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VDW'’s Thm For all k, ¢ there exists W = W(k, ¢) such that for
all COL: [W] — [c] there exists a mono k-AP.

W(1,c)=1. A mono 1-AP is just 1 number.

W (2, c)=c + 1. By Pigeon Hole Principle.

W(k,1) =k. The mono k-AP is 1,2,..., k.
(3,2)

<

=Hmmm, this is the first non-trivial one.

Y
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W(3,2) exists

We will determine W later.
Let COL: [W] — [2].

We break [W] into blocks of 5: B, ..., Bjws.

We view the 2-coloring of [W] as a 2°-coloring of the B;’s
The next two slides are about what happens

1. Within one block.

2. If we take enough blocks, how they relate.
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Def: a,a+ d,a+ 2d is an almost mono 3AP if
COL(a) = COL(a + d) # COL(a+ 2d). The color of an almost
mono 3AP is COL(a) = COL(a + d).
Look at the first three elements of a block of 5:
1. RRR or BBB. 1-2-3 is mono 3AP.
RBR or BRB. 1-3-5 is mono 3AP or almost mono 3AP.
RBB or BRR. 2-3-4 is mono 3AP or almost mono 3AP.
BBR or RRB. 1-2-3 is almost mono 3AP.
BRB. 1-3-5 is a mono 3AP or an almost mono 3AP.
6. BRR. 2-3-4 is mono 3AP or almost mono 3AP.
So always get a mono 3AP or an almost mono 3AP. Can assume
its almost mono 3AP and its R.

R R ?

o1k W




If have A Lot of Blocks Then ...

We take enough blocks so that for all 2-colorings:



If have A Lot of Blocks Then ...

We take enough blocks so that for all 2-colorings:

» Two of the blocks are the same color, say B; and B;.



If have A Lot of Blocks Then ...

We take enough blocks so that for all 2-colorings:
» Two of the blocks are the same color, say B; and B;.
» dk B;i-Bj-By is either mono 3AP or almost mono 3AP.



If have A Lot of Blocks Then ...

We take enough blocks so that for all 2-colorings:
» Two of the blocks are the same color, say B; and B;.
» dk B;i-Bj-By is either mono 3AP or almost mono 3AP.

If there are 33 blocks then 2 are the same color.



If have A Lot of Blocks Then ...

We take enough blocks so that for all 2-colorings:
» Two of the blocks are the same color, say B; and B;.
» dk B;i-Bj-By is either mono 3AP or almost mono 3AP.

If there are 33 blocks then 2 are the same color.
Worst Case B; and Bsz same color. So need Bgs to exist.
Hence need to take W =5 x 65 = 365.



If have A Lot of Blocks Then ...

We take enough blocks so that for all 2-colorings:

» Two of the blocks are the same color, say B; and B;.

» dk B;i-Bj-By is either mono 3AP or almost mono 3AP.
If there are 33 blocks then 2 are the same color.
Worst Case B; and Bsz same color. So need Bgs to exist.
Hence need to take W =5 x 65 = 365.
We can get by with LESS blocks- we will consider this point after
the proof.
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W(3,2) < 365

Let COL: [W] — [2].
Break [W] into 65 blocks of size 5 which we think of as being
32-colored.

» di,j, k such that B;-B;-By form mono 3AP or almost mono
3AP.

» In each block there is a mono 3AP or an almost mono 3AP.
(This is why blocks-of-5.)

n

Tdrd Sded Tded

R R B eee* R R B L ?

If 7 is B then get B 3-AP.
If 7 is R then get R 3-AP.
Done!
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s W(3,2) = 3657

No
What is W(3,2)?

One can work out by hand that
W(3,2) =9.

The few known VDW numbers are much smaller than the bounds
given by the proof of VDW's Thm.
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W(3,3)

COL: [W] — [3].

How big should the blocks be? 7.

Then V 3-coloring of block 3 mono 3AP or almost mono 3AP.
The 3-coloring of [W] is a 3"-coloring of the B;’s

Need for all 37 colorings of blocks get a mono 3AP or an almost
mono 3AP.
Need 2 x 37 4 1 blocks.

e o e e et e

R R B eee* R R B e G

Darn. Now what? Discuss
We have 2 almost mono 3APs of diff colors that same last element.
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Need to use Big Blocks

Let W be LOTS of blocks of size 7 x 2 x (37 + 1).
For any 2-coloring of [W] the following happens:

1. Each block has a mono 3AP OR 2 almost mono 3AP of diff
colors that have same last elt.

2. 3 either a mono 3AP or an almost mono 3AP of blocks.

D D I
-dd ~dd -dd

R R R R
eee eoe 2

B B G B B G )
e e e

D~ : : D+

If 7 is G get G 3AP.
If 7 is B get B 3AP.
If 7 is R get R 3AP.
Donel
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W(3,c)

From what you have seen:

» You COULD do a proof that W(3,4) exists. You would need
to iterate what | did twice.

» There are ways to formalize the proof; however, they are not
enlightening.
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What Did We Use to Prove W (3,c)?

W(2,c) =c+1is just PHP.

W(2,2°) = W(3,2)

W(2,323% +1) = W(3,3).

W(2,X) = W(3,4) where X is very large.
Note that we do not do
W(3,2) = W(3,3).



Induction, But On What?

(2,2) < (2,3) < - < (3,2) < (3,3) < -+ < (4,2) -



Induction, But On What?

(2,2) <(2,3) <---<(3,2)<(3,3)<---<(4,2)---

This is an w? induction. The ordering is well-founded so you can
do induction.



Induction, But On What?

(2,2) <(2,3) <---<(3,2)<(3,3) <---<(4,2)---
This is an w? induction. The ordering is well-founded so you can
do induction.

There are proofs by induction with better bounds, but still quite
large.
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Yasmine Remembers This Proof from The Course
on Ramsey Theory

YASMINE When you did this proof you said that since you use
big blocks:
| like Big Blocks and | cannot Lie!

BILL | did!

YASMINE You should write a song with that refrain.
BILL | did!

YASMINE Great! Can we hear it?

BILL | will sing it, for some definition of sing.
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| Like Big Blocks! (Non Chorus)

We partition N into block so wide
Each Block’s got a col-o-ring inside
Encode each block by its own pro-file
Collapse the colors; compress the style
Pigeon-hole says types repeat

Now look at blocks, and take a seat.
Ind-uction hums

The gears all click

omega-squared—What a trick!
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| Like Big Blocks! (Chorus)

| like big blocks and | cannot lie!
You other math folks can't deny!
With finitely many colors that you choose

There's a mono AP that you can't refuse.
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| Like Big Blocks! (Non Chorus)

Color red-blue? Or three or more?
Doesn’'t matter— same encore
Hide your patterns, try to duck,
Regularity brings the luck

A Length-k run in one shade

Its a combinatorial serenade!
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I Like Big Blocks! (Final Chorus)
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