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Format For Protocols

When we give a protocol we give both
What the players are required to do
What the players should do in parenthesis.

Example for Cut and choose:
1) A cuts the cake in half (equal)
2) B picks one of those pieces (bigger)

We will always show that if a player cheats (does not follow what
they should do) then they may end up with less than if they didn't
cheat.



Valuations For Cakes

Reminder
Va(Q) is how much Player A values piece Q.
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1) A cuts the cake in half (equal)
2) B picks one of those pieces (bigger)
Note The protocol is Prop and Envy-Free.

We show that if Alice cheats she could end up with less.
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Cheaters Never Win

A scenario where A cheats and ends up doing worse:

1) Alice cuts the cake (%, %) perhaps hoping that Bob will take
the % piece.

2) Bob takes the piece that Alice thinks is %.

3) Alice ends up with a piece that is %.

She deserves to get less.
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n = 3 Lone Chooser Protocol

1) A divides the cake (equal).

2) B and C point to which pieces are acceptable (Pieces > 1)
3) If B likes > 2 pieces (C likes > 2 pieces similar) then

C choose, B choose, A chooses.

Key C is happy since she went first.

B happy since he liked > 2 pieces, so one he likes is available.
A is happy since she thinks all three pieces are the same size.
4) B likes P1, C likes P2. B-P1, C-P2, AA-P3.

5) B and C both like piece P1 but don't like P2 or P3.

Give A P3 which B and C think is < %

B and C thinks (P1U P2) is > 3.

B and C do Cut and Choose on (P1U P2).
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Misc Info on Lone Chooser

1) Lone Divider for n = 3 uses 3 cuts. We will later prove there is
no protocol for 3 people that uses 2 cuts.

2) Lone Divider can be extended to 4 players but its messy. Also n
players but its really messy.

3) There are scenarios where A cheats and ends up doing worse.

4) There are scenarios where A envies B or C.
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n = 3 Trim Algorithm

1) A cuts off a piece P (%)

2) B trims P or not (If Vg(P) > % trim to %) Still call piece P.
Note V4(P), Vg(P) < 3, s0 Va(C — P), Vg(C— P) > 3.

Note The last one to trim thinks V/(P) = 1.

3) C takes P or not (Take if Vc(P) > 3.)
If C takes P then A, B do Cut and choose on C — P.

If C rejects P then P goes to the last one to trim and the rest do
Cut and Choose.
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n = 4 Trim Algorithm

1) A cuts off a piece P (1)

2) B trims P or not (If Vig(P) > 1, trim to 1.) Still call piece P.
3) C trims P or not (If Vc(P) > 1, trim to 3.) Still call piece P.
Note Va(P), Va(P), Vc(P) < 7,50 Va(C — P), Vg(C — P) > 2.
Note The last one to trim thinks V/(P) = 1.

4) D takes P or not (Take if Vp(P) > 3.)

If D takes P then A, B, C do n = 3 protocol.

If C rejects P then P goes to the last one to trim and the rest do
n = 3 protocol.
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n Player Trim Algorithm

1) A; cuts off a piece P (%)

For2<i<n-2:

i) A; trims P or not (If Va,(P) > 1, trim to 1) Still call piece P.
Note For 1 <i<n—1, Vs < 1 so Vu(C—P)> 21

Note The last one to trim thinks V(P) = %

n) A, takes P or not (Take if V4 (P) > %)
If A, takes P then Aj,...,A,—1 do n— 1 protocol.
If A, rejects P then P goes to the last one to trim and the rest do

n — 1 protocol.
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Number of Cuts

If there are n players, how many cuts will there be?

Let B(n) be the least number of cuts used.

In the best case nobody trims so B(n) =1+ B(n—1).
B(n)=1+B(n—1)=2+B(n—-2)=---=B(2)+n—-2=
1+n—-2=n-1

Let W(n) be the max number of cuts used.

