Copyright ' 1996 Hanan SametThese notes may not be reproduced by any means (mechanical or elec-tronic or any other) without the express written permission of Hanan SametQUADTREE BACKGROUNDHanan SametComputer Science Department andCenter for Automation Research andInstitute for Advanced Computer StudiesUniversity of MarylandCollege Park, Maryland 20742e-mail: hjs@umiacs.umd.edu

Copyright ' 1998 by Hanan Samet bg1HISTORY1.Linearization or ordering of higher dimensional space¥space filling curves � e.g., Peano (1891)¥spatial index � Morton (1966)2.Computer graphics¥sorting objects for display¥Warnock�s algorithm (1968)a.vector:hidden-line eliminationb.raster:hidden-surface elimination¥animation � Hunter (1978)¥BSP trees � Fuchs, Kedem, and Naylor (1980)3.Image processing and pattern recognition¥Klinger (1971)¥split-and-merge segmentation methods � Horowitzand Pavlidis (1976)4.Multidimensional point representation¥multidimensional binary search trees � Finkel andBentley (1974)¥k-d trees � Bentley (1975)5.Volume data for solid modeling and computer vision¥bounding boxes � Reddy and Rubin (1978)¥octrees � Hunter (1978)6.Finite element mesh generation � Rheinboldt andMesztenyi (1980)7.Fast matrix operations � Strassen (1969)8.Computational complexity¥dimension reducing device � Hunter (1978)¥optimal placement � Li, Grosky, and Jain (1981)

Copyright ' 1998 by Hanan Samet

bg2SPLIT-AND-MERGE SEGMENTATION¥Subdivide an image until a homogeneity criterion is satisfied � e.g., standard deviation of gray levels is below a particular threshold¥Group adjacent blocks into maximal homogeneous regions¥

Ex:1b

bg2SPLIT-AND-MERGE SEGMENTATION¥Subdivide an image until a homogeneity criterion is satisfied � e.g., standard deviation of gray levels is below a particular threshold¥Group adjacent blocks into maximal homogeneous regions¥

Ex:1b

Copyright ' 1998 by Hanan Samet bg22r1.initial image decomposition into cells of uniform size

bg2SPLIT-AND-MERGE SEGMENTATION¥Subdivide an image until a homogeneity criterion is satisfied � e.g., standard deviation of gray levels is below a particular threshold¥Group adjacent blocks into maximal homogeneous regions¥

Ex:1b bg22r1.initial image decomposition into cells of uniform size bg23z2.merge homogeneous brothers

bg2SPLIT-AND-MERGE SEGMENTATION¥Subdivide an image until a homogeneity criterion is satisfied � e.g., standard deviation of gray levels is below a particular threshold¥Group adjacent blocks into maximal homogeneous regions¥

Ex:1b

Copyright ' 1998 by Hanan Samet bg22r1.initial image decomposition into cells of uniform size bg23z2.merge homogeneous brothers bg24g3.split blocks that are not homogeneous

bg2SPLIT-AND-MERGE SEGMENTATION¥Subdivide an image until a homogeneity criterion is satisfied � e.g., standard deviation of gray levels is below a particular threshold¥Group adjacent blocks into maximal homogeneous regions¥

Ex:1b bg22r1.initial image decomposition into cells of uniform size bg23z2.merge homogeneous brothers bg24g3.split blocks that are not homogeneous bg25v4.group identical blocks into regions bg3SPACE ORDERING METHODS¥ Linearization of higher dimensional spaces¥ Space-filling curves¥ Examples:

Row orderRow-prime orderMorton orderPeano-Hilbert orderCantor orderSpiral order

bg4CONVERTING BETWEEN POINTS AND CURVES¥ Need to know size of image for all but the Morton order¥ Relatively easy for all but the Peano-Hilbert order which is difficult (although possible) to decode and encode to obtain the corresponding x and y coordinate values¥ Morton order1. use bit interleaving of binary representation of the x and y coordinates of the point2. also known as Z-order0 0 1

1 1 0 yx3. Ex: Atlanta (6,1)0 1 0 1 1 0

= 22 bg51bSTABILITY OF SPACE ORDERING METHODS¥ An order is stable if the relative order of the individual pixels is maintained when the resolution (i.e., the size of the space in which the cells are embedded) is doubled or halved¥ Morton order is stable while the Peano-Hilbert order is not¥ Ex: Morton: Peano-Hilbert:

1320

1230

bg51bSTABILITY OF SPACE ORDERING METHODS¥ An order is stable if the relative order of the individual pixels is maintained when the resolution (i.e., the size of the space in which the cells are embedded) is doubled or halved¥ Morton order is stable while the Peano-Hilbert order is not¥ Ex: Morton: Peano-Hilbert:

1320

1230 bg5121510112r¥ Result of doubling the resolution (i.e., the coverage)

1320911108131514125764

32101314985674

bg51bSTABILITY OF SPACE ORDERING METHODS¥ An order is stable if the relative order of the individual pixels is maintained when the resolution (i.e., the size of the space in which the cells are embedded) is doubled or halved¥ Morton order is stable while the Peano-Hilbert order is not¥ Ex: Morton: Peano-Hilbert:

1320

1230 bg5121510112r¥ Result of doubling the resolution (i.e., the coverage)

1320911108131514125764

32101314985674 bg53zin which case the circled points do not maintain the same relative order in the Peano-Hilbert order while they do in the Morton order

bg6DESIRABLE PROPERTIES OF SPACE FILLING CURVES1. Pass through each point in the space once and only once2. Two points that are neighbors in space are neighbors along the curve and vice versa¥ impossible to satisfy for all points at all resolutions3. Easy to retrieve neighbors of a point4. Curve should be stable as the space grows and contracts by powers of two with the same origin¥ yes for Morton and Cantor orders¥ no for row, row-prime, Peano-Hilbert, and spiral orders5. Curve should be admissible¥ at each step at least one horizontal and one vertical neighbor must have already been encountered¥ used by active border algorithms - e.g., connected component labeling algorithm¥ row and Morton orders are admissible¥ Peano-Hilbert order is not admissible¥ row-prime, Cantor, and spiral orders are admissible if permit the direction of the horizontal and vertical neighbors to vary from point to point6. Easy to convert between two-dimensional data and the curve and vice-versa¥ easy for Morton order¥ difficult for Peano-Hilbert order¥ relatively easy for row, row-prime, Cantor, and spiral orders

bg7SPACE˚REQUIREMENTS1.Rationale for using quadtrees/octrees is not so much forsaving space but for saving execution time2.Execution time of standard image processing algorithmsthat are based on traversing the entire image andperforming a computation at each image element isproportional to the number of blocks in thedecomposition of the image rather than their size¥aggregation of space leads directly to execution timesavings as the aggregate (i.e., block) is visited justonce instead of once for each image element (i.e.,pixel, voxel) in the aggregate (e.g., connectedcomponent labeling)3.If want to save space, then, in general, statistical imagecompression methods are superior¥drawback: statistical methods are not progressive asneed to transmit the entire image whereas quadtreeslend themselves to progressive approximation¥quadtrees, though, do achieve compression as aresult of use of common subexpression eliminationtechniquesa.e.g., checkerboard imageb.see also vector quantization4.Sensitive to positioning of the origin of the decomposition¥for an n x n image, the optimal positioning requires anO(n 2 log2n) dynamic programming algorithm(Li, Grosky, and Jain)

bg8

DIMENSION REDUCTION1. Number of blocks necessary to store a simple polygon as a region quadtree is proportional to its perimeter (Hunter) ¥ implies that many quadtree algorithms execute in O(perimeter) time as they are tree traversals¥ the region quadtree is a dimension reducing device as perimeter (ignoring fractal effects) is a one-dimensional measure and we are starting with two-dimensional data¥ generalizes to higher dimensions a. region octree takes O (surface area) time and space (Meagher)b. d-dimensional data take time and space proportional to a O (d-1)-dimensional quantity (Walsh)2. Alternatively, for a region quadtree, the space requirements double as the resolution doubles¥ in contrast with quadrupling in the array representation¥ for a region octree the space requirements quadruple as the resolution doubles¥ ex.1b arrayregion quadtree

Copyright ' 1998 by Hanan Samet

bg8

DIMENSION REDUCTION1. Number of blocks necessary to store a simple polygon as a region quadtree is proportional to its perimeter (Hunter) ¥ implies that many quadtree algorithms execute in O(perimeter) time as they are tree traversals¥ the region quadtree is a dimension reducing device as perimeter (ignoring fractal effects) is a one-dimensional measure and we are starting with two-dimensional data¥ generalizes to higher dimensions a. region octree takes O (surface area) time and space (Meagher)b. d-dimensional data take time and space proportional to a O (d-1)-dimensional quantity (Walsh)2. Alternatively, for a region quadtree, the space requirements double as the resolution doubles¥ in contrast with quadrupling in the array representation¥ for a region octree the space requirements quadruple as the resolution doubles¥ ex.1b arrayregion quadtree bg82r

bg8

DIMENSION REDUCTION1. Number of blocks necessary to store a simple polygon as a region quadtree is proportional to its perimeter (Hunter) ¥ implies that many quadtree algorithms execute in O(perimeter) time as they are tree traversals¥ the region quadtree is a dimension reducing device as perimeter (ignoring fractal effects) is a one-dimensional measure and we are starting with two-dimensional data¥ generalizes to higher dimensions a. region octree takes O (surface area) time and space (Meagher)b. d-dimensional data take time and space proportional to a O (d-1)-dimensional quantity (Walsh)2. Alternatively, for a region quadtree, the space requirements double as the resolution doubles¥ in contrast with quadrupling in the array representation¥ for a region octree the space requirements quadruple as the resolution doubles¥ ex.1b arrayregion quadtree

Copyright ' 1998 by Hanan Samet

bg82r bg83z

bg8

DIMENSION REDUCTION1. Number of blocks necessary to store a simple polygon as a region quadtree is proportional to its perimeter (Hunter) ¥ implies that many quadtree algorithms execute in O(perimeter) time as they are tree traversals¥ the region quadtree is a dimension reducing device as perimeter (ignoring fractal effects) is a one-dimensional measure and we are starting with two-dimensional data¥ generalizes to higher dimensions a. region octree takes O (surface area) time and space (Meagher)b. d-dimensional data take time and space proportional to a O (d-1)-dimensional quantity (Walsh)2. Alternatively, for a region quadtree, the space requirements double as the resolution doubles¥ in contrast with quadrupling in the array representation¥ for a region octree the space requirements quadruple as the resolution doubles¥ ex.1b arrayregion quadtree bg82r bg83z bg84g

bg8

DIMENSION REDUCTION1. Number of blocks necessary to store a simple polygon as a region quadtree is proportional to its perimeter (Hunter) ¥ implies that many quadtree algorithms execute in O(perimeter) time as they are tree traversals¥ the region quadtree is a dimension reducing device as perimeter (ignoring fractal effects) is a one-dimensional measure and we are starting with two-dimensional data¥ generalizes to higher dimensions a. region octree takes O (surface area) time and space (Meagher)b. d-dimensional data take time and space proportional to a O (d-1)-dimensional quantity (Walsh)2. Alternatively, for a region quadtree, the space requirements double as the resolution doubles¥ in contrast with quadrupling in the array representation¥ for a region octree the space requirements quadruple as the resolution doubles¥ ex.1b arrayregion quadtree

Copyright ' 1998 by Hanan Samet

bg82r bg83z bg84g bg85r¥ easy to see dependence on perimeter as decomposition only takes place on the boundary as the resolution increases ar0Copyright ' 1994 Hanan SametThese notes may not be reproduced by any means (mechanical or elec-tronic or any other) without the express written permission of Hanan SametALTERNATIVE REPRESENTATIONSHanan SametComputer Science Department andCenter for Automation Research andInstitute for Advanced Computer StudiesUniversity of MarylandCollege Park, Maryland 20742e-mail: hjs@umiacs.umd.edu

ar1BINTREES (Tamminen, Knowlton)¥In higher dimensions (e.g., >3) branching factor ofquadtree and octree is too high¥Bintree: regular decomposition binary tree for highdimensional data1.at each level split on the basis of another attribute2.cycle through the attributes at the different levels¥Ex:

31246589711101314121516 F34 E5D2C1BJ89I7H10K1112

N1314

O1516

MGLA6

Copyright ' 1998 by Hanan Samet

ar2BSP TREES (Fuchs, Kedem, Naylor)¥Like a bintree except that the decomposition lines are atarbitrary orientations (i.e., they need not be parallel ororthogonal)¥For data of arbitrary dimensions¥In 2D (3D), partition along the edges (faces) of a polygon(polyhedron)¥Ex: arrows indicate direction of positive area

BCA23451

DBCA23451D

¥Usually used for hidden-surface elimination1.domain is a set of polygons in three dimensions2.position of viewpoint determines the order in which theBSP tree is traversed¥A polygon�s plane is extended infinitely to partition theentire space

ar3

DRAWBACKS OF BSP TREES¥ A polygon may be included in both the left and right subtrees of node¥ Same issues of duplicate reporting as in representations based on a disjoint decomposition of the underlying space¥ Shape of the BSP tree depends on the order in which the polygons are processed and on the polygons chosen to serve as the partitioning plane¥ Not based on a regular decomposition thereby complicating the performance of set-theoretic operations¥ Ex: use line segments in two dimensions1b

CDAB

ar3

DRAWBACKS OF BSP TREES¥ A polygon may be included in both the left and right subtrees of node¥ Same issues of duplicate reporting as in representations based on a disjoint decomposition of the underlying space¥ Shape of the BSP tree depends on the order in which the polygons are processed and on the polygons chosen to serve as the partitioning plane¥ Not based on a regular decomposition thereby complicating the performance of set-theoretic operations¥ Ex: use line segments in two dimensions1b

CDAB ar3 2r1. partition induced by choosing B as the root

BCDAD341256

123456

ar3

DRAWBACKS OF BSP TREES¥ A polygon may be included in both the left and right subtrees of node¥ Same issues of duplicate reporting as in representations based on a disjoint decomposition of the underlying space¥ Shape of the BSP tree depends on the order in which the polygons are processed and on the polygons chosen to serve as the partitioning plane¥ Not based on a regular decomposition thereby complicating the performance of set-theoretic operations¥ Ex: use line segments in two dimensions1b

CDAB ar3 2r1. partition induced by choosing B as the root

BCDAD341256

123456 ar3 3z2. partition induced by choosing C as the root

14523

CDB123 A45

ar4

POINTER-LESS QUADTREE REPRESENTATIONS¥ Central idea in the quadtree data structure is the recursive decomposition of space into blocks¥ The tree is an implementation convenience to enable logarithmic searches for the block associated with a particular point¥ Unlike the pyramid, no information is associated with the internal nodes of the quadtree¥ Can represent the blocks in a list of numbers where each block has a unique number (termed a location code) formed by concatenating1. the sequence of n (assuming a 2n ·2n image) two bit codes corresponding to each step in the path from the root of the tree to the block�s node¥ let 0, 1, 2, 3 correspond to SW, SE, NW, NE branches, respectively¥ absent steps are encoded with a 0¥ equivalent to interleaving the binary representations of the x and y coordinate values of a particular pixel (e.g., at the lower left corner)2. the depth of the block�s node¥ necessary to distinguish between paths having trailing digits whose value is 0 Ex:1b

Copyright ' 1998 by Hanan Samet

ar4

POINTER-LESS QUADTREE REPRESENTATIONS¥ Central idea in the quadtree data structure is the recursive decomposition of space into blocks¥ The tree is an implementation convenience to enable logarithmic searches for the block associated with a particular point¥ Unlike the pyramid, no information is associated with the internal nodes of the quadtree¥ Can represent the blocks in a list of numbers where each block has a unique number (termed a location code) formed by concatenating1. the sequence of n (assuming a 2n ·2n image) two bit codes corresponding to each step in the path from the root of the tree to the block�s node¥ let 0, 1, 2, 3 correspond to SW, SE, NW, NE branches, respectively¥ absent steps are encoded with a 0¥ equivalent to interleaving the binary representations of the x and y coordinate values of a particular pixel (e.g., at the lower left corner)2. the depth of the block�s node¥ necessary to distinguish between paths having trailing digits whose value is 0 Ex:1b

ar42rpath from root = NE, SWlocational code = 310,2

ar5PROPERTIES OF LOCATIONAL CODES¥Locational codes can be stored in a B-tree¥Locational codes are equivalent to a hashing function andare the basis of techniques known as order preservinglinear hashing¥Sorting locational codes in increasing order has the effectof a space-filling curve and is equivalent to traversing theleaf nodes of the tree in SW, SE, NW, NE order¥Neighbor finding is easy at pixel level but cumbersome atother levels although feasible¥Many alternative locational code implementations exist1.variable length locational codes where the depth isomitted and a don�t care code (e.g., 4) is used as asentinel2.fixed length locational codes with a don�t care symbolto indicate that no further decomposition takes place

ar6

TRAVERSAL-BASED QUADTREE REPRESENTATIONS¥ Preorder traversal of the nodes in the quadtree¥ Result is a string over the alphabet (DF-expression): G = GRAY node˚˚˚˚B = BLACK node˚˚˚˚W = WHITE node¥ Ex: NW, NE, SW, SE traversal order1b¥ Drawback: random access is impossible (e.g., for neighbor finding � must always start at the first element in the list and visit all elements prior to the one being searched for¥ Useful whenever have to process entire set of nodes in preorder (e.g., NW, NE, SW, SE)1. centroid computation2. set-theoretic operations3. image transformations involving translation, rotation, scaling

96127181816151913421453101711

78910

D612C1115161718131419F

E235B4A1NWNESWSE

Copyright ' 1998 by Hanan Samet

ar6

TRAVERSAL-BASED QUADTREE REPRESENTATIONS¥ Preorder traversal of the nodes in the quadtree¥ Result is a string over the alphabet (DF-expression): G = GRAY node˚˚˚˚B = BLACK node˚˚˚˚W = WHITE node¥ Ex: NW, NE, SW, SE traversal order1b¥ Drawback: random access is impossible (e.g., for neighbor finding � must always start at the first element in the list and visit all elements prior to the one being searched for¥ Useful whenever have to process entire set of nodes in preorder (e.g., NW, NE, SW, SE)1. centroid computation2. set-theoretic operations3. image transformations involving translation, rotation, scaling

96127181816151913421453101711

78910

D612C1115161718131419F

E235B4A1NWNESWSE ar6 2rG WG WWBB G WG WBBB WB G BBG BBBW W tl0Copyright ' 1994 Hanan SametThese notes may not be reproduced by any means (mechanical or elec-tronic or any other) without the express written permission of Hanan SametTESSELLATIONSHanan SametComputer Science Department andCenter for Automation Research andInstitute for Advanced Computer StudiesUniversity of MarylandCollege Park, Maryland 20742e-mail: hjs@umiacs.umd.edu

tl1

ALTERNATIVE DECOMPOSITION METHODS¥ A planar decomposition for image representation should be:1. infinitely repetitive2. infinitely decomposable into successively finer patterns¥ Classification of tilings (Bell, Diaz, Holroyd, and Jackson)1. isohedral � all tiles are equivalent under the symmetry group of the tiling (i.e., when stand in one tile and look around, the view is independent of the tile)1b

BA123

[36][34.6][33.42]

[32.4.3.2][3.4.6.4][3.6.3.6]

[3.122][44][4.6.12]

[63][4.82]2. regular � each tile is a regular polygon¥ There are 81 types if classify by their symmetry groups¥ Only 11 types if classify by their adjacency structure¥ [3.122] means 3 edges at the first vertex of the polygonal tile followed by 12 edges at the next two vertices

tl1

ALTERNATIVE DECOMPOSITION METHODS¥ A planar decomposition for image representation should be:1. infinitely repetitive2. infinitely decomposable into successively finer patterns¥ Classification of tilings (Bell, Diaz, Holroyd, and Jackson)1. isohedral � all tiles are equivalent under the symmetry group of the tiling (i.e., when stand in one tile and look around, the view is independent of the tile)1b

BA123

[36][34.6][33.42]

[32.4.3.2][3.4.6.4][3.6.3.6]

[3.122][44][4.6.12]

[63][4.82]2. regular � each tile is a regular polygon¥ There are 81 types if classify by their symmetry groups¥ Only 11 types if classify by their adjacency structure¥ [3.122] means 3 edges at the first vertex of the polygonal tile followed by 12 edges at the next two vertices tl1 2rYESNO

tl2

1b¥ Limited ” NOT similar (i.e., cannot be decomposed infinitely into smaller tiles of the same shape)¥ Unlimited: each edge of each tile lies on an infinitely straight line composed entirely of edges¥ Only 4 unlimited tilings [44], [63], [4.82], and [4.6.12]¥ Two additional hierarchies: Note: [4.82] and [4.6.12] are not regular

rotation of 135� between levelsreflection between levels

[4.82][4.6.12]

[63][44]

[36]PROPERTIES OF TILINGS � SIMILARITY¥ Similarity � a tile at level k has the same shape as a tile at level 0 (basic tile shape)

tl2

1b¥ Limited ” NOT similar (i.e., cannot be decomposed infinitely into smaller tiles of the same shape)¥ Unlimited: each edge of each tile lies on an infinitely straight line composed entirely of edges¥ Only 4 unlimited tilings [44], [63], [4.82], and [4.6.12]¥ Two additional hierarchies: Note: [4.82] and [4.6.12] are not regular

rotation of 135� between levelsreflection between levels

[4.82][4.6.12]

[63][44]

