = X[b]; b := Z[b];
end. (3.2.1)
Example 3.2 (Repeat-Until-Success (RUS) circuit decompo-
sition). The RUS circuit decomposition technique proposed in
Bocharov et al. [7], Paetznick and Svore [27], Wiebe and Roet-
teler [40] is an alternative approach to implement a unitary
with lower T gate complexity by invoking ancillas. The RUS

process for implementing a unitary U on n qubits state |/) can
be outlined as follows.

1. Prepare an m-qubit ancilla register |0™).

2. Apply a specially designed unitary W on |0™)|1)).

3. Measure the ancilla; if the outcome is 0, then we are
done; otherwise we apply a recovery process (including
applying W' and a reflection R := (2My — I) ® I about
My) and go back to step (2) again.

The algorithm can be described with the following program:

RrUS[q] = p := |0™); p,q := WIp.ql;
while M[p] # 0™ do

p.q:=W'lp.ql p.q = Rlp.ql; p.q:= Wp.q]
done (3.2.2)
provided that for every state /),
W|0m>p|¢>q = \/1_7|‘{I>pq + /1 _P|\Ijl>pq

where |¥)pq = [0™),U|¢))q and |¥*),q is some unwanted
state orthogonal to |¥).

(3.2.3)
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3.3 Quantum Predicates and Hoare Logic

A quantum predicate is a Hermitian operator M with 0 C
M C I [11]. For any predicate M and a state p, tr(Mp) is the
expectation of the truth value of predicate M in state p.

Quantum predicates can be used to express pre- and post-
conditions of quantum programs and hence to reason about
the semantics of quantum programs in quantum Hoare logic
Ying [41, 42]. Specifically, we define

Definition 3.1 (Partial and Total Correctness [41, 42]).

1. The Hoare triple {A}S{B} is true in the sense of total
correctness, written |=y; {A}S{B}, if for all p € D(Hs),

tr(Ap) < tr(B[[ST(p)). (3.3.1)

2. The Hoare triple { A}S{B} is true in the sense of par-
tial correctness, written |=per {A}S{B}, if for all p €
D(Hs),

tr(Ap) < tr(B[S](p)) + [tr(p) — tr([ST(p))].

This total correctness inequality (3.3.1) can be seen as
the quantum version of the following statement: if state p
satisfies predicate A of degree d = tr(Ap), then after apply-
ing the program S the resulting state satisfies predicate B of
degree at least d. The partial correctness inequality (3.3.2)
also takes the possibility of divergence tr(p) —tr([S](p)) into
consideration. We are concerned with the partial correctness
throughout the paper and all of our example programs termi-
nates almost surely. In this case, partial correctness implies
total correctness.

(3.3.2)

Definition 3.2 (Weakest (Liberal) Preconditions [41]). For
quantum program S and predicate Q, the weakest precondi-
tion of Q with respect to S, denoted by wp.S.Q, satisfies the
following properties.
1. It is true that |=0; {wp.S5.Q}S{Q}.
2. Forevery quantum predicate R satisfying |=10: {R}S{Q},
it holds that R E wp.S.Q.
Similarly, for quantum program S and predicate Q, the weakest
liberal precondition of Q with respect to S, denoted by wip.S.Q,
satisfies the following properties.
1. It is true that |Fpar {wWlp.S.Q}S{Q}.
2. For every quantum predicate R satisfying |=par {R}S{Q},
it holds that R C wip.5.Q.

Proposition 3.3 (Ying [42]). For any program S and predi-
cate P, we have the following corresponding between the weak-
est (liberal) precondition and the denotational semantics [[S]:
o (Weakest precondition) wp.S.P = [S]*(P);
o (Weakest liberal precondition) wlp.S.P = [[S]*(P) + I —
[S1).

4 Invariants of quantum programs

We introduce the notion of superoperator-valued transition
system as a framework to model the control flow of quantum
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programs. Building on top of that, we will introduce the
additive invariant and additively inductive assertion map
from Ying et al. [44] and show how to generate the additive
invariant using semidefinite programs (SDPs).

4.1 Superoperator-Valued transition systems (SVTS)
and Control Flow Graphs

We adopt the definition of superoperator-valued transition
systems from [44] with slight notation changes to better
serve our use.

Definition 4.1 (Ying et al. [44]). A superoperator-valued
transition system (SVTS) is a 5-tuple S = (H, L, T, Lin, lout)
where

1. H is the state space, i.e., a Hilbert space.

2. L is a finite set of locations.

3. lin, lou: € L are the initial and terminal locations.

4. T is the set of transitions: each transition t € T is a

3-tupler = (1,1, E), also denoted by v = | i I’, where
LI’ e L, and & is a superoperator on H. It is required
that for each location | € L,

PR S reTy =1, (4.1.1)

The symbol in (4.1.1) stands for a multi-set.

As the construction of an SVTS for a quantum program is
not the focus of this paper, we omit the formal rules and refer
the readers to [44]. For example, the SVTS of QT and ruUs
are given in Figure 1. The figures should be self-explantary

given their simple structure.

A path (in SVTS Sp) 7 = [ 5 L, & .o I, is a

sequence of vertices such that each pair of adjacent vertices
are connected with a transition. We always assume that for
each location | € L, the transition relation is countably
branching, i.e., for each pair of locations /,!’, the number
of paths from [ to I’ is finite or countably infinite. A set II
of paths in SVTS is said to be prime if for each 7 € I, its

& Ex-
proper initial segments [; = ... = I ¢ II forall k < n.

For any path 7 in the transition graph, we write [; = I, and
denote by &, the composition of the super-operators along
the path,ie. &, =&,-10...0 8,0 8.

4.2 Additive Invariants, Inductive Assertion Maps
and Semi-definite Programs

Inspired by classical invariants of programs and continuous
valued logics, Ying et al. [44] introduce additive and multi-
plicative invariants for quantum programs. We will focus on
the additive invariant because it allows efficient generation
by semidefinite programs [44].
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any density operator p, and for any prime set I of paths from
lin tol, we have:

tr(Op) < 1-tr(En(p)) + tr (0;En(p)),
where & = Y2, {|E, : m € |}

(4.2.1)

Moreover, additive invariant at l,,; can be used to prove
partial correctness of the program P. Specifically,

Lemma 4.3 (Prime paths and semantics of quantum pro-
grams). For quantum program S, let S be the SVTS defined
by S with initial condition ©. Let I be the set of paths from lfn

tol3,,. Then En = [[S].
Proof. Deferred to Appendix D.1. O

Theorem 4.4 (Ying et al. [44]). Let P be a quantum program
and Sp the SVTS defined by P with initial condition ©. If O is
an additive invariant at lo,; in Sp, then |=per {©}P{O}.

Proof. Deferred to Appendix D.2. O

We provide a complete proof of Theorem 4.4 in Appen-
dix D.2. The complete proof will be helpful and make our
technique self-contained in proving an approximate version
of Theorem 4.4 in Section 6.

It is, however, nontrivial to prove that any quantum pred-
icate O is an invariant at location [ by definition, as one
must verify (4.2.1) holds for every prime path from [;, to .
In classical programming, induction assertions provide an
effective alternative, whose corresponding quantum notion
was introduced by Ying et al. [44] as follows.

A cut-set of Sp is a subset C C L of locations such that
every cyclic path in Sp passes through some location in C.
Every location [ € C is called a cut-point. A basic path =
between two cut-points [ and !’ is a path that does not pass
through any cut-point other than the endpoints. We note
that for cut-set C and [ € £, C U {l} is also a cut-set.

An additively inductive assertion map is a mapping n from
each cut-point / € C to a quantum predicate n(I) in H [44]
such that

tr(n(l)p) < 1 —tr (8, (p)) + Z tr (7(1.)Ex(p)) (4.2.2)

TeQ;

where the set Q; contains basic paths from [ to other cut-
points. There are two nice features of the inductive assertion
map 1 shown in Ying et al. [44]: (1) for every cut-point ! € C,
n(1) is an additive invariant at [; (2) the definition of 5 allows
a semi-definite program (SDP) that generate 7([) for every
cut-point [ € C.

Let us setup the SDP for 5 as follows. Choose a cut-set
C=Al =lin, Lty s hy—1. Iy = lous} and let O; = n(l;) for
i =0,...,m as the invariants to generate. Let 8;} =>,.{&:

l; SN [j|} fori,j = 0,1,...,m and the summation is over all

Definition 4.2 (Additive Invariants). LetSp = (H, L, lin, lous, T )basic paths r; in particular, if there is no basic path from ; to

be an SVTS with a precondition ©. An additive invariant at
locationl € L is a quantum predicate O; over H such that for

lj, then &;; is the zero super-operator. Consider the following
generic SDP.
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Invariant-SDP 4.1. For precondition ©, find Oy, - - -
0C > &;(0) -6,
J

,Op s.L.
(4.2.3)

0C > E5(0) + (&~ D)0 (i=0,1,..,m), (42.4)
j#i

0CO;,CI(i=0,1,..,m). (4.2.5)

Note that O; = I is a trivial solution. Any non-trivial solu-
tion O; (i = 0, - - - , m) are non-trivial invariants for the given
precondition ®, which will then imply [=pa, {©}P{On,}.

Given a postcondition O = Op,, the weakest precondition
can be found by maximizing the trace of ©. This is because
for any precondition ©, it holds that ® T wp.P.O. Since tr(-)
respects Lowner ordering, we have tr(®) < tr(wp.P.O). Sim-
ilarly, given a precondition ©, the strongest postcondition
can be found by minimizing the trace of O.

Figure 1. SVTS of rus (left) and ot (right). The locations of
the cut set are labelled with double-lined circles. The basic
paths are highlighted with colors. Each colored set of paths
can be converted to a positive semidefinite constraint in
(4.2.6).

Example 4.1 (Invariants for RUS circuit). Continuing from

Example 3.2, the SVTS of an RUS program is given in Figure 1.
From the SVTS, the cut-set we choose is {ly, 1, }. Given a

postcondition O = O, we set the SDP problem as follows.

maximize tr(©)

subjectto © C Oy

0, C rsT (WTO,W)
01 cC EgOZEO + EIO]E] s

0,C 0,
0C®,0,0.,0, CI. (4.2.6)

where T](l,) = Oi, RST = [[p = |0m>]]) Eo = M(), E1 = (VMl)
andV := WRW' . It can be shown that |=;o; {©}rUs{O} Note
that the constraint Oy T O, is trivial and can be removed
from the SDP problem. Furthermore, the solution must satisfy
e = O().

