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Quantum mechanics in a nutshell

e States are unit vectors in Hilbert space, |¢) € (C*)"
One qubit: |¢) = ag|0) + aq|1), |ap)? + |ar|* =1

nqubits: [) = Y aufr), »  agP=1

ze{0,1}" ze{0,1}"
e Evolution is unitary: [¢) — Uly), UTU = UUT =1

* The quantum state is not directly observable (cf. a
probability distribution). To get information from [¢)), we
must perform a measurement.

Example: Computational basis measurement,
Pr(z) = |og|”



Quantum computation

* Prepare n qubits in the state [0---0).
N——
* Apply a sequence of poly(n) unitary operations acting on
one or two qubits at a time.

 Measure Iin the computational basis to get the result.

0) —Us A
Us
0) Us A
Us
0) A
Us
0) Uy A




Mixed states and POVMSs

e A statistical mixture of quantum states can be described
by a density matrix p.

Pure state |¢): p = [¢) (V)]
Mixture of states |¢;) with probabilities p;:

p =D Dilthi) (il

 Positive operator-valued measure (POVM): positive
matrices L; satisfying ) . E; =1
Pr(z) = tr(&;p)

Example: For computational basis measurement,
E; = |z){z



Quantum computation Is powerful!

Strong Church-Turing Thesis: All physically reasonable
models of computation are (essentially) equivalent in power to
the computer on your desk.
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Quantum computation Is powerful!

Strong Church-Turing Thesis: All physically reasonable
models of computation are (essentially) equivalent in power to
the computer on your desk.

Quantum mechanics calls this into question!

IShor 1994]: Polynomial-time gquantum algorithm for factoring.
Believed to be hard for classical computers; best known

algorithm takes time 20(n'/*log*?n),

Main open question: What problems can be solved faster on
guantum computers than classical computers?



The hidden subgroup problem

Problem: Fix a group G (known) and a subgroup H < G
(unknown). Given a black box that computes a function
f:G — Sthatis

e Constant on any particular left coset of H in G
e Distinct on different left cosets of H in G

We say that f hides H.

Goal: Find (a generating set for) H.
Efficient algorithm: run time poly(log |G]).



Most interesting cases of the HSP

e Abelian groups (= factoring, discrete log, Pell's equation)

e Dihedral group (= shortest vector in a lattice [Regev 02])
Subexponential-time algorithm [Kuperberg 03]

* Symmetric group (= graph isomorphism)



Efficient algorithms for the HSP

e Abelian groups [Shor 94; Boneh, Lipton 95; Kitaev 95]

* Normal subgroups [Hallgren, Russell, Ta-Shma 00]

e “Almost abelian” groups [Grigni, Schulman, Vazirani® 01]
e “Near-Hamiltonian” groups [Gavinsky 04]

* 7517, [PUschel, Rotteler, Beth 98]

® Ly X Ly [Friedl|, Ivanyos, Magniez, Santha, Sen 02]

* Zn X Z,, N prime, p = pol‘y’b(fgg)N prime (p-hedral) [Moore,

Rockmore, Russell, Schulman 04]
® Zye X Zy [Inui, Le Gall 04]



Efficient algorithms for the HSP

e Abelian groups [Shor 94; Boneh, Lipton 95; Kitaev 95]

* Normal subgroups [Hallgren, Russell, Ta-Shma 00]

e “Almost abelian” groups [Grigni, Schulman, Vazirani® 01]
e “Near-Hamiltonian” groups [Gavinsky 04]

[] Z% Zs [PUschel, Rotteler, Beth 98]

® Ly X Ly [Friedl|, Ivanyos, Magniez, Santha, Sen 02]

[l Zy x Z,, N prime, p = pol‘yb(fg;N prime (p-hedral) [Moore,

Rockmore, Russell, Schulman 04], N arbitrary [BCD 05]
[ Z, % Zy [Inul, Le Gall 04]

I 7, x Z,, r constant (including the Heisenberg group,
r =2) [BCD 05]



Overview of the PGM approach

Cast the HSP as a problem of distinguishing quantum
states

Express these states in terms of a matrix sum problem
(MSP)

Perform the pretty good measurement on k copies of
the hidden subgroup states

Show that the measurement succeeds Iif £ is sufficiently
large (MSP is in the phase where solutions exist with high
probability)

Implement the measurement by solving the MSP
(quantum sampling from the set of solutions)



Standard approach to the HSP

Compute uniform superposition of function values:
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Standard approach to the HSP

Compute uniform superposition of function values:

\/’?Z 9.0) — \/‘1@2 9. f(9))

geG geqG

Discard second register to get a hidden subgroup state,

|H|
P = > lgH){(gH|
geK

(where

gH) = \/‘72\9

he H

and K is a set of coset representatives).



