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Overview

Why? Graphs are very large and operations often done
in-memory
Overview of techniques

Graph layout: “minimum-linear-arrangement” problem
Linearize the nodes so that average “stretch” of an edge
is minimized
Minimum-bandwidth problem asks for minimizing max
(instead of avg)

Identify and replace dense structures
E.g., if there is a clique, replace with a special node and
edges to the members

Neighborhood similarities
If two nodes have identical neighborhoods, can store a
pointer from one to the other
Many works appear to have done this independently



Issues

Incremental maintenance ?
Labels vs no labels

Having edge labels would make some techniques
inapplicable

Queries ?
Must be able to process the graph efficiently – preferably
without decompressing the whole graph
Any compression must come at the expense of query
answering
So: Identify queries/tasks that you need to do

How dense are the graphs ?
Denser graphs easier to compress, but most practical
graphs are sparse



Clique Partitions and Graph Compression

Feder and Motwani; STOC 1991
Based on partitioning the edges into complete bipartite
graphs
Commonly denoted Kn,m: n nodes completely
connected to m nodes on the other side
Can replace the mn edges with m + n edges (by adding
a special node)

They replace the mn edges with a tree over those nodes,
but their goal is different

Problem NP-Hard; but can be approximated for "dense
graphs"

Social networks or Web graphs are actually quite sparse

Can solve many standard graph algorithms efficiently
(matchings, connectivity etc)



Clique Partitions and Graph Compression

Illustrative figure (from Buehrer et al.)

transaction Ti is a subset of I . An itemset i ⊆ I of size k is
known as a k-itemset. The support of i is

∑m
j=1 [i ⊆ Tj ], or

informally speaking, the number of transactions in D that
have i as a subset. The challenge is to find all i ∈ D with
support greater than a minimum value, minsupp.

All frequent pattern mining instantiations (itemsets, sub-
trees, subgraphs, etc.) have deterministic solutions which
can be found if given sufficient compute time. However,
it is clear that the number of subsets of a given set A is
exponential in the cardinality of A, and in the worst case
(minsupp = 1) these sets must be enumerated. Thus, the
time required for full enumeration is exponential. Mining for
other forms of itemsets, such as closed itemsets, maximal, or
non-redundant itemsets produce potentially smaller results,
but do not reduce the compute complexity.

3. VIRTUAL NODEMINER
In this section, we detail our solution, called Virtual Node

Miner. The premise of our method is that the overlap in
link structure present in the web graph can be summarized
by adding a relatively small number of virtual nodes. These
virtual nodes are a one-level indirection of intersecting bi-
partite graphs. As an example, consider the two graphs in
Figure 1. The top of the figure displays a dense bipartite
graph, where the source vertices (labeled S) all share a sub-
set of destination links. By introducing an additional vertex
in the graph (VN ), 19 of the 30 shared links can be removed.

Algorithm 1 VNMiner

Input: A graph G = (V, E)
Output: A compressed graph G′

1: for i = 0 to NumberOfPasses do
2: C = Cluster V
3: for all c ∈ C do
4: Patterns P = Find patterns in c
5: for all p ∈ P do
6: Virtual Node v = elements of p
7: G = G ∪ v
8: for all v ∈ c do
9: if p ⊂ vertex.links then

10: vertex.links = vertex.links− p + v
11: end if
12: end for
13: end for
14: end for
15: end for
16: Encode G

We cast the problem of finding common links for vertices
as a frequent itemset mining challenge, where the outlinks
(or inlinks) of each vertex is a transaction. The number of la-
bels is then the number of vertices in the graph. The desired
minimum support is then two, which presents a significant
challenge. However, we do not require the full enumeration
of frequent patterns, nor for the exact counts of each pattern.
To circumvent the nearly impossible task of mining hundreds
of millions of data points at once, we first cluster similar ver-
tices in the graph. Next, we find patterns in the clusters,
remove the patterns, and replace these patterns with virtual
nodes. The pattern discovery process is restricted to O(E
log E) time. This process can be repeated until the number
of discovered patterns degrades. Each vertex (and thus each
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Figure 1: A bipartite graph compressed to a virtual
node, removing 19/30 shared edges.

edge in the graph) is passed to the mining process at most
once in each iteration. Finally, we can encode the remaining
edges, using any available coding scheme.