We analyze the SDP problem analytically and numerically.
For analytical solution of (4.2.6), we show that for any state
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[¥). Eror {Im ® [¥ X¢/1}rUS{|0, UYX0, Uy} in Appendix D.3.
We will discuss our numerical analysis and the performance
in Section 7.

5 Quantum Hoare logic and invariants
with ancillas

While quantum Hoare logic provides a framework to rea-
son about quantum programs and the inductive assertion
map enables numerical calculation by solving an SDP, a cen-
tral task in program analysis is to verify the semantics of a
program describes a desirable superoperator (instead of gen-
erating a particular quantum state). Thus a natural question
to ask is whether it is possible to guarantee the correctness
of semantics.

We answer the question in the affirmative by giving a
framework, in which solving a master Hoare triple in an
extended space via an SDP solver suffices to show the cor-
rectness of semantics.

In Section 5.1, we will layout the setup of extended quan-
tum Hoare triples with ancillas. In Section 5.2, we will show
how to generate extended Hoare triples and invariants using
semidefinite programs and how it leads to a numerical so-
lution to calculate the weakest (liberal) precondition of any
program. Finally, in Section 5.3, we will demonstrate how to
use extended Hoare triples of sub-programs for the invariant
generation of the main program.

5.1 Quantum Hoare logic in the extended space

We extend the set of quantum variables Var for any quantum
while program S with another isomorphic set of ancilla
variables aVar, i.e., for each variable in Var, there is an ancilla
register in aVar of the same size. All the rest of the definition
of quantum while programs remain unchanged. In other
words, program S still operates on the original Var and the
introduction of aVar is only for analysis purpose.

Let H denote the Hilbert space for Var and A the Hilbert
space for aVar and H = A. The (original) quantum predi-
cates, denoted by uppercase letters P, Q, . . . are on H. From
now on, we also consider extended quantum predicates that
are predicates on H ® A. To distinguish from original ones,
we use calligraphic uppercase letters like P, Q, . . . to denote
extended predicates.

Hence one can define the extended Hoare triple by ex-
tended predicates as |=pqr, 10 {P}S{Q}, where we overload
the notation S for a new program that acts on H exactly
as the original program S and do nothing on A, i.e., with
denotational semantics [[S]] ® I#. One can trivially extend
any original Hoare triple to an extended one by

|=par,t0t {P}S{Q} :>|:par,t0t {P ® Iﬂ}S{Q ®Iﬂ}’ (5-1-1)

simple because tr((P ® I4)p) = tr(Ptra(p)) for any p. How-
ever, a more interesting case is to consider extended pred-
icates that are entangled between the space H and A. In
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particular, we will consider the extended predicate that is
maximally entangled between H and A in the following.

5.1.1 The Choi-Jamiotkowski isomorphism

The maximally entangled state |®) over two isomorphic

spaces (such as H and A) is |®) := \/LE Zflzl [ ® |i)a,

where d is the dimension and {|i)7.[}?=1 is any orthonormal
basis of H (and {|i)y[}f=1 is its isometric one in A). Note
that |®) remains the same under different choices of the
orthonormal basis.

One interesting use of the maximally entangled state is
to build an isomorphism between states and superoperators.
The precise correspondence is given by the Choi-Jamiotkowski
matrix.

Definition 5.1. Given any superoperator & : D(H) —
D(H'’), the Choi-Jamiotkowski matrix J(E) is

J(€) =dnJ(E),and J(E) = & ® Ia(|PXD)),

where dqy is the dimenson of H and J (&) is called the nor-
malized Choi-Jamiotkowski matrix.

(5.1.2)

The map J from a quantum superoperator & to its Choi-
Jamiotkowski matrix J(&) is an isomorphism [39]. The map
J is also called the Choi-Jamiotkowski isomorphism.

5.1.2 The extended Hoare triples

Since Choi-Jamiotkowski matrix contains the full informa-
tion of any superoperator and it can be generated by ap-
plying & ® Iz on the maximally entangled state |®), it is
natural to choose ® = |®)X®| as the postcondition, and we
can derive the extended Hoare triple: |=;,; {wp.S.®}S{®}.
By Proposition 3.3, we immediately have

wp.S.@ = ([SI" ® La)(®) = T (IST").

Definition 5.2 (Master Hoare Triple). For any program S,
we call the following extended Hoare triple (in total correctness)
the master Hoare triple:

Fio {T([ST)}5{2}-

Note that for terminating S, the partial correctness |=q,
{T(IST)}S{®@} will imply the master Hoare triple (5.1.4).

(5.1.3)

(5.1.4)

Example 5.1 (The master Hoare triple of QT). The denota-
tional semantics of program QT is an identity superoperator
I : p v p. The dual superoperator of I is I, and thus the
master Hoare triple of QT is {®}QT{d}.

5.1.3 The collapse rule

We derive a new rule for our quantum Hoare logic (called
the CoLLAPSE rule) for total correctness to connect extended
Hoare triples with normal ones. To the end, let us first define
the collapse operator that maps a predicate on the extended
space to the original space.
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Definition 5.3 (Collapse Operator). Given any predicate P
on the extended space H ® A and any predicate R on the
ancilla space A, the collapse operator Cg(P) is given by

Cr(P) = dytr a((Izx ® VRT)P (I @ VRT)).

We will later see how the operator is used to deduce a
Hoare triple in the program space.

We can also establish the following precise properties of
the collapse operator.

(5.1.5)

Lemma 5.4 (Properties of €g(-)). For any predicate R on A,
we have
1. if P T Q, then Cg(P) C Cr(Q), i.e, €g(-) respects
Lowner ordering;
2. Cr(®) = R for the maximally entangled predicate ®.
3. Cr(P) = dutra((Iy ® R)P) = dygtr (P (I ® R)).

Proof. Deferred to Appendix D.4. O

Now we are ready to describe our CorLAPSE rule for total
correctness.

{P}S{Q}, 0 C R Cr(P), Cr(Q) E I

{Cr(P)}IS{CR(Q)}

Theorem 5.5. The rule COLLAPSE is sound for total correct-
ness, i.e., for every quantum predicate R, |=4: {P}S{Q} im-
plies =10 {Cr(P)}S{CR(Q)}
Proof. First we recall the definition of |=,,; {P}S{Q}, i.e., for
any state 0 € D(H ® A), tr(Po) < tr(Q([S] ® Ia)0). For
every state p € D(H), considering 0 = p ® %, we have

(COLLAPSE). (5.1.6)

tr (7’ (p ® i)) <tr (Q([[S]]p) ® i) . (5.1.7)

tr(R) tr(R)
Multiplying both sides by dgtr(R), we have
tr(dyP (I @ R)p ® L#)

< tr(dQ(Ig @ R)[ST(p) ® I 7).
By standard calculation, and by Lemma 5.4 (item (3)), we
have tr(Cr(P)p) < tr(Cr(Q)[S]I(p)), for any p € D(H).
This implies |=;; {€r(P)}S{Cr(Q)} and we conclude the
proof. O

(5.1.8)

Let us see how to apply COLLAPSE to the master extended
Hoare triple in (5.1.4). We will see that (1) it can be used
to generate any postcondition Q; (2) if one starts with the
weakest precondition in the extended space, then CoLLAPSE
derives the weakest precondition in the original space.

Lemma 5.6. Given |=; {J ([S]*)}S{®}, for any postcondi-
tion Q, it holds that |=1; {€o (T ([ST7))}S{Q}. Moreover, the
weakest precondition of Q is given by Co( T ([ST7)).

Proof. Deferred to Appendix D.5. O

Note that all of our examples and the interesting programs
in consideration terminate almost surely. Hence partial cor-
rectness and total correctness is equivalent; the termination
guarantee is implicitly used throughout the paper.
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Example 5.2 (Teleportation revisited). In Example 5.1, we
have shown the master Hoare triple of QT is {®}QT{®}. For
any postcondition |y Xi/|, we can choose R = |y Xy/| and apply
COLLAPSE, then |=40r {|UXU|}OT{|YXY|}, where we make
use of €y yy|(®) = [y XY from Lemma 5.4 (item(2)).

Remark 5.1. Throughout the paper, we will consider master
Hoare triples (=101 { T ([ST7)}S{®}) with the weakest precon-
dition J ([S]*). However, it might be expensive and unneces-
sary sometime to use the weakest precondition and it is easier to
use extended precondition P & J ([SI"). It is straightforward
that |=1o; {P}S{D}. We can still derive Hoare triples with any
postcondition by applying COLLAPSE, similarly to Lemma 5.6.
It is, however, no longer guaranteed the derived precondition is
the weakest.

Remark 5.2. From Lemma 5.6, we conclude that the master
Hoare triple is more expressive than a universally quantified
statement. This is because { S ([[ST")}S{®} implies

VO, {Co(T ST NIS{Q}-

Since €o(J ([ST*)) = wp.S.Q, any Hoare triple can be derived
by weakening the precondition.

(5.1.9)

5.2 Generation of extended invariants and Hoare
triples

In this section, we study how to generate master Hoare
triples, which seems hard by definition in (5.1.4) since one
needs to compute [S]*. We demonstrate here that it is pos-
sible to use quantum invariants and their SDP generation
(Invariant-SDP 4.1) for terminating programs. We describe
how to use the invariant generation framework introduced
in Section 4 to compute the master Hoare triple.

To that end, first observe that master (or extended) Hoare
triples are just normal Hoare triples on the extended space
where the program trivially acts on the ancilla space. Thus,
the invariant generation and the derived partial correctness
from [44] trivially extend to our case when explicitly includ-
ing the ancilla space in the setup. For terminating programs,
the partial correctness implies total correctness.

Example 5.3 (Analysis of RUS circuit synthesis in the ex-
tended space). To generate the invariant in the extended space,
similarly to (4.2.6), we numerically solve the following SDP

maximize tr(Q)

subjectto Q C Oy
Oy C rsT* (W @ )TO1(W ® 1))
O, C E)TOZE) + JT’3:1T011’3:1
0, C 0,

0CQ,0,0,,0,C1 (5.2.1)
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where O; = n(l;) is the additively inductive assertion map
in the extended space H ® A acting on the cut-points, Ey =
Moy ®Ia, and E; = (VM) ® I4.