[36]PROPERTIES OF TILINGS � SIMILARITY¥ Similarity � a tile at level k has the same shape as a tile at level 0 (basic tile shape) tl2 2rYESYESNO

tl3

PROPERTIES OF TILINGS � ADJACENCY¥ Adjacency � two tiles are neighbors if they are adjacent along an edge or at a vertex¥ Uniform adjacency ” distances between the centroid of one tile and the centroids of all its neighbors are the same¥ Adjacency number of a tiling (A) ” number of different adjacency distances1b

[36][44]

[63]

tl3

PROPERTIES OF TILINGS � ADJACENCY¥ Adjacency � two tiles are neighbors if they are adjacent along an edge or at a vertex¥ Uniform adjacency ” distances between the centroid of one tile and the centroids of all its neighbors are the same¥ Adjacency number of a tiling (A) ” number of different adjacency distances1b

[36][44]

[63] tl3 2rA=1A=2A=3

tl4

[44][63][36]PROPERTIES OF TILINGS � UNIFORM ORIENTATION¥ Uniform orientation¥ All tiles with the same orientation can be mapped into each other by translations of the plane which do not involve rotation for reflection1bConclusion:¥ [44] has a lower adjacency number than [63]¥ [44] has a uniform orientation while [63] does not¥ [44] is unlimited while [36] is limited Use [44]!

tl4

[44][63][36]PROPERTIES OF TILINGS � UNIFORM ORIENTATION¥ Uniform orientation¥ All tiles with the same orientation can be mapped into each other by translations of the plane which do not involve rotation for reflection1bConclusion:¥ [44] has a lower adjacency number than [63]¥ [44] has a uniform orientation while [63] does not¥ [44] is unlimited while [36] is limited Use [44]! tl4 2rYESNOYES

tl5HEXAGONAL TESSELLATIONS [36]1. Still of interest¥ regular¥ uniform orientation¥ uniform adjacency2. Several tiling hierarchies (n˚-shapes) NOT UNIQUE!¥ n ” number of atomic tiles in the first level molecular tile¥ 4-shape and 9-shape have unusual adjacency behaviora. contact with two of the neighboring molecular tiles is along only one edge of a molecular tile while contact with the remaining four tiles is nearly along 1/4 of the perimeterb. molecular tile has the shape of a rhombus¥ 7-shapea. uniform contact with all six neighboring molecular tilesb. the shape of the molecular tile is more like a hexagon (” rosette and termed a septree)

4-shape

7-shape

9-shape

Copyright ' 1996 Hanan SametThese notes may not be reproduced by any means (mechanical or elec-tronic or any other) without the express written permission of Hanan SametNEIGHBOR FINDING METHODS IN QUADTREESHanan SametComputer Science Department andCenter for Automation Research andInstitute for Advanced Computer StudiesUniversity of MarylandCollege Park, Maryland 20742e-mail: hjs@umiacs.umd.edu nf11bNEIGHBOR FINDING OPERATIONS USING QUADTREES¥ Many image processing operations involve traversing an image and applying an operation to a pixel and some of its neighboring (i.e., adjacent) pixels¥ For quadtree/octree representations replace pixel/voxel by block¥ Neighbor is defined to be an adjacent block of greater than or equal size¥ Desirable to be able to locate neighbors in a manner that1. is position-independent2. is size-independent3. makes no use of additional links to adjacent nodes (e.g., ropes and nets a la Hunter)4. just uses the structure of the tree or configuration of the blocks

A13245A has neighbors5 nf11bNEIGHBOR FINDING OPERATIONS USING QUADTREES¥ Many image processing operations involve traversing an image and applying an operation to a pixel and some of its neighboring (i.e., adjacent) pixels¥ For quadtree/octree representations replace pixel/voxel by block¥ Neighbor is defined to be an adjacent block of greater than or equal size¥ Desirable to be able to locate neighbors in a manner that1. is position-independent2. is size-independent3. makes no use of additional links to adjacent nodes (e.g., ropes and nets a la Hunter)4. just uses the structure of the tree or configuration of the blocks

A13245A has neighbors5 nf12r 66 nf11bNEIGHBOR FINDING OPERATIONS USING QUADTREES¥ Many image processing operations involve traversing an image and applying an operation to a pixel and some of its neighboring (i.e., adjacent) pixels¥ For quadtree/octree representations replace pixel/voxel by block¥ Neighbor is defined to be an adjacent block of greater than or equal size¥ Desirable to be able to locate neighbors in a manner that1. is position-independent2. is size-independent3. makes no use of additional links to adjacent nodes (e.g., ropes and nets a la Hunter)4. just uses the structure of the tree or configuration of the blocks

A13245A has neighbors5 nf12r 66 nf13z 77 nf11bNEIGHBOR FINDING OPERATIONS USING QUADTREES¥ Many image processing operations involve traversing an image and applying an operation to a pixel and some of its neighboring (i.e., adjacent) pixels¥ For quadtree/octree representations replace pixel/voxel by block¥ Neighbor is defined to be an adjacent block of greater than or equal size¥ Desirable to be able to locate neighbors in a manner that1. is position-independent2. is size-independent3. makes no use of additional links to adjacent nodes (e.g., ropes and nets a la Hunter)4. just uses the structure of the tree or configuration of the blocks

A13245A has neighbors5 nf12r 66 nf13z 77 nf14g 88 nf11bNEIGHBOR FINDING OPERATIONS USING QUADTREES¥ Many image processing operations involve traversing an image and applying an operation to a pixel and some of its neighboring (i.e., adjacent) pixels¥ For quadtree/octree representations replace pixel/voxel by block¥ Neighbor is defined to be an adjacent block of greater than or equal size¥ Desirable to be able to locate neighbors in a manner that1. is position-independent2. is size-independent3. makes no use of additional links to adjacent nodes (e.g., ropes and nets a la Hunter)4. just uses the structure of the tree or configuration of the blocks

A13245A has neighbors5 nf12r 66 nf13z 77 nf14g 88 nf15v¥ Some block configurations are impossible, thereby simplifying a number of algorithms1. impossible for a node A to have two larger neighbors B and C on directly opposite sides or touching corners2. partial overlap of two blocks B and C with A is impossible since a quadtree is constructed by recursively splitting blocks into blocks that have side lengths that are powers of 2AA nf11bNEIGHBOR FINDING OPERATIONS USING QUADTREES¥ Many image processing operations involve traversing an image and applying an operation to a pixel and some of its neighboring (i.e., adjacent) pixels¥ For quadtree/octree representations replace pixel/voxel by block¥ Neighbor is defined to be an adjacent block of greater than or equal size¥ Desirable to be able to locate neighbors in a manner that1. is position-independent2. is size-independent3. makes no use of additional links to adjacent nodes (e.g., ropes and nets a la Hunter)4. just uses the structure of the tree or configuration of the blocks

A13245A has neighbors5 nf12r 66 nf13z 77 nf14g 88 nf15v¥ Some block configurations are impossible, thereby simplifying a number of algorithms1. impossible for a node A to have two larger neighbors B and C on directly opposite sides or touching corners2. partial overlap of two blocks B and C with A is impossible since a quadtree is constructed by recursively splitting blocks into blocks that have side lengths that are powers of 2AA nf16rCBCB

nf2

FINDING LATERAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. Otherwise, the father F is the nearest common ancestor and retrace the path starting at F making mirror image moves about the edge shared by the neighboring blocksEx: E neighbor of A (i.e., G)1b

ADCEGFB

nf2

FINDING LATERAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. Otherwise, the father F is the nearest common ancestor and retrace the path starting at F making mirror image moves about the edge shared by the neighboring blocksEx: E neighbor of A (i.e., G)1b

ADCEGFB nf2 2r123456

NENENWNWNENW

nf2

FINDING LATERAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. Otherwise, the father F is the nearest common ancestor and retrace the path starting at F making mirror image moves about the edge shared by the neighboring blocksEx: E neighbor of A (i.e., G)1b

ADCEGFB nf2 2r123456

NENENWNWNENW nf2 3zDCBAEFGSWSENWNENENENWNW

nf2

FINDING LATERAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. Otherwise, the father F is the nearest common ancestor and retrace the path starting at F making mirror image moves about the edge shared by the neighboring blocksEx: E neighbor of A (i.e., G)1b

ADCEGFB nf2 2r123456

NENENWNWNENW nf2 3zDCBAEFGSWSENWNENENENWNW nf2 4bnode procedure EQUAL_LATERAL_NEIGHBOR(P,D);/* Find = size neighbor of P in direction D */begin value pointer node P; value direction D; return(SON(if ADJ(D,SONTYPE(P)) then EQUAL_LATERAL_NEIGHBOR(FATHER(P),D) else FATHER(P), REFLECT(D,SONTYPE(P))));end;

nf2

FINDING LATERAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. Otherwise, the father F is the nearest common ancestor and retrace the path starting at F making mirror image moves about the edge shared by the neighboring blocksEx: E neighbor of A (i.e., G)1b

ADCEGFB nf2 2r123456

NENENWNWNENW nf2 3zDCBAEFGSWSENWNENENENWNW nf2 4bnode procedure EQUAL_LATERAL_NEIGHBOR(P,D);/* Find = size neighbor of P in direction D */begin value pointer node P; value direction D; return(SON(if ADJ(D,SONTYPE(P)) then EQUAL_LATERAL_NEIGHBOR(FATHER(P),D) else FATHER(P), REFLECT(D,SONTYPE(P))));end; nf2 5rPDNWTFFTNETTFFSWFFTTSEFTTFADJ(A,B)NESW AB

nf2

FINDING LATERAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. Otherwise, the father F is the nearest common ancestor and retrace the path starting at F making mirror image moves about the edge shared by the neighboring blocksEx: E neighbor of A (i.e., G)1b

ADCEGFB nf2 2r123456

NENENWNWNENW nf2 3zDCBAEFGSWSENWNENENENWNW nf2 4bnode procedure EQUAL_LATERAL_NEIGHBOR(P,D);/* Find = size neighbor of P in direction D */begin value pointer node P; value direction D; return(SON(if ADJ(D,SONTYPE(P)) then EQUAL_LATERAL_NEIGHBOR(FATHER(P),D) else FATHER(P), REFLECT(D,SONTYPE(P))));end; nf2 5rPDNWTFFTNETTFFSWFFTTSEFTTFADJ(A,B)NESW AB nf2 6zPD

nf2

FINDING LATERAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. Otherwise, the father F is the nearest common ancestor and retrace the path starting at F making mirror image moves about the edge shared by the neighboring blocksEx: E neighbor of A (i.e., G)1b

ADCEGFB nf2 2r123456

NENENWNWNENW nf2 3zDCBAEFGSWSENWNENENENWNW nf2 4bnode procedure EQUAL_LATERAL_NEIGHBOR(P,D);/* Find = size neighbor of P in direction D */begin value pointer node P; value direction D; return(SON(if ADJ(D,SONTYPE(P)) then EQUAL_LATERAL_NEIGHBOR(FATHER(P),D) else FATHER(P), REFLECT(D,SONTYPE(P))));end; nf2 5rPDNWTFFTNETTFFSWFFTTSEFTTFADJ(A,B)NESW AB nf2 6zPD nf2 7gNWSWNESWNENESENWSENWSWNWSENWSESENESWNESWREFLECT(A,B)NESW

nf3

FINDING NEIGHBORS IN APOINTERLESS REPRESENTATION¥ Assume a bit-interleaved representation that also indicates the depth of each block¥ Ex: y bit is more significant than x bit � i.e., yn xn � y1 x1 y0 x01b1. Mimic tree algorithm in the sense that to find a lateral neighbor (say in the x direction), search for the first x bit position that is different while complementing the bits encountered in the processEx: find pixel-sized eastern neighbor of 213 = 10 01 11

210220230212000213301303302310320100330211300200

nf3

FINDING NEIGHBORS IN APOINTERLESS REPRESENTATION¥ Assume a bit-interleaved representation that also indicates the depth of each block¥ Ex: y bit is more significant than x bit � i.e., yn xn � y1 x1 y0 x01b1. Mimic tree algorithm in the sense that to find a lateral neighbor (say in the x direction), search for the first x bit position that is different while complementing the bits encountered in the processEx: find pixel-sized eastern neighbor of 213 = 10 01 11

210220230212000213301303302310320100330211300200 nf3 2r¥ search for an x bit with a value of 0

nf3

FINDING NEIGHBORS IN APOINTERLESS REPRESENTATION¥ Assume a bit-interleaved representation that also indicates the depth of each block¥ Ex: y bit is more significant than x bit � i.e., yn xn � y1 x1 y0 x01b1. Mimic tree algorithm in the sense that to find a lateral neighbor (say in the x direction), search for the first x bit position that is different while complementing the bits encountered in the processEx: find pixel-sized eastern neighbor of 213 = 10 01 11

210220230212000213301303302310320100330211300200 nf3 2r¥ search for an x bit with a value of 0 nf3 3z¥ result is 302 = 11 00 10

nf3

FINDING NEIGHBORS IN APOINTERLESS REPRESENTATION¥ Assume a bit-interleaved representation that also indicates the depth of each block¥ Ex: y bit is more significant than x bit � i.e., yn xn � y1 x1 y0 x01b1. Mimic tree algorithm in the sense that to find a lateral neighbor (say in the x direction), search for the first x bit position that is different while complementing the bits encountered in the processEx: find pixel-sized eastern neighbor of 213 = 10 01 11

210220230212000213301303302310320100330211300200 nf3 2r¥ search for an x bit with a value of 0 nf3 3z¥ result is 302 = 11 00 10 nf3 4g¥ cumbersome as many bit operations are required

nf3

FINDING NEIGHBORS IN APOINTERLESS REPRESENTATION¥ Assume a bit-interleaved representation that also indicates the depth of each block¥ Ex: y bit is more significant than x bit � i.e., yn xn � y1 x1 y0 x01b1. Mimic tree algorithm in the sense that to find a lateral neighbor (say in the x direction), search for the first x bit position that is different while complementing the bits encountered in the processEx: find pixel-sized eastern neighbor of 213 = 10 01 11

210220230212000213301303302310320100330211300200 nf3 2r¥ search for an x bit with a value of 0 nf3 3z¥ result is 302 = 11 00 10 nf3 4g¥ cumbersome as many bit operations are required nf3 5r2. Use arithmetic by adding or subtracting from the appropriate x (y) bit and skip the positions corresponding to the y (or x) bits¥ save the contents of the y (x) bit positions¥ load a 1 in every y (x) bit position of the addend � enables propagation of the carry (if one is present) to the next x (y) bit positionEx: find pixel-sized eastern neighbor of 213 = 10 01 11 the addend 00 00 01 becomes + 10 10 11

nf3

FINDING NEIGHBORS IN APOINTERLESS REPRESENTATION¥ Assume a bit-interleaved representation that also indicates the depth of each block¥ Ex: y bit is more significant than x bit � i.e., yn xn � y1 x1 y0 x01b1. Mimic tree algorithm in the sense that to find a lateral neighbor (say in the x direction), search for the first x bit position that is different while complementing the bits encountered in the processEx: find pixel-sized eastern neighbor of 213 = 10 01 11

210220230212000213301303302310320100330211300200 nf3 2r¥ search for an x bit with a value of 0 nf3 3z¥ result is 302 = 11 00 10 nf3 4g¥ cumbersome as many bit operations are required nf3 5r2. Use arithmetic by adding or subtracting from the appropriate x (y) bit and skip the positions corresponding to the y (or x) bits¥ save the contents of the y (x) bit positions¥ load a 1 in every y (x) bit position of the addend � enables propagation of the carry (if one is present) to the next x (y) bit positionEx: find pixel-sized eastern neighbor of 213 = 10 01 11 the addend 00 00 01 becomes + 10 10 11 nf3 6z result 01 00 10¥ perform the addition or subtraction

nf3

FINDING NEIGHBORS IN APOINTERLESS REPRESENTATION¥ Assume a bit-interleaved representation that also indicates the depth of each block¥ Ex: y bit is more significant than x bit � i.e., yn xn � y1 x1 y0 x01b1. Mimic tree algorithm in the sense that to find a lateral neighbor (say in the x direction), search for the first x bit position that is different while complementing the bits encountered in the processEx: find pixel-sized eastern neighbor of 213 = 10 01 11

210220230212000213301303302310320100330211300200 nf3 2r¥ search for an x bit with a value of 0 nf3 3z¥ result is 302 = 11 00 10 nf3 4g¥ cumbersome as many bit operations are required nf3 5r2. Use arithmetic by adding or subtracting from the appropriate x (y) bit and skip the positions corresponding to the y (or x) bits¥ save the contents of the y (x) bit positions¥ load a 1 in every y (x) bit position of the addend � enables propagation of the carry (if one is present) to the next x (y) bit positionEx: find pixel-sized eastern neighbor of 213 = 10 01 11 the addend 00 00 01 becomes + 10 10 11 nf3 6z result 01 00 10¥ perform the addition or subtraction nf3 7g restoring y bit positions to previous 11 00 10 = 302¥ reset the y (x) bit positions to their previous value

nf3

FINDING NEIGHBORS IN APOINTERLESS REPRESENTATION¥ Assume a bit-interleaved representation that also indicates the depth of each block¥ Ex: y bit is more significant than x bit � i.e., yn xn � y1 x1 y0 x01b1. Mimic tree algorithm in the sense that to find a lateral neighbor (say in the x direction), search for the first x bit position that is different while complementing the bits encountered in the processEx: find pixel-sized eastern neighbor of 213 = 10 01 11

210220230212000213301303302310320100330211300200 nf3 2r¥ search for an x bit with a value of 0 nf3 3z¥ result is 302 = 11 00 10 nf3 4g¥ cumbersome as many bit operations are required nf3 5r2. Use arithmetic by adding or subtracting from the appropriate x (y) bit and skip the positions corresponding to the y (or x) bits¥ save the contents of the y (x) bit positions¥ load a 1 in every y (x) bit position of the addend � enables propagation of the carry (if one is present) to the next x (y) bit positionEx: find pixel-sized eastern neighbor of 213 = 10 01 11 the addend 00 00 01 becomes + 10 10 11 nf3 6z result 01 00 10¥ perform the addition or subtraction nf3 7g restoring y bit positions to previous 11 00 10 = 302¥ reset the y (x) bit positions to their previous value nf3 8v¥ only requires 4 instructions regardless of resolution of image and bit position of nearest common ancestor nf4ANALYSIS˚OF˚NEIGHBOR˚FINDING1.Bottom-up random image model where each pixel hasan equal probability of being black or white¥probability of the existence of a 2x2 block at aparticular position is 1/8¥OK for a checkerboard image but inappropriate formaps as it means that there is a very low probability ofaggregation¥problem is that such a model assumes independence¥in contrast, a pixel�s value is typically related to that ofits neighbors2.Top-down random image model where the probability ofa node being black or white is p and 1-2p for being gray¥model does not make provisions for merging¥uses a branching process model and analysis is interms of extinct branching processes3.Use a model based on positions of the blocks in thedecomposition¥a block is equally likely to be at any position and depthin the tree¥compute an average case based on all the possiblepositions of a block of size 1x1, 2x2, 4x4, etc.¥1 case at depth 0, 4 cases at depth 1, 16 cases atdepth 2, etc.¥this is not a realizable situation but in practice doesmodel the image accurately

nf5

ANALYSIS OF FINDING LATERAL NEIGHBORS1b23Æ(23—1) neighbor pairs of equal sized nodes in direction ENCA = nearest common ancestor

nf5

ANALYSIS OF FINDING LATERAL NEIGHBORS1b23Æ(23—1) neighbor pairs of equal sized nodes in direction ENCA = nearest common ancestor nf52r1—8 have NCA at level 312435687

nf5

ANALYSIS OF FINDING LATERAL NEIGHBORS1b23Æ(23—1) neighbor pairs of equal sized nodes in direction ENCA = nearest common ancestor nf52r1—8 have NCA at level 312435687 nf5 3z9—24 have NCA at level 21218109111719201622141315212324

nf5

ANALYSIS OF FINDING LATERAL NEIGHBORS1b23Æ(23—1) neighbor pairs of equal sized nodes in direction ENCA = nearest common ancestor nf52r1—8 have NCA at level 312435687 nf5 3z9—24 have NCA at level 21218109111719201622141315212324 nf5 4g274134254249443635433326285250513145382946534840394737303256545525—56 have NCA at level 1

nf5

ANALYSIS OF FINDING LATERAL NEIGHBORS1b23Æ(23—1) neighbor pairs of equal sized nodes in direction ENCA = nearest common ancestor nf52r1—8 have NCA at level 312435687 nf5 3z9—24 have NCA at level 21218109111719201622141315212324 nf5 4g274134254249443635433326285250513145382946534840394737303256545525—56 have NCA at level 1 nf5 5vTheorem: average number of nodes visited by EQUAL_LATERAL_NEIGHBOR is £ 4Proof:¥ Let node A be at level i (i.e., a 2i˚·2i block)¥ There are 2n˚—iÆ(2n˚—i˚˚—1) possible positions for node A such that an equal sized neighbor exists in a given horizontal or vertical direction2n˚—i rows2n˚—i˚˚—1 adjacencies per row2n˚—i˚Æ20 have NCA at level n2n˚—i˚Æ21 have NCA at level n˚—1�2n˚—i˚Æ2n˚—i˚—1 have NCA at level i˚+1