In the worst case everyone trims so W(n) =n—1+ W(n—1).
Wmn)=n—-1+W(Hn-1)=(n-1)+(n-2)+W(n-2)=
(ST )+ W(2) ~
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n = 3 Lone Chooser Algorithm

1) A divides the cake in 2 pieces (equally).
2) B picks one of the pieces (bigger).

3) A divides his piece in 3 (equally).

4) B divides his piece in 3 (equally).

Note Alice thinks all 3 of her pieces are >
Note Bob thinks all 3 of his pieces are > %.

o=

5) Carol takes one of Alice's pieces and one of Bob's (biggest).
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n = 4 Lone Chooser will be on worksheet.
Once you see n = 4 case it will be easy to generalize to n.

The n case takes ~ n? cuts.
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n = 3 Number of Cuts

The TRIM protocol takes ~ n? cuts.
The LONE CHOOSER protocol takes ~ n® cuts.

Vote:

1) It is known that there is a protocol that uses < n*%° cuts (or
some function < n?).

2) It is known that every protocol uses around n? cuts.
3) The question Is there a protocol that uses < n!-%°
UNKNOWN TO SCIENCE!

On the next slide we will give a protocol with < n? number of cuts.
We will find out the number of cuts on the worksheet.

cuts is
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n = 4 Case of Divide and Conquer

Players are A, B, C, D.
1) A B, and C all simultaneously cut the cake (3, 1)
We assume:

L is cake to the LEFT of B.

R is cake to the RIGHT of B.

2) D picks either L or R.

2a) If D picks L then

A and D do cut-and-choose on L.
B and C do cut-and-choose on R.
2b) Similar for D picks R.

Note that the protocol uses 5 cuts.
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n = 5 Case of Divide and Conquer

Players are A, B, C, D, E.
1) A, B, C, D all simultaneously cut the cake (, 2).
We assume:

L is cake to the LEFT of B.

R is cake to the RIGHT of B.

2) E picks either L or R.
(Pick Lif L> 2, RifR>3)

2a) If E picks L then

A and E do cut-and-choose on L.
B, C,D do Trim on R.

2b) Then E picks R then

A and B do cut-and-choose on L.
C,D,E do Trim on R.
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The Divide and Conquer algorithm will be recursive.
This means it will call itself on lower values of n and smaller pieces.

We use the notation
DC(A,B,C,D,E,F : P) to mean that
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Notation for Divide and Conquer (DC)

The Divide and Conquer algorithm will be recursive.

This means it will call itself on lower values of n and smaller pieces.
We use the notation

DC(A,B,C,D,E,F : P) to mean that

Players A, B, C, D, E, F will do the algorithm on P.

P could be the original pie or a piece of it or a set of pieces.
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2) Case 1: nis even and n > 4.

2a) Aiq,...,Ap—1 each cut the cake (%, %)
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n Case of Divide and Conquer (DC)

1) If n =2 do Cut and Choose. If n = 3 then do Trim.
2) Case 1: nis even and n > 4.

2a) Aiq,...,Ap—1 each cut the cake (%, %)

Renumber so A; <--- < A,_1.

2b) L is piece Left of A,/». R is Right.

2c) Ask Ap: Is L > 37

2d) If YES then:



n Case of Divide and Conquer (DC)

1) If n =2 do Cut and Choose. If n = 3 then do Trim.
2) Case 1: nis even and n > 4.
2a) Aiq,...,Ap—1 each cut the cake (%, %)
Renumber so A; <--- < A,_1.
2b) L is piece Left of A,/». R is Right.
2c) Ask Ap: Is L > 37
2d) If YES then:
Do DC(A], ey A(,,_z)/z, An : L)



n Case of Divide and Conquer (DC)

1) If n =2 do Cut and Choose. If n = 3 then do Trim.
2) Case 1: nis even and n > 4.
2a) Aiq,...,Ap—1 each cut the cake (%, %)
Renumber so A; <--- < A,_1.
2b) L is piece Left of A,/». R is Right.
2c) Ask Ap: Is L > 37
2d) If YES then:
Do DC(A],...,A(,,_2)/2,A,,2: L)l .