To yield a Hoare triple in space H with postcondition Oy,
we first set Oy = Qg 7, i.e., the maximally entangled state in
space H ® A. Using an SDP solver to obtain the solution Q,
we have |=4o; {Q}RUS{O; = ®gr57}. Applying COLLAPSE in
(5.1.6), we obtain the precondition © = €, (Pg14) in space H.

We will compare the performance of (i) solving (4.2.6), and
(ii) solving (5.2.1) followed by applying COLLAPSE in (5.1.6) in
Section 7.

5.3 Using extended Hoare triples for invariant
generation

Imagine that one has already analyzed the invariant gen-
eration for some program Sy and consider another quan-
tum program S that uses Sy as a subroutine, which is quite
common in (quantum) algorithm design. However, in the
framework introduced in Section 4, one must consider the
additively inductive assertion map of Sy, and include the SDP
constraints associated with Sy for the invariant generation
of S. This is because the invariant generation for S itself
(without extending the space) may not correspond to the
input-output behavior of Sy when called as a subroutine in
S.

We now take a closer look at the precise technical difficulty
when using Invariant-SDP 4.1 for S. Let S be the SVTS of the
main program S that is inductively generated from Sy, which
is the SVTS of Sy and other parts of S. We will follow the
same setup of Invariant-SDP 4.1 with one exception: we will
choose I? and IJ,,, locations of S, as cut-points and no other
locations in Sy will be cut-points. This is intuitive as one
wants to treat Sy as a whole and does not want to go inside
So. Moreover, we can further require all paths from any cut-
point other than I? and I, to 13, will visit [, first and

out
all paths from [{, will remain in S, until reaching I3,,,. This
can be assumed without loss of generality by adding dummy
locations with I transitions in S for terminating Sy. As a
result, all basic paths that go inside Sy will have [ and I3,
as endpoints. Let O), and O, denote the quantum invariant
atthe [ and IJ,,, locations of S,. Thus, the entire effect of S,
in Invariant-SDP 4.1 will be represented by one semidefinite
constraint in the form of (4.2.5) as 0 C [So]*(09,,,)—O?, . Any
normal Hoare triple of Sy can only establish the connection

for a specific pair of 0? and OY,, rather than for an arbitrary

n out’

pair of O? and O}, as variables.
The technical difficulty, however, can be well addressed by
using the master Hoare triple of Sy. Intuitively, this is because
the combination of the master Hoare triple and COLLAPSE can
derive any such pair as demonstrated in Lemma 5.6. Precisely,
given the master Hoare triple of Sy, =40t { T ([Soll*)}So{®}.

Using Lemma 5.6 and Lemma 5.4 (item(3)), any specific pair
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of 0% and OY,, can be connected by O), C Coo (T WSolM),

which is a semidefinite constraint in OO and Ogu /-

As aresult, we demonstrate a general approach to leverage
the master Hoare triple (in total correctness) of any termi-
nating sub-program Sy to simplify the invariant generation

SDP of the main program S (for partial correctness).

Example 5.4 (Consecutive unitary applications implemented
with RUS). In this example, we consider two consecutive ap-
plications of unitaries implemented with RUS programs using
unitaries Wy and W, satisfying

Wil0™)¥) = Npil0™Uily) + V1 = pilri)[¥)

fori € {1,2}. The quantum program S = RUSy; RUS; Where
RUS; is the RUS program associated with W;. The SVTS of S is
illustrated in Figure 2.

Without the extended space, for a given postcondition O =

ng), the corresponding SDP is

(5.3.1)

maximize tr(©)

subjectto ©LC O(()l)

O(()l) C RST(I)*(W(I)TO?)W(”)
o £ EPOPEY + EPoPEY
O;l) C RST(Z)*(W(Z)TO?)W(Z))
0 c EPoPEP + EP0PE?
o c o

oce,0”,0, 00, 0% 0P 1 (53.2)
where ry(lgk)) = ng), rsT® = [[p = [0™)], E(()k) = M(()k),
ER = vOMP) and V0 .= wORDWR)T for rusy and
k e {1,2}. The SDP in (5.3.2) can be obtained by setting
O(l) ©® and combine the two sets constraints in Exam-
ple 3.2. For each postcondition, we run an SDP solver to obtain
a precondition.

Applying our method, in Example 5.3, we have shown that
Fror {QP)rUs;{OW}. Having the master Hoare triples, with
the postcondition O = 0@, we obtain the precondition by
applying CoLLAPSE, which leads to the following SDP

maximize tr(®(l))
subjectto ©@ C €0 (Q?Y)

oW C Cou(QW). (5.3.3)

We will compare the performance of (i) using (5.3.2), and
(ii) solving (5.2.1) for two subprograms RUs; and RUS; first
following the application of (5.3.3) in Section 7.

S. Hung, Y. Peng, X. Wang, S. Zhu & X. Wu

Figure 2. The SVTS of rus;; RUS;. The SVTS is generated
by connecting the graphs (see Figure 1) for each compo-
nent. The cut-points are labelled with double-lined circles.
Each colored path corresponds to a positive semidefinite
constraint; see (5.3.2).

6 Correctness and invariants with
approximations

The motivation of our discussion lies in the real world con-
straints in near-term quantum computers, where the opera-
tions are imprecise and noisy. To quantify the error due to
noisy and imprecise operations in quantum programs, we
propose the definition of e-partial correctness, which can be
seen as a relaxation of Definition 3.1. Our main contribution
in this section is a bridge from the invariants of a program
to approximate invariants of its nearby variations.

In Section 6.1, we present the setup of program variations,
and the approximate correctness of the known Hoare triples
applying on the variations. In Section 6.2, we show two ap-
proaches to generate the approximate correctness of the
variations with loop boundedness. In Section 6.3, we apply
our methods to the Trotter’s algorithm for the Hamilton-
ian simulation problem to formally verify its approximate
correctness.

6.1 Transferring Hoare triples to variations

In this subsection, we depict the overall picture of our ap-
proaches: applying the Hoare triples of one program to its
nearby variations. To achieve it, we first define the mean-
ing of variations as program isomorphisms, followed by the
concepts of approximate correctness.

6.1.1 Bridging programs via isomorphism

Definition 6.1. For quantum programs Py, Py, let their SVIS’s
be Sy = (Hy, L1,T1,15, 150 ). S, = (Hy, L, T3, 152,15

in’ “out in’ 0ut> re-
spectively. We say that S; and S; are isomorphic, if H; =
H,, L1 = ..{:z,ls1 = lls,i,lf;t = lff“, and there is a bijec-
tionp : 1 — Tz, s.t. forallt = (I1,1,,E;) € T1, p(r) =
(h,1l;,Eu(r)) € T;. We say that the program P, and P, are

isomorphic, if S; and S, are isomorphic.
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Intuitively, S; and S, are isomorphic when they share
the same graphical structure, with only values (superop-
erators) of the transitions differing. We can determine the
program isomorphism in polynomial time by constructing
and traversing the SVTS’s from the initial locations.

As we will see, the isomorphic relation of programs is
useful since it allows us to reason about a quantum pro-
gram when the information about the ideal program is well-
understood or easier to analyze. To explain the idea, we
consider the following example.

Example 6.1. We consider two isomorphic quantum 3-qubit
RUS programs RUS3 and RUS;. We construct Ey by

Wy =(H®H®Z)CCX(U®I® S)CCX(H® H®I),
Euy= . Wy(l00)(x| ®1I)o (|x){00] ® HW,. (6.1.1)

x€{0,1}?
Here CCX[p, q] represents the Toffoli gate. Then RUS3 is
RUS; = p,q:= Erlp, ql;

while M[p] # 00 do p, q := &E([p, q] done; q := Z[q].

The program RUSs3 realizes the same funcionality as the RUS
program introduced in Example 5.3.
We introduce its variation RUs; by perturbating Ey in the
RUS3 to N = 0.9E1 + 0.05Ex + 0.05E2:
p.q:=Nlp.qk;
while M[p] # 00 do p, q := N[p,q] done; q := Z[q].
The difference between RUs; and RUS3 is the noise added on

the first qubit between the two Toffoli gates. Their SVTS’s are
shown in Figure 3. Apparently rRUsS; and RUS3 are isomorphic.
&Enr=1 I

’
®Zr=1 ‘= I®Zr'
&ELr=16 N.r"=1.755
1.755

Mo, r = 1.6 Mo, r" =

[—
RUS; =

N =1 1

Figure 3. The SVTS and repetition function for rus; and
RUS;.

6.1.2 e-partial correctness and e-approximate
additive invariants

The total correctness and partial correctness allow no toler-
ance in their definitions, i.e., the invariants generated from
an ideal program no longer applies when the program is
noisy. We start to define the semantics for a Hoare triple
parameterized with error threshold e.

Definition 6.2 (e-partial correctness). Fore € [0, 1], a cor-
rectness formula {P}S{Q} is true in the sense of e-partial
correctness, denoted by |=par,e {P}S{Q}, if for every state p,
it holds that

tr(Pp) < tr(Q[[STp) + (1 + e)trp — tr([STlp)- (6.1.2)
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Definition 6.2 can be viewed as a relaxation since the (ideal)
Hoare triple is the special case ¢ = 0. To see why Defini-
tion 6.2 gives a reasonable definition when reasoning about
approximate programs, we give some intuition here. Suppose
that we want to verify a quantum program S which on in-
put state |1/), produces a state V1 — €|¢) + ve|P1), i.e., with
probability (1 — €) it produces the desirable output state |¢p)
and with probability € it produces some unknown and unde-
sirable state |¥~) orthogonal to |¢). In this case, for program
S which terminates almost surely, =par,0 {1¥)(¥1}S{I¢) (S|}
is not valid with the state p = |/)(¢/| since tr(Q[[S]lp) = 1—¢€
where O = |$)(¢|. On the other hand, we know that |4/,
{) W 135{19) (41} is true.

With e-partial correctness, we define e-approximate addi-
tive invariants. Similarly to [44], the e-approximate additive
invariant can be utilized to prove the e-partial correctness
of a quantum program.

Definition 6.3 (e-approximate additive invariants). LetS =
(H, L, T, lin,lous) be an SVTS, and © be the initial predicate
at l;,. An e-approximate additive invariant O; at location
I € L is a quantum predicate in Hilbert space H such that for
any state p € D(H) and any prime set of pathsII from Iy tol,
we have

tr(©p) < tr(Or[[S1En(p)) + (1 + e)tr(p) — tr([STp).