nf5

ANALYSIS OF FINDING LATERAL NEIGHBORS1b23Æ(23—1) neighbor pairs of equal sized nodes in direction ENCA = nearest common ancestor nf52r1—8 have NCA at level 312435687 nf5 3z9—24 have NCA at level 21218109111719201622141315212324 nf5 4g274134254249443635433326285250513145382946534840394737303256545525—56 have NCA at level 1 nf5 5vTheorem: average number of nodes visited by EQUAL_LATERAL_NEIGHBOR is £ 4Proof:¥ Let node A be at level i (i.e., a 2i˚·2i block)¥ There are 2n˚—iÆ(2n˚—i˚˚—1) possible positions for node A such that an equal sized neighbor exists in a given horizontal or vertical direction2n˚—i rows2n˚—i˚˚—1 adjacencies per row2n˚—i˚Æ20 have NCA at level n2n˚—i˚Æ21 have NCA at level n˚—1�2n˚—i˚Æ2n˚—i˚—1 have NCA at level i˚+1 nf5 6b¥ For node A at level i, direction D, and the NCA at level j, 2Æ(j˚—i˚) nodes are visited in locating an equal-sized neighbor at level i

nf5

ANALYSIS OF FINDING LATERAL NEIGHBORS1b23Æ(23—1) neighbor pairs of equal sized nodes in direction ENCA = nearest common ancestor nf52r1—8 have NCA at level 312435687 nf5 3z9—24 have NCA at level 21218109111719201622141315212324 nf5 4g274134254249443635433326285250513145382946534840394737303256545525—56 have NCA at level 1 nf5 5vTheorem: average number of nodes visited by EQUAL_LATERAL_NEIGHBOR is £ 4Proof:¥ Let node A be at level i (i.e., a 2i˚·2i block)¥ There are 2n˚—iÆ(2n˚—i˚˚—1) possible positions for node A such that an equal sized neighbor exists in a given horizontal or vertical direction2n˚—i rows2n˚—i˚˚—1 adjacencies per row2n˚—i˚Æ20 have NCA at level n2n˚—i˚Æ21 have NCA at level n˚—1�2n˚—i˚Æ2n˚—i˚—1 have NCA at level i˚+1 nf5 6b¥ For node A at level i, direction D, and the NCA at level j, 2Æ(j˚—i˚) nodes are visited in locating an equal-sized neighbor at level i nf5 7zAiji

nf5

ANALYSIS OF FINDING LATERAL NEIGHBORS1b23Æ(23—1) neighbor pairs of equal sized nodes in direction ENCA = nearest common ancestor nf52r1—8 have NCA at level 312435687 nf5 3z9—24 have NCA at level 21218109111719201622141315212324 nf5 4g274134254249443635433326285250513145382946534840394737303256545525—56 have NCA at level 1 nf5 5vTheorem: average number of nodes visited by EQUAL_LATERAL_NEIGHBOR is £ 4Proof:¥ Let node A be at level i (i.e., a 2i˚·2i block)¥ There are 2n˚—iÆ(2n˚—i˚˚—1) possible positions for node A such that an equal sized neighbor exists in a given horizontal or vertical direction2n˚—i rows2n˚—i˚˚—1 adjacencies per row2n˚—i˚Æ20 have NCA at level n2n˚—i˚Æ21 have NCA at level n˚—1�2n˚—i˚Æ2n˚—i˚—1 have NCA at level i˚+1 nf5 6b¥ For node A at level i, direction D, and the NCA at level j, 2Æ(j˚—i˚) nodes are visited in locating an equal-sized neighbor at level i nf5 7zAiji nf5 8g nodes are visited on the average £ 42n-i�2n-j�2�(j-i)j=i+1n�i=0n-1�2n-i�(2n-i-1)i=0n-1�

nf6

1bADCBEFG

FINDING DIAGONAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. If the father and an ancestor A of the desired neighbor are adjacent along an edge (COMMON_EDGE), then calculate the desired neighbor with EQUAL_LATERAL_NEIGHBOR and apply the retracing step in 33. Otherwise, the father F is the nearest common ancestor and now retrace the path starting at F making diagonally opposite moves Ex: SE neighbor of A (i.e., G)

nf6

1bADCBEFG

FINDING DIAGONAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. If the father and an ancestor A of the desired neighbor are adjacent along an edge (COMMON_EDGE), then calculate the desired neighbor with EQUAL_LATERAL_NEIGHBOR and apply the retracing step in 33. Otherwise, the father F is the nearest common ancestor and now retrace the path starting at F making diagonally opposite moves Ex: SE neighbor of A (i.e., G) nf6 2rNENENWNWNE1342

SW56

nf6

1bADCBEFG

FINDING DIAGONAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. If the father and an ancestor A of the desired neighbor are adjacent along an edge (COMMON_EDGE), then calculate the desired neighbor with EQUAL_LATERAL_NEIGHBOR and apply the retracing step in 33. Otherwise, the father F is the nearest common ancestor and now retrace the path starting at F making diagonally opposite moves Ex: SE neighbor of A (i.e., G) nf6 2rNENENWNWNE1342

SW56 nf6DCBAEFGSWSENWNENENESWNW3z

nf6

1bADCBEFG

FINDING DIAGONAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. If the father and an ancestor A of the desired neighbor are adjacent along an edge (COMMON_EDGE), then calculate the desired neighbor with EQUAL_LATERAL_NEIGHBOR and apply the retracing step in 33. Otherwise, the father F is the nearest common ancestor and now retrace the path starting at F making diagonally opposite moves Ex: SE neighbor of A (i.e., G) nf6 2rNENENWNWNE1342

SW56 nf6DCBAEFGSWSENWNENENESWNW3z nf6 4bnode procedure EQUAL_DIAGONAL_NEIGHBOR(P,C);/* Find = size neighbor of P towards quadrant C */begin value pointer node P; value quadrant C; return(SON(if ADJ(C,SONTYPE(P)) then EQUAL_DIAGONAL_NEIGHBOR(FATHER(P),C) else if COMMON_EDGE(C,SONTYPE(P))„W then EQUAL_LATERAL_NEIGHBOR(FATHER(P), COMMON_EDGE(C,SONTYPE(P))) else FATHER(P), OPQUAD(SONTYPE(P))));end;

nf6

1bADCBEFG

FINDING DIAGONAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. If the father and an ancestor A of the desired neighbor are adjacent along an edge (COMMON_EDGE), then calculate the desired neighbor with EQUAL_LATERAL_NEIGHBOR and apply the retracing step in 33. Otherwise, the father F is the nearest common ancestor and now retrace the path starting at F making diagonally opposite moves Ex: SE neighbor of A (i.e., G) nf6 2rNENENWNWNE1342

SW56 nf6DCBAEFGSWSENWNENENESWNW3z nf6 4bnode procedure EQUAL_DIAGONAL_NEIGHBOR(P,C);/* Find = size neighbor of P towards quadrant C */begin value pointer node P; value quadrant C; return(SON(if ADJ(C,SONTYPE(P)) then EQUAL_DIAGONAL_NEIGHBOR(FATHER(P),C) else if COMMON_EDGE(C,SONTYPE(P))„W then EQUAL_LATERAL_NEIGHBOR(FATHER(P), COMMON_EDGE(C,SONTYPE(P))) else FATHER(P), OPQUAD(SONTYPE(P))));end; nf6 5rPCADJ(A,B)NWTFFFNEFTFFSWFFTFSEFFFTNWNESWSE AB

nf6

1bADCBEFG

FINDING DIAGONAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. If the father and an ancestor A of the desired neighbor are adjacent along an edge (COMMON_EDGE), then calculate the desired neighbor with EQUAL_LATERAL_NEIGHBOR and apply the retracing step in 33. Otherwise, the father F is the nearest common ancestor and now retrace the path starting at F making diagonally opposite moves Ex: SE neighbor of A (i.e., G) nf6 2rNENENWNWNE1342

SW56 nf6DCBAEFGSWSENWNENENESWNW3z nf6 4bnode procedure EQUAL_DIAGONAL_NEIGHBOR(P,C);/* Find = size neighbor of P towards quadrant C */begin value pointer node P; value quadrant C; return(SON(if ADJ(C,SONTYPE(P)) then EQUAL_DIAGONAL_NEIGHBOR(FATHER(P),C) else if COMMON_EDGE(C,SONTYPE(P))„W then EQUAL_LATERAL_NEIGHBOR(FATHER(P), COMMON_EDGE(C,SONTYPE(P))) else FATHER(P), OPQUAD(SONTYPE(P))));end; nf6 5rPCADJ(A,B)NWTFFFNEFTFFSWFFTFSEFFFTNWNESWSE AB nf6 6zCOMMON_EDGE(A,B)NWWNWWNENWWESWWWWSSEWESWNWNESWSE

ABPC

nf6

1bADCBEFG

FINDING DIAGONAL NEIGHBORS OF EQUAL SIZEAlgorithm: based on finding the nearest common ancestor1. Ascend the tree if the node is a son of the same type as the direction of the neighbor (ADJ)2. If the father and an ancestor A of the desired neighbor are adjacent along an edge (COMMON_EDGE), then calculate the desired neighbor with EQUAL_LATERAL_NEIGHBOR and apply the retracing step in 33. Otherwise, the father F is the nearest common ancestor and now retrace the path starting at F making diagonally opposite moves Ex: SE neighbor of A (i.e., G) nf6 2rNENENWNWNE1342

SW56 nf6DCBAEFGSWSENWNENENESWNW3z nf6 4bnode procedure EQUAL_DIAGONAL_NEIGHBOR(P,C);/* Find = size neighbor of P towards quadrant C */begin value pointer node P; value quadrant C; return(SON(if ADJ(C,SONTYPE(P)) then EQUAL_DIAGONAL_NEIGHBOR(FATHER(P),C) else if COMMON_EDGE(C,SONTYPE(P))„W then EQUAL_LATERAL_NEIGHBOR(FATHER(P), COMMON_EDGE(C,SONTYPE(P))) else FATHER(P), OPQUAD(SONTYPE(P))));end; nf6 5rPCADJ(A,B)NWTFFFNEFTFFSWFFTFSEFFFTNWNESWSE AB nf6 6zCOMMON_EDGE(A,B)NWWNWWNENWWESWWWWSSEWESWNWNESWSE

ABPC nf6 7gPC

nf7

ANALYSIS OF FINDING DIAGONAL NEIGHBORS1b(23—1)2 neighbor pairs of equal sized nodes in direction NENCA = nearest common ancestor

nf7

ANALYSIS OF FINDING DIAGONAL NEIGHBORS1b(23—1)2 neighbor pairs of equal sized nodes in direction NENCA = nearest common ancestor nf72r1—13 have NCA at level 381094111312265173

nf7

ANALYSIS OF FINDING DIAGONAL NEIGHBORS1b(23—1)2 neighbor pairs of equal sized nodes in direction NENCA = nearest common ancestor nf72r1—13 have NCA at level 381094111312265173 nf7 3z14—33 have NCA at level 21822171520232832272530331416192124262931

nf7

ANALYSIS OF FINDING DIAGONAL NEIGHBORS1b(23—1)2 neighbor pairs of equal sized nodes in direction NENCA = nearest common ancestor nf72r1—13 have NCA at level 381094111312265173 nf7 3z14—33 have NCA at level 21822171520232832272530331416192124262931 nf7 4g3538403734364139434648454244494734—49 have NCA at level 1

nf7

ANALYSIS OF FINDING DIAGONAL NEIGHBORS1b(23—1)2 neighbor pairs of equal sized nodes in direction NENCA = nearest common ancestor nf72r1—13 have NCA at level 381094111312265173 nf7 3z14—33 have NCA at level 21822171520232832272530331416192124262931 nf7 4g3538403734364139434648454244494734—49 have NCA at level 1 nf7 5vTheorem: average number of nodes visited by EQUAL_DIAGONAL_NEIGHBOR is £ 16/3Proof:¥ Let node A be at level i (i.e., a 2i˚·2i block)¥ There are (2n˚—i˚˚—1)2 possible positions for node A such that an equal size neighbor exists in a given corner direction40Æ(2Æ(2n˚—i˚˚˚—1)—1) have NCA at level n41Æ(2Æ(2n˚—i˚—1˚˚—1)—1) have NCA at level n˚—1�4n˚—i˚—1Æ(2Æ(2n˚—i˚—(n˚—i˚—1)˚˚—1)—1)˚ have NCA at level i˚+1

nf7

ANALYSIS OF FINDING DIAGONAL NEIGHBORS1b(23—1)2 neighbor pairs of equal sized nodes in direction NENCA = nearest common ancestor nf72r1—13 have NCA at level 381094111312265173 nf7 3z14—33 have NCA at level 21822171520232832272530331416192124262931 nf7 4g3538403734364139434648454244494734—49 have NCA at level 1 nf7 5vTheorem: average number of nodes visited by EQUAL_DIAGONAL_NEIGHBOR is £ 16/3Proof:¥ Let node A be at level i (i.e., a 2i˚·2i block)¥ There are (2n˚—i˚˚—1)2 possible positions for node A such that an equal size neighbor exists in a given corner direction40Æ(2Æ(2n˚—i˚˚˚—1)—1) have NCA at level n41Æ(2Æ(2n˚—i˚—1˚˚—1)—1) have NCA at level n˚—1�4n˚—i˚—1Æ(2Æ(2n˚—i˚—(n˚—i˚—1)˚˚—1)—1)˚ have NCA at level i˚+1 nf7 6b¥ For node A at level i, direction D, and the NCA at level j, 2Æ(j˚—i˚) nodes are visited in locating an equal-sized neighbor at level i

nf7

ANALYSIS OF FINDING DIAGONAL NEIGHBORS1b(23—1)2 neighbor pairs of equal sized nodes in direction NENCA = nearest common ancestor nf72r1—13 have NCA at level 381094111312265173 nf7 3z14—33 have NCA at level 21822171520232832272530331416192124262931 nf7 4g3538403734364139434648454244494734—49 have NCA at level 1 nf7 5vTheorem: average number of nodes visited by EQUAL_DIAGONAL_NEIGHBOR is £ 16/3Proof:¥ Let node A be at level i (i.e., a 2i˚·2i block)¥ There are (2n˚—i˚˚—1)2 possible positions for node A such that an equal size neighbor exists in a given corner direction40Æ(2Æ(2n˚—i˚˚˚—1)—1) have NCA at level n41Æ(2Æ(2n˚—i˚—1˚˚—1)—1) have NCA at level n˚—1�4n˚—i˚—1Æ(2Æ(2n˚—i˚—(n˚—i˚—1)˚˚—1)—1)˚ have NCA at level i˚+1 nf7 6b¥ For node A at level i, direction D, and the NCA at level j, 2Æ(j˚—i˚) nodes are visited in locating an equal-sized neighbor at level i nf7 7zAiji

nf7

ANALYSIS OF FINDING DIAGONAL NEIGHBORS1b(23—1)2 neighbor pairs of equal sized nodes in direction NENCA = nearest common ancestor nf72r1—13 have NCA at level 381094111312265173 nf7 3z14—33 have NCA at level 21822171520232832272530331416192124262931 nf7 4g3538403734364139434648454244494734—49 have NCA at level 1 nf7 5vTheorem: average number of nodes visited by EQUAL_DIAGONAL_NEIGHBOR is £ 16/3Proof:¥ Let node A be at level i (i.e., a 2i˚·2i block)¥ There are (2n˚—i˚˚—1)2 possible positions for node A such that an equal size neighbor exists in a given corner direction40Æ(2Æ(2n˚—i˚˚˚—1)—1) have NCA at level n41Æ(2Æ(2n˚—i˚—1˚˚—1)—1) have NCA at level n˚—1�4n˚—i˚—1Æ(2Æ(2n˚—i˚—(n˚—i˚—1)˚˚—1)—1)˚ have NCA at level i˚+1 nf7 6b¥ For node A at level i, direction D, and the NCA at level j, 2Æ(j˚—i˚) nodes are visited in locating an equal-sized neighbor at level i nf7 7zAiji nf7 8g nodes are visited on the average £ 16/34n-j�(2�(2n-i-(n-j)-1)-1)�2�(j-i)j=i+1n�i=0n-1�(2n-i-1)2i=0n-1�

nf8FINDING˚NEIGHBORS IN˚HIGHER˚DIMENSIONS1.Three dimensions¥need direction of a vertex¥direction of an edge = direction of a vertex in twodimensions¥direction of a face = direction of an edge in twodimensions2.Arbitrary dimensions (d ): neighbor of node N¥use induction and routines for adjacencies along1, 2, ... d - 1 dimensions¥add one new routine for a d -dimensional adjacency(e.g., vertex in three dimensions)a.ascend the tree if the node is a son of the same typeas the direction of the neighbor (ADJ)b.for i = d - 1 step -1 until 1¥determine if the father of N and the ancestor of thedesired neighbor have an i -dimensionaladjacency in which case apply the algorithm forobtaining such a neighbor in d - 1 dimensions¥exit loop upon successc.father of N is the desired nearest common ancestor¥retrace path making directly opposite movesabout the vertex shared by node N and itsneighbor nf9PERFORMANCE˚FOR˚TWO-DIMENSIONAL˚DATA¥Assume 512x512 images¥Results correlate well with the model¥Average cost of neighbor finding for neighbors of greaterthan or equal size using the position modelFloodTopoLandPebbleAveragePredictedlateral neighbor3.503.603.593.563.573.46 diagonal neighbor4.474.684.634.604.604.44¥Average cost of stage 1 of neighbor finding (i.e., justlocating the nearest common ancestorFloodTopoLandPebbleAveragePredictedlateral neighbor2.012.002.001.992.001.98 diagonal neighbor2.692.672.662.652.672.62¥Average cost of stage 2 of neighbor finding (i.e.,descending the tree once the nearest common ancestorhas been located)FloodTopoLandPebbleAveragePredictedlateral neighbor1.491.601.591.571.571.48 diagonal neighbor1.792.001.971.951.941.82

hp11FINDING THE NEAREST OBJECT¥ Ex: find the nearest object to P1b P

12876139145231011DECFAB¥ Assume PR quadtree for points (i.e., at most one point per block)¥ Search neighbors of block 1 in counterclockwise order¥ Points are sorted with respect to the space they occupy which enables pruning the search space¥ Algorithm:

hp11FINDING THE NEAREST OBJECT¥ Ex: find the nearest object to P1b P

12876139145231011DECFAB¥ Assume PR quadtree for points (i.e., at most one point per block)¥ Search neighbors of block 1 in counterclockwise order¥ Points are sorted with respect to the space they occupy which enables pruning the search space¥ Algorithm:

hp112 r1. start at block 2 and compute distance to P from A

hp11FINDING THE NEAREST OBJECT¥ Ex: find the nearest object to P1b P

12876139145231011DECFAB¥ Assume PR quadtree for points (i.e., at most one point per block)¥ Search neighbors of block 1 in counterclockwise order¥ Points are sorted with respect to the space they occupy which enables pruning the search space¥ Algorithm:

hp112 r1. start at block 2 and compute distance to P from A hp11

3z2. ignore block 3 whether or not it is empty as A is closer to P than any point in 3

hp11FINDING THE NEAREST OBJECT¥ Ex: find the nearest object to P1b P

12876139145231011DECFAB¥ Assume PR quadtree for points (i.e., at most one point per block)¥ Search neighbors of block 1 in counterclockwise order¥ Points are sorted with respect to the space they occupy which enables pruning the search space¥ Algorithm:

hp112 r1. start at block 2 and compute distance to P from A hp11

3z2. ignore block 3 whether or not it is empty as A is closer to P than any point in 3 hp114 g3. examine block 4 as distance to SW corner is shorter than the distance from P to A; however, reject B as it is further from P than A

hp11FINDING THE NEAREST OBJECT¥ Ex: find the nearest object to P1b P

12876139145231011DECFAB¥ Assume PR quadtree for points (i.e., at most one point per block)¥ Search neighbors of block 1 in counterclockwise order¥ Points are sorted with respect to the space they occupy which enables pruning the search space¥ Algorithm:

hp112 r1. start at block 2 and compute distance to P from A hp11

3z2. ignore block 3 whether or not it is empty as A is closer to P than any point in 3 hp114 g3. examine block 4 as distance to SW corner is shorter than the distance from P to A; however, reject B as it is further from P than A hp115 v4. ignore blocks 6, 7, 8, 9, and 10 as the minimum distance to them from P is greater than the distance from P to A

hp11FINDING THE NEAREST OBJECT¥ Ex: find the nearest object to P1b P

12876139145231011DECFAB¥ Assume PR quadtree for points (i.e., at most one point per block)¥ Search neighbors of block 1 in counterclockwise order¥ Points are sorted with respect to the space they occupy which enables pruning the search space¥ Algorithm:

hp112 r1. start at block 2 and compute distance to P from A hp11

3z2. ignore block 3 whether or not it is empty as A is closer to P than any point in 3 hp114 g3. examine block 4 as distance to SW corner is shorter than the distance from P to A; however, reject B as it is further from P than A hp115 v4. ignore blocks 6, 7, 8, 9, and 10 as the minimum distance to them from P is greater than the distance from P to A

6z5. examine block 11 as the distance from P to the southern border of 1 is shorter than the distance from P to A; however, reject F as it is further from P than A

hp11FINDING THE NEAREST OBJECT¥ Ex: find the nearest object to P1b P

12876139145231011DECFAB¥ Assume PR quadtree for points (i.e., at most one point per block)¥ Search neighbors of block 1 in counterclockwise order¥ Points are sorted with respect to the space they occupy which enables pruning the search space¥ Algorithm:

hp112 r1. start at block 2 and compute distance to P from A hp11

3z2. ignore block 3 whether or not it is empty as A is closer to P than any point in 3 hp114 g3. examine block 4 as distance to SW corner is shorter than the distance from P to A; however, reject B as it is further from P than A hp115 v4. ignore blocks 6, 7, 8, 9, and 10 as the minimum distance to them from P is greater than the distance from P to A