Pseudo code outlining Virtual Node Miner is provided as
Algorithm 1. Line 10 removes the outlinks associated with
the current pattern from each vertex that contains the pat-
tern, and adds a single outlink to the virtual node. We name
the clustering process in line 2 the Clustering Phase and the
mining process in lines 4 - 12 the Mining Phase. We now
detail scalable solutions for these two phases.

3.1 Phase 1: Clustering
To maintain a scalable algorithm, we use probabilistic

sampling on the graph. The goal is to group similar ver-
tices together, where similarity is a function of the outlinks
of the vertices in question, in O(E log E) time. For graph
G = (V, E) we use k min-wise independent hash functions
[8] to obtain a fixed length sample for each vertex, obtain-
ing a k ∗ V matrix. We then sort the rows of the matrix
lexicographically. This sort is quite fast as it requires only
O(2V log V ) bits in memory at a time, which fits in RAM
(or we make it by mining the graph in chunks). Next, we
traverse across the matrix column-wise, grouping rows with
the same value. When the total number of rows drops be-
low a threshold, or we reach the edge of the hash matrix, we
pass the vertex Ids associated with the rows to the mining
process. For example, suppose in the first column there is a
contiguous block of 200,000 rows with the same hash value.
We then compare the second column hashes of these 200,000
rows. For each distinct hash value, we inspect the number
of rows with that value. If cardinality is below the thresh-
old, we call MiningPhase(); otherwise we inspect the third
column hash values for the selected rows, and so on. The
lexicographic sort surely biases the sampling left-wise in the
matrix, but multiple iterations afford a reasonable shuffling.
This probabilistic approach performs quite well in practice,
grouping rows with high Jaccard coefficients.

Pseudo code for the clustering phase is provided as Algo-
rithm 2. Lines 1 - 10 generate K minimum hashes for each
vertex in the graph. Lines 12-20 scan the hash lists to gen-
erate clusters of vertices. The first column serves to roughly
group the vertices, while line 17 prunes the list by compar-
ing the current list of vertices with their next column hash
values4. Line 19 calls the mining process.

4In practice, this is implemented via recursion, such that
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Compact Representations of Separable
Graphs

Blandford et al.; SODA 2003
Based on existence of small separators

Several classes of graphs are known to have O(nc) size
separators, c < 1

Basic idea: Identify separator, split the graph, recurse
At each step, relable the nodes
Most edges will be between nodes that are close to each
other in the numbering

Some connections to the basic idea behind INDSEP



Buehrer et al.; WSDM 2008

A Scalable Pattern Mining Approach to Web Graph
Compression with Communities
Based on frequent itemset mining

Identify groups of nodes that share the same outgoing
links
Compress by replacing with a virtual node that points to
the those targets

Quite similar to Feder and Motwani’s work
Paper not cited

Discuss how PageRank can be computed without
decompressing



The LINK Database

Randall et al; Data Compression Conference 2001

(1) Most hyperlinks are intra-source

(2) Many nodes (pages) share outgoing edges
(neighbhorhoods)

Can achieve < 6 bits per link

Can still compute strongly connected components or
run HITS efficiently



The Link Database

Link1: 32 bits per link, can only store 100 million
webpage in 8GB Memory

Not enough
Disk-based methods not appropriate – too slow

Link2: Compress each adjacency list locally
Most links intra-host; can compress significantly
Called "gap-coding": delta compression

Link3: Compress an adjacency list using
A pointer to a previous adjacency list + additions -
deletions
High decompression times: must limit to small "chains"



WebGraph Framework

Boldi and Vigna; DCC 2004, WWW 2004
Exploit:

Locality: links are mostly intra-host
Similarity: pages close to each other have common
neighbhorhoods

Could compress 118M nodes, 1G links in 3.08 bits per
link
They also developed a new coding scheme (in the DCC
paper)

Suitable for compressing integers with a power law
distribution



On Compressing Social Networks

Chierichetti et al.; KDD 2009

Follows on from Boldi and Vigna’s work on compressing
Web graphs

Key idea: exploiting commonalities between
neighborhoods + lexicographic ordering
The latter doesn’t work for social networks – no natural
order

Must come up with an appropriate ordering
Problems NP-Hard
Use an approach based on Shingles (signatures)

Aside: Shingles are useful as signatures of sets in many
other domains



Representing Web Graphs

Raghavan and Garcia-Molina; ICDE 2003

Focus on somewhat more expressive queries, over
small subgraphs

No. Description Main graph operation

1 Generate a list of universities that Stanford researchers working onMobile networking refer to and collaborate

with. (Analysis 1 in Section 1).