Theorem 6.4. For quantum program S, let S be the SVTS
defined by S with initial condition ©. If O is an e-approximate
additive invariant at I3 , in S, then =par,e {©}5{0}.

Proof. By Definition 6.3 and Definition 6.2, it suffices to show
that &g = [S]. By Lemma 4.3, we conclude the proof. O

6.2 Generation of approximate correctness

In this section, we present two efficient methods to employ
the information of a program to generate the e-partial cor-
rectness for its variations.

1. Inductive offset tracking requires the inductive asser-
tion map and the description of their transitions.

2. Superoperator distance bounds does not require the
information of the inductive assertion map; instead, it
requires only the invariant at the desirable locations.

In most cases, the second method generates looser bounds
than the first method.

In the following analysis, our programs of interest will be
those which terminates. For each while loop in the program,
we invoke the definition of boundedness [19] and require
every loop in the program to be bounded.

Definition 6.5 ([19]). A loop while M[q] = 1 do P; done
is said to be (a,n)-bounded for a € [0,1) and n € Z, if
()" (MIMy) T aM]M,, where E(p) = [Pi](M;pM]) and
&E* is the dual superoperator of &.



Draft paper, November 22, 2019,

6.2.1 Inductive offset tracking

Following the inductive assertion map introduced in [44]
and their SDP constraints, we consider the error of each term
induced on each SDP constraint. In this section, without loss
of generality, we select the cut-set of the inductive assertion
map to be all locations in the SVTS. This simplifies our state-
ments, while the same idea of proofs can be applied on any
selected cut-set.

It is helpful to define some notations before we state our
results. We use the prime sign to indicate all the concepts
in the variation program corresponding to the ones in the
original program. For two isomorphic programs P, P’, let
S = (H,LT,IS,15,)and 8" = (H, L,T",15,15,) be
their SVTIS’s, and y : 7 — 7 be the isomorphism. Because
the graphical structures of S and S’ are identical, by y we
can relate the superoperators composed by transitions, paths,
and prime path sets in S to those in S’. Because the graph-
ical structures of § and S’ are identical, we can map the
superoperators Formally, we denote the value of a transition
u(r) € 7' by &, = Ey(r). For a path 7 in S, a prime set II
of paths in S, let &/ be the superoperator in §” along the
shared path 7, and &} = X, en{lE [}

For a program P with every while loop (a, n)-bounded,
and its SVTS S = (H, L, T, lin, lout), we introduce its rep-
etition function r : 7~ — Ry. The repetition function r
depicts the worst-case expected number of repetitions of a
transition in the execution of P.

Definition 6.6. For program P with every while loop (a, n)-
bounded, and its SVTS S, its repetition function r is defined
inductively with the generation of S.

o P =skip,G:=U[ql.q:=0):r=1.

o P =P;Py: let T, TP be the set of transitions of the
SVTSs of Py, P, respectively. Suppose that ry : TH —
Rsg,72 : TP — Ry are the repetition functions for

Pl,Pz. Set
, eTh
rr) = {1 e (6.2.1)
ra(7), TeT2,
L. _ /P P _
For the transition v = (l,,,, 1,2, 1), setr(r) = 1.

e P = case(M[q) = m — P,,) end: let T be the set of
transitions of the SVTS for P, respectively. Suppose that
Fm : TPm — Ry are the transition-bounding functions
for Pp,. Set

r'"™(r), dm,r € TPm,
r(r) =

6.2.2
1, else. ( )

e P = while M[§] = 1 do Q done: We assume this loop
is (a, n)-bounded. Let 1y be the transition with value
My starting from l;,,, and 1 be the one with value M.
Denote the transition set of the SVTS Q by 79. With
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ro: 79 — Ry the repetition function of Q, we set

=ro(7), reT9,
r(t) =11, T =1, (6.2.3)
T, T=r1.

We can verify that the repetition functions are well-defined
with the renamings in the construction of SVTS.

Definition 6.7. For a program P, its additive assertion mapn,
its isomorphic program P’, we define the offset &, of transition
TinT as:

d; = max {0’ Amax ((8:— - 8:)(1 - ”(lr)))} s

where I, is the end-point of T, and Ayax (M) is the largest eigen-
value of M.

Then for any r € 7, it holds that E*(I — n(l;)) — &I &
&x(1 - n(l,).

In order to obtain accurate error bounds, we observe that
a transition does not always influence the behavior of all the
locations. A location [ is only effected by those transitions
that may lead a path to it, formally 7] = {r € 7 : 7 =

w e, dma=031 5. S

(6.2.4)

Lemma 6.8. For isomorphic programs P, P’, let " be the rep-
etition function of P’ and n be the inductive assertion map of
P. For any location | and any prime setI1 of paths from l;, to
1, it holds that

&Il ET =i + Y PO (6.25)
mell T€T]
Proof. Deferred to Appendix D.8. O

Theorem 6.9. For isomorphic programs P, P’, let r’ be the
repetition function of P’ and 1 be the inductive assertion map
of P. For any locationl € L, (1) is an e-approximate invariant
of P', wheree = 3\ cq; 1'(7)6;.

Proof. For any p and prime path set II, we apply Lemma 6.8:
D (= nU)EL(p) = > (&} (I = 1(Ix))p)

mell mell
<1+ ) r(0)80)tr(p) — tr(n(le)p)- (6.2.:6)
TeT]
Hence it is ; ¢, ()5, -approximation. O

Example 6.2. We illustrate the usage of Theorem 6.9 by vari-
ation RUS; of the program RUS3 as introduced in Example 6.1.

By solving SDP with ® = |000){000|, the RUS3 program has
a additive assertion map n(l;,) = © = [000){000], n(ly) =
0o = |9){¢l ® [0)(0| and nlour) = O = |000)(000|, where
l$) = (3 +1)[00) + (1 - D)[01) + (1 - D)[10) - (1 - 1)[11))/4.

Denote the transition from l, to I, by 7, . We construct
the SDP with relaxation for Rus;, and calculate the offset
51,-",0 = max{0, Amax((E; — N)*(I = n()))} = 0.0140, 51'0,0 =
0.0140, 6, ,,, = 0. We can verify that the loop in RuUS; is
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(0.4302, 1)-bounded. Thus, the repetition function is:r’(zin,0) =
1, r'(70,0) = 1.7550, and r'(7o,out) = 1.

We can obtain an error bound €(l,y;) = 0.0386 by The-
orem 6.9, thus construct the e-partial correctess |=par,0.0386
{©}rus;{0} according to Theorem 6.4.

6.2.2 Superoperator distance bounds

While the method in Section 6.2.1 provides an accurate bound,
it is somewhat impractical to acquire the boundedness of the
variation and the inductive assertion map of the ideal pro-
gram, since as mentioned before, In this section, we provide
a different approach, which only requires the boundedness
of the ideal program.

We introduce the distance measurements of superoper-
ators and quantum states, to depict the error bound. The
definitions follow [39].

Definition 6.10. For vector space X, Y and linear operator
A:X — Y, the 1-norm ||Al|, = trVATA, which is also inter-
preted as the summation of absolute values of A’s eigenvalues.

Definition 6.11. For Hilbert space H and A = H, The di-
amond norm for superoperators &1, E; : D(H) — D(H) is
defined as

1
E1 -8, = & ®I -& QI .
1E1 2l pg{f{éﬂ 2 I1E1 ® Ia(p) 2 ® Ia(p)ll;

The diamond norm of two superoperators is equivalent
to that of the superoperators restricted on the subspace cap-
turing the differences. Specifically, in a quantum program,
the diamond norm of the superoperators derived from two
commands is captured by the subspace of the registers men-
tioned in the commands. For example, the diamond norm of
superoperators &; and &, acting on register q is ||&E; — &l
defined on the Hilbert space of g. Thus it is not necessary to
compute the diamond norm of the entire Hilbert space. The
diamond norm is computable by an SDP solver [37].

Lemma 6.12. Let P be an ideal program in which every loop
is (a, n)-bounded, P’ be a variation isomorphic to P, and S be
the SVTIS of P. Let r be the repetition function of P andl € L.
Then, for any prime set I1 of paths from I;,, tol, it holds that

1€n - Eflle < D" r@) & - €], - (6.2.7)
T€T]
Proof. Deferred to Appendix D.6. O

Theorem 6.13. Let P be an ideal program in which every
loop is (a, n)-bounded, P’ be a variation isomorphic to P, and
S be the SVTS of P. Let r be the repetition function of P and
I € L.IfO is an additive invariant for P at I, then it is also
an e-approximate additive invariant for P’ at I, where ¢ =

Seeqir(@ [[Ec - &), -
Proof. Deferred to Appendix D.7. O
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Example 6.3. We illustrate this approach via RUs3 and RUS;
programs. We utilize the notations in Example 6.2.

From above we know [=pqr {©}RrUS3{O}. We can verify the
while loop in RUS3 is (0.375, 1)-bounded, thus the transition-
bounding function is r(tin,0) = 1,7(70,0) = 1.6 and r(to,out) =
1. Meanwhile, ||E; — N|, < || — M|, = 0.1, where N| =
(0.9 +0.05X + 0.052Z), and X and Z are the channels ap-
plying X and Z operators. This diamond norm gives a bound
to the difference of transition oo as well.

Applying Theorem 6.13, we know the invariant O for RUs
at location loy; is an 0.260-approximate additive invariant
for rus’. This constructs the e-partial correctess |=par,0.260
{©}ruUs;{0}.

6.3 Case study: Hamiltonian simulation with
Trotter’s formula

In this section, we demonstrate how to verify the correctness
of the quantum algorithms involving approximations. As a
case study, we verify the error bound on the Trotter’s formula
for the Hamiltonian simulation problem, in which we are
given a Hamiltonian H = }}; H;, aiming to simulate e tHE,
Using Trotter’s formula, we divide the time ¢ into n steps, in
each of which e~/ is applied for j = 1. .. L sequentially.