6z5. examine block 11 as the distance from P to the southern border of 1 is shorter than the distance from P to A; however, reject F as it is further from P than A

7r¥ If F was moved, a better order would have started with block 11, the southern neighbor of 1, as it is closest new F nf11USE OF NEIGHBOR FINDING IN RAY TRACING¥Goal:sort the faces of the objects to reduce the numberof necessary ray-object intersection tests¥Trace each ray by checking the blocks through which itpasses¥Ex: two-dimensional object 961271842531011(0,0)3232xySRS qb0Copyright ' 1996 Hanan SametThese notes may not be reproduced by any means (mechanical or elec-tronic or any other) without the express written permission of Hanan SametDATA STRUCTURE CONVERSIONHanan SametComputer Science Department andCenter for Automation Research andInstitute for Advanced Computer StudiesUniversity of MarylandCollege Park, Maryland 20742e-mail: hjs@umiacs.umd.edu

Copyright ' 1998 by Hanan Samet

qb1

QUADTREES FROM BINARY ARRAYS¥ Traverse pixels in Morton order¥ No need to merge four leaf nodes of the same color as only create maximal leaf nodes¥ Execution time proportional to number of pixels¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb1

QUADTREES FROM BINARY ARRAYS¥ Traverse pixels in Morton order¥ No need to merge four leaf nodes of the same color as only create maximal leaf nodes¥ Execution time proportional to number of pixels¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb12r96127181816151913421453101711

252228232432312920302126274138443933405048475145363446373542494357546055566463615262535859

qb1

QUADTREES FROM BINARY ARRAYS¥ Traverse pixels in Morton order¥ No need to merge four leaf nodes of the same color as only create maximal leaf nodes¥ Execution time proportional to number of pixels¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb12r96127181816151913421453101711

252228232432312920302126274138443933405048475145363446373542494357546055566463615262535859 qb1 3z1234

qb1

QUADTREES FROM BINARY ARRAYS¥ Traverse pixels in Morton order¥ No need to merge four leaf nodes of the same color as only create maximal leaf nodes¥ Execution time proportional to number of pixels¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb12r96127181816151913421453101711

252228232432312920302126274138443933405048475145363446373542494357546055566463615262535859 qb1 3z1234 qb14gBAC

qb1

QUADTREES FROM BINARY ARRAYS¥ Traverse pixels in Morton order¥ No need to merge four leaf nodes of the same color as only create maximal leaf nodes¥ Execution time proportional to number of pixels¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb12r96127181816151913421453101711

252228232432312920302126274138443933405048475145363446373542494357546055566463615262535859 qb1 3z1234 qb14gBAC qb15vHEFGI D

qb1

QUADTREES FROM BINARY ARRAYS¥ Traverse pixels in Morton order¥ No need to merge four leaf nodes of the same color as only create maximal leaf nodes¥ Execution time proportional to number of pixels¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb12r96127181816151913421453101711

252228232432312920302126274138443933405048475145363446373542494357546055566463615262535859 qb1 3z1234 qb14gBAC qb15vHEFGI D qb1 6r

qb1

QUADTREES FROM BINARY ARRAYS¥ Traverse pixels in Morton order¥ No need to merge four leaf nodes of the same color as only create maximal leaf nodes¥ Execution time proportional to number of pixels¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb12r96127181816151913421453101711

252228232432312920302126274138443933405048475145363446373542494357546055566463615262535859 qb1 3z1234 qb14gBAC qb15vHEFGI D qb1 6r qb17zEBC1DHIF42GA3

qb2

1742611112628271319102203918525

2183015163231231424722294936584333443860594551423452354150375753406247486463554656395461

BUILDING QUADTREES FROM RASTERS¥ Using a variant of EQUAL_LATERAL_NEIGHBOR to find neighbors in the eastern and southern directions and adding them if they are not presentAlgorithm: process array row by row¥ Odd row � add nodes to tree¥ Even row � add nodes to tree; attempt to merge¥ Execution time is O˚(number of pixels)¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb2

1742611112628271319102203918525

2183015163231231424722294936584333443860594551423452354150375753406247486463554656395461

BUILDING QUADTREES FROM RASTERS¥ Using a variant of EQUAL_LATERAL_NEIGHBOR to find neighbors in the eastern and southern directions and adding them if they are not presentAlgorithm: process array row by row¥ Odd row � add nodes to tree¥ Even row � add nodes to tree; attempt to merge¥ Execution time is O˚(number of pixels)¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb2 2z¥ Result of processing the first row

1234??

56??

78??

????????

qb2

1742611112628271319102203918525

2183015163231231424722294936584333443860594551423452354150375753406247486463554656395461

BUILDING QUADTREES FROM RASTERS¥ Using a variant of EQUAL_LATERAL_NEIGHBOR to find neighbors in the eastern and southern directions and adding them if they are not presentAlgorithm: process array row by row¥ Odd row � add nodes to tree¥ Even row � add nodes to tree; attempt to merge¥ Execution time is O˚(number of pixels)¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb2 2z¥ Result of processing the first row

1234??

56??

78??

???????? qb2 3g¥ Result just prior to merging nodes corresponding to pixels 1, 2, 9, and 10

17??? 11

qb2

1742611112628271319102203918525

2183015163231231424722294936584333443860594551423452354150375753406247486463554656395461

BUILDING QUADTREES FROM RASTERS¥ Using a variant of EQUAL_LATERAL_NEIGHBOR to find neighbors in the eastern and southern directions and adding them if they are not presentAlgorithm: process array row by row¥ Odd row � add nodes to tree¥ Even row � add nodes to tree; attempt to merge¥ Execution time is O˚(number of pixels)¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb2 2z¥ Result of processing the first row

1234??

56??

78??

???????? qb2 3g¥ Result just prior to merging nodes corresponding to pixels 1, 2, 9, and 10

17??? 11 qb2 4v¥ Result of processing the second rowCACBAB

qb2

1742611112628271319102203918525

2183015163231231424722294936584333443860594551423452354150375753406247486463554656395461

BUILDING QUADTREES FROM RASTERS¥ Using a variant of EQUAL_LATERAL_NEIGHBOR to find neighbors in the eastern and southern directions and adding them if they are not presentAlgorithm: process array row by row¥ Odd row � add nodes to tree¥ Even row � add nodes to tree; attempt to merge¥ Execution time is O˚(number of pixels)¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb2 2z¥ Result of processing the first row

1234??

56??

78??

???????? qb2 3g¥ Result just prior to merging nodes corresponding to pixels 1, 2, 9, and 10

17??? 11 qb2 4v¥ Result of processing the second rowCACBAB qb2 5r¥ Final quadtreeCED

35364344

53546162

FJIGHK

FJCKGDAHEBI

qb3

INITIAL RASTER TO QUADTREE BUILDING SEQUENCE¥ Ex: build quadtree for first four pixels in the first row1b

1742611112628271319102203918525

2183015163231231424722294936584333443860594551423452354150375753406247486463554656395461

Copyright ' 1998 by Hanan Samet

qb3

INITIAL RASTER TO QUADTREE BUILDING SEQUENCE¥ Ex: build quadtree for first four pixels in the first row1b

1742611112628271319102203918525

2183015163231231424722294936584333443860594551423452354150375753406247486463554656395461

Copyright ' 1998 by Hanan Samet

qb32z1NW

1(a)(b)(c)

12NWSWNESE

??1NWSWNESE

??(d)(e)

NW12NWSWNESE

??NWSWNESE

????(f)(g)

NWSWNESE

3NWSWNESE

??????

???????(h)(i)¥ Use a variant of EQUAL_LATERAL_NEIGHBOR to find neighbors in the eastern direction and add them if they are not present

qb3

INITIAL RASTER TO QUADTREE BUILDING SEQUENCE¥ Ex: build quadtree for first four pixels in the first row1b

1742611112628271319102203918525

2183015163231231424722294936584333443860594551423452354150375753406247486463554656395461

Copyright ' 1998 by Hanan Samet

qb32z1NW

1(a)(b)(c)

12NWSWNESE

??1NWSWNESE

??(d)(e)

NW12NWSWNESE

??NWSWNESE

????(f)(g)

NWSWNESE

3NWSWNESE

??????

???????(h)(i)¥ Use a variant of EQUAL_LATERAL_NEIGHBOR to find neighbors in the eastern direction and add them if they are not present qb3 3r1NW?SWNESE??2

NWSWNESE???

NWSWNESE???? 34 qb4OPTIMAL QUADTREE BUILDINGI = cost of a block (i.e., node) insertion operationc = cost of examining a pixel2n˚·2n imageN = number of blocks in the output quadtreeNaive algorithm:¥Examine each pixel and insert it into the quadtree¥Cost = 22nÆ(c˚+I˚)Optimal algorithm:¥Examine each pixel but only insert the largest block forwhich the current pixel is the first (i.e., upper leftmost) pixel¥Avoids the need for merging¥Cost = c˚Æ22n + I˚ÆN¥Speedup is obvious because c << I and N << 22nMapNum ofNum of insertsTime (secs)

NameBlocksNaiveOptimalNaiveOptimal

Floodplain52661800002352413.213.8

Topography2485918000012400429.851.2

Landuse2844718000014675436.756.9

Center46872621442121603.816.1

Pebble4495026214420770630.1111.0

Stone3196926214414612629.570.2

Storage requirements:¥Higher for optimal algorithm since it must keep track ofactive blocks¥Size of intermediate quadtree is smaller as there is nomerging

Copyright ' 1998 by Hanan Samet

qb5

OPTIMAL ALGORITHM¥ When building a quadtree there is a processed and unprocessed part of the image; blocks covering both parts have been assignedDef: a block is active if at least one pixel, but not all of the pixels, covered by the block has been processed and it differs in color from a block that contains itEx: blocks A and B are both active after processing pixel 5Algorithm: traverse image in raster scan order; for each pixel:1bAB5

Copyright ' 1998 by Hanan Samet

qb5

OPTIMAL ALGORITHM¥ When building a quadtree there is a processed and unprocessed part of the image; blocks covering both parts have been assignedDef: a block is active if at least one pixel, but not all of the pixels, covered by the block has been processed and it differs in color from a block that contains itEx: blocks A and B are both active after processing pixel 5Algorithm: traverse image in raster scan order; for each pixel:1bAB5

Copyright ' 1998 by Hanan Samet

qb5 2r1. if the pixel is the same color as the appropriate active block, then do nothingEx: pixel 22

qb5

OPTIMAL ALGORITHM¥ When building a quadtree there is a processed and unprocessed part of the image; blocks covering both parts have been assignedDef: a block is active if at least one pixel, but not all of the pixels, covered by the block has been processed and it differs in color from a block that contains itEx: blocks A and B are both active after processing pixel 5Algorithm: traverse image in raster scan order; for each pixel:1bAB5

Copyright ' 1998 by Hanan Samet

qb5 2r1. if the pixel is the same color as the appropriate active block, then do nothingEx: pixel 22 qb5 3z2. else insert the largest possible block for which this is the first (i.e., upper leftmost) pixel and (if it is not a 1·1 block) add it to the list of active blocksEx: pixel 3 3

qb5

OPTIMAL ALGORITHM¥ When building a quadtree there is a processed and unprocessed part of the image; blocks covering both parts have been assignedDef: a block is active if at least one pixel, but not all of the pixels, covered by the block has been processed and it differs in color from a block that contains itEx: blocks A and B are both active after processing pixel 5Algorithm: traverse image in raster scan order; for each pixel:1bAB5

Copyright ' 1998 by Hanan Samet

qb5 2r1. if the pixel is the same color as the appropriate active block, then do nothingEx: pixel 22 qb5 3z2. else insert the largest possible block for which this is the first (i.e., upper leftmost) pixel and (if it is not a 1·1 block) add it to the list of active blocksEx: pixel 3 3 qb5 4g3. remove any active blocks for which this is the last (i.e., lower rightmost) pixelEx: pixel 1212

qb6IMPLEMENTATION¥The algorithm must keep track of all the active blocks¥For a 2n˚·2n image the number of active blocks is £ 2n˚—1¥Use a data structure called TABLE to keep a list of theactive blocks organized by levels1.one row for each level in quadtree (except for level 0)2.row i has 2n˚—i entries3.for a pixel in column j of image, the color of the activeblock (if there is one) at level i is in entry

j /2i

of row i¥Problem: must search for the smallest active blockcovering a pixel1.start at the lowest level and stop at first non-emptyentry2.slow � could require n steps¥Solution: use an access array LIST1.LIST[

j /2

] indicates the row of TABLE correspondingto the smallest active block that contains the pixel atcolumn j2.initially, each entry of LIST points to n � i.e., the row ofTABLE corresponding to the root of a 2n˚·2nimage3.asactiveblocksareinsertedandcompleted(i.e.,deletedfromtheactiveblockdatastructure),TABLEand LIST are updated

AHEIX¥Ex:blocks A, E, H,andI are all activeafter processing pixel X, whileblocks A, E, and Iallcoverthispixel

Copyright ' 1998 by Hanan Samet qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

5v(3,7)remove C from active3:A

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

5v(3,7)remove C from active3:A

6r(4,3)insert BLACK block D3:AD

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

5v(3,7)remove C from active3:A

6r(4,3)insert BLACK block D3:AD

7z(4,4)insert BLACK block E4·43:A 2:E

E^{Copyright ' 1998 by Hanan Samet}

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

5v(3,7)remove C from active3:A

6r(4,3)insert BLACK block D3:AD

7z(4,4)insert BLACK block E4·43:A 2:E

E^{Copyright ' 1998 by Hanan Samet} qb7

8g(5,2) (5,3)insert BLACK blocks F, G3:A 2:EFG

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

5v(3,7)remove C from active3:A

6r(4,3)insert BLACK block D3:AD

7z(4,4)insert BLACK block E4·43:A 2:E

E^{Copyright ' 1998 by Hanan Samet} qb7

8g(5,2) (5,3)insert BLACK blocks F, G3:A 2:EFG

9v(6,2)insert BLACK block H2·23:A 2:E 1:HH

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

5v(3,7)remove C from active3:A

6r(4,3)insert BLACK block D3:AD

7z(4,4)insert BLACK block E4·43:A 2:E

E^{Copyright ' 1998 by Hanan Samet} qb7

8g(5,2) (5,3)insert BLACK blocks F, G3:A 2:EFG

9v(6,2)insert BLACK block H2·23:A 2:E 1:HH

10r(6,6)insert WHITE block I2·23:A 2:E 1:H,II

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

5v(3,7)remove C from active3:A

6r(4,3)insert BLACK block D3:AD

7z(4,4)insert BLACK block E4·43:A 2:E

E^{Copyright ' 1998 by Hanan Samet} qb7

8g(5,2) (5,3)insert BLACK blocks F, G3:A 2:EFG

9v(6,2)insert BLACK block H2·23:A 2:E 1:HH

10r(6,6)insert WHITE block I2·23:A 2:E 1:H,II

11z(7,3)remove H from active3:A 2:E 1:I

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

5v(3,7)remove C from active3:A

6r(4,3)insert BLACK block D3:AD

7z(4,4)insert BLACK block E4·43:A 2:E

E^{Copyright ' 1998 by Hanan Samet} qb7

8g(5,2) (5,3)insert BLACK blocks F, G3:A 2:EFG

9v(6,2)insert BLACK block H2·23:A 2:E 1:HH

10r(6,6)insert WHITE block I2·23:A 2:E 1:H,II

11z(7,3)remove H from active3:A 2:E 1:I

12g(7,5)insert WHITE block J3:A 2:EJ 1:I

Copyright ' 1998 by Hanan Samet

qb7

1bEXAMPLE OF OPTIMAL QUADTREE BUILDING

XY(X,Y)23·23 imageAPixelActionSizeActive Blocks(0,0)insert WHITE block A8·83:A

Copyright ' 1998 by Hanan Sametqb7

2r(2,4)insert BLACK block B2·23:A 1:BB

Copyright ' 1998 by Hanan Samet qb7

3z(2,6)insert BLACK block C2·23:A 1:B,CC

4g(3,5)remove B from active3:A 1:C

5v(3,7)remove C from active3:A

6r(4,3)insert BLACK block D3:AD

7z(4,4)insert BLACK block E4·43:A 2:E

E^{Copyright ' 1998 by Hanan Samet} qb7

8g(5,2) (5,3)insert BLACK blocks F, G3:A 2:EFG

9v(6,2)insert BLACK block H2·23:A 2:E 1:HH

10r(6,6)insert WHITE block I2·23:A 2:E 1:H,II

11z(7,3)remove H from active3:A 2:E 1:I

12g(7,5)insert WHITE block J3:A 2:EJ 1:I

13v(7,7)remove I, E, A from active�

Copyright ' 1998 by Hanan Samet

qb8

CONVERTING QUADTREES TO RASTERS¥ Useful when outputting an image¥ Generate row-by-row by visiting each node once for every row that intersects it � 2k visits to a 2k · 2k block¥ Preferable to generating the entire array at once and then outputting as it takes too much memory to store the array¥ Two approaches1. top-down: starts at the root each time it visits a node in the row2. bottom-up: use neighbor-finding techniques (variant of EQUAL_LATERAL_NEIGHBOR) to visit adjacent nodes in the row¥ Ex:1b

Copyright ' 1998 by Hanan Samet

qb8

CONVERTING QUADTREES TO RASTERS¥ Useful when outputting an image¥ Generate row-by-row by visiting each node once for every row that intersects it � 2k visits to a 2k · 2k block¥ Preferable to generating the entire array at once and then outputting as it takes too much memory to store the array¥ Two approaches1. top-down: starts at the root each time it visits a node in the row2. bottom-up: use neighbor-finding techniques (variant of EQUAL_LATERAL_NEIGHBOR) to visit adjacent nodes in the row¥ Ex:1b

Copyright ' 1998 by Hanan Sametqb8

2rABCFGJDEKLHIMNOPRSQ

Copyright ' 1998 by Hanan Samet

qb9

COMPLEXITY OF CONVERTING QUADTREES TO RASTERS¥ Assume a 2n · 2n image¥ Top-down algorithm visits (n˚—i˚+1) Æ 2i nodes when it outputs a node of size 2i · 2i¥ Bottom-up algorithm:1. number of nodes visited < 4 times the size of the sides of the blocks in the image2. alternative complexity measure¥ let bi = number of blocks of size 2i · 2i¥ visits¥ Bottom-up is preferable for images larger than 24 · 24 as neighbor finding cost is bounded by 4 and maximum depth is greater than 4 which is a factor in the cost of the bottom-up method¥ Amount of work is identical for different images with the same block configurationEx: 1bnodes22n+2-2n+2bi�(22i+2-2i+2)i=1n�

Copyright ' 1998 by Hanan Samet

qb9

COMPLEXITY OF CONVERTING QUADTREES TO RASTERS¥ Assume a 2n · 2n image¥ Top-down algorithm visits (n˚—i˚+1) Æ 2i nodes when it outputs a node of size 2i · 2i¥ Bottom-up algorithm:1. number of nodes visited < 4 times the size of the sides of the blocks in the image2. alternative complexity measure¥ let bi = number of blocks of size 2i · 2i¥ visits¥ Bottom-up is preferable for images larger than 24 · 24 as neighbor finding cost is bounded by 4 and maximum depth is greater than 4 which is a factor in the cost of the bottom-up method¥ Amount of work is identical for different images with the same block configurationEx: 1bnodes22n+2-2n+2bi�(22i+2-2i+2)i=1n�

Copyright ' 1998 by Hanan Sametqb92r

Copyright ' 1998 by Hanan Samet

qb10ABstarting at lowerleft corner yields1301101120434231213123CHAIN CODE¥Records relative position of boundaries of similarly-valued adjacent grid squares¥Four directions¥Usually assume the image is to the right¥Assume four-connected, meaning that A and Bare not in same region unless eight-connected¥Aggregation similar to runlength representation1.based on direction of boundary rather than value oflocation2.no 2 consecutive elements on the aggregatedboundary have the same direction3.implement with a number to indicate length, OR0321

¥can use +1 and —1 to indicate a change of direction¥more compact than absolute directions 0,1,2,34.just store the locations where the directions changecode = direction /90¥Comparison1.3 is relative while 4 is absolute2.3 is more compact than 43.4 is more robust as an error means that only oneelement is corrupted

Copyright ' 1998 by Hanan Samet

qb11

CONVERTING FROM QUADTREES TO CHAIN CODES¥ Trace the boundary of a region in the clockwise direction once an appropriate starting point has been determined¥ Starting point is an adjacency between a BLACK block P and a WHITE block Q¥ Assume P is to the north of Q¥ Possible overlap relationships between P and Q1b

Copyright ' 1998 by Hanan Samet

qb11

CONVERTING FROM QUADTREES TO CHAIN CODES¥ Trace the boundary of a region in the clockwise direction once an appropriate starting point has been determined¥ Starting point is an adjacency between a BLACK block P and a WHITE block Q¥ Assume P is to the north of Q¥ Possible overlap relationships between P and Q1b

Copyright ' 1998 by Hanan Samet qb11

2r1. P extends past QPQX

Copyright ' 1998 by Hanan Samet

qb11

CONVERTING FROM QUADTREES TO CHAIN CODES¥ Trace the boundary of a region in the clockwise direction once an appropriate starting point has been determined¥ Starting point is an adjacency between a BLACK block P and a WHITE block Q¥ Assume P is to the north of Q¥ Possible overlap relationships between P and Q1b