Distinguishing quantum states

Problem: Given an ensemble of quantum states p; with a
priori probabilities p;, determine <.

This can only be done perfectly if the states are orthogonal.



Distinguishing quantum states

Problem: Given an ensemble of quantum states p; with a
priori probabilities p;, determine <.

This can only be done perfectly if the states are orthogonal.

Applications:

* Experiments
* Decoding information sent through a guantum channel

* Quantum algorithms



Pretty good measurement

Problem: Given an ensemble of quantum states p; with a
priori probabilities p;, determine <.

Pretty good measurement: For X := > . pip;, let
1 1

Ly = p; 0 :
VETVE

This measurement often does a pretty good job of
distinguishing the states.



Optimal measurement

Theorem [Holevo 73, Yuen-Kennedy-Lax 75]. Given an
ensemble of quantum states p; with a priori probabilities p;,
the measurement with POVM elements E; maximizes the
probability of successfully identifying the state if and only if

R = R"and R > p;p; for all i, where

R := sz-mEz- .

In general, it is nontrivial to find a POVM that satisfies these
conditions (although it is a semidefinite program!).
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Optimal measurement for the HSP

Approach to the HSP: Find the optimal measurement for
distinguishing states in the ensemble {py } < for the various
possible subgroups (or some subset thereof).

More generally, {pg ® --- ® pu}.

N

k

[Ip 03]: Shor’s algorithm implements the optimal
measurement for the abelian hidden subgroup problem.

For all the ensembles of (k copes of) hidden subgroup states
considered in this talk, the pretty good measurement is
optimal, as can be shown by explicitly verifying the
Holevo/Yuen-Kennedy-Lax conditions.



Semidirect product

Defi nition. Let A, B be groups (written additively) and let

¢ : B — Aut(A) be a homomorphism (i (b1b2) = ©(b1)p(b2)).
Then A x, B is the group with elements (a, b) for a € A and
b € B, and group operation

(a,b)(a’,b") = (a+ p(b)(a"),b+1").



Semidirect product

Defi nition. Let A, B be groups (written additively) and let

¢ : B — Aut(A) be a homomorphism (i (b1b2) = ©(b1)p(b2)).
Then A x, B is the group with elements (a, b) for a € A and
b € B, and group operation

(a,b)(a’,b") = (a+ p(b)(a"),b+1").

Example: Let B = Z, and let
p(0)(a) = a
p(1)(a) = —a.
Then
(a,b)(a', V) = (a+ (—=1)°a’, b+ V).

For A = Zy, this is the dihedral group Dy.



Reduction to cyclic subgroups

Lemma. If there is an efficient algorithm for the HSP over

G = A x Z, with p prime and with the promise that H Is either
trivial or H = ((d, 1)) for some (unknown) d € A such that
{(d,1))| = p, then there is an efficient algorithm for the
general case.



Reduction to cyclic subgroups

Lemma. If there is an efficient algorithm for the HSP over

G = A x Z, with p prime and with the promise that H Is either
trivial or H = ((d, 1)) for some (unknown) d € A such that
{(d,1))| = p, then there is an efficient algorithm for the
general case.

Ettinger-Hayer idea: Let H, := H N (A x {0}). Can find H, by
solving an abelian HSP. For H; < G, we find
G/Hl >~ A X Zp

H/H, 2 ((d, 1))

Additional difficulty: We can have H; €4 G. But this only
occurs when H = H;, and we can detect when it happens.



Form of cyclic subgroups

H = ((d,1)) = {(0,0), (d,1), (d,1)2, (d, 1), ... (d,1)P~1}.
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H = ((d,1)) = {(0,0), (d,1), (d,1)2, (d, 1), ... (d,1)P~1}.



Hidden subgroup states

et = ,G’k Y Y xwld) Xo(d) /rENE |, SEV, ST

€Ak wveA

where

S) = mz b)

besSE,
Se={beZ;: o0 (z) = w}
Mo = |Sul



Matrix sum problem

Given k elements x4, ..., 2, € A and a target element w € A,
find b € Z: such that

Sz = {be ZF: " (z) = w} is the set of solutions and
= |S¥| is the number of solutions.

77%—

Expected # of solutions: E 7, =
o reAF weA

’A‘kJrl
Many solutions for k£ >> log |A|/ log p.
Few solutions for k£ < log | A|/ log p.
O(1) solutions for k£ ~ log | A|/ log p.




Success probability

Pr(success) := tr E4p%"  (independent of d)

- (T Vi)

xc Ak weA

(Recall n¥ = # of solutions to matrix sum problem (z, w).)
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Pr(success) := tr E4p%"  (independent of d)

- (T Vi)

xc Ak weA

(Recall n¥ = # of solutions to matrix sum problem (z, w).)