First we introduce a sub-program J and its ideal version
K used in the main programs

J=q:= (ne_i"tH") [q. K=q:=(""q]

J=L

To clarify, J and K are abbreviations of the detailed clauses
in the presentation, and do not work like procedures. Then
the program TF (TrotterFormula) realizing the Trotter’s for-
mula for a quantum state stored in g, and the corresponding
ideal isomorphic program HS are

TF = g := |0); while M.,[g] = 1 do J;g := Inc[g] done,
HS = g := |0); while M.,[g] = 1 do K;g := Inc[g] done,

where Mo, = Y750 1/)(jl. g € Has1, and Inc =
2+ DGl

Since the counter on g increments in each step, the while
loop is (0, n)-bounded. The SVTS of TF and transition-bounding
function of HS are given in Fig. 4. First we consider the

ikt it
S He=wH —

0)¢n| +

program without auxiliary space. Because e~
i(k+1)t . .
e~ n H for all k, and the behavior of operations on g are

equivalent to resetting g to |n), for any |/), we have

Epar 1@ [Y)WIHS{In)(nl @ (™7 |y )(yle’™)}. (6.3.1)
By [10, Appendix F.3] and [6, Proposition 7], we have

LAt
en .

LAt)2

n

1T - KT < z(
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RUSx 1 RUS x 2 RUS x 7 RUS x 10
Master Normal Collapse Normal Collapse Normal Collapse Normal Collapse
RUS3 1.91 603.83 2.30 687.16 1.77 1,073.65 5.17 1,279.16 7.35
RUS3 21.2 649.34 2.14 871.35 4.17 1,687.38 14.47 2,135.04 20.67

Table 1. Benchmarks of computing 1,000 random Hoare triples of repeating an RUS program n times in sequence for
n =1,2,7,10 using the normal method and the master+collapse method. The unit of the CPU times is second (s).The matser
Hoare triples of rRUS; and RUS;3 are reused for the calculation in the collapse part.

g:=10),r=1 g:=0),r=1

( il

Figure 4. SVTSs for TF and HS, and the transition-bounding
function f for HS.

Method TF HSnoisy
CPU time Errorbound CPUtime Error bound
Accurate calculation 5951 0 31428 0
Method via Theorem 6.9 0.4800 0.0862 2.910 0.2448
Method via Theorem 6.13 711.8 0.0881 2092 0.7201

Table 2. We benchmark three approaches to establish the
approximate correctness of the variations of HS. The unit
for the CPU time is millisecond (ms). The inductive offset
tracking method utilizes Theorem 6.9, and the superoperator
distance bound method utilizes Theorem 6.13. The analytical
bound in Section 6.3 gives 1.2149-partial correctness for TF
using HS’s Hoare triple.

where A = max; ||Hj||w. Thus, for any [¢), it holds that
Epar.e {I® [W)YITF{|n)(n| ® (e”"H|y)(ye"*™)}, where

2p2,2 LAt
€= AL ST,

7 Evaluations

In this section, we present the results of our numerical ex-
periments.

7.1 Invariant generation by solving SDPs

Our first experiment is to compare the performance of com-
puting the Hoare triples in space H and applying rule Cor-
LAPSE to the master Hoare triple in the extended space H®A.
In particular, we measure the running time of invariant gen-
eration for RUS programs in Example 3.2, using the following
methods.

1. Normal: solving the SDP in (4.2.6) with 1,000 random
postconditions.

2. Master+collapse: solving the SDP in (5.2.1) with post-
condition ®¢;4 for the master Hoare triple, followed
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by the application of rule COLLAPSE in (5.1.6) with the
same 1,000 postconditions.

Our test cases are listed in Appendix E. We implement our
methods using CVX, a MATLAB-based modeling system
for convex optimization on iMac with Intel(R) Core(TM) i5-
7500 Processor@3.4GHz and 16GB RAM. To demonstrate the
reuse of master Hoare triples, we repeat the same program
forn=1,2,7,10 times.

As shown in Table 1, we show that our master+collapse
method significantly improves the running time over the
normal method when calculating a large amount of triples
of the same program. For example, our method achieves 51
times speedup for computing 1,000 random Hoare triples of
10 rUS3, and 143 times speedup for RUS;.

Our improvement is due to a preprocessing phase which
contains all the information to derive any Hoare triple. Upon
obtaining the master Hoare triple, a weakest precondition
can be derived by applying a collapse operator €, which
can be computed by applying partial trace! and matrix mul-
tiplication. This collapse step is less time consuming than
recomputing the SDP directly. On the contrary, using the
normal method, preprocessing seems impossible, and thus
we must construct an SDP for each postcondition.

For computing repeating programs, we expect that the
speedup can be significantly better since we only need to
compute € sequentially, though in practice the speedup may
depend on the implementation of the SDP solver. On the
other hand, using the normal method, since the invariants
for a subprogram cannot be precomputed in general, one
must construct a large SDP problem which contains all the
constraints from every subprogram.

7.2 Approximate invariant generation

We present the significant efficiency advantages of our meth-
ods compared to accurate invariants calculation by experi-
menting their efficiencies and bounded errors on the Hamil-
tonian simulation problem. We set up the Hamiltonian simu-
lation problem with 3 qubits and 5 steps. Two programs are
evaluated: 1) the TF program introduced in Section 6.3. 2)
HS,0isy, where we add three random noise channels N. We
benchmark our two methods in Section 6.2, and compare
them with the accurate results.

!We use the MATLAB program for computing partial trace at http://www.
dr-qubit.org/matlab/TrX.m.


http://www.dr-qubit.org/matlab/TrX.m
http://www.dr-qubit.org/matlab/TrX.m
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The experiment details can be found in Appendix E.3, and
the benchmark results are in Table 2. The error bounds from
superoperator distance bound method are larger than the
bounds obtained from inductive offset tracking method in
our experiments. For TF program, they provide similar error
bounds. For HSpisy program, the superoperator distance
bound methods gives much larger bounds, due to the fact
that the noise channel affects largely on the diamond norm.
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A Quantum information theory

This section is mostly taken from [19] with minor changes.

A.1 Basic definitions and notations

For any finite integer n, an n-dimensional Hilbert space # is
essentially the space C" of complex vectors. We use Dirac’s
notation, |i), to denote a complex vector in C". The inner
product of two vectors |/) and |$) is denoted by (/|@), which
is the product of the Hermitian conjugate of |/), denoted by
(¥, and vector |¢). The norm of a vector |¢/) is denoted by
)1 = V19,

We define (linear) operators as linear mappings between
Hilbert spaces. Operators between n-dimensional Hilbert
spaces are represented by n X n matrices. For example, the
identity operator Iy can be identified by the identity matrix
on H. The Hermitian conjugate of operator A is denoted
by A'. Operator A is Hermitian if A = AT. The trace of an
operator A is the sum of the entries on the main diagonal, i.e.,
tr(A) = 3; A;;. We write (/| A|¢/) to mean the inner product
between |/) and A|/). A Hermitian operator A is positive
semidefinite (resp., positive definite) if for all vectors |/) € H,
(YlAlY) = 0 (resp., > 0).

A.2 Quantum States

The state space of a quantum system is a Hilbert space. The
state space of a qubit, or quantum bit, is a 2-dimensional
Hilbert space. One important orthonormal basis of a qubit
system is the computational basis with [0) = (1,0)" and |1) =
(0,1)", which encode the classical bits 0 and 1 respectively.
Another important basis, called the + basis, consists of |+) =
\/%(|0) + 1)) and |-) = \/ii(|0> — |1)). The state space of
multiple qubits is the tensor product of single qubit state
spaces. For example, classical 00 can be encoded by |0) ® |0)
(written |0)|0) or even |00) for short) in the Hilbert space
C2®C?. The Hilbert space for an m-qubit system is (C?)®™ =
c?".

A pure quantum state is represented by a unit vector,
ie,|y) with |||)|| = 1. A mixed state can be represented
by a classical distribution over an ensemble of pure states
{(pi, |¥i))}i, i.e., the system is in state |¢/;) with probability p;.
One can also use density operators to represent both pure and
mixed quantum states. A density operator p representing
the ensemble {(p;, |¢/i))}; is a positive semidefinite operator
p = X pilYiXyil, where |y X¢:] is the outer-product of |/;);
in particular, a pure state [¢) can be identified with the den-
sity operator p = |Xy/|. Note that tr(p) = 1 holds for all
density operators. A positive semidefinite operator p on H
is said to be a partial density operator if tr(p) < 1. The set
of partial density operators is denoted by D(H).

A.3 Quantum Operations

Operations on quantum systems can be characterized by
unitary operators. An operator U is unitary if its Hermitian
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conjugate is its own inverse, i.e., UTU = UU" = I. For a pure
state |i/), a unitary operator describes an evolution from |i/)
to U|y). For a density operator p, the corresponding evolu-
tion is p > UpUT. Common single-qubit unitary operators

include
1 1 1 0 1 1 0
b7 RS ] FIFS s P

(A3.1)

The Hadamard operator H transforms between the com-
putational and the + basis. For example, H|0) = |+) and
H|1) = |-). The Pauli X operator is a bit flip, i.e., X|0) = |1)
and X|1) = |0). The Pauli Z operator is a phase flip, i.e.,
Z|0) =10) and Z|1) = —|1).

More generally, the evolution of a quantum system can be
characterized by an admissible superoperator &, which is a
completely-positive and trace-non-increasing linear map from
D(H) to D(H’) for Hilbert spaces H,H’. A superopera-
tor is positive if it maps from D(H) to D(H’) for Hilbert
spaces H,H’. A superoperator & is k-positive if for any
k-dimensional Hilbert space A, the superoperator & ® 14
is a positive map on D(H ® A). A superoperator is said
to be completely positive if it is k-positive for any positive
integer k. A superoperator & is trace-non-increasing if for
any initial state p € D(H), the final state E(p) € D(H’)
after applying & satisfies tr(E(p)) < tr(p).

For every superoperator & : D(H) — D(H’), there ex-
ists a set of Kraus operators { Ex }x such that E(p) = i Ekaj;
for any input p € D(H). Note that the set of Kraus op-
erators is finite if the Hilbert space is finite-dimensional.
The Kraus form of & is written as & = > i E o EZ A uni-
tary evolution can be represented by the superoperator & =
U o U'. An identity operation refers to the superoperator
Tg41 = Iy o Iy The Schrodinger-Heisenberg dual of a su-
peroperator & = ) E o EZ denoted by &7, is another
superoperator such that for every state p € D(H) and any
operator A, tr(A&(p)) = tr(E*(A)p). The Kraus form of &* is

Zk ETk o Ek.