Copyright ' 1998 by Hanan Samet qb11

2r1. P extends past QPQX

3z2. Q extends past PPQX

Copyright ' 1998 by Hanan Samet

qb11

CONVERTING FROM QUADTREES TO CHAIN CODES¥ Trace the boundary of a region in the clockwise direction once an appropriate starting point has been determined¥ Starting point is an adjacency between a BLACK block P and a WHITE block Q¥ Assume P is to the north of Q¥ Possible overlap relationships between P and Q1b

Copyright ' 1998 by Hanan Samet qb11

2r1. P extends past QPQX

3z2. Q extends past PPQX

4g3. P and Q meet at the same pointPQXPQXY

Copyright ' 1998 by Hanan Samet

qb12

ALGORITHM TO CONVERT FROM QUADTREES TO CHAIN CODES¥ Possible block configurations1b¥ AlgorithmPQXPQXPQXPQXY

Copyright ' 1998 by Hanan Samet

qb12

ALGORITHM TO CONVERT FROM QUADTREES TO CHAIN CODES¥ Possible block configurations1b¥ AlgorithmPQXPQXPQXPQXY

Copyright ' 1998 by Hanan Samet qb12

2r1. Output the links of the chain code associated with the part of BLACK block P�s border that is adjacent to WHITE block Q¥ length of chain = minimum of sides of P and Q

Copyright ' 1998 by Hanan Samet

qb12

ALGORITHM TO CONVERT FROM QUADTREES TO CHAIN CODES¥ Possible block configurations1b¥ AlgorithmPQXPQXPQXPQXY

Copyright ' 1998 by Hanan Samet qb12

2r1. Output the links of the chain code associated with the part of BLACK block P�s border that is adjacent to WHITE block Q¥ length of chain = minimum of sides of P and Q

3z2. Determine the BLACK/WHITE block pair to be visited next¥ may need to inspect some adjacent blocks X and Y¥ use neighbor finding (variant of EQUAL_LATERAL_NEIGHBOR)

Copyright ' 1998 by Hanan Samet

qb12

ALGORITHM TO CONVERT FROM QUADTREES TO CHAIN CODES¥ Possible block configurations1b¥ AlgorithmPQXPQXPQXPQXY

Copyright ' 1998 by Hanan Samet qb12

2r1. Output the links of the chain code associated with the part of BLACK block P�s border that is adjacent to WHITE block Q¥ length of chain = minimum of sides of P and Q

3z2. Determine the BLACK/WHITE block pair to be visited next¥ may need to inspect some adjacent blocks X and Y¥ use neighbor finding (variant of EQUAL_LATERAL_NEIGHBOR)

4g¥ different result if X is BLACK

Copyright ' 1998 by Hanan Samet

qb12

ALGORITHM TO CONVERT FROM QUADTREES TO CHAIN CODES¥ Possible block configurations1b¥ AlgorithmPQXPQXPQXPQXY

Copyright ' 1998 by Hanan Samet qb12

2r1. Output the links of the chain code associated with the part of BLACK block P�s border that is adjacent to WHITE block Q¥ length of chain = minimum of sides of P and Q

3z2. Determine the BLACK/WHITE block pair to be visited next¥ may need to inspect some adjacent blocks X and Y¥ use neighbor finding (variant of EQUAL_LATERAL_NEIGHBOR)

4g¥ different result if X is BLACK

Copyright ' 1998 by Hanan Sametqb12

5v¥ another result if Y is BLACK given X is BLACK¥ don�t care about Y if X is WHITE

Copyright ' 1998 by Hanan Samet

qb12

ALGORITHM TO CONVERT FROM QUADTREES TO CHAIN CODES¥ Possible block configurations1b¥ AlgorithmPQXPQXPQXPQXY

Copyright ' 1998 by Hanan Samet qb12

2r1. Output the links of the chain code associated with the part of BLACK block P�s border that is adjacent to WHITE block Q¥ length of chain = minimum of sides of P and Q

3z2. Determine the BLACK/WHITE block pair to be visited next¥ may need to inspect some adjacent blocks X and Y¥ use neighbor finding (variant of EQUAL_LATERAL_NEIGHBOR)

4g¥ different result if X is BLACK

Copyright ' 1998 by Hanan Sametqb12

5v¥ another result if Y is BLACK given X is BLACK¥ don�t care about Y if X is WHITE

6b¥ O˚(perimeter) execution time assuming a constant cost for neighbor finding

Copyright ' 1998 by Hanan Samet

qb13CONVERTING FROM CHAIN CODES TO QUADTREESAlgorithm:1.traverse boundary in clockwise order and build aquadtree with BLACK nodes of unit size (i.e., 1 · 1)adjacent to the boundary¥remaining nodes are left uncolored2.assign the appropriate color to the uncolored nodes

Copyright ' 1998 by Hanan Samet

qb14

STEP 1 OF CHAIN CODE TO QUADTREE CONVERSION ALGORITHM¥ Construct the tree by creating pixel-sized BLACK nodes adjacent to the links in the chain code using the relationship between successive links in the chain code1b¥ Nodes are added by use of neighbor finding (variant of EQUAL_LATERAL_NEIGHBOR) ¥ As links in the chain code are processed, some nodes will be encountered more than once indicating that they are adjacent to the boundary on more than one side¥ Use a code to keep track of the part of the boundary to which the node is adjacent on its right0: none of the sides of the node are adjacent to the boundary (such a node is said to be uncolored) 81: to the right of the northern boundary2: to the right of the eastern boundary4: to the right of the southern boundary8: to the right of the western boundary¥ Codes are additive¥ Ex: sample region result of step 1

PPPOLDOLDOLD1248i

ECABDjabcdefgh

??D14??

C8?A3B6

E9Copyright ' 1998 by Hanan Samet

qb14

STEP 1 OF CHAIN CODE TO QUADTREE CONVERSION ALGORITHM¥ Construct the tree by creating pixel-sized BLACK nodes adjacent to the links in the chain code using the relationship between successive links in the chain code1b¥ Nodes are added by use of neighbor finding (variant of EQUAL_LATERAL_NEIGHBOR) ¥ As links in the chain code are processed, some nodes will be encountered more than once indicating that they are adjacent to the boundary on more than one side¥ Use a code to keep track of the part of the boundary to which the node is adjacent on its right0: none of the sides of the node are adjacent to the boundary (such a node is said to be uncolored) 81: to the right of the northern boundary2: to the right of the eastern boundary4: to the right of the southern boundary8: to the right of the western boundary¥ Codes are additive¥ Ex: sample region result of step 1

PPPOLDOLDOLD1248i

ECABDjabcdefgh

??D14??

C8?A3B6

E9Copyright ' 1998 by Hanan Samet qb14

2rQRNEW NEW QNEW

Copyright ' 1998 by Hanan Samet

qb15

EXAMPLE OF STEP 1 OF CONVERTING FROM CHAIN CODES TO QUADTREES¥ Ex: ¥ Use a variant of EQUAL_LATERAL_NEIGHBOR to find neighbors in the eastern direction and add them if they are not present1bi

ECABDjabcdefghCAB

?206AB

?26?AB

?2(a)(b)(c)(d1)(d2)

??D??

C?AB?206

C?AB?206(e)(f)

C?AB

28614

?26(g)(h)

E98614

C?ABE28614(i)(j)14A2NWSWNESE

NWSWNESE

Copyright ' 1998 by Hanan Samet

qb15

EXAMPLE OF STEP 1 OF CONVERTING FROM CHAIN CODES TO QUADTREES¥ Ex: ¥ Use a variant of EQUAL_LATERAL_NEIGHBOR to find neighbors in the eastern direction and add them if they are not present1bi

ECABDjabcdefghCAB

?206AB

?26?AB

?2(a)(b)(c)(d1)(d2)

??D??

C?AB?206

C?AB?206(e)(f)

C?AB

28614

?26(g)(h)

E98614

C?ABE28614(i)(j)14A2NWSWNESE

NWSWNESE

Copyright ' 1998 by Hanan Samet qb15

2r39E88146?D??

2??C06?B

?2A2NWSWNESE

Copyright ' 1998 by Hanan Samet

qb16

EXAMPLE OF STEP 2 OF CONVERTING FROM CHAIN CODES TO QUADTREES¥ Need to determine which nodes are inside the region and which ones are outside � i.e., assign colors to uncolored nodes and merge if necessary¥ Could use seed filling algorithm or point-in-polygon tests but cumbersome¥ Instead, use the codes in the result of step 1¥ Key observation is that if any uncolored sons are determined to be BLACK (WHITE), then all remaining uncolored brothers must also be BLACK (WHITE)¥ Algorithm traverses tree in preorder looking for uncolored nodes that are adjacent to colored ones (along the border at deepest level of the tree) and merging whenever possibleEx:1b

Copyright ' 1998 by Hanan Samet

qb16

EXAMPLE OF STEP 2 OF CONVERTING FROM CHAIN CODES TO QUADTREES¥ Need to determine which nodes are inside the region and which ones are outside � i.e., assign colors to uncolored nodes and merge if necessary¥ Could use seed filling algorithm or point-in-polygon tests but cumbersome¥ Instead, use the codes in the result of step 1¥ Key observation is that if any uncolored sons are determined to be BLACK (WHITE), then all remaining uncolored brothers must also be BLACK (WHITE)¥ Algorithm traverses tree in preorder looking for uncolored nodes that are adjacent to colored ones (along the border at deepest level of the tree) and merging whenever possibleEx:1b

Copyright ' 1998 by Hanan Sametqb16

2r¥ Boundary elements

Copyright ' 1998 by Hanan Samet

qb16

EXAMPLE OF STEP 2 OF CONVERTING FROM CHAIN CODES TO QUADTREES¥ Need to determine which nodes are inside the region and which ones are outside � i.e., assign colors to uncolored nodes and merge if necessary¥ Could use seed filling algorithm or point-in-polygon tests but cumbersome¥ Instead, use the codes in the result of step 1¥ Key observation is that if any uncolored sons are determined to be BLACK (WHITE), then all remaining uncolored brothers must also be BLACK (WHITE)¥ Algorithm traverses tree in preorder looking for uncolored nodes that are adjacent to colored ones (along the border at deepest level of the tree) and merging whenever possibleEx:1b

Copyright ' 1998 by Hanan Sametqb16

2r¥ Boundary elements

3z¥ Output of step 1

Copyright ' 1998 by Hanan Samet

qb16

EXAMPLE OF STEP 2 OF CONVERTING FROM CHAIN CODES TO QUADTREES¥ Need to determine which nodes are inside the region and which ones are outside � i.e., assign colors to uncolored nodes and merge if necessary¥ Could use seed filling algorithm or point-in-polygon tests but cumbersome¥ Instead, use the codes in the result of step 1¥ Key observation is that if any uncolored sons are determined to be BLACK (WHITE), then all remaining uncolored brothers must also be BLACK (WHITE)¥ Algorithm traverses tree in preorder looking for uncolored nodes that are adjacent to colored ones (along the border at deepest level of the tree) and merging whenever possibleEx:1b

Copyright ' 1998 by Hanan Sametqb16

2r¥ Boundary elements

3z¥ Output of step 1

4g¥ Uncolored node C must be BLACK because it is adjacent to a GRAY node containing nodes A and B which are BLACK, and hence C�s uncolored brothers D and E must also be BLACKABEDC

Copyright ' 1998 by Hanan Samet

qb16

EXAMPLE OF STEP 2 OF CONVERTING FROM CHAIN CODES TO QUADTREES¥ Need to determine which nodes are inside the region and which ones are outside � i.e., assign colors to uncolored nodes and merge if necessary¥ Could use seed filling algorithm or point-in-polygon tests but cumbersome¥ Instead, use the codes in the result of step 1¥ Key observation is that if any uncolored sons are determined to be BLACK (WHITE), then all remaining uncolored brothers must also be BLACK (WHITE)¥ Algorithm traverses tree in preorder looking for uncolored nodes that are adjacent to colored ones (along the border at deepest level of the tree) and merging whenever possibleEx:1b

Copyright ' 1998 by Hanan Sametqb16

2r¥ Boundary elements

3z¥ Output of step 1

4g¥ Uncolored node C must be BLACK because it is adjacent to a GRAY node containing nodes A and B which are BLACK, and hence C�s uncolored brothers D and E must also be BLACKABEDC

Copyright ' 1998 by Hanan Samet qb16

5v¥ Average execution time » the region�s perimeter

Copyright ' 1998 by Hanan Samet

Copyright ' 1996 Hanan SametThese notes may not be reproduced by any means (mechanical or elec-tronic or any other) without the express written permission of Hanan SametGEOMETRIC PROPERTIES IN QUADTREESHanan SametComputer Science Department andCenter for Automation Research andInstitute for Advanced Computer StudiesUniversity of MarylandCollege Park, Maryland 20742e-mail: hjs@umiacs.umd.edu

Copyright ' 1998 by Hanan Samet

gp1CONNECTED˚COMPONENT˚LABELING¥Assign the same label to all adjacent pixels with the samecolor (i.e., that share an edge rather than just a corner)¥Follows thresholding step in all image processingapplications and is a prerequisite to segmentation¥Two approaches1.fill algorithm or polygon coloring in computer graphics¥for each pixel find all adjacent pixels with the samecolor and assign them the same label¥analogous to treating pixels as vertices in a graphand adjacencies between pixels of the same coloras edges¥can be time consuming when the image is stored ondisk as the image is traversed in an arbitrary order¥analogous to a depth-first traversal of the graph offinding its connected components¥execution time is proportional to the number ofpixels in the image as there is a bound on thenumber of edges in which each pixel can participate(4 in two dimensions)2.predetermined¥visit all pairs of adjacent pixels row by rowpropagating labels between adjacent pixels to theleft and above with the same color¥merge the equivalences (using the union-findalgorithm) and update the labels of affected pixels¥graph analogy holds where now the algorithm isapplied to all the edges in the graph rather than allvertices in the graph¥useful when image is stored on disk as edges canbe processed in the order in which they are storedon disk

Copyright ' 1998 by Hanan Samet

gp2CONNECTED COMPONENT LABELING IN QUADTREES¥ Assume predetermined approach¥ Find all black-black adjacencies¥ Ex:1b

Copyright ' 1998 by Hanan Samet

gp2CONNECTED COMPONENT LABELING IN QUADTREES¥ Assume predetermined approach¥ Find all black-black adjacencies¥ Ex:1b

Copyright ' 1998 by Hanan Sametgp2 2r Copyright ' 1998 by Hanan Samet

gp2CONNECTED COMPONENT LABELING IN QUADTREES¥ Assume predetermined approach¥ Find all black-black adjacencies¥ Ex:1b

Copyright ' 1998 by Hanan Sametgp2 2r 3z¥ For each black block, label all adjacent black blocks on the north and west sides with the same equivalence class and generate new equivalences if necessary

Copyright ' 1998 by Hanan Samet

gp2CONNECTED COMPONENT LABELING IN QUADTREES¥ Assume predetermined approach¥ Find all black-black adjacencies¥ Ex:1b

Copyright ' 1998 by Hanan Sametgp2 2r 3z¥ For each black block, label all adjacent black blocks on the north and west sides with the same equivalence class and generate new equivalences if necessary

4gAAAAABCDDDDDDB

Copyright ' 1998 by Hanan Samet

gp2CONNECTED COMPONENT LABELING IN QUADTREES¥ Assume predetermined approach¥ Find all black-black adjacencies¥ Ex:1b

Copyright ' 1998 by Hanan Sametgp2 2r 3z¥ For each black block, label all adjacent black blocks on the north and west sides with the same equivalence class and generate new equivalences if necessary

4gAAAAABCDDDDDDB

5v¥ Execution time is almost linear in the number of blocks (i.e., multiplied by the inverse of Ackerman’s function)

Copyright ' 1998 by Hanan Samet

gp3

1b¥ Algorithms for crack perimeterALG1: for each black block examine all four adjacent sidesALG2: 2 step procedure1. for each black block look for adjacent white north and west neighbors2. for each white block look for adjacent black north and west neighbors3. can avoid special cases of blocks along the border by embedding the image in a white regionALG3: perform one of steps 1 or 2 of ALG2 and double the result as the sum of the contribution of east (north) sides of black blocks is identical to the sum of the contribution of west (south) sides of black blocks since the sides are all orthogonalPERIMETER¥ Equivalent to first step of connected component labeling except that look for black/white adjacencies instead of black/black adjacencies¥ Many definitionsimage

image

Copyright ' 1998 by Hanan Samet

gp3

1b¥ Algorithms for crack perimeterALG1: for each black block examine all four adjacent sidesALG2: 2 step procedure1. for each black block look for adjacent white north and west neighbors2. for each white block look for adjacent black north and west neighbors3. can avoid special cases of blocks along the border by embedding the image in a white regionALG3: perform one of steps 1 or 2 of ALG2 and double the result as the sum of the contribution of east (north) sides of black blocks is identical to the sum of the contribution of west (south) sides of black blocks since the sides are all orthogonalPERIMETER¥ Equivalent to first step of connected component labeling except that look for black/white adjacencies instead of black/black adjacencies¥ Many definitionsimage

image

Copyright ' 1998 by Hanan Sametgp3

2r1. crack perimeter (16)

Copyright ' 1998 by Hanan Samet

gp3

1b¥ Algorithms for crack perimeterALG1: for each black block examine all four adjacent sidesALG2: 2 step procedure1. for each black block look for adjacent white north and west neighbors2. for each white block look for adjacent black north and west neighbors3. can avoid special cases of blocks along the border by embedding the image in a white regionALG3: perform one of steps 1 or 2 of ALG2 and double the result as the sum of the contribution of east (north) sides of black blocks is identical to the sum of the contribution of west (south) sides of black blocks since the sides are all orthogonalPERIMETER¥ Equivalent to first step of connected component labeling except that look for black/white adjacencies instead of black/black adjacencies¥ Many definitionsimage

image

Copyright ' 1998 by Hanan Sametgp3

2r1. crack perimeter (16)

Copyright ' 1998 by Hanan Samet gp3

3z2. outer perimeter (20)

Copyright ' 1998 by Hanan Samet

gp3

1b¥ Algorithms for crack perimeterALG1: for each black block examine all four adjacent sidesALG2: 2 step procedure1. for each black block look for adjacent white north and west neighbors2. for each white block look for adjacent black north and west neighbors3. can avoid special cases of blocks along the border by embedding the image in a white regionALG3: perform one of steps 1 or 2 of ALG2 and double the result as the sum of the contribution of east (north) sides of black blocks is identical to the sum of the contribution of west (south) sides of black blocks since the sides are all orthogonalPERIMETER¥ Equivalent to first step of connected component labeling except that look for black/white adjacencies instead of black/black adjacencies¥ Many definitionsimage

image

Copyright ' 1998 by Hanan Sametgp3

2r1. crack perimeter (16)

Copyright ' 1998 by Hanan Samet gp3

3z2. outer perimeter (20)

4g3. inner perimeter (12)

Copyright ' 1998 by Hanan Samet

gp3

1b¥ Algorithms for crack perimeterALG1: for each black block examine all four adjacent sidesALG2: 2 step procedure1. for each black block look for adjacent white north and west neighbors2. for each white block look for adjacent black north and west neighbors3. can avoid special cases of blocks along the border by embedding the image in a white regionALG3: perform one of steps 1 or 2 of ALG2 and double the result as the sum of the contribution of east (north) sides of black blocks is identical to the sum of the contribution of west (south) sides of black blocks since the sides are all orthogonalPERIMETER¥ Equivalent to first step of connected component labeling except that look for black/white adjacencies instead of black/black adjacencies¥ Many definitionsimage

image

Copyright ' 1998 by Hanan Sametgp3

2r1. crack perimeter (16)

Copyright ' 1998 by Hanan Samet gp3

3z2. outer perimeter (20)

4g3. inner perimeter (12) 5r Copyright ' 1998 by Hanan Samet

gp4

EULER NUMBER (GENUS)¥ Graph-theoretic definition: G = vertices — edges + faces¥ For a binary image: number of components minus number of holes¥ Can show that the same result holds for a quadtree representation of a binary image using an appropriate analogy between vertices and blocks and adjacencies involving blocks of differing sizesBinary image:1bQuadtree

Copyright ' 1998 by Hanan Samet

gp4

EULER NUMBER (GENUS)¥ Graph-theoretic definition: G = vertices — edges + faces¥ For a binary image: number of components minus number of holes¥ Can show that the same result holds for a quadtree representation of a binary image using an appropriate analogy between vertices and blocks and adjacencies involving blocks of differing sizesBinary image:1bQuadtree

Copyright ' 1998 by Hanan Samet gp4

2rV = number of 1�s in the imageV = number of black blocks

Copyright ' 1998 by Hanan Samet

gp4

EULER NUMBER (GENUS)¥ Graph-theoretic definition: G = vertices — edges + faces¥ For a binary image: number of components minus number of holes¥ Can show that the same result holds for a quadtree representation of a binary image using an appropriate analogy between vertices and blocks and adjacencies involving blocks of differing sizesBinary image:1bQuadtree

Copyright ' 1998 by Hanan Samet gp4

2rV = number of 1�s in the imageV = number of black blocks

3zE = number of pairs of 11 orE = number of pairs of adjacent black blocksYESYESNO11

Copyright ' 1998 by Hanan Samet

gp4

EULER NUMBER (GENUS)¥ Graph-theoretic definition: G = vertices — edges + faces¥ For a binary image: number of components minus number of holes¥ Can show that the same result holds for a quadtree representation of a binary image using an appropriate analogy between vertices and blocks and adjacencies involving blocks of differing sizesBinary image:1bQuadtree