Subset of the out-neighborhood of a

set of pages

2 Compute the relative popularity of three different comic strips among students at Stanford University. (Analysis 2

in Section 1).

Count number of links between 3

different pairs of sets of pages

3 Compute theKleinberg base set [10] for S, where S is the set of top 100 pages (in order of PageRank) that contain
the phrase ’Internet censorship’.

Union of out-neighborhood and in-

neighborhood of a set of pages

4 Identify the 10 most popular pages onQuantum cryptography at each of the following four universities - Stanford,

MIT, Caltech, and Berkeley. Popularity of a page is measured by the number of incoming links from pages located

outside the domain to which the page belongs.

In-neighborhood for four different

sets of pages

5 Suppose S is the set of pages in the repository that contain the phraseComputer music synthesis. Rank each page
in S by the number of incoming links from other pages inS. Output the top ranked 10 .edu pages in S.

Computation of graph induced by a

set of pages

6 Suppose S1 is the set of Stanford pages (i.e., pages in stanford.edu) that contain the phraseOptical Interferometry
and S2 is the set of Berkeley pages (i.e., pages in berkeley.edu) that contain the same phrase. LetR be the set of

pages (not in stanford.edu and berkeley.edu) that are pointed to by at least one page inS1 and one page in S2.
Rank each page inR by the number of incoming links fromS1 and S2 and outputR in descending order by rank.

Intersection of out-neighborhoods

of two different sets of pages

Table 2. Some of the queries used in the experiments

Query Navigation time reduction by using S-Node

1 73.5%

2 76.9%

3 77.7%

4 82.2%

5 79.2%

6 89.2%

Figure 9. Comparing query performance for
different graph representations

worst, often 15 times slower than the S-Node scheme. The

relational database and connectivity server schemes provide

comparable performance for most queries. Both outper-

form the file-based scheme but are on average 8 to 10 times

slower than the S-Node representation. The table in Fig-

ure 9 lists, for each query, the percentage reduction in navi-

gation time by using the S-Node scheme instead of the next

best performing scheme for that query. Note that for every

query, this reduction is consistently over 70%.

To understand the origin of these reductions in naviga-

tion time, we instrumented the S-Node representation to

generate log entries every time an intranode or superedge

graph was loaded into (or unloaded from) memory while

executing queries. Manual inspection of the log revealed

that for most queries, the S-Node scheme was required to

load only a relatively small number of intranode and su-

peredge graphs, indicating that iterative partition refinement

successfully meets Requirement 2 described in Section 3.

For instance, for Query 1, the S-Node representation re-

quired access to only 8 intranode graphs and 32 superedge
graphs. Such savings in disk I/Os explain why the S-Node

scheme outperforms the Link3 scheme with regard to navi-

gation, despite similar compression and access time charac-

teristics.

5. Related Work

As Web repositories increase in size, there has been re-

cent interest in designing compressed representations for

Web graphs [17, 18, 1]. Adler and Mitzenmacher [1] sug-

gest the use of affinity graphs to find optimal reference en-

codings and discuss hardness results related to Web graph

compression. Suel and Yuan [18] partition adjacency lists

into global/inter-host links and local/intra-host links, report-

ing a space requirement of 14 bits/hyperlink using their

scheme. The “Link3” scheme [17] exploits some of the

same empirical observations of Web graphs that we listed

in Section 3, but does not use the two-level representation

suggested in this paper. In general, prior work onWeb graph

representation has mainly targeted compression, without

addressing the requirements of complex queries. To the best

of our knowledge, S-Node representation is the first Web

graph representation scheme to combine compression with

support for complex queries and local graph navigation.

In object database systems, partition-based clustering

[19, 7] has been used to decide object placement. These

11



Representing Web Graphs

Hierarchical index structure

Figure 2. S-Node representation of a Web

graph

ple uncompressed graph data structures are employed (e.g.,

uncompressed adjacency lists, adjacency matrices, doubly-

connected edge lists), only very small portions of the graph

will be able to reside in memory. As a result, complex com-

putations and queries become highly I/O-intensive and time

consuming.

Second, Web graphs do not belong to any special family

of graphs (e.g., trees or planar graphs) for which efficient

storage structures have been proposed in the graph compres-

sion literature. As a result, direct adaptation of compression

schemes from these domains is not possible.