A.4 Quantum Measurements

The way to extract information about a quantum system is
called a quantum measurement. A quantum measurement on
a system over Hilbert space H can be described by a set of lin-
ear operators { My, },, with 3, M;Mm = Iy If we perform a
measurement {M,, } on a state p, the outcome m is observed
with probability p,, = tr(M,, pMjn) for each m. A major dif-
ference between classical and quantum computation is that a
quantum measurement changes the state. In particular, after
a measurement yielding outcome m, the state collapses to
Mm pMjn /pm- For example, a measurement in the computa-
tional basis is described by M = {M, = |0){0|, M; = [1)(1]}.
If we perform the computational basis measurement M on
state p = |+)(+|, then with probability % the outcome is 0
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and p becomes |0)(0|. With probability % the outcome is 1
and p becomes [1)(1].

B The syntax and the semantics of
quantum programs

This section is mostly taken from [19] with minor changes.

B.1 Syntax

Let Var be the set of quantum variables. The symbol q rep-
resents a metavariable ranging over quantum variables and
a quantum register q is a finite set of distinct variables. For
each g € Var, denote its state space by H;. The quantum reg-
ister g is associated with the Hilbert space Hg = (X) qeg Ha-
If type(q) = Bool then H, is the Hilbert space with basis
{10}, [1)}.If type(q) = Int then H, has the basis {|n) : n € Z}.
The syntax of a quantum while program P is defined as fol-
lows.

P u= skip | ¢:=0) | g:=U[g] | Pi:P; |

case M[q] =m — Pp, end |

while M[q] = 1 do P, done. (B.1.1)

The language constructs above are similar to their classical
counterparts. (1) skip does nothing. (2) ¢ := |0) sets quantum
variable q to the basis state |0). (3) g := U[q] applies the uni-
tary U to the qubits in g. (4) Sequencing has the same behav-
ior as its classical counterpart. (5) case M[q] = m — P,, end
performs the measurement M = {M,,} on the qubits in
g, and executes program P, if the outcome of the mea-
surement is m. The bar over m — P,, indicates that there
may be one or more repetitions of this expression. % (6)
while M[q] = 1 do P; done performs the measurement
M = {My, M1} on the qubits in g, and executes P; if measure-
ment produces the outcome corresponding to M; or termi-
nates if measurement produces the outcome corresponding
to M().

We highlight two differences between quantum and classi-
cal while languages: (1) Qubits may only be initialized to the
basis state |0). There is no quantum analogue for initializa-
tion to any expression (i.e. x := e) because of the no-cloning
theorem of quantum states. Any state |i/) € H,, however,
can be constructed by applying some unitary U to |0). (2)
Evaluating the guard of a case statement or loop, which per-
forms a measurement, potentially disturbs the state of the
system.

B.2 Operational Semantics

The operational semantics of the quantum while-language
are presented in Figure 5a. (P, p) — (P’, p’), where (P, p)
and (P’, p’) are quantum configurations. In configurations,
P (or P’) could be a quantum program or the empty program

2Qur syntax for conditional/case statements differs from Ying [42] to make
it clear that there are multiple programs Py,.
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E, and p and p’ are partial density operators representing
the current state. Intuitively, in one step, we can evaluate
program P on input state p to program P’ (or E) and output
state p’. In order to present the rules in a non-probabilistic
manner, the probabilities associated with each transition are
encoded in the output partial density operator.®

In the Initialization rule, the superoperators 83"_0)%(,0) and

8;“ o(p), which initialize the variable g in p to [0){0], are

—

defined by &2°%(p) = [0)q (01p|0)q (0] + 0} 11p|1)g(0] and

q—0

E0(p) = Xl 10)g(nlpln)q(0l. Here, |¢/)q(¢| denotes
the outer product of states |i/) and |@) associated with vari-
able g; that is, |i/) and |¢) are in H, and [¢/)4(¢| is a matrix
over H,. It is a convention in the quantum information liter-
ature that when operations or measurements only apply to
part of the quantum system (e.g., a subset of quantum vari-
ables of the program), one should assume that an identity
operation is applied to the rest of quantum variables. * The
identity operation is usually omitted for simplicity.

We do not explain the rules in detail, but hope their mean-
ing is self-evident given the description of the language in
Section B.1.

B.2.1 Denotational Semantics

The denotational semantics of a quantum while program
is given in Figure 5b (with more details in Ying [41, 42]).
It defines [P]] as a superoperator on p € Hy, [42]. The
semantics of each term is given compositionally. We write
while(®) for the kth syntactic approximation (i.e., unrolling)
of while and | | for the least upper bound operator in the
complete partial order generated by Lowner comparison.
We connect the denotational semantics to the operational
semantics through the following proposition.

Proposition B.1 ([42]). For any program P

[PlIp = D {lp" : (P.p) = (E. ")}, (B.2.1)

where —* is the reflexive, transitive closure of — and {| - |}
denotes a multi-set.

In short, the meaning of running program P on input state
p is the sum of all possible output states, weighted by their
probabilities.

C Summary of notations

We summarize the notations used in this paper in Table 3.

31If we had instead considered a probabilistic transition system, then the
transition rule for case statements could have been written as (case M[q] =
m — Py, end, p) Pm, (Pm» pm) where pp, = tr(MmpM,Tn) and p, =
Mo p My [P

4For example, applying [¥)q{#| to p means applying |/ )4 ($| ® Iy, to
p, where g denotes the set of all variables except q.
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(Skip) (skip, p) — (E, p)
(Initialization) (q :=10), p) — (E, pg )
bool : -
where pf = SQt o(p) %f type(q) = Bool
8;“ if type(q) = Int
(Unitary) (g :=Ulql, p) — (E, UpUT)
(Sequence E) (E; Py, py — (Pp, p)
<P19 ,0> - <P/7 P/>
(Sequence) (P13 P2, p)y = (P{; P2, p’)
(Case m) (case M[q] = m — Py, end, p) — (P, MmpMJL,,)
for each outcome m of measurement M = {M,,}
(While 0) (while M[q] = 1 do P; done, p) — (E, Mong )
(While 1) (while M[q] = 1 do P; done, p) — (P;; while M[q] = 1 do P; done, M; pMIr )
(a)
[skip]lp = p
EX%(p)  if type(q) = Bool
g := |0)]p { a0
Eg50(p)  if type(q) = Int
g := Ulglllp = UpU'
[P P2llp = [PIAPDY)
lcase M[g] =m — Py endlp = 3,[Pm](MuypM,)

[while M[g] = 1 do P; done]lp = Ufzol[while(k)]]p

(b)

Figure 5. quantum while programs: (a) operational semantics (b) denotational semantics.

Hilbert Spaces: H, A
States: (pure states)
(density operators)
Operations: (unitaries)
(superoperators)
Measurements: M
Quantum Predicates (in space H)
(in space H ® A)
Hoare triples (total correctness)

(partial correctness)

L(H) (Linear operators on H)

[, |§) (metavariables); |0), |1), |+), |—) (notable states)
p, o (metavariables); |/)({/| (as outer product)

U,V (metavariables); H, X, Y, Z (notable operations)

& (general); ® (quantum channels)

{Mm}m (general); {My = |0){0], M; = |1)(1]} (example)
P,Q

P.Q

Ftor {P}S{O}, Fror {P}S{Q}

Fpar {P}S{Q}, Fpar {P}S{Q}

Table 3. A brief summary of notation used in this paper

D Proofs of technical lemmas
D.1 Proof of Lemma 4.3

Proof of Lemma 4.3. We prove the claim by induction on the

structure of S.

1. For S = skip, q := U[q], g := |0): the claim is straight-

S
forward since IT = lfn u lgut .

2. For S = 51; S;: let I1; be the set of prime paths of SVTS
defined by S; for i € {1, 2}. Since the only incoming

17
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. Sz 51
location to [} is I,

by S is

the set of prime paths IT defined

_ S mogs 52 Sz
O=A{L =1, 4 I lout :

VSRS Hl,ﬂ'z € Hz} (Dll)

Thus by the inductive hypothesis,
En(p) = ) Enlp) = [S:1(p)

i €ll;

(D.1.2)

for every state p, we know that

En(p) = ). Ex(p)En(p))

711, 702
Z 8711 (P)
T

= [S21([S:11(p)) = [ST(p)-

3. For S = case M[q] = m — S, end: let IT,,, be the set
of prime paths from l m = [, to 5™ . The set of prime
paths for S is then

= [S:]]

(D.1.3)

out:

m= {15, 25 1, 2515, -
Vm, my € Iy} (D.1.4)
Then by the inductive hypothesis, since
En,(p)= . Exn(p) = [Sml(p), (D.1.5)
Ttm €11,
we know that
Enlp)=). > MuEx(p)M],
m gy €ll,,
(D.1.6)

= Z Mu[Sml(p)M, = [ST(p).

4. For S = while M[q] = 1 do 51 done: Let II; be the set
of prime paths from lSl to I3 . The set of prime paths

out*
for S truncated to k passes to ll.n is then

H“‘)—{ls Mg 2 s Lys M

M,
S 118
lin l'n

0<n<k, z¥ (D.1.7)

By (D.1.7), the set can also be recursively written as

s M s 51 S S .
— I l —>l zlout.

H(k+1) — {l

rell,ye H(k)}. (D.1.8)

By the inductive hypothesis, 3., cri, Ex(p) = [S1]l(p).

The set IT = ||}, ). We show that Enmw(p) =
2K My&'(p)M; for eachk € Nand E(p) =
The base case k = 0 is straightforward since I1¥ =

[S: (M pM)).

S. Hung, Y. Peng, X. Wang, S. Zhu & X. Wu

{1 2, IS, }. Suppose that the statement holds for

k = n. Then by (D.1.8),
Ennn(p)= D ) E(Ex(MipM])

melly yernk)

> & IS 1M pM))

y el

>, &(&p)

Y ek

= Epw (E(p))
k+1

= Z MoE' (p)M;.
i=0

(D.1.9)

Taking k — o0, we conclude the proof.

D.2 Proof of Theorem 4.4

Proof of Theorem 4.4. By definition, the set of prime paths

S
from [? to lout is

(D.2.1)

I = {n 18 5 13, :15,, is visited only once}.