Copyright ' 1998 by Hanan Samet gp4

2rV = number of 1�s in the imageV = number of black blocks

3zE = number of pairs of 11 orE = number of pairs of adjacent black blocksYESYESNO11

4gF = number of 2 Æ 2 blocks of 1�sF = number of cases where three or four black blocks touch at a common point

Copyright ' 1998 by Hanan Samet

gp4

EULER NUMBER (GENUS)¥ Graph-theoretic definition: G = vertices — edges + faces¥ For a binary image: number of components minus number of holes¥ Can show that the same result holds for a quadtree representation of a binary image using an appropriate analogy between vertices and blocks and adjacencies involving blocks of differing sizesBinary image:1bQuadtree

Copyright ' 1998 by Hanan Samet gp4

2rV = number of 1�s in the imageV = number of black blocks

3zE = number of pairs of 11 orE = number of pairs of adjacent black blocksYESYESNO11

4gF = number of 2 Æ 2 blocks of 1�sF = number of cases where three or four black blocks touch at a common point

Copyright ' 1998 by Hanan Sametgp4

5v G = V — E + F (Minsky and Papert) G = V — E + F (Dyer)¥ Reinforces observation that the important concept in analyzing quadtree algorithms is the number of blocks and not their sizes

Copyright ' 1998 by Hanan Samet

gp5

ALGORITHM FOR THE COMPUTATIONOF THE EULER NUMBER¥ Postorder tree traversal¥ Analogous to step 1 of connected component labeling O˚(B+W)Algorithm:¥ For each BLACK node:1. B‹B+12. check all leaf nodes adjacent on the W and N sides1b3. check leaf nodes surrounding the NW corner

Copyright ' 1998 by Hanan Samet

gp5

ALGORITHM FOR THE COMPUTATIONOF THE EULER NUMBER¥ Postorder tree traversal¥ Analogous to step 1 of connected component labeling O˚(B+W)Algorithm:¥ For each BLACK node:1. B‹B+12. check all leaf nodes adjacent on the W and N sides1b3. check leaf nodes surrounding the NW corner

Copyright ' 1998 by Hanan Samet gp5

2ra. A‹A+1 for each BLACK neighbor

Copyright ' 1998 by Hanan Samet

gp5

ALGORITHM FOR THE COMPUTATIONOF THE EULER NUMBER¥ Postorder tree traversal¥ Analogous to step 1 of connected component labeling O˚(B+W)Algorithm:¥ For each BLACK node:1. B‹B+12. check all leaf nodes adjacent on the W and N sides1b3. check leaf nodes surrounding the NW corner

Copyright ' 1998 by Hanan Samet gp5

2ra. A‹A+1 for each BLACK neighbor

3zb. S‹S+1 for each successive pair along a side

Copyright ' 1998 by Hanan Samet

gp5

ALGORITHM FOR THE COMPUTATIONOF THE EULER NUMBER¥ Postorder tree traversal¥ Analogous to step 1 of connected component labeling O˚(B+W)Algorithm:¥ For each BLACK node:1. B‹B+12. check all leaf nodes adjacent on the W and N sides1b3. check leaf nodes surrounding the NW corner

Copyright ' 1998 by Hanan Samet gp5

2ra. A‹A+1 for each BLACK neighbor

3zb. S‹S+1 for each successive pair along a side

4g S‹S+1 if all are BLACK

Copyright ' 1998 by Hanan Samet

gp5

ALGORITHM FOR THE COMPUTATIONOF THE EULER NUMBER¥ Postorder tree traversal¥ Analogous to step 1 of connected component labeling O˚(B+W)Algorithm:¥ For each BLACK node:1. B‹B+12. check all leaf nodes adjacent on the W and N sides1b3. check leaf nodes surrounding the NW corner

Copyright ' 1998 by Hanan Samet gp5

2ra. A‹A+1 for each BLACK neighbor

3zb. S‹S+1 for each successive pair along a side

4g S‹S+1 if all are BLACK

5v4. G = B — A + S

Copyright ' 1998 by Hanan Samet

tf1Copyright ' 1996 Hanan SametThese notes may not be reproduced by any means (mechanical or elec-tronic or any other) without the express written permission of Hanan SametTRANSFORMATIONS ON QUADTREESHanan SametComputer Science Department andCenter for Automation Research andInstitute for Advanced Computer StudiesUniversity of MarylandCollege Park, Maryland 20742e-mail: hjs@umiacs.umd.edu

Copyright ' 1998 by Hanan Samet

tf1SET OPERATIONS ON QUADTREES1bUNION(S,T) : traverse S and T in tandem

1. GRAY(S) :GRAY(T) : recursively process subtrees and merge if all resulting sons are BLACK

BLACK(T) : result is T

WHITE(T) : result is S

2. BLACK(S) : result is S3. WHITE(S) : result is T

Copyright ' 1998 by Hanan Samet

tf1SET OPERATIONS ON QUADTREES1bUNION(S,T) : traverse S and T in tandem

1. GRAY(S) :GRAY(T) : recursively process subtrees and merge if all resulting sons are BLACK

BLACK(T) : result is T

WHITE(T) : result is S

2. BLACK(S) : result is S3. WHITE(S) : result is T

Copyright ' 1998 by Hanan Samettf1BA 2 r24138107965512346

78910C

Copyright ' 1998 by Hanan Samet

tf1SET OPERATIONS ON QUADTREES1bUNION(S,T) : traverse S and T in tandem

1. GRAY(S) :GRAY(T) : recursively process subtrees and merge if all resulting sons are BLACK

BLACK(T) : result is T

WHITE(T) : result is S

2. BLACK(S) : result is S3. WHITE(S) : result is T

Copyright ' 1998 by Hanan Samettf1BA 2 r24138107965512346

78910C

Copyright ' 1998 by Hanan Samettf1

3gc12141113161815171920

DE19201112131415161718F

Copyright ' 1998 by Hanan Samet

tf1SET OPERATIONS ON QUADTREES1bUNION(S,T) : traverse S and T in tandem

1. GRAY(S) :GRAY(T) : recursively process subtrees and merge if all resulting sons are BLACK

BLACK(T) : result is T

WHITE(T) : result is S

2. BLACK(S) : result is S3. WHITE(S) : result is T

Copyright ' 1998 by Hanan Samettf1BA 2 r24138107965512346

78910C

Copyright ' 1998 by Hanan Samettf1

3gc12141113161815171920

DE19201112131415161718F 4 z^{Copyright ' 1998 by Hanan Samet}

tf1SET OPERATIONS ON QUADTREES1bUNION(S,T) : traverse S and T in tandem

1. GRAY(S) :GRAY(T) : recursively process subtrees and merge if all resulting sons are BLACK

BLACK(T) : result is T

WHITE(T) : result is S

2. BLACK(S) : result is S3. WHITE(S) : result is T

Copyright ' 1998 by Hanan Samettf1BA 2 r24138107965512346

78910C

Copyright ' 1998 by Hanan Samettf1

3gc12141113161815171920

DE19201112131415161718F 4 z^{Copyright ' 1998 by Hanan Samet}tf15

vINTERSECTION: interchange roles of BLACK and WHITE in UNION

Copyright ' 1998 by Hanan Samet

tf1SET OPERATIONS ON QUADTREES1bUNION(S,T) : traverse S and T in tandem

1. GRAY(S) :GRAY(T) : recursively process subtrees and merge if all resulting sons are BLACK

BLACK(T) : result is T

WHITE(T) : result is S

2. BLACK(S) : result is S3. WHITE(S) : result is T

Copyright ' 1998 by Hanan Samettf1BA 2 r24138107965512346

78910C

Copyright ' 1998 by Hanan Samettf1

3gc12141113161815171920

DE19201112131415161718F 4 z^{Copyright ' 1998 by Hanan Samet}tf15

vINTERSECTION: interchange roles of BLACK and WHITE in UNION

6rExecution time is bounded by sum of nodes in two input trees but may be less if don’t create a new copy as really just the sum of the minimum of the number of nodes at corresponding levels of the two quadtrees

Copyright ' 1998 by Hanan Samet

tf1SET OPERATIONS ON QUADTREES1bUNION(S,T) : traverse S and T in tandem

1. GRAY(S) :GRAY(T) : recursively process subtrees and merge if all resulting sons are BLACK

BLACK(T) : result is T

WHITE(T) : result is S

2. BLACK(S) : result is S3. WHITE(S) : result is T

Copyright ' 1998 by Hanan Samettf1BA 2 r24138107965512346

78910C

Copyright ' 1998 by Hanan Samettf1

3gc12141113161815171920

DE19201112131415161718F 4 z^{Copyright ' 1998 by Hanan Samet}tf15

vINTERSECTION: interchange roles of BLACK and WHITE in UNION

6rExecution time is bounded by sum of nodes in two input trees but may be less if don’t create a new copy as really just the sum of the minimum of the number of nodes at corresponding levels of the two quadtrees

7zMore efficient than vectors as make use of global data1. vectors require a sort for efficiency2. region quadtree is already sorted

Copyright ' 1998 by Hanan Samet

tf2

WINDOWING¥ General algorithm: check if a node in the target tree is completely contained by a node in the source tree; otherwise, decompose the target tree node and repeat the process and possibly merge later1bAn 8 by 8 image with 4 nodes1. find smallest subtree of input quadtree containing window2. if subtree is a leaf, then done3. otherwise, subdivide window and apply procedure to each quadrant4. attempt to merge the sons of the current node¥ Ex:

Copyright ' 1998 by Hanan Samet

tf2

WINDOWING¥ General algorithm: check if a node in the target tree is completely contained by a node in the source tree; otherwise, decompose the target tree node and repeat the process and possibly merge later1bAn 8 by 8 image with 4 nodes1. find smallest subtree of input quadtree containing window2. if subtree is a leaf, then done3. otherwise, subdivide window and apply procedure to each quadrant4. attempt to merge the sons of the current node¥ Ex:

Copyright ' 1998 by Hanan Samettf2

2rA 4 by 4 window initially represented by quadtree of one node

Copyright ' 1998 by Hanan Samet

tf2

WINDOWING¥ General algorithm: check if a node in the target tree is completely contained by a node in the source tree; otherwise, decompose the target tree node and repeat the process and possibly merge later1bAn 8 by 8 image with 4 nodes1. find smallest subtree of input quadtree containing window2. if subtree is a leaf, then done3. otherwise, subdivide window and apply procedure to each quadrant4. attempt to merge the sons of the current node¥ Ex:

Copyright ' 1998 by Hanan Samettf2

2rA 4 by 4 window initially represented by quadtree of one node

Copyright ' 1998 by Hanan Samet tf2

3zThe window is not contained in a single input tree node� subdivide the window

Copyright ' 1998 by Hanan Samet

tf2

WINDOWING¥ General algorithm: check if a node in the target tree is completely contained by a node in the source tree; otherwise, decompose the target tree node and repeat the process and possibly merge later1bAn 8 by 8 image with 4 nodes1. find smallest subtree of input quadtree containing window2. if subtree is a leaf, then done3. otherwise, subdivide window and apply procedure to each quadrant4. attempt to merge the sons of the current node¥ Ex:

Copyright ' 1998 by Hanan Samettf2

2rA 4 by 4 window initially represented by quadtree of one node

Copyright ' 1998 by Hanan Samet tf2

3zThe window is not contained in a single input tree node� subdivide the window

4gNW quadrant is not contained in a single input tree node� subdivide (these sons are subsequently merged)

Copyright ' 1998 by Hanan Samet

tf2

WINDOWING¥ General algorithm: check if a node in the target tree is completely contained by a node in the source tree; otherwise, decompose the target tree node and repeat the process and possibly merge later1bAn 8 by 8 image with 4 nodes1. find smallest subtree of input quadtree containing window2. if subtree is a leaf, then done3. otherwise, subdivide window and apply procedure to each quadrant4. attempt to merge the sons of the current node¥ Ex:

Copyright ' 1998 by Hanan Samettf2

2rA 4 by 4 window initially represented by quadtree of one node

Copyright ' 1998 by Hanan Samet tf2

3zThe window is not contained in a single input tree node� subdivide the window

4gNW quadrant is not contained in a single input tree node� subdivide (these sons are subsequently merged)

5vNE quadrant is contained in a single input tree node� a leaf

Copyright ' 1998 by Hanan Samet

tf2

WINDOWING¥ General algorithm: check if a node in the target tree is completely contained by a node in the source tree; otherwise, decompose the target tree node and repeat the process and possibly merge later1bAn 8 by 8 image with 4 nodes1. find smallest subtree of input quadtree containing window2. if subtree is a leaf, then done3. otherwise, subdivide window and apply procedure to each quadrant4. attempt to merge the sons of the current node¥ Ex:

Copyright ' 1998 by Hanan Samettf2

2rA 4 by 4 window initially represented by quadtree of one node

Copyright ' 1998 by Hanan Samet tf2

3zThe window is not contained in a single input tree node� subdivide the window

4gNW quadrant is not contained in a single input tree node� subdivide (these sons are subsequently merged)

5vNE quadrant is contained in a single input tree node� a leaf

6rSW quadrant is not contained in a single input tree node� subdivide

Copyright ' 1998 by Hanan Samet

tf2

WINDOWING¥ General algorithm: check if a node in the target tree is completely contained by a node in the source tree; otherwise, decompose the target tree node and repeat the process and possibly merge later1bAn 8 by 8 image with 4 nodes1. find smallest subtree of input quadtree containing window2. if subtree is a leaf, then done3. otherwise, subdivide window and apply procedure to each quadrant4. attempt to merge the sons of the current node¥ Ex:

Copyright ' 1998 by Hanan Samettf2

2rA 4 by 4 window initially represented by quadtree of one node

Copyright ' 1998 by Hanan Samet tf2

3zThe window is not contained in a single input tree node� subdivide the window

4gNW quadrant is not contained in a single input tree node� subdivide (these sons are subsequently merged)

5vNE quadrant is contained in a single input tree node� a leaf

6rSW quadrant is not contained in a single input tree node� subdivide

7zSE quadrant is not contained in a single input tree node� subdivide (these sons are subsequently merged)

Copyright ' 1998 by Hanan Samet

tf2

WINDOWING¥ General algorithm: check if a node in the target tree is completely contained by a node in the source tree; otherwise, decompose the target tree node and repeat the process and possibly merge later1bAn 8 by 8 image with 4 nodes1. find smallest subtree of input quadtree containing window2. if subtree is a leaf, then done3. otherwise, subdivide window and apply procedure to each quadrant4. attempt to merge the sons of the current node¥ Ex:

Copyright ' 1998 by Hanan Samettf2

2rA 4 by 4 window initially represented by quadtree of one node

Copyright ' 1998 by Hanan Samet tf2

3zThe window is not contained in a single input tree node� subdivide the window

4gNW quadrant is not contained in a single input tree node� subdivide (these sons are subsequently merged)

5vNE quadrant is contained in a single input tree node� a leaf

6rSW quadrant is not contained in a single input tree node� subdivide

7zSE quadrant is not contained in a single input tree node� subdivide (these sons are subsequently merged)

8gFinal output tree

Copyright ' 1998 by Hanan Samet

tf3

WINDOWING (AN ALTERNATIVE VIEW)¥ Def: extract a rectangular subsection of an image and build its quadtree¥ Algorithm: analogous to intersecting two unregistered images1. A1 is the image from which the window is being extracted2. A2 is a BLACK block with the same size and origin as the window3. resulting quadtree has the size and position of A2 with the value of the corresponding pixel of A1 in each position4. equivalence of the two operations should be clear¥ Ex:1b

A1Copyright ' 1998 by Hanan Samet

tf3

WINDOWING (AN ALTERNATIVE VIEW)¥ Def: extract a rectangular subsection of an image and build its quadtree¥ Algorithm: analogous to intersecting two unregistered images1. A1 is the image from which the window is being extracted2. A2 is a BLACK block with the same size and origin as the window3. resulting quadtree has the size and position of A2 with the value of the corresponding pixel of A1 in each position4. equivalence of the two operations should be clear¥ Ex:1b

A1Copyright ' 1998 by Hanan Samet tf3

2rA2Copyright ' 1998 by Hanan Samet

tf3

WINDOWING (AN ALTERNATIVE VIEW)¥ Def: extract a rectangular subsection of an image and build its quadtree¥ Algorithm: analogous to intersecting two unregistered images1. A1 is the image from which the window is being extracted2. A2 is a BLACK block with the same size and origin as the window3. resulting quadtree has the size and position of A2 with the value of the corresponding pixel of A1 in each position4. equivalence of the two operations should be clear¥ Ex:1b

A1Copyright ' 1998 by Hanan Samet tf3

2rA2Copyright ' 1998 by Hanan Samet tf3 3z Copyright ' 1998 by Hanan Samet

tf3

WINDOWING (AN ALTERNATIVE VIEW)¥ Def: extract a rectangular subsection of an image and build its quadtree¥ Algorithm: analogous to intersecting two unregistered images1. A1 is the image from which the window is being extracted2. A2 is a BLACK block with the same size and origin as the window3. resulting quadtree has the size and position of A2 with the value of the corresponding pixel of A1 in each position4. equivalence of the two operations should be clear¥ Ex:1b

A1Copyright ' 1998 by Hanan Samet tf3

2rA2Copyright ' 1998 by Hanan Samet tf3 3z Copyright ' 1998 by Hanan Samettf3

4g¥ The same result can be obtained by taking the union of two unregistered images where A2 is a WHITE block with the same size and origin as the window

Copyright ' 1998 by Hanan Samet

tf4

SHIFTING A QUADTREE IMAGE REPRESENTATION¥ Equivalent to extracting a window larger than the input image with a different origin¥ Shifting an input image by (DX,DY) implies that the origin of the window is at (—DX,—DY) from the origin of input image¥ Ex: shift by (3,1)1b¥ Alternative algorithm transforms the individual components of the image (Hunter and Steiglitz)1. treat components as polygons2. trace their boundaries3. transform their vertices4. construct new polygon for each component by a fill operation5. overlay the polygons

DX=3DY=1

Copyright ' 1998 by Hanan Samet

tf4

SHIFTING A QUADTREE IMAGE REPRESENTATION¥ Equivalent to extracting a window larger than the input image with a different origin¥ Shifting an input image by (DX,DY) implies that the origin of the window is at (—DX,—DY) from the origin of input image¥ Ex: shift by (3,1)1b¥ Alternative algorithm transforms the individual components of the image (Hunter and Steiglitz)1. treat components as polygons2. trace their boundaries3. transform their vertices4. construct new polygon for each component by a fill operation5. overlay the polygons

DX=3DY=1

Copyright ' 1998 by Hanan Samettf42r—

DX—DYshifted window

Copyright ' 1998 by Hanan Samet

tf4

SHIFTING A QUADTREE IMAGE REPRESENTATION¥ Equivalent to extracting a window larger than the input image with a different origin¥ Shifting an input image by (DX,DY) implies that the origin of the window is at (—DX,—DY) from the origin of input image¥ Ex: shift by (3,1)1b¥ Alternative algorithm transforms the individual components of the image (Hunter and Steiglitz)1. treat components as polygons2. trace their boundaries3. transform their vertices4. construct new polygon for each component by a fill operation5. overlay the polygons

DX=3DY=1

Copyright ' 1998 by Hanan Samettf42r—

DX—DYshifted window

Copyright ' 1998 by Hanan Samet tf4

3zquadtree of windowCopyright ' 1998 by Hanan Samet

tf4

SHIFTING A QUADTREE IMAGE REPRESENTATION¥ Equivalent to extracting a window larger than the input image with a different origin¥ Shifting an input image by (DX,DY) implies that the origin of the window is at (—DX,—DY) from the origin of input image¥ Ex: shift by (3,1)1b¥ Alternative algorithm transforms the individual components of the image (Hunter and Steiglitz)1. treat components as polygons2. trace their boundaries3. transform their vertices4. construct new polygon for each component by a fill operation5. overlay the polygons

DX=3DY=1

Copyright ' 1998 by Hanan Samettf42r—

DX—DYshifted window

Copyright ' 1998 by Hanan Samet tf4

3zquadtree of windowCopyright ' 1998 by Hanan Samet tf4

4gquadtree of the shifted image

Copyright ' 1998 by Hanan Samet

tf5

ROTATING A QUADTREE IMAGE REPRESENTATION¥ Easy for multiples of 90 degrees¥ Harder for others because result is an approximation � use a more general linear transformation algorithm¥ Ex: Rotate by 90� counterclockwise1b

96718425310

Copyright ' 1998 by Hanan Samet

tf5

ROTATING A QUADTREE IMAGE REPRESENTATION¥ Easy for multiples of 90 degrees¥ Harder for others because result is an approximation � use a more general linear transformation algorithm¥ Ex: Rotate by 90� counterclockwise1b

96718425310

Copyright ' 1998 by Hanan Samet tf5

2r¥ Correspondence of sons:OLDNEWNWSW

NENWSWSESENE96718425310

Copyright ' 1998 by Hanan Samet

tf6LINEAR IMAGE TRANSFORMATIONS¥Source tree and target tree¥General window algorithm checks if a node in the targettree is completely contained by a node in the source tree;otherwise, it decomposes the target tree node andrepeats the process and possibly merges later¥Merges can be avoided by checking if the target treenode is completely covered by black nodes in the sourcetree¥If transformation only involves translation, then aquadtree (octree) block can be covered by at most 4 (8)blocks of greater than equal size

¥If transformation involves rotation as well as translation,then a quadtree (octree) block can be covered by at most6 (18) blocks of greater than equal size

¥If transformation involves scaling, then the number ofcovering blocks depends on the scale factor

Copyright ' 1998 by Hanan Samet tf7

EXAMPLE OF A LINEAR IMAGE TRANSFORMATION¥ Ex:1b¥ Source tree space is shown with broken lines¥ Target tree space is shown with solid lines¥ Figure shows the result of the rotation in the original space¥ ? denotes target tree node not completely covered by WHITE or BLACK nodes in the source tree; the image is assumed to be bordered by WHITE nodes

source treeresult of rotating by 30 degrees counterclockwise about the origin

Copyright ' 1998 by Hanan Samet

tf7

EXAMPLE OF A LINEAR IMAGE TRANSFORMATION¥ Ex:1b¥ Source tree space is shown with broken lines¥ Target tree space is shown with solid lines¥ Figure shows the result of the rotation in the original space¥ ? denotes target tree node not completely covered by WHITE or BLACK nodes in the source tree; the image is assumed to be bordered by WHITE nodes

source treeresult of rotating by 30 degrees counterclockwise about the origin

Copyright ' 1998 by Hanan Samettf7

2r¥ Decompose the source and the target trees since the target is not covered by a BLACK or a WHITE node in sourceB2

A1

A2

A

3

A4Copyright ' 1998 by Hanan Samet

tf7

EXAMPLE OF A LINEAR IMAGE TRANSFORMATION¥ Ex:1b¥ Source tree space is shown with broken lines¥ Target tree space is shown with solid lines¥ Figure shows the result of the rotation in the original space¥ ? denotes target tree node not completely covered by WHITE or BLACK nodes in the source tree; the image is assumed to be bordered by WHITE nodes

source treeresult of rotating by 30 degrees counterclockwise about the origin

Copyright ' 1998 by Hanan Samettf7

2r¥ Decompose the source and the target trees since the target is not covered by a BLACK or a WHITE node in sourceB2

A1

A2

A

3

A4Copyright ' 1998 by Hanan Samettf7

3z¥ B2 is WHITE because blocks A2 and A4 that cover it are WHITE?