5 people splitting % so each gets = x 5 = +.



n Case of Divide and Conquer (DC)

1) If n =2 do Cut and Choose. If n = 3 then do Trim.
2) Case 1: nis even and n > 4.

2a) Aiq,...,Ap—1 each cut the cake (%, %)

Renumber so A; <--- < A,_1.

2b) L is piece Left of A,/». R is Right.

2c) Ask Ap: Is L > 37

2d) If YES then:

Do DC(Ay;...,A@n—2)/2,A n l-)1 ,

people splitting 1 5 so each gets = x 5 =

Do DC(Ap 25 A(nt2)/25 - - - A :R)

people splitting % so each gets ; X é =1
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n Case of Divide and Conquer (DC)

1) If n =2 do Cut and Choose. If n = 3 then do Trim.
2) Case 1: nis even and n > 4.
2a) Aiq,...,Ap—1 each cut the cake (%, %)
Renumber so A; <--- < A,_1.
2b) L is piece Left of A,/». R is Right.
2c) Ask Ap: Is L > 37
2d) If YES then:
Do DC(A], A(,, 2)/2, : L)

5 people splitting 1 5 so each gets = 2 X % 1
Do DC(Ap 25 A(nt2)/25 - - - A :R)
people splitting % so each gets ; X é =1

e) If NO then L < % so R > % then:



n Case of Divide and Conquer (DC)

1) If n =2 do Cut and Choose. If n = 3 then do Trim.
2) Case 1: nis even and n > 4.
2a) Aiq,...,Ap—1 each cut the cake (%, %)
Renumber so A; <--- < A,_1.
2b) L is piece Left of A,/». R is Right.
2c) Ask Ap: Is L > 37
2d) If YES then:
Do DC(Ay;...,A@n—2)/2,A n l-)1 ,

5 people splitting 1 5 so each gets = x 5 -

Do DC(Ap 25 A(nt2)/25 - - - A :R)

5 people splitting % so each gets 2 - % = %
2e) If NO then L < 2 so R > 1, then:

Do DC(Ay,.. An: : L)
5 people spIitting 5 so each gets % X % = %



n Case of Divide and Conquer (DC)

1) If n =2 do Cut and Choose. If n = 3 then do Trim.
2) Case 1: nis even and n > 4.
2a) Aiq,...,Ap—1 each cut the cake (%, %)
Renumber so A; <--- < A,_1.
2b) L is piece Left of A,/». R is Right.
2c) Ask Ap: Is L > 37
2d) If YES then:
Do DC(A], A(,, 2)/2, : L)
5 people splitting 1 5 so each gets = 2 X % 1
Do DC(Ap 25 A(nt2)/25 - - - A :R)
5 people splitting % so each gets ; X é =1
2e) If NO then L < 2 so R > 1, then:
Do DC(Ay,...,A,/2: L)
people spIitting 5 so each gets % X % = %
Do DC(A(n+2)/27 ceisAp_1,An f) )

. . 1 2
people splitting 5 so each gets = x 5 = .

NS

NI
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Renumber: A1 <--- < A,_1.
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n Case of Divide and Conquer

3) Case 2: nisodd and n > 5. n=2k + 1.

3a) Ay, ...,Ap—1 each divide the cake (ﬁ, ;k—frll)

Renumber: A1 <--- < A,_1.

3b) Let L be the piece to the left of Ax, and R to the Right.

3c) Ask Ap: Is L > 5557 If yes then:
DC(A1,...,Ak_1,Ap: L)

Note A1, ..., Ax_1,Ap think L > Tﬁ’l



n Case of Divide and Conquer

3) Case 2: nisodd and n > 5. n=2k + 1.

3a) A1, ...,An_1 each divide the cake (ﬁ, ;k—frll)

Renumber: A1 <--- < A,_1.

