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Approx π by Inscribing and Circumscribing n-gons

Let C be a circle of diameter 1. Its circumference is length π.
Let PI (n), the perimeter of an inscribed regular n-gon.
Let PC (n), the perimeter of a circumscribed regular n-gon.
Let A(n) = (PI (n) + PC (n))/2.
Write a program that produces the following table (I’ve made up
the numbers). I have it going up to n = 8. You should get it as far
as the computations are reasonable.

n PI (n) PC (n) A(n) A(n)− π A(n)− 22
7

4 3 4 3.5 0.14 0.0001
6 3.1 3.8 3.4 0.10 0.001
8 3.11 3.77 3.33 0.09 0.01

We will later use these numbers to find out how good an approx
A(n) is and to prove π 6= 22

7 .
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A Sum Involving π

Thm 1 + 1
22

+ 1
32

+ · · · = π2

6 .

Hence

π =

√√√√6
∞∑
i=1

1

i2

Can can we use
√

6
∑n

i=1
1
i2

as an approximation for π?

See next slide
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An Approx for π

Let A(n) =
√

6
∑n

i=1
1
i2

For π use what python says it is.
Write a program that generates the following table (the numbers I
have in it are made up, but you’ll see the idea) but rather than go
out to 3 go out to whatever is reasonable for your computer.

n A(n) π − A(n) 22
7 − A(n)

1 3 0.14 0.0001
2 3.1 0.1 0.001
3 3.14 0.01 0.1

For later:
Figure out how to use these numbers to show that π 6= 22

7 .
In your program you used python’s

√
function. We will look into

approximations of square roots.

How many places of π does
√

6
∑n

i=1
1
i2

give?
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Similar Sums

The following are true:

Thm 1 + 1
24

+ 1
34

+ · · · = π4

90 .

Thm 1 + 1
26

+ 1
36

+ · · · = π6

945 .

Thm 1 + 1
28

+ 1
38

+ · · · = π8

9450 .
For each of these find an infinite summation for π and do what you
did in the last slide.
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How Many Places of Accuracy

You now have several ways of, given n, get an approximation of π
based on n.

You have tables like this:

n A(n) π − A(n) 22
7 − A(n)

1 3 0.14 0.0001
2 3.1 0.1 0.001
3 3.14 0.01 0.1

Use these tables to conjecture a statement of the following form:
Using method BLAH, A(n) gives f (n) digits of accuracy for π
For each method BLAH fill in the f (n).
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Other Rationals that are Close to π

22
7 = 3.1428 . . .. This is bigger than π.
333
106 = 3.141509 . . .. This is smaller than π.
355
113 = 3.1415929 . . .. This is greater than π.

For the inscribe-circumscribe method see what value of n you need
to show that the fractions above are NOT π. You’ve already done
that for 22

7 where the answer is n = 96 (though check that slightly
lower does not work, like n = 94.)

Consider 333
106 = 3.141509 . . .. This is smaller than π. Hence the

summations for π can be used to show that it is NOT π. For each
summation determine n such that the sum to n is BIGGER than
333
106 = 3.141509 . . .. For some it may not be possible to do this if n
needs to be to large.

Look up how these numbers were derived and write that up.
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Other Ways to Approximate π

LOOK UP on the web OTHER ways to approximate π and see if
you can use them to show that the fractions on the last page are
NOT π. Also look into if error bounds are known for these sums.
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Read and understand proof that Liouville’s number
is Transcendental

Look at this website:
https://en.wikipedia.org/wiki/Liouville_number

For a proof that Liouville’s number is Transcendental.

https://en.wikipedia.org/wiki/Liouville_number
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