By the definitions of additive invariant and partial correct-
ness, it suffices to show that &g = [S]. By Lemma 4.3, we
conclude the proof. O

D.3 Solving the SDP in Example 3.2

In this section, we derive an analytic solution to the SDP
problem in (4.2.6). In Figure 1, we take Iy, [;, I, to be our
cut-points. The SDP problem corresponding to RUS can be
formulated using Invariant-SDP 4.1. The positive semidefi-
nite constraints are

0, C rsT (WO, W) (D.3.1)

and

01 T M} O;My + M{VTO,V M, (D3.2)

where V := WRWT = VT and rsT = [[p := [0™)].

We show that (01, 0,) = (XY + [FLXPL], [TXP]) is a
solution to (D.3.2) and the equality holds. In the 2-dimensional
subspace span{|¥), |¥*)}, the unitary V is a reflection about
the state

1) = Vpl¥) + /1 - p|¥7).

Therefore VI(J¥X¥| + [PXXETL)V = [XP| + [TEXPL].
Then the equality holds since

XY + M VI(EXE] + TN VM,
= [®XP| + M (EXP] + [PEXE )M,

(D.3.3)

= [IXP| + [P (D.3.4)
Next we show that
(00, 01) = (Im ® [ XY, [¥XE¥| + [FEXPE))  (D3.5)
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is a solution to (D.3.1). First we observe that
WI(EXE| + [P XE W
= WI(TXY] + XX hw

= (|0, X0, ¢| + WITEXTH W), (D.3.6)
where |[Y*) := —/1—p|¥) + /p|¥*), because
span{|¥), [¥*)} = span{|T), [T4)}. (D3.7)
Then we have
RST"(|0™, YXO™, Y| + WYX+ W)
=Im ® (0™ @ I)(|0™, ¥ X0™, Y|
+ WX W)(j0™) @ 1)
=In ® |[YXy|. (D.3.8)
since by the proof of [27, Corollary 3.2],
(0™ @ DWT XYL |W)(j0™) ® I) = 0. (D.3.9)
Finally the solution implies that
{In ® [YXYJRUS{[0™, UYX0™, UPl},  (D:3.10)

the intuition to which is provided as follows: to yield a quan-

tum state |0™, Uy) that satisfies the postcondition [0™, Uy X0™, Uy/|,

the input state must be any quantum state of the form p, ®
[ X¥q, since the reset command resets p to the zero state,
and the semantics of the while loop, along with the initial
application of W, is a unitary U when the state on p is a zero
state.

D.4 Proof of Lemma 5.4

First we recall some facts which will be used in the proof of
Lemma 5.4.

Fact D.1 ([39]). The maximally entangled state |®) and the
Choi-Jamiotkowski isomorphism satisfies the following prop-
erties:

(1) (M & I)|®) = (1 ® MT) D), (DA4.1)

(I ® M)|®) = (MT ® 1) ), VM: (D.4.2)

(2) 8(p) = try (JE)Ise ® p7)) Vp € DH);  (D43)
(3) J(E") = J(©E)T, for any channel &. (D.4.4)

Now we prove the lemma.
Proof of Lemma 5.4.

1. By definition €g(-) is a completely positive map due
to, e.g., [39, Theorem 2.22]. Thus,

Cr(P -Q)C 0= Cr(P) C Cr(Q).
2. By definition, we have
CR(®) = dytra((Iyy ® VRT)|@X®|(I3 ® VRT))
= dytra(VR ® I)| X ®|(VR ® I.#))
=R, (D.4.5)
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where the second equality holds by (D.4.2).

3. This follows from the cyclic property of the partial
trace when the operator (in our case, Iy ® VR) acts as
the identity on the non-traced subspaces (see, e.g., [25,
Section 6.4.1]).

O
D.5 Proof of Lemma 5.6
Proof of Lemma 5.6. By (5.1.4), we know that
wp.S.® = J([ST") = [ST*(®). (D.5.1)

Applying the map €p(-), we have

Co(T (IS
= Co(([ST" ® 1a)®)

= dytr (I ® NOT)([ST* ® In)®)(Iy ® V/QT))

= dy[[ST tra((In ® VOT)O(Iy ® \/OT))  (D5.2)
= [ST*(€o(®)) = [ST*(Q). (D.5.3)

Since the equality holds, € (J ([S]I*)) is the weakest precon-
dition. It remains to show that the equality in (D.5.2) holds.
Let [S]] = Xk Ex © E£ be the Kraus form. We have

tra((Ip ® VOT)(([S]* ® La)®)(I ® VOT))
= > tra((Ex @ VON)O(E; ® Q7))
k

= 30> (EL e caven) @ (E2VRTI)

= 2L (e (VD) @ (1 @ (VQTI) | Ee
k i
= B |rattx @ VOT0(x & VO) | i
k
= ST (tra(Un © VORI ®VQT)) . (D54)
]

D.6 Proof of Lemma 6.12

Proof of Lemma 6.12. Before we start our proof, we introduce
several handy inequalities.
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e For any density operator p, superoperators &, &', &1, &]
such that Z}“:l &jEland Z}Ll &/ L1, there is

D lEiEp) - & ],
J

2 )" t(Q(E;(E(p)) - E](E(p))
J

+E{(&E(p)) — E((E(p))))
2 Z tr(E;(Q))(E(p) — E'(p))
J

IN

+2 3 Q)& - E)(E(p))
J

< &) - &I,

n[ Ep)
"2 e (Qf(aj ~&) (tr(S(p))))
<[1&(p) - & (Pl
cueo Y & - &) (o )
; tr(E(p) /I,
<2088,
(D.6.1)

+2u(&(p)) ) I8 - &,

J
where in the intermediate steps, 0 C Q; C I is the
predicate to reach 2tr(Q;(&;(E(p)) — 8}(8’(p)))) =

eseon - &)
e For any prime path set I, we have

& - &l
= max [€n ® La(p) — & ® Lalp)|,
< max ZH 17 ® La(p) — &7 ® La(p),

< ) lex-&ll,

mell

(D.6.2)

Now we find the upper bound of HSH - &} “<> for any prime
path set IT from /;,, to [. We track the generation of S from P.
In the generation of S, nodes are only added and renamed,
so we can always find / in the generation procedure. We
inductively prove the following three facts simultaneously:

e For any prime path set IT with paths starting from l;,,

there is:
Yle-&ll, < Drole.-&l,. D63)
mell Te€T

e For any II with paths from [;,, to [, there is:
Dller-&l, < > rmle-&ll,. ©64)

mell TeT]

.71- :T

out
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e &y (‘B{ote that if [ is not in current SVTS, the second inequality

20

is meaningless, and we ignore it. Here we start induction.

o P = skip, g := U[q], q := |0): The transition ends at
lous, and inequalities holds naturally.
e P = P;;P,: Let Sy, S, be the SVTSs for Py, P, and rq, 1y
be the repetition functions for P;, P;. Because in Sy,
I f:f can reach [y, every transition in 7~ can reach ly,;.
To prove the inequality (D.6.3) in this case, consider a
prime path set II starting from [;;,. For any x € II, if it
contains lf;t, we can divide it into two parts separated
by 15:”. Denote U(r) the part of x from [;, to lfl‘”. If
does not contain lf;;t, we set U(rr) = . We can pick out
U(II) = {U(x) : = € I}, and the succeeding path set
V(I x,) = {my : m, + 7y, € I}, where path addition is
the concatenation. We can see if IT is prime, V(II, )
is prime. Thus we have &n = Y, com{lEvay,x,) ©
Ex, |}, and sois & Thus, for any p € H®A, applying
inequality (D.6.1) and induction hypothesis, we have

D lIEx(0) - €L, (D-6.5)
mell
< Z 2 Haﬂu - 8;114“0
m, €UIT)
£ > wlEn @] Y [En -], (Do)
7, €U(IT) 7, €V(IL, 1y,)

> role.-&lll,

reTh2

52( >, tr[am,(p)])
m, €UI)

+2 Z € — &L, (D.6.7)
7, €eUIT)
<2 rn)|e. - &, (D.6.8)
TeT

Taking all p € H ® A, inequality (D.6.3) holds. For
the inequality (D.6.4), we find where [ is. If [ is in
S, every path in II cannot go beyond lflllt, because
there is no way back. Thus we only need to employ
inductive hypothesis. If [ is in S,, V(I1, ,,) is a path set
with paths from liprf to [, thus the inductive hypothesis
for the inequality (D.6.4) applies. Applying the similar
arguments as above, with 77 = ‘7;P2 U TP, we finish
the proof. If I is not in S; nor S, the inequality is
meaningless.

P = case (M[q] = m — Pp,) end: In this case, any
path 7 in a prime path set IT from [;;, to l,,; starts with
a choice of branches. Denote Out the set of transitions
outgoint from ;,, I1; = {m : 7 = [;, 5. }and V()
the path without the first transition. Any transition r €
Out can reach the entry of corresponding subprogram,
so it can reach l,,,;. For each branch, the proof of the
sequential case applys here. Thus for any p € H ® A,
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applying the inequality D.6.1,
D lIEx() - €40,

mell
D3 Ex0) - &0,

t€Out mell,

> 2 [eveEon - @],

te€Out mwell,;

<2 Z r(r)

TeT

IA

6. - &1, - (D.6.9)

As for the second inequality, we find the branch in
which [ locates, then the corresponding first transi-
tion 7 in any path to [ is the only new transition in
7;. By similar argument as above, we can show the
correctness.