??Copyright ' 1998 by Hanan Samet

tf7

EXAMPLE OF A LINEAR IMAGE TRANSFORMATION¥ Ex:1b¥ Source tree space is shown with broken lines¥ Target tree space is shown with solid lines¥ Figure shows the result of the rotation in the original space¥ ? denotes target tree node not completely covered by WHITE or BLACK nodes in the source tree; the image is assumed to be bordered by WHITE nodes

source treeresult of rotating by 30 degrees counterclockwise about the origin

Copyright ' 1998 by Hanan Samettf7

2r¥ Decompose the source and the target trees since the target is not covered by a BLACK or a WHITE node in sourceB2

A1

A2

A

3

A4Copyright ' 1998 by Hanan Samettf7

3z¥ B2 is WHITE because blocks A2 and A4 that cover it are WHITE?

??Copyright ' 1998 by Hanan Samet tf7

4v¥ Decompose A1 in the source and ? in the target trees

B5B6B7B8

A5

A

6Copyright ' 1998 by Hanan Samet

tf7

EXAMPLE OF A LINEAR IMAGE TRANSFORMATION¥ Ex:1b¥ Source tree space is shown with broken lines¥ Target tree space is shown with solid lines¥ Figure shows the result of the rotation in the original space¥ ? denotes target tree node not completely covered by WHITE or BLACK nodes in the source tree; the image is assumed to be bordered by WHITE nodes

source treeresult of rotating by 30 degrees counterclockwise about the origin

Copyright ' 1998 by Hanan Samettf7

2r¥ Decompose the source and the target trees since the target is not covered by a BLACK or a WHITE node in sourceB2

A1

A2

A

3

A4Copyright ' 1998 by Hanan Samettf7

3z¥ B2 is WHITE because blocks A2 and A4 that cover it are WHITE?

??Copyright ' 1998 by Hanan Samet tf7

4v¥ Decompose A1 in the source and ? in the target trees

B5B6B7B8

A5

A

6Copyright ' 1998 by Hanan Samet tf7

5g¥ B6 (B7 and B8) is BLACK (WHITE) because block A3 (A4) that cover it is BLACK (WHITE) while B5 is not completely BLACK??

??????

?Copyright ' 1998 by Hanan Samet

tf7

EXAMPLE OF A LINEAR IMAGE TRANSFORMATION¥ Ex:1b¥ Source tree space is shown with broken lines¥ Target tree space is shown with solid lines¥ Figure shows the result of the rotation in the original space¥ ? denotes target tree node not completely covered by WHITE or BLACK nodes in the source tree; the image is assumed to be bordered by WHITE nodes

source treeresult of rotating by 30 degrees counterclockwise about the origin

Copyright ' 1998 by Hanan Samettf7

2r¥ Decompose the source and the target trees since the target is not covered by a BLACK or a WHITE node in sourceB2

A1

A2

A

3

A4Copyright ' 1998 by Hanan Samettf7

3z¥ B2 is WHITE because blocks A2 and A4 that cover it are WHITE?

??Copyright ' 1998 by Hanan Samet tf7

4v¥ Decompose A1 in the source and ? in the target trees

B5B6B7B8

A5

A

6Copyright ' 1998 by Hanan Samet tf7

5g¥ B6 (B7 and B8) is BLACK (WHITE) because block A3 (A4) that cover it is BLACK (WHITE) while B5 is not completely BLACK??

??????

?Copyright ' 1998 by Hanan Samet tf7

6g¥ Decompose A6 in the source and ? in the target trees

Copyright ' 1998 by Hanan Samet

tf7

EXAMPLE OF A LINEAR IMAGE TRANSFORMATION¥ Ex:1b¥ Source tree space is shown with broken lines¥ Target tree space is shown with solid lines¥ Figure shows the result of the rotation in the original space¥ ? denotes target tree node not completely covered by WHITE or BLACK nodes in the source tree; the image is assumed to be bordered by WHITE nodes

source treeresult of rotating by 30 degrees counterclockwise about the origin

Copyright ' 1998 by Hanan Samettf7

2r¥ Decompose the source and the target trees since the target is not covered by a BLACK or a WHITE node in sourceB2

A1

A2

A

3

A4Copyright ' 1998 by Hanan Samettf7

3z¥ B2 is WHITE because blocks A2 and A4 that cover it are WHITE?

??Copyright ' 1998 by Hanan Samet tf7

4v¥ Decompose A1 in the source and ? in the target trees

B5B6B7B8

A5

A

6Copyright ' 1998 by Hanan Samet tf7

5g¥ B6 (B7 and B8) is BLACK (WHITE) because block A3 (A4) that cover it is BLACK (WHITE) while B5 is not completely BLACK??

??????

?Copyright ' 1998 by Hanan Samet tf7

6g¥ Decompose A6 in the source and ? in the target trees

Copyright ' 1998 by Hanan Samettf7

7r¥ Result after merging 4 WHITE sons in NW son of NW quadrant????????

????????

?Copyright ' 1998 by Hanan Samet

bf0Copyright ' 1994 Hanan SametThese notes may not be reproduced by any means (mechanical or elec-tronic or any other) without the express written permission of Hanan SametREGION EXPANSIONHanan SametComputer Science Department andCenter for Automation Research andInstitute for Advanced Computer StudiesUniversity of MarylandCollege Park, Maryland 20742e-mail: hjs@umiacs.umd.edu

Copyright ' 1998 by Hanan Samet

bf1SPATIAL RANGE QUERIES1bEx: find all objects within 10 miles of St. Louis, the Mississippi River, Lake Michigan, ...

1. ex: find all people with height between 1.5 and 1.8 meters and weight between 60 and 70 kilosAnalog of range query in conventional databases

2. difference is that the range query is not rectangular3. instead, region is spatially definedKnown as a buffer or a corridor in GIS, image dilation or region expansion in image processing

Can be computed very efficiently for a quadtree by using the L¥ (i.e., chessboard) distance metric since locus of all points within a given distance is a square

1. dist(a,b) = max(|ax — bx|,|ay — by|)

Copyright ' 1998 by Hanan Samet

bf1SPATIAL RANGE QUERIES1bEx: find all objects within 10 miles of St. Louis, the Mississippi River, Lake Michigan, ...

1. ex: find all people with height between 1.5 and 1.8 meters and weight between 60 and 70 kilosAnalog of range query in conventional databases

2. difference is that the range query is not rectangular3. instead, region is spatially definedKnown as a buffer or a corridor in GIS, image dilation or region expansion in image processing

Can be computed very efficiently for a quadtree by using the L¥ (i.e., chessboard) distance metric since locus of all points within a given distance is a square

1. dist(a,b) = max(|ax — bx|,|ay — by|)

Copyright ' 1998 by Hanan Sametbf12

gCopyright ' 1998 by Hanan Samet

bf1SPATIAL RANGE QUERIES1bEx: find all objects within 10 miles of St. Louis, the Mississippi River, Lake Michigan, ...

1. ex: find all people with height between 1.5 and 1.8 meters and weight between 60 and 70 kilosAnalog of range query in conventional databases

2. difference is that the range query is not rectangular3. instead, region is spatially definedKnown as a buffer or a corridor in GIS, image dilation or region expansion in image processing

Can be computed very efficiently for a quadtree by using the L¥ (i.e., chessboard) distance metric since locus of all points within a given distance is a square

1. dist(a,b) = max(|ax — bx|,|ay — by|)

Copyright ' 1998 by Hanan Sametbf12

gCopyright ' 1998 by Hanan Sametbf13 r2. an overapproximation to L2 (Euclidean) distance metric � i.e., dist(a,b) =

(ax-bx)2+(ay-by)2Copyright ' 1998 by Hanan Samet

bf1SPATIAL RANGE QUERIES1bEx: find all objects within 10 miles of St. Louis, the Mississippi River, Lake Michigan, ...

1. ex: find all people with height between 1.5 and 1.8 meters and weight between 60 and 70 kilosAnalog of range query in conventional databases

2. difference is that the range query is not rectangular3. instead, region is spatially definedKnown as a buffer or a corridor in GIS, image dilation or region expansion in image processing

Can be computed very efficiently for a quadtree by using the L¥ (i.e., chessboard) distance metric since locus of all points within a given distance is a square

1. dist(a,b) = max(|ax — bx|,|ay — by|)

Copyright ' 1998 by Hanan Sametbf12

gCopyright ' 1998 by Hanan Sametbf13 r2. an overapproximation to L2 (Euclidean) distance metric � i.e., dist(a,b) =

(ax-bx)2+(ay-by)2Copyright ' 1998 by Hanan Sametbf14z3. compare with the L1 (i.e., city block) distance metric which underapproximates the Euclidean distance � i.e., dist(a,b) = |ax — bx| + |ay — by|Copyright ' 1998 by Hanan Samet

bf2BUFFER1¥ Algorithm:1. expand each BLACK B block by radius R2. decompose the resulting square into quadtree blocks3. insert the blocks one-by-one into the tree¥ Drawbacks1. excessive redundant insertion2. excessive merging¥ Ex: expand using R˚=31b

ADCB

Copyright ' 1998 by Hanan Samet

bf2BUFFER1¥ Algorithm:1. expand each BLACK B block by radius R2. decompose the resulting square into quadtree blocks3. insert the blocks one-by-one into the tree¥ Drawbacks1. excessive redundant insertion2. excessive merging¥ Ex: expand using R˚=31b

ADCB

Copyright ' 1998 by Hanan Samet bf2

2z expanding A

Copyright ' 1998 by Hanan Samet

bf2BUFFER1¥ Algorithm:1. expand each BLACK B block by radius R2. decompose the resulting square into quadtree blocks3. insert the blocks one-by-one into the tree¥ Drawbacks1. excessive redundant insertion2. excessive merging¥ Ex: expand using R˚=31b

ADCB

Copyright ' 1998 by Hanan Samet bf2

2z expanding A

3r expanding B

Copyright ' 1998 by Hanan Samet

bf2BUFFER1¥ Algorithm:1. expand each BLACK B block by radius R2. decompose the resulting square into quadtree blocks3. insert the blocks one-by-one into the tree¥ Drawbacks1. excessive redundant insertion2. excessive merging¥ Ex: expand using R˚=31b

ADCB

Copyright ' 1998 by Hanan Samet bf2

2z expanding A

3r expanding B

4v expanding C

Copyright ' 1998 by Hanan Samet

bf2BUFFER1¥ Algorithm:1. expand each BLACK B block by radius R2. decompose the resulting square into quadtree blocks3. insert the blocks one-by-one into the tree¥ Drawbacks1. excessive redundant insertion2. excessive merging¥ Ex: expand using R˚=31b

ADCB

Copyright ' 1998 by Hanan Samet bf2

2z expanding A

3r expanding B

4v expanding C

5g expanding D

Copyright ' 1998 by Hanan Samet

bf2BUFFER1¥ Algorithm:1. expand each BLACK B block by radius R2. decompose the resulting square into quadtree blocks3. insert the blocks one-by-one into the tree¥ Drawbacks1. excessive redundant insertion2. excessive merging¥ Ex: expand using R˚=31b

ADCB

Copyright ' 1998 by Hanan Samet bf2

2z expanding A

3r expanding B

4v expanding C

5g expanding D

6b result is the union of the individual expansions

Copyright ' 1998 by Hanan Samet

bf3OBSERVATION¥Any WHITE block T of width £(R˚+1)/2 will be BLACKasaresult of expansion by radius R¥Rationale:1.if block T has width £(R˚+1)/2, then at least one of T�sbrothers will have a non-WHITE descendant CsuchthatallofT is within RofapointonC�sboundary2.therefore,T and all of its brothers must be BLACK3.can simply replace T�s father by a BLACK block

R1TC

¥Analogous property holds for any nonleaf node of width£˚(R˚+1)/2 � i.e., it will be BLACKasaresultofexpansionbyradiusR

Copyright ' 1998 by Hanan Samet

bf4IMPROVING ON BUFFER1 TO YIELD BUFFER21.Reduce number of blocks that must be inserted as aresult of expansion¥introduce concept of merging clustera.a nonleaf node of width £R˚+1b.such nodes can be replaced by BLACK blocks2.reduce number of BLACK blocks that need to beconsidered for expansion¥introduce concept of vertex seta.only a subset of each merging cluster affect theexpansionb.indicates which of the 8 possible expansiondirections of the relevant elements of the mergingcluster need expansion

Copyright ' 1998 by Hanan Samet

bf5MERGING CLUSTER¥Merging clusters are blocks that correspond to non-leafnodes of width W(R˚) where W(R˚) = 2r, (2r £R˚+1<2r˚+1)¥Expansion by radius R implies that all merging clustersbecome BLACK blocks¥Rationale:1.blocks corresponding to merging clusters are nonleafnodes2.they must have at least one son that is WHITE or anonleaf node with width £(R˚+1)/2¥Ex:merging cluster for R˚=3

CDABW(R˚)=49WHITE blocks4 BLACK blocks

Copyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Sametbf62r

Copyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Sametbf62r

Copyright ' 1998 by Hanan Sametbf63z VSNW = { aNW , bNW , cNW }aNWbNW cNW a�NWb�NWc�NW

Copyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Sametbf62r

Copyright ' 1998 by Hanan Sametbf63z VSNW = { aNW , bNW , cNW }aNWbNW cNW a�NWb�NWc�NW

Copyright ' 1998 by Hanan Sametbf64gdNEaNE

d�NEa�NE

VSNE = { aNE , dNE }

Copyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Sametbf62r

Copyright ' 1998 by Hanan Sametbf63z VSNW = { aNW , bNW , cNW }aNWbNW cNW a�NWb�NWc�NW

Copyright ' 1998 by Hanan Sametbf64gdNEaNE

d�NEa�NE

VSNE = { aNE , dNE }

Copyright ' 1998 by Hanan Samet bf6

5v VSSW = { cSW }cSW

c�SW

Copyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Sametbf62r

Copyright ' 1998 by Hanan Sametbf63z VSNW = { aNW , bNW , cNW }aNWbNW cNW a�NWb�NWc�NW

Copyright ' 1998 by Hanan Sametbf64gdNEaNE

d�NEa�NE

VSNE = { aNE , dNE }

Copyright ' 1998 by Hanan Samet bf6

5v VSSW = { cSW }cSW

c�SW

Copyright ' 1998 by Hanan Sametbf66r VSSE = { dSE }dSE

d�SE

Copyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Sametbf62r

Copyright ' 1998 by Hanan Sametbf63z VSNW = { aNW , bNW , cNW }aNWbNW cNW a�NWb�NWc�NW

Copyright ' 1998 by Hanan Sametbf64gdNEaNE

d�NEa�NE

VSNE = { aNE , dNE }

Copyright ' 1998 by Hanan Samet bf6

5v VSSW = { cSW }cSW

c�SW

Copyright ' 1998 by Hanan Sametbf66r VSSE = { dSE }dSE

d�SE

Copyright ' 1998 by Hanan Sametbf67z¥ Compare with BUFFER1 which expands the elements of M individually and takes their union

Copyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Sametbf62r

Copyright ' 1998 by Hanan Sametbf63z VSNW = { aNW , bNW , cNW }aNWbNW cNW a�NWb�NWc�NW

Copyright ' 1998 by Hanan Sametbf64gdNEaNE

d�NEa�NE

VSNE = { aNE , dNE }

Copyright ' 1998 by Hanan Samet bf6

5v VSSW = { cSW }cSW

c�SW

Copyright ' 1998 by Hanan Sametbf66r VSSE = { dSE }dSE

d�SE

Copyright ' 1998 by Hanan Sametbf67z¥ Compare with BUFFER1 which expands the elements of M individually and takes their union

8gCopyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Sametbf62r

Copyright ' 1998 by Hanan Sametbf63z VSNW = { aNW , bNW , cNW }aNWbNW cNW a�NWb�NWc�NW

Copyright ' 1998 by Hanan Sametbf64gdNEaNE

d�NEa�NE

VSNE = { aNE , dNE }

Copyright ' 1998 by Hanan Samet bf6

5v VSSW = { cSW }cSW

c�SW

Copyright ' 1998 by Hanan Sametbf66r VSSE = { dSE }dSE

d�SE

Copyright ' 1998 by Hanan Sametbf67z¥ Compare with BUFFER1 which expands the elements of M individually and takes their union

8gCopyright ' 1998 by Hanan Samet bf6

9vCopyright ' 1998 by Hanan Samet

bf6VERTEX SET¥ Vertex set of merging cluster M consists of four subsets (one for each of the diagonal directions) of vertices of blocks which must be expanded to yield the area spanned by the merging cluster¥ Ex: merging cluster with R˚=31band the result of its expansion

CDAB

Copyright ' 1998 by Hanan Sametbf62r

Copyright ' 1998 by Hanan Sametbf63z VSNW = { aNW , bNW , cNW }aNWbNW cNW a�NWb�NWc�NW

Copyright ' 1998 by Hanan Sametbf64gdNEaNE

d�NEa�NE

VSNE = { aNE , dNE }

Copyright ' 1998 by Hanan Samet bf6

5v VSSW = { cSW }cSW

c�SW

Copyright ' 1998 by Hanan Sametbf66r VSSE = { dSE }dSE

d�SE

Copyright ' 1998 by Hanan Sametbf67z¥ Compare with BUFFER1 which expands the elements of M individually and takes their union

8gCopyright ' 1998 by Hanan Samet bf6

9vCopyright ' 1998 by Hanan Samet bf6

10gCopyright ' 1998 by Hanan Samet

bf7CONSTRUCTION OF THE VERTEX SET¥ For a BLACK node P in merging cluster M, vertex v of P is in VSd if1. v is the d vertex of P, and2. v is not in the closed OPQUAD(d˚) quadrant of a quadtree-like subdivision rooted at a d vertex of any other BLACK node in M¥ The vertex subsets are disjoint by definition and thus they can be constructed independently¥ Ex:1b

AaNWaNE aSWaSEConstruction of Vertex Subsets

NodeVSNWVSNEVSSWVSSE

A{aNW}{aNE}{aSW}{aSE}

Copyright ' 1998 by Hanan Samet

bf7CONSTRUCTION OF THE VERTEX SET¥ For a BLACK node P in merging cluster M, vertex v of P is in VSd if1. v is the d vertex of P, and2. v is not in the closed OPQUAD(d˚) quadrant of a quadtree-like subdivision rooted at a d vertex of any other BLACK node in M¥ The vertex subsets are disjoint by definition and thus they can be constructed independently¥ Ex:1b

AaNWaNE aSWaSEConstruction of Vertex Subsets

NodeVSNWVSNEVSSWVSSE

A{aNW}{aNE}{aSW}{aSE}

Copyright ' 1998 by Hanan Sametbf72rBbNW

bSWbSE

B{aNW, bNW}{aNE}{bSW}{aSE, bSE}

bNE is eliminated by being in OPQUAD(NE) rooted at aNEaSW is eliminated by being in OPQUAD(SW) rooted at bSW

Copyright ' 1998 by Hanan Samet

bf7CONSTRUCTION OF THE VERTEX SET¥ For a BLACK node P in merging cluster M, vertex v of P is in VSd if1. v is the d vertex of P, and2. v is not in the closed OPQUAD(d˚) quadrant of a quadtree-like subdivision rooted at a d vertex of any other BLACK node in M¥ The vertex subsets are disjoint by definition and thus they can be constructed independently¥ Ex:1b

AaNWaNE aSWaSEConstruction of Vertex Subsets

NodeVSNWVSNEVSSWVSSE

A{aNW}{aNE}{aSW}{aSE}

Copyright ' 1998 by Hanan Sametbf72rBbNW

bSWbSE

B{aNW, bNW}{aNE}{bSW}{aSE, bSE}

bNE is eliminated by being in OPQUAD(NE) rooted at aNEaSW is eliminated by being in OPQUAD(SW) rooted at bSW

