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Biological Neuron
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Slow (≈10ms), but MASSIVELY REDUPLICATED (1011 neurons, 1014 synapses)
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Computational Neuron Model (Node)
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Logical Neuron

McCulloch & Pitts, 1943
• wi>0 ∈ {−Φ, 1} (fixed; NO learning), w0 = θ ∈ {0} ∪ Z−, F = step function

• syncronous updates: a(t + 1) =

{
1 if ~wT~x(t) ≥ 0

0 otherwise

−1−1 −1−1 FLIP−FLOP

−11 SET RESET
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a  (t) = a  (t−2) AND a  (t−1)3
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Model of the Brain?
• N nodes, p(0) ∈ [0, 1] fraction of initially active nodes

• NO external inputs, i.e., ~x = ~a

• n = ne(excitatory) + ni(inhibitory) incoming connections per node from random
(other) nodes

• ne � ni, Φ � 0, θ ≈ −1 ⇔ limit cycles . . .~a(t),~a(t+1), . . . ,~a(t+k) = ~a(t) . . .
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Perceptron

Rosenblatt, 1958 vs. Minsky & Papert, 1969
• more complex, but subsumed by the following `modern' perceptron
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• two sets of input patterns
X+ = {~x+

1 , ~x+
2 , . . . },

X− = {~x−
1 , ~x−

2 , . . . }, X+ ∩X− = ∅

• GOAL: ~w (initially random) so that

a =

{
1 if ~x ∈ X+

0 if ~x ∈ X−

• Solution: wi = wi + µxi(t− a) where
t (a) is the target (actual) output for
~x and µ ∈]0, 1] is the learning rate

• guaranteed to find a `correct' ~w, provided X+ and X− are linearly separable

• very rare for |X| = |X+ ∪X−| � d + 1: P (|X|, d) = 1

2|X|−1

d∑
i=0

(
|X| − 1

i

)
• P (|X| = 4, d = 2) = 14/16 (XOR and EQU not linearly separable)
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ADAptive LINear Element (ADALINE)

Widrow & Hoff, 1960
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• paired input and target output pat-
terns (~x ∈ Rm,~t ∈ Rn)

• GOAL: weight matrix W so that
~a = W T~x = ~t for each pair (~x,~t)

• Solution: Gradient Descent

• Error: E = 1
2

∑
l(tl − al)

2

• Gradient: δE
δwi,j

= (ti − ai)(−
δai

δwi,j
)

• δai
δwi,j

=
δ ~wT

i ~x

δwi,j
=

δ
∑

l wi,lxl
δwi,j

= xj

• Least Mean Square (LMS) or ∆-rule:
wi,j = wi,j − µ δE

δwi,j
= . . .

· · · = wi,j+µ∆ixj where ∆i = ti−ai

• finds (global) minimum of E
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Multi-Layer Perceptron

Rosenblatt, 1958 (original Perceptron had multiple layers)
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• input → hidden → output

• computes the function ~aO =

FO(W TFH(V T~x)) where V (W )
contains the incoming weights of
the hidden (output) nodes

• used for classification and func-
tion approximation

• typically, F(x) = σ(x) = 1
1+e−sx

(sigmoid function)

• if trained via Gradient Descend,
F needs to have a derivative F'

• σ′(x) = sσ(x)(1− σ(x))
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Error Back-Propagation

Rumelhart, 1986

• generalization of the LMS or δ-rule for Multi-Layer Perceptrons

• Error: E = 1
2

∑
l

(tl − al)
2

• Gradient of E with respect to weight wi,j from jth hidden to ith output node:

. δE
δwi,j

= (ti − ai)(−
δai

δwi,j
) = −δF(~wT

i ~aH)

δwi,j
(ti − ai) = −F'(~wT

i ~aH)aH,j(ti − ai)

so that wi,j = wi,j + µ∆iaH,j with ∆i = F'(~wT
i ~aH)(ti − ai)

• Gradient of E with respect to weight vi,j from jth input to ith hidden node:

. δE
δvi,j

=
∑

l

(tl − al)(−
δal

δvi,j
) = −

∑
l

δF(~wT
l ~aH)

δvi,j
(tl − al) =

−
∑

l

F'(~wT
l ~aH)

δ ~wT
l ~aH

δvi,j
(tl − al) = −

∑
l

∆l

δ
∑
k

wl,kaH,k

δvi,j
= −

∑
l

∆lwl,i
δaH,i
δvi,j

=

−
∑

l

∆lwl,i
δF (~vT

i ~x)

δvi,j
= −

∑
l

∆lwl,iF
′(~vT

i ~x)
δ~vT

i ~x

δvi,j
= −

∑
l

∆lwl,iF
′(~vT

i ~x)xj =

−∆ixj where ∆i = F ′(~vT
i ~x)

∑
l

wl,i∆l so that vi,j = vi,j + µ∆ixj

• NOT guaranteed to find the global minimum of E (is NOT monotonously decreasing
due to non-linearities)
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Error Back-Propagation

Power
• with enough hidden units, can approximate any arbitrary function as precisely as

desired

Shortcomings
• premature convergence on local minima

• very very slow

• representational `mysticism' (what was learned?)

• many parameters to chose (how many hidden units? µ? FH? FO?)

• overfitting (`memorized' training examples; performs poorly on unseen inputs)

`Better' Heuristics

• EBP with Momentum: ∆(n)wi,j = µ∆
(n)
i a

(n)
H,j + α∆(n−1)wi,j

• Resilient EBP (RPROP): ∆wi,j = −∆i,jsign( δE
δwi,j

) where ∆i,j (wi,j's learning rate)

increases (decreases) if sign( δE
δwi,j

) remains the same (changes) from one time
step to the next
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