P = while M[G] = 1 do Q done. Let 7 be the transi-
tion with measurement result 0 starting from /;,,, and
7; be the one with measurement result 1. If [ # [,,;,

because it forms a loop, every transition except the
transition 7y with My is in 7. If | = Iy, 77 = T
We assume the loop is (a, n)-bounded. For any path =
in any prime path set II, we let C(x, k) be the prefix
of 7 that reaches liQn for exactly k times, h(rr) be the
number of lg in path 7, and A(IT) = max, ¢y (7). Set
r(r) = %fQ(r). First we show that, for any k > 0, we
have for any prime IT with paths starts from [;;, such
that A(IT) < k, and for any density operator p € H®A,
the following inequality holds

D lIEx() - €50,

mell

<2[[&n - Ex [l + 2k [|6a - B,

2 > ke -&ll, . (D.6.10)
€T\ {70, 71 }

We employ induction here. The base case is k = 0,
so the only possible path is 7y = (19), and the basic
inequality holds. Then we assume that the inequality
holds for k—1. Consider U(IT) = {C(x, 1) : = € II}. We
can apply arguments similar to the sequential case to
show the correctness, by bounding the terms in U(IT)
using the inequality (D.6.3)for Q, and bounding the
rest terms using the inductive hypothesis. Now we
show the correctness of the inequality (D.6.3) for the
while case. We employ induction on [@J to prove
that for any density operator p, there is

D lExp) - &), <2 > r0)]|€: - &, (D611)

TeT TeT

For the base case, where h(I) < n, it is indeed the
above inequality (D.6.10). We assume that the inequal-
ity holds for k— 1. The definition of (a, n)-boundedness
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shows that if Epouna(p) = [[Q]](MlpMI), for any den-
sity operator p € H ® A, there is

tr(M, &7 d(p)MI) < atr(MlpMj) <a. (D.6.12)

boun

Set U(IT) = {C(x, n) : = € I1}, so there is

> lEx, (o)) (D.6.13)

7, €U(IT)
=tr[Eum(p)] (D.6.14)
<tr[M, & (p)M]] < a. (D.6.15)

Thus for any p € H ® A:

PN CHOEEAG] (D.6.16)
mell
< 2, 2llen &l
m, eUT)
v2 ) ulEn ] Y. [Evinen - &g,
u €U(IT) 7o, €V(IL, 7y,)
(D.6.17)

<2 ), llen - &,

7, €U(IT)

w2 >0 &, 1] D r0]& - &) De18)

m, €U(II) €T
<omlEn - &), + Y anfo) e - &,
€79
+2a ) r(o)|& - &, (D.6.19)
TeT
<2 rn|e. - &, (D.6.20)
T€T

Maximizing it over p € H ® A gives the result for
while case.

Thus we have the final result. m]

D.7 Proof of Theorem 6.13

Proof of Theorem 6.13. Since the operations are linear, we
may consider an arbitrary normalized state p. We claim that
for any density operator p € D(H) with unit trace, and
prime path set IT with paths from /;,, to [, we claim that

t[Op] < 1 - tr[&4(p)] + t[OEL(P)] + |Em - Eflo-
(D.7.1)
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To prove this claim, we start from the definition of invariant
without approximation, which gives:

t[®p] <1 - tr[En(p)] + tr[OER(p)] (D.7.2)
=1+ tr[(O = DEp(p)] + tr[(O — D)(En(p) — Ef(p))]

(D.7.3)
<1- uf&) ()] + ulOEH (P +  [€n(p) - Ef(p],

(D.7.4)
<1 - ul&(p)] + trlOE(p)] + 1En - Efle

(D.7.5)

This gives the proof of the claim. Then directly applying
Lemma 6.12 shows the correctness of the theorem. |

D.8 Proof of Lemma 6.8

Proof of Lemma 6.8. We claim that for any finite prime path
set IT starting at [;;,, there is

DEI- ) SI- )+ Y. Ef (e D).

mell 7 €P(IT)
(D8.1)

Here for path 7z, P(r) is the set of 7’s non-empty prefixes,
and P(IT) = U, erfP(n). 7, is the ending transition in the path
7, and 7\{7, } the path & without the last transition.

Following [44], we define the length of the path as h(r),
and A(I1) = max, e h(rr). We prove this result by induction
on A(IT). For the base case, h(IT) = 0, hence IT = ¢. By
0 E 5(lin) C I, the ineqaulity holds. Now consider the case
that h(IT) = k + 1. Then II can be decomposed as IT = AU
(Umh(a)zkﬂg), where h(A) = k, o is a valid path, and I, C
IT contains all the paths whose prefix is o. For any o, we
have

I-nls)2 Y, &I -n(lr) (D8.2)
TEQ,

3 D, &, U= n() (D8.3)
rell,

2 ) (ELU-nl)-6.,1). (D84
rell,

EXI-nU) 3 Y (EU-1n(ly) - EL(G:,D) . (D8S)
rell,

Notice that A has no intersection with X = {0 : h(o) =

k,I1, #} because Il is prime, and P(IT) = P(AUX)U(UgesIly) .

22

S. Hung, Y. Peng, X. Wang, S. Zhu & X. Wu

By inductive hypothesis, we know

I=n(lin) 2 ). EFU =)+ D EL (T =)

LA cey
- Z E\ (2,) O (D.8.6)
7 eP(AUS)
3> &)~ Y > &7, D)
mell oeX rell,
- Z E\ (eny Oz, D) (D.8.7)
meP(AUY)
3 &R0~ Y &2 (Ge,D.
rell neP(Il)
(D.8.8)

Then we show for any [, any finite prime path set IT from
l;n to I, there is

Z &\ (ea 10D E Z r'(t)6:1. (D.8.9)

meP(IT) T€T]

Following the definition of repetition function, we prove
it by inductino on the generation of SVTS. In the proof of
Lemma 6.12, we have showed 7, = 7 within the genera-
tion of SVTS. Notice that if we retrieve the final observable
of the inductive assertion map for the intermediate locations
in the generation, it still keeps the property of inductive
assertion map in the intermediate state, so we can apply it
with our generation.

o P = skip, g := U[§], g := |0): There is one transition,
so the inequality holds naturally.

e P = P;;Py: Let 81,8, be the SVTSs for P;, P, and
r1, 12 be the repetition functions for Py, P,. If | € L,
then inductive hypothesis concludes it. To prove the
inequality when | € L, consider a prime path set II.
For any 7z € II, there is only one occurence of lf; . We
divide the path set with lleu- LetII = AU (Ugeslly),
where ¥ is the prefixes of IT ending at lf;t, andIl, CII

is set of paths whose prefixes include o, and deleting

o at the beginning. Then for any o, by the inductive

hypothesis in S, there is

Z ELEN (1 (60, ) (D.8.10)
meP(ly)
=By (8;8:\7”(5T”I)—r'(T,r)5T”8:(I)) (D.8.11)
reP(Ily)
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With the inductive hypothesis in Sy, we get

PIEATENC)

meP(I)

C D, 0Dt Y, D 8LEN, (6D

(D.8.12)

T eP(AUY) oc€X reP(lly)
(D.8.13)
C Z ri(r)5.1 + Z & ( Z ry(r)5.1) (D.8.14)
reTh oEX T€77P2
C Z r ()8, 1. (D.8.15)
T€T]

e P = case (M[q] = m — P,) end: In this case, any
path 7 in a prime path set IT from [;;, to [y, starts with
a choice of branches. If I = [;;,, then the inequality
holds trivially. If I ¢ {l;,,, lou: }, then with it is the same
case as sequential case. Thus the only non-trivial case
is I = lyy,;. Denote the set of transitions outgoint from
lin as Out, the subset of II with path starting with 7
as IT,. We delete the first occurence of 7 in II, for
convecience. Hence

D, B ©eD) (D.5.16)
meP(II)
= Z & Z E\ (2,0 ]) (D.8.17)
T€0ut meP(Il;)
C ), r@0 L (D.5.18)
TeT

o P = while M[G] = 1 do Q done. Similar to the corre-
sponding case in Lemma 6.12, we let 7y be the tran-
sition with measurement result 0 starting from [;,,
and 7; be the one with measurement result 1. We
let C(r, k) be the prefix of 7 that reaches ll.Qn for ex-
actly k times, h(rr) be the number of liQn in path 7z, and
h(IT) = max, ey ().

First we show that, for any k > 0, we have for any
prime IT with paths starts from [;;, such that h(I) < k,

there is
> Ly Oe D E Sy + ke + > k(1)1
xeP(I) re7Q

(D.8.19)

This inequality is the same as the sequential case ap-

plying for k times. Then we move on to the main in-

I_ h(I1)-1
n

equality. We employ induction on | to prove

that for any prime path set II, there is

r% n
Z Sn\{r,,}((sfnl) - 510 + m(‘)}l + Z

meP(I) I a%

n

1—-a
(D.8.20)

For the base case, where h(IT) < n, it is the previous
inequality. We assume that the inequality holds for

rQ(r)8,1.
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k — 1. The definition of (a, n)-boundedness shows that
if 8bound(p) = IIQ]](MlleT) there is

(Epouna)"Epm, (D T a&jy (). (D.8.21)
Set U(IT) = {C(x,n) : & € 11}, we can divide II into
two parts: A to be those # wth h(r) < n, and the

rest with their prefixes in U(IT). This is similar to the
sequential case.

PR 0) (D.8.22)
7 eP(I)
CY &N G D+ > & ( D&, (e
mTEN oceUI) melly
(D.8.23)
Cor + 10+ ). ml(n)S:I+a Y & &N, (5r,])
reTQ nelly
(D.8.24)
n n
_n 0
Cdq, + - arSTl + Z T (1)8.1 (D.8.25)
reTQ
= Z r'()8.1. (D.8.26)
TeT
This concludes the proof. O

E Test cases of RUS programs

In our experiment in Section 7, we implement the unitary
W, defined in (3.2.2), with the following quantum circuits.
The test cases are randomly taken from the combination of
the database of [28]. For each circuit, the zero state |0) spec-
ifies the qubits to reset in the beginning and the reflection
operator in the loop body. The measurement specifies the
condition of termination of the while loop.

E.1 The testcase RUS,

lo)

A2 A\

E.2 The testcase RUS3

o {1}
o {1}

:

B

fany
A=

N 1sl—4g
v IO

E.3 Experiment details for HS

We set up the Hamiltonian simulation with step N = 5, time
t = 0.5, atypical Hamiltonian H = X®@ZQI+I®X®Z+ZQI®
X in Ising model and the starting state |/) = |000). One kind
of variations is the Trotter’s formula program TF as described
in Section 6.3. Notice that the order of sub-Hamiltonian
evolutions matter in TF, while by symmetry we only consider
one order forour : X® Z®I - I®X®Z - ZQI1®X.
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Another variation HS,,isy considers noisy channel in the
HS program, by adding noise N3 to the working qubits at
the end of K. Here we select random p;, p3, p3 uniformly in
[0,0.1], and construct N3 = ®_,(0.97 + p;X + (1 — p;)Z)
as a noise, where X, Z are as described in Example 6.3. We
repeat this selection for 50 times, and present the average
statistics. Three approaches are applied and benchmarked: 1)
directly calculating the accurate invariant of the programs; 2)
ultilizing Theorem 6.9; 3) ultilizing Theorem 6.13 and direct
calculation of diamond norm. The diamond is calculated
using QETLAB [20].
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