Copyright ' 1998 by Hanan Samet bf7

3zCcSW cSEcNWC{aNW, bNW, cNW}{aNE}{cSW}{aSE, bSE, cSE}

cNE is eliminated by being in OPQUAD(NE) rooted at aNEbSW is eliminated by being in OPQUAD(SW) rooted at cSW

Copyright ' 1998 by Hanan Samet

bf7CONSTRUCTION OF THE VERTEX SET¥ For a BLACK node P in merging cluster M, vertex v of P is in VSd if1. v is the d vertex of P, and2. v is not in the closed OPQUAD(d˚) quadrant of a quadtree-like subdivision rooted at a d vertex of any other BLACK node in M¥ The vertex subsets are disjoint by definition and thus they can be constructed independently¥ Ex:1b

AaNWaNE aSWaSEConstruction of Vertex Subsets

NodeVSNWVSNEVSSWVSSE

A{aNW}{aNE}{aSW}{aSE}

Copyright ' 1998 by Hanan Sametbf72rBbNW

bSWbSE

B{aNW, bNW}{aNE}{bSW}{aSE, bSE}

bNE is eliminated by being in OPQUAD(NE) rooted at aNEaSW is eliminated by being in OPQUAD(SW) rooted at bSW

Copyright ' 1998 by Hanan Samet bf7

3zCcSW cSEcNWC{aNW, bNW, cNW}{aNE}{cSW}{aSE, bSE, cSE}

cNE is eliminated by being in OPQUAD(NE) rooted at aNEbSW is eliminated by being in OPQUAD(SW) rooted at cSW

4gDdSEdNE

{aSE , bSE , cSE} are eliminated by being in OPQUAD(SE) rooted at dSED{aNW, bNW, cNW}{aNE, dNE}{cSW}{dSE}

Copyright ' 1998 by Hanan Samet

bf8EXPANDING THE VERTEX SET1. Vertex sets guide the expansion in the 8 directions2. Merging cluster can be inserted as one BLACK node3. Areas of expansion in the diagonal directions always form staircase-like regions¥ extreme points of the staircase in direction d are images of the translations of the elements of VSd4. Areas of expansion in lateral directions are rectangles¥ for lateral direction d use the vertex in VSd? or VS?d that is closest to the d boundary of the merging cluster5. Expansion in direction d can be avoided if the neigh-boring node in direction d is BLACK or a merging cluster Ex: expansion by 31b

CDABaNWbNWcNWcSWdSEdNEaNE

DirectionUse

Copyright ' 1998 by Hanan Samet

bf8EXPANDING THE VERTEX SET1. Vertex sets guide the expansion in the 8 directions2. Merging cluster can be inserted as one BLACK node3. Areas of expansion in the diagonal directions always form staircase-like regions¥ extreme points of the staircase in direction d are images of the translations of the elements of VSd4. Areas of expansion in lateral directions are rectangles¥ for lateral direction d use the vertex in VSd? or VS?d that is closest to the d boundary of the merging cluster5. Expansion in direction d can be avoided if the neigh-boring node in direction d is BLACK or a merging cluster Ex: expansion by 31b

CDABaNWbNWcNWcSWdSEdNEaNE

DirectionUse

Copyright ' 1998 by Hanan Sametbf8NaNW2r

Copyright ' 1998 by Hanan Samet

bf8EXPANDING THE VERTEX SET1. Vertex sets guide the expansion in the 8 directions2. Merging cluster can be inserted as one BLACK node3. Areas of expansion in the diagonal directions always form staircase-like regions¥ extreme points of the staircase in direction d are images of the translations of the elements of VSd4. Areas of expansion in lateral directions are rectangles¥ for lateral direction d use the vertex in VSd? or VS?d that is closest to the d boundary of the merging cluster5. Expansion in direction d can be avoided if the neigh-boring node in direction d is BLACK or a merging cluster Ex: expansion by 31b

CDABaNWbNWcNWcSWdSEdNEaNE

DirectionUse

Copyright ' 1998 by Hanan Sametbf8NaNW2r

Copyright ' 1998 by Hanan Samet bf8

3zd�NEa�NE

NEaNE, dNE

Copyright ' 1998 by Hanan Samet

bf8EXPANDING THE VERTEX SET1. Vertex sets guide the expansion in the 8 directions2. Merging cluster can be inserted as one BLACK node3. Areas of expansion in the diagonal directions always form staircase-like regions¥ extreme points of the staircase in direction d are images of the translations of the elements of VSd4. Areas of expansion in lateral directions are rectangles¥ for lateral direction d use the vertex in VSd? or VS?d that is closest to the d boundary of the merging cluster5. Expansion in direction d can be avoided if the neigh-boring node in direction d is BLACK or a merging cluster Ex: expansion by 31b

CDABaNWbNWcNWcSWdSEdNEaNE

DirectionUse

Copyright ' 1998 by Hanan Sametbf8NaNW2r

Copyright ' 1998 by Hanan Samet bf8

3zd�NEa�NE

NEaNE, dNE

4gEdNECopyright ' 1998 by Hanan Samet

bf8EXPANDING THE VERTEX SET1. Vertex sets guide the expansion in the 8 directions2. Merging cluster can be inserted as one BLACK node3. Areas of expansion in the diagonal directions always form staircase-like regions¥ extreme points of the staircase in direction d are images of the translations of the elements of VSd4. Areas of expansion in lateral directions are rectangles¥ for lateral direction d use the vertex in VSd? or VS?d that is closest to the d boundary of the merging cluster5. Expansion in direction d can be avoided if the neigh-boring node in direction d is BLACK or a merging cluster Ex: expansion by 31b

CDABaNWbNWcNWcSWdSEdNEaNE

DirectionUse

Copyright ' 1998 by Hanan Sametbf8NaNW2r

Copyright ' 1998 by Hanan Samet bf8

3zd�NEa�NE

NEaNE, dNE

4gEdNECopyright ' 1998 by Hanan Samet bf8

5vd�SESEdSECopyright ' 1998 by Hanan Samet

bf8EXPANDING THE VERTEX SET1. Vertex sets guide the expansion in the 8 directions2. Merging cluster can be inserted as one BLACK node3. Areas of expansion in the diagonal directions always form staircase-like regions¥ extreme points of the staircase in direction d are images of the translations of the elements of VSd4. Areas of expansion in lateral directions are rectangles¥ for lateral direction d use the vertex in VSd? or VS?d that is closest to the d boundary of the merging cluster5. Expansion in direction d can be avoided if the neigh-boring node in direction d is BLACK or a merging cluster Ex: expansion by 31b

CDABaNWbNWcNWcSWdSEdNEaNE

DirectionUse

Copyright ' 1998 by Hanan Sametbf8NaNW2r

Copyright ' 1998 by Hanan Samet bf8

3zd�NEa�NE

NEaNE, dNE

4gEdNECopyright ' 1998 by Hanan Samet bf8

5vd�SESEdSECopyright ' 1998 by Hanan Samet bf8

6rScSWCopyright ' 1998 by Hanan Samet bf8EXPANDING THE VERTEX SET1. Vertex sets guide the expansion in the 8 directions2. Merging cluster can be inserted as one BLACK node3. Areas of expansion in the diagonal directions always form staircase-like regions¥ extreme points of the staircase in direction d are images of the translations of the elements of VSd4. Areas of expansion in lateral directions are rectangles¥ for lateral direction d use the vertex in VSd? or VS?d that is closest to the d boundary of the merging cluster5. Expansion in direction d can be avoided if the neigh-boring node in direction d is BLACK or a merging cluster Ex: expansion by 31b

CDABaNWbNWcNWcSWdSEdNEaNE

DirectionUse

Copyright ' 1998 by Hanan Sametbf8NaNW2r

Copyright ' 1998 by Hanan Samet bf8

3zd�NEa�NE

NEaNE, dNE

4gEdNECopyright ' 1998 by Hanan Samet bf8

5vd�SESEdSECopyright ' 1998 by Hanan Samet bf8

6rScSWCopyright ' 1998 by Hanan Samet bf8

7zc�SWSWcSWCopyright ' 1998 by Hanan Samet

bf8EXPANDING THE VERTEX SET1. Vertex sets guide the expansion in the 8 directions2. Merging cluster can be inserted as one BLACK node3. Areas of expansion in the diagonal directions always form staircase-like regions¥ extreme points of the staircase in direction d are images of the translations of the elements of VSd4. Areas of expansion in lateral directions are rectangles¥ for lateral direction d use the vertex in VSd? or VS?d that is closest to the d boundary of the merging cluster5. Expansion in direction d can be avoided if the neigh-boring node in direction d is BLACK or a merging cluster Ex: expansion by 31b

CDABaNWbNWcNWcSWdSEdNEaNE

DirectionUse

Copyright ' 1998 by Hanan Sametbf8NaNW2r

Copyright ' 1998 by Hanan Samet bf8

3zd�NEa�NE

NEaNE, dNE

4gEdNECopyright ' 1998 by Hanan Samet bf8

5vd�SESEdSECopyright ' 1998 by Hanan Samet bf8

6rScSWCopyright ' 1998 by Hanan Samet bf8

7zc�SWSWcSWCopyright ' 1998 by Hanan Samet bf8

8gWcNWCopyright ' 1998 by Hanan Samet bf8EXPANDING THE VERTEX SET1. Vertex sets guide the expansion in the 8 directions2. Merging cluster can be inserted as one BLACK node3. Areas of expansion in the diagonal directions always form staircase-like regions¥ extreme points of the staircase in direction d are images of the translations of the elements of VSd4. Areas of expansion in lateral directions are rectangles¥ for lateral direction d use the vertex in VSd? or VS?d that is closest to the d boundary of the merging cluster5. Expansion in direction d can be avoided if the neigh-boring node in direction d is BLACK or a merging cluster Ex: expansion by 31b

CDABaNWbNWcNWcSWdSEdNEaNE

DirectionUse

Copyright ' 1998 by Hanan Sametbf8NaNW2r

Copyright ' 1998 by Hanan Samet bf8

3zd�NEa�NE

NEaNE, dNE

4gEdNECopyright ' 1998 by Hanan Samet bf8

5vd�SESEdSECopyright ' 1998 by Hanan Samet bf8

6rScSWCopyright ' 1998 by Hanan Samet bf8

7zc�SWSWcSWCopyright ' 1998 by Hanan Samet bf8

8gWcNWCopyright ' 1998 by Hanan Samet bf8

9va�NWb�NWc�NW

NWaNW, bNW, cNW

Copyright ' 1998 by Hanan Samet

bf9ABCDaNWbNWcNWcSEdSWdNWaNEaSEbSEdSEAN UPPER BOUND ON THE SIZE OF THE VERTEX SET¥The size of the union of any two adjacent vertex subsetsis £ W(R˚)+1, and this bound is attainable¥Since the vertex subsets are disjoint, the size of the unionof all the vertex subsets is £ 2ÆW(R˚)+2¥Example of the worst case¥Justification:1.assume that the elements ofVSdaresortedbytheirxcoordinate values2.no 2 vertices in VSdhavethesame x coordinate value3.numberofverticesinVSdisatmost W(R˚)¥Example using VSNWandVSNE1.no NE vertices of blocks in the SWquadrantwithrespect to the last (i.e., with the highest x coordinatevalue) vertex v in VSNWcanbeinVSNE2.therefore, the x coordinate values of the vertices inVSNEmustbegreaterthanthatofv3.thus all vertices in VSNWandVSNEhavedifferentxcoordinate values and there are at most W(R˚)+1suchvalues

Copyright ' 1998 by Hanan Samet

bf10ALTERNATIVE BOUND ON VERTEX SET SIZE¥

B(M˚) = number of BLACK blocks in merging cluster M1b¥ The size of the union of the vertex subsets is £ 2ÆB(M˚)+2, and this bound is attainable¥ Examples for R˚=3¥ Justification:˚

ABCD aNWbNWcNEcSEdSWaNEbSWdSE

ABCDaNWbNWcNWcSEdSWdNWaNEaSEbSEdSE

aNWaSWaNEaSE

ACopyright ' 1998 by Hanan Samet

bf10ALTERNATIVE BOUND ON VERTEX SET SIZE¥

B(M˚) = number of BLACK blocks in merging cluster M1b¥ The size of the union of the vertex subsets is £ 2ÆB(M˚)+2, and this bound is attainable¥ Examples for R˚=3¥ Justification:˚

ABCD aNWbNWcNEcSEdSWaNEbSWdSE

ABCDaNWbNWcNWcSEdSWdNWaNEaSEbSEdSE

aNWaSWaNEaSE

ACopyright ' 1998 by Hanan Samet bf10

2r1. block v that is not closest to a boundary can contribute more than 1 vertex (for a maximum of 2) only if the vertices ve and vf are in diagonally opposite directions e and f, respectively, and¥ ve is not in the closed f quadrant of a quadtree-like subdivision rooted at an e vertex of any other BLACK node in M¥ vf is not in the closed e quadrant of a quadtree-like subdivision rooted at an f vertex of any other BLACK node in M

Copyright ' 1998 by Hanan Samet

bf10ALTERNATIVE BOUND ON VERTEX SET SIZE¥

B(M˚) = number of BLACK blocks in merging cluster M1b¥ The size of the union of the vertex subsets is £ 2ÆB(M˚)+2, and this bound is attainable¥ Examples for R˚=3¥ Justification:˚

ABCD aNWbNWcNEcSEdSWaNEbSWdSE

ABCDaNWbNWcNWcSEdSWdNWaNEaSEbSEdSE

aNWaSWaNEaSE

ACopyright ' 1998 by Hanan Samet bf10

2r1. block v that is not closest to a boundary can contribute more than 1 vertex (for a maximum of 2) only if the vertices ve and vf are in diagonally opposite directions e and f, respectively, and¥ ve is not in the closed f quadrant of a quadtree-like subdivision rooted at an e vertex of any other BLACK node in M¥ vf is not in the closed e quadrant of a quadtree-like subdivision rooted at an f vertex of any other BLACK node in M

Copyright ' 1998 by Hanan Sametbf10

3z2. a BLACK block that is closest to a boundary of M in 3 (actually 4) directions contributes 4 vertices to the vertex set¥ there is at most one such block in M¥ � M consists of just 1 BLACK block¥ 4+2Æ(B(M˚)—1) = 2ÆB(M˚)+2 = 4 vertices

Copyright ' 1998 by Hanan Samet

bf10ALTERNATIVE BOUND ON VERTEX SET SIZE¥

B(M˚) = number of BLACK blocks in merging cluster M1b¥ The size of the union of the vertex subsets is £ 2ÆB(M˚)+2, and this bound is attainable¥ Examples for R˚=3¥ Justification:˚

ABCD aNWbNWcNEcSEdSWaNEbSWdSE

ABCDaNWbNWcNWcSEdSWdNWaNEaSEbSEdSE

aNWaSWaNEaSE

ACopyright ' 1998 by Hanan Samet bf10

2r1. block v that is not closest to a boundary can contribute more than 1 vertex (for a maximum of 2) only if the vertices ve and vf are in diagonally opposite directions e and f, respectively, and¥ ve is not in the closed f quadrant of a quadtree-like subdivision rooted at an e vertex of any other BLACK node in M¥ vf is not in the closed e quadrant of a quadtree-like subdivision rooted at an f vertex of any other BLACK node in M

Copyright ' 1998 by Hanan Sametbf10

3z2. a BLACK block that is closest to a boundary of M in 3 (actually 4) directions contributes 4 vertices to the vertex set¥ there is at most one such block in M¥ � M consists of just 1 BLACK block¥ 4+2Æ(B(M˚)—1) = 2ÆB(M˚)+2 = 4 vertices

4g3. a BLACK block that is closest to a boundary of M in 2 directions contributes 3 vertices to the vertex set¥ there are at most 2 such blocks in M¥ 2Æ3+2Æ(B(M˚)—2) = 2ÆB(M˚)+2

Copyright ' 1998 by Hanan Samet

bf10ALTERNATIVE BOUND ON VERTEX SET SIZE¥

B(M˚) = number of BLACK blocks in merging cluster M1b¥ The size of the union of the vertex subsets is £ 2ÆB(M˚)+2, and this bound is attainable¥ Examples for R˚=3¥ Justification:˚

ABCD aNWbNWcNEcSEdSWaNEbSWdSE

ABCDaNWbNWcNWcSEdSWdNWaNEaSEbSEdSE

aNWaSWaNEaSE

ACopyright ' 1998 by Hanan Samet bf10

2r1. block v that is not closest to a boundary can contribute more than 1 vertex (for a maximum of 2) only if the vertices ve and vf are in diagonally opposite directions e and f, respectively, and¥ ve is not in the closed f quadrant of a quadtree-like subdivision rooted at an e vertex of any other BLACK node in M¥ vf is not in the closed e quadrant of a quadtree-like subdivision rooted at an f vertex of any other BLACK node in M

Copyright ' 1998 by Hanan Sametbf10

3z2. a BLACK block that is closest to a boundary of M in 3 (actually 4) directions contributes 4 vertices to the vertex set¥ there is at most one such block in M¥ � M consists of just 1 BLACK block¥ 4+2Æ(B(M˚)—1) = 2ÆB(M˚)+2 = 4 vertices

4g3. a BLACK block that is closest to a boundary of M in 2 directions contributes 3 vertices to the vertex set¥ there are at most 2 such blocks in M¥ 2Æ3+2Æ(B(M˚)—2) = 2ÆB(M˚)+2

5v4. a BLACK block can contribute 2 vertices to the vertex set if it is closest to a boundary of M in a particular direction¥ i˚Æ2+2Æ(B(M˚)—i˚) = 2ÆB(M˚), where i = number of directions¥ there are at most 4 such blocks in M in which case no other block contributes any vertices

Copyright ' 1998 by Hanan Samet

bf10ALTERNATIVE BOUND ON VERTEX SET SIZE¥

B(M˚) = number of BLACK blocks in merging cluster M1b¥ The size of the union of the vertex subsets is £ 2ÆB(M˚)+2, and this bound is attainable¥ Examples for R˚=3¥ Justification:˚

ABCD aNWbNWcNEcSEdSWaNEbSWdSE

ABCDaNWbNWcNWcSEdSWdNWaNEaSEbSEdSE

aNWaSWaNEaSE

ACopyright ' 1998 by Hanan Samet bf10

2r1. block v that is not closest to a boundary can contribute more than 1 vertex (for a maximum of 2) only if the vertices ve and vf are in diagonally opposite directions e and f, respectively, and¥ ve is not in the closed f quadrant of a quadtree-like subdivision rooted at an e vertex of any other BLACK node in M¥ vf is not in the closed e quadrant of a quadtree-like subdivision rooted at an f vertex of any other BLACK node in M

Copyright ' 1998 by Hanan Sametbf10

3z2. a BLACK block that is closest to a boundary of M in 3 (actually 4) directions contributes 4 vertices to the vertex set¥ there is at most one such block in M¥ � M consists of just 1 BLACK block¥ 4+2Æ(B(M˚)—1) = 2ÆB(M˚)+2 = 4 vertices

4g3. a BLACK block that is closest to a boundary of M in 2 directions contributes 3 vertices to the vertex set¥ there are at most 2 such blocks in M¥ 2Æ3+2Æ(B(M˚)—2) = 2ÆB(M˚)+2

5v4. a BLACK block can contribute 2 vertices to the vertex set if it is closest to a boundary of M in a particular direction¥ i˚Æ2+2Æ(B(M˚)—i˚) = 2ÆB(M˚), where i = number of directions¥ there are at most 4 such blocks in M in which case no other block contributes any vertices

6r¥ Upper bound of 2ÆB(M˚)+2 is satisfied by all four cases

Copyright ' 1998 by Hanan Samet

bf11EXAMPLE PERFORMANCE

101001000051015202530

BUFFER1

BUFFER2¥Execution times (seconds on a VAX11/785 running UNIX)RadiusBUFFER1BUFFER2RadiusBUFFER1BUFFER2

132.613.517167.117.0

223.616.418121.315.9

352.414.019192.417.8

430.214.520117.116.0

568.919.021200.618.4

648.818.822143.817.0

790.514.223226.419.1

851.913.524133.316.1

9102.217.525234.220.1

1074.416.426163.717.8

11125.419.327256.720.8

1275.716.628156.016.6

13136.421.229259.621.1

1497.518.130185.617.7

15160.714.331287.813.8

1693.612.732170.111.9

Copyright ' 1998 by Hanan Samet

bf12OBSERVATIONS¥BUFFER2 is far superior to BUFFER1¥Even values of R lead to reduced execution times due tothe effect of node aggregation which results in fewer nodes¥BUFFER2�s execution times:1.remain constant or decrease slightly when R = 2r2.increase for other values of R at a slow rate3.decrease as R gets very large as image becomes BLACK¥Rationale for BUFFER2 being independent of R1.interaction between merging clusters and vertex setsas R increases¥larger merging clusters and larger vertex sets¥fewer merging clusters¥effects tend to cancel each other out2.execution time depends on the perimeter¥number of blocks in the image is proportional to theperimeter of the BLACK regions and the number ofBLACK blocks is approximately the same as thenumber of WHITE blocks¥size of vertex set is bounded by total number of BLACKblocks in the merging clusters which is constant3.analogy to a fill algorithm for computing the expandedregion fails¥a fill implies increase in execution time as R increases¥however, quadtree blocks get bigger4.decompose radius value into its binary representation¥work in expansion depends on how many bits are 1as they correspond to the blocks that must be added¥number of 1 bits for different radii is about the same

Copyright ' 1998 by Hanan Samet