Upper bound on the success probability:

k
Pr(success) < iy

So for example, if £ = vlog |A|/log p, then the success
probability will be exponentially small in log | A| for any fixed
v < 1.



Success probability

Pr(success) := tr E4p%"  (independent of d)

- (T Vi)

xc Ak weA

(Recall n¥ = # of solutions to matrix sum problem (z, w).)

Lower bound on the success probability:
If Pr(n* > «) > 3 for uniformly random z, w (i.e., if most
Instances have many solutions), then

A
Pr(success) > 0452% .
p

This will typically be the case for £ > log | A|/ log p



Implementing the measurement

Neumark’s Theorem: Any POVM can be implemented by a
unitary operation on the system (plus an ancilla), followed by
a computational basis measurement. For a rank-one POVM,

E; = lej)(ejl,
(] | \




Implementing the measurement

The PGM for hidden subgroups ((d,1)) < A x Z, can be
Implemented efficiently if we can perform a transformation of

the form
o) v 45500 T >0
| €xy  nh =0

(“guantum sampling” of matrix sum solutions).



Review of the PGM approach

Cast the HSP as a problem of distinguishing quantum
states

Express these states in terms of a matrix sum problem
(MSP)

Perform the pretty good measurement on k copies of
the hidden subgroup states

Show that the measurement succeeds Iif £ is sufficiently
large (MSP is in the phase where solutions exist with high
probability)

Implement the measurement by solving the MSP
(quantum sampling from the set of solutions)
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Application 1: Dihedral group

G = Zn X Zy With ¢(a) = —a
So ®®(a) =ba (a € Zy, b= 0or 1)

Matrix sum problem: given x € Z% and w € Zy uniformly at

random, find b € Z% such that b - z = w mod N. This is the
well-studied subset sum problem.

1

“low density” |

*high density” ok

most sums achieved by some subset
subset sum — DHSP [Regev 02]

poly (k) algorithm
hard? (k > 2¢Vvios V)

[Flaxman, Pryzdatek 04]

most subsets have a distinct sum

efficient algorithm

(k < cy/log N)
[Lagarias, Odlyzko 85]

PGM requires k£ > 1 - log, N hidden subgroup states to
succeed. Since it Is optimal, any strategy requries this many
states.
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G = Zn X Z, with ¢(a )_,uafOI’SOme,uEZX;

So d®)(q) = (Zf éw) — 1 € Z%; (for simplicity)

Matrix sum problem (k = 1): given r,w € Zy uniformly at

random, find b € Z, such that — £ =L, — w. This can be solved

by calculating a discrete Iogarlthm (using Shor’s algorithm!).
Pr(solution exists) = p/N, so this is efficient for

N/p = poly(log N).

Same condition as in [Moore, Rockmore, Russell, Schulman
04], but generalizes to N composite, and no nonabelian
Fourier transforms are required.

What happens with £ > 17
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Application 3: Heisenberg et al.

G = 7y, x Zy With p(a) = pa for some p € 7"

1 1\. .
Example: r =2, u = IS the Heisenberg group, a
"= 1o 1

discrete analog of the group generated by the position and
momentum operators T, p

| | P b=
Then ' = | S0 St = ) Z .

Matrix sum problem: a system of r equations in £ variables
of degree r over the finite field Z,,. Likely to have 1 or 2
solutions if £ = r. Solutions can be found using Buchberger’'s
algorithm to compute a Grobner basis (or can be written
down explicitly when r = 2), which is efficient for » constant.



Application 4: Generalized hidden shift

Consider the generalized hidden shift problem: given a
function f: {0,... , M — 1} x Zy — S satisfying
f(b,z)=f(b+1,x+s)forb=0,1,..., M — 2, find the value
of s c ZN.
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Application 4: Generalized hidden shift

Consider the generalized hidden shift problem: given a
function f: {0,... , M — 1} x Zy — S satisfying
f(b,z)=f(b+1,x+s)forb=0,1,..., M — 2, find the value
of s c ZN.

M = 2: equivalent to dihedral HSP
M = N: an instance of abelian HSP (efficiently solvable)

Matrix sum problem: given z € Z% and w € Zy uniformly
random, find b € {0,...,M — 1}* such that b - z = w mod N.

This is an instance of integer programming in k& dimensions.
Lenstra’s algorithm (based on LLL lattice basis reduction)
solves this efficiently for k& constant. £ = log N/ log M =
efficient algorithm for any M = N¢ for fixed € > 0.



Conclusions

* The pretty good measurement is a powerful tool for
solving hidden subgroup (and related) problems.

* This approach has produced new efficient guantum
algorithms for the nonabelian hidden subgroup problem,
e.g. for the Heisenberg group.

* Using only abelian Fourier transforms and classical
algorithms, one can implement entangled measurements
on many copies of a hidden subgroup state (which is
necessary for some instances of the HSP).
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