3b) Let L be the piece to the left of Ak, and R to the Right.

3c) Ask Ap: Is L > 2k+1 ? If yes then:
DC(A17 - Ak, A L)

Note Ay, .. Ak 1,A thmk L> +
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Each ofthem gets > 1 k2k+1 = o1 =
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n Case of Divide and Conquer

3) Case 2: nisodd and n > 5. n=2k + 1.

3a) Ay, ...,Ap—1 each divide the cake (ﬁ, ;k—frll)
Renumber: A1 <--- < A,_1.

3b) Let L be the piece to the left of Ak, and R to the Right.
3c) Ask Ap: Is L > 2k+1 ? If yes then:

DC(Ala"'aAk 1L, A L)
Note Aj, ..., Ax_ 1,A thmk L> 2k+1
Each of them gets > } 55+ = o =

DC(Aky...,Ap—1: R)

Note A, ..., Ap—1 think R > 2kk++11



n Case of Divide and Conquer

3) Case 2: nisodd and n > 5. n=2k + 1.
3a) A1, ...,An_1 each divide the cake (ﬁ, ;k—frll)
Renumber: A1 <--- < A,_1.
3b) Let L be the piece to the left of Ak, and R to the Right.
3c) Ask Ap: Is L > 2k+1 ? If yes then:

DC(Ala"'aAk 1L, A L)
Note Aj, ..., Ax_ 1,A thmk L> 2k+1

_ 1 _1
Each of them gets > 1 k2k+1 = 5% =

DC(A,...,An_1:R)
Note Ay, ..., An_1 thmk R > 2kk++11

k1l 1
Each of them gets > k+1 T = sy =

3=



n Case of Divide and Conquer

3) Case 2: nisodd and n > 5. n=2k + 1.
3a) A1, ...,An_1 each divide the cake (ﬁ, ;k—frll)
Renumber: A1 <--- < A,_1.
3b) Let L be the piece to the left of Ak, and R to the Right.
3c) Ask Ap: Is L > 2k+1 ? If yes then:

DC(Ala"'aAk 1L, A L)

Note Aq,..., Ai_ 17A th'“k L> 2k+1

Each of them gets > 1 k2k+1 = 2k1+1 =1
DC(Aky...,Ap—1: R)

Note Ay, ..., An_1 thmk R> i

Kkl 1 1
Each of them gets > k+1 el = % =

3d) If no then L < 2k+1 so R > 2’}111



n Case of Divide and Conquer

3) Case 2: nisodd and n > 5. n=2k + 1.
3a) A1, ...,An_1 each divide the cake (ﬁ, ;k—frll)
Renumber: A1 <--- < A,_1.
3b) Let L be the piece to the left of Ak, and R to the Right.
3c) Ask Ap: Is L > 2k+1 ? If yes then:

DC(Ala"'aAk 1L, A L)

Note Aq,..., Ai_ 17A th'“k L> 2k+1

_ 1 _1
Each of them gets > 1 k2k+1 = 5% =

DC(Ag,-..,An_1:R)

Note Ay, ..., An_1 thmk R> i

Kkl 1 1
Each of them gets > k+1 el = % =

k+1
3d) If no then L < 2k+1 so R > 2/:_1
Similar. Left to the reader.
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Time Analysis of DC

How many cuts does DC use on n players

Let C(n) be the number of cuts used for DC with n players.
c(2)=1

C(3)=3

If n>4 and nis even then C(n) =2C(5)+n—1.

If n>5 and nis odd then
C(n)=C((n-1)/2) + C((n+1)/2) + n— 1.



Time Analysis of DC

How many cuts does DC use on n players

Let C(n) be the number of cuts used for DC with n players.
c(2)=1

c(3)=3

If n>4 and nis even then C(n) =2C(5)+n—1.

If n>5 and nis odd then
C(n)=C((n-1)/2)+C((n+1)/2) +n—1.

On the worksheet we will get a rough upper bound on C(n).