Finally, a Web graph representation structure must effi-

ciently support two different types of accesses: global/bulk

and local. Complex graph computations and mining

tasks such as computing strongly connected components

(SCC) [17], computing the Web graph diameter, computing

PageRank [4], mining for communities [12], etc., require

global access, since almost the entire graph is involved in

the computation. On the other hand, as illustrated by the

earlier examples, complex queries require focused access

and local navigation of the Web graph.

In this paper, we propose a novel two-level represen-

tation of Web graphs, called an S-Node representation

(see Figure 2). In this scheme, a Web graph is repre-

sented in terms of a set of smaller directed graphs, each of

which encodes the interconnections within a small subset

of pages. A top-level directed graph, consisting of “supern-

odes” and “superedges”, contains pointers to these lower

level graphs. By exploiting empirically observed properties

of Web graphs [5, 11] to guide the grouping of pages into

supernodes, and using compressed encodings for the lower

level directed graphs, S-Node representations provide the

following two key advantages.

First, S-Node representations are highly space-efficient.

In our experiments, S-Node representations required little

over 5 bits/hyperlink to encode the Web graph structure,

compared to over 15 bits/hyperlink for a straightforward

Huffman-encoded implementation (Section 4.2). Such sig-

nificant compression allows large Web graphs to be com-

pletely loaded into reasonable amounts of main memory,

speeding up complex graph computations and mining tasks

that require global/bulk access. In addition, this enables the

use of simpler main-memory algorithms in place of exter-

nal memory graph algorithms [13] or hand-crafted execu-

tion techniques (as in [12]).

Second, by representation the Web graph in terms of

smaller directed graphs, this scheme provides a natural way

to isolate and locally explore portions of the Web graph

that are relevant to a particular query. The top-level graph

serves the role of an index, allowing the relevant lower-

level graphs to be quickly located. Our experiments (Sec-

tion 4.3) indicate that S-Node representations significantly

reduce query execution time (often by a factor of 10 or 15)
when compared with other proposedWeb graph representa-

tions [17].

The rest of this paper is organized as follows. In Sec-

tion 2, we describe the overall structure of the S-Node rep-

resentation. In Section 3, we describe how an S-Node repre-

sentation is constructed and organized on disk. In Section 4

we present detailed experimental results that demonstrate

the scalability of S-Node representations and their impact

on query execution time. Finally, we discuss related work

in Section 5 and present concluding remarks in Section 6.

2. Structure of an S-Node Representation

In this section, we will show that given any partition on

the set of pages in a repository, we can generate a two-level

S-Node representation of the Web graph as shown in Fig-

ure 2. However, not all partitions and resulting S-Node rep-

resentations are useful. In Section 3, we will characterize

partitions whose S-Node representations provide efficient

local and global access. We will also describe an iterative

process to compute partitions with the required characteris-

tics.

In the following, we will use the symbolWG to represent

the directed graph of the Web. We will use V (G) and E(G)
to refer to the vertex set and edge set respectively, of graph

G. If a page p is represented by a graph vertex, we will use
p to refer to the page as well as to the vertex.
Let P = {N1, N2, . . . , Nn} be a partition on the vertex

set of WG (by definition, this is also a partition of all the

pages in the repository). We define the following types of

directed graphs (refer example in Figure 3).

Supernode graph. A supernode graph contains n ver-
tices called supernodes, one for each element of the par-

tition. For instance, in the example in Figure 3, there is

a supernode corresponding to each of the three partitions

N1, N2, andN3. Supernodes are linked to each other using

directed edges called superedges. Superedges are created

3



Representing Web Graphs

Key question: How to do the partitioning ?
Would prefer to have queries be local, and also few inter
partition edges
Several heuristics developed based on commonalities in
adjacency lists, domains etc.

Need to maintain a mapping between original node
labels and new node ids



Graph Summarization

Navlakha et al.; SIGMOD 2008

Similar to the previous work
Compress a graph as:

A graph over supernodes
A “correction” graph

Present both exact and approximate algorithms

No discussion of querying



Neighbor Query Friendly Compression of
Social Networks

Maserrat, Pei; KDD 2010

Store the Eulerian path directly if one exists

If not, use a generalization to Eulerian path

No edges need to be stored explicitly

Can answer both in- and out-neighbor queries efficiently



Summary of Work

Adler and Mitzenmacher: based on finding nodes with
similar neighborhoods

Randall: lexicographic ordering of URLs

Boldi and Vigna: exploit lexicographic ordering + similar
neighborhoods

Raghavan and Garcia-Molina: decomposed Web graph
into hierarchical structure

Buehrer and Chelapilla: frequent item-set mining to
mine complete bipartite graphs


