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Overview

Several related questions
Measuring and understanding graph properties
Generating graphs that match observed behavior

The model must provide intuitions

Why study "graph generators"?
Insights into global structure; Null models
Simulations; Extrapolations; Sampling
Anonymization



Some key network properties

Node degreees follow power law distributions
i.e., if Nd = number of nodes with degree d , then
Nd ∝ d−γ , γ > 0 is called power law exponent
These distributions have heavy tails (as opposed to
Gaussian)
Also see: scale-free or scale invariance

Aside: Power Laws
Plot the quantities (e.g., d vs Nd ) on a log-log scale
See if it is a straight line
Careful: Can be quite misleading

See: Power-Law Distributions in Empirical Data; Clauset
et al.; 2009
Too often we see power laws when there isn’t one
Or other models fit equally well



Some key network properties

Small Diameter
Diameter = maximum distance between any two nodes

Sensitive to outliers

Effective diameter: 90% of the pairs of nodes are within
that distance
Effective diameter very small for most real networks

6 degrees of separation
Also see: small world phenomenon

Shrinking Diameter
Effective diameter shrinks over time
Somewhat counterintuitive



Some key network properties

Densification laws
Average degree of a node in the network increases over
time

Large clustering coefficients
Clustering coefficient = 3×number of triangles

number of connected triples
(u, v ,w) is a connected triple if (u, v) and (v ,w) are
edges
Why ?

Self-similarity/Fractal behavior
See this paper for many other power laws and empirical
properties

RTG: A Recursive Realistic Graph Generator using
Random Typing; ECML/PKDD 2009



Model: Random Graphs

Erdos-Renyi model: each edge with equal probability
Does not match observed behavior, e.g., power law
degree distribution

Configuration model
Choose a power law degree distribution first
Generate a graph that satisfies the degree distribution

Attach "half-edges" to each node as required; Randomly
connect half-edges

Generates every possible topology with the given degree
sequence with equal probability

No transitivity
i.e., these graphs have low clustering coefficients

Exponential Random Graphs solve some of these
problems in theory, but are generally intractable



Small World Model; Watts and Strogatz

Focuses on the "high transitivity" aspect
Start with a low-dimensional lattice of some form

Most studied: A ring with edges between all nodes within
distance k
For each edge, "rewire" (move one endpoint) randomly
with probability p

Variation: keep the initial lattice the same, but add
random edges28 The structure and function of complex networks

(c)(b)(a)

FIG. 11 (a) A one-dimensional lattice with connections between all vertex pairs separated by k or fewer lattice spacing, with
k = 3 in this case. (b) The small-world model [412, 416] is created by choosing at random a fraction p of the edges in the graph
and moving one end of each to a new location, also chosen uniformly at random. (c) A slight variation on the model [289, 324]
in which shortcuts are added randomly between vertices, but no edges are removed from the underlying one-dimensional lattice.

of graphs. For the purposes of mathematical treatment,
the model can be simplified considerably by rewiring both
ends of each chosen edge, and by allowing both double
and self edges. This results in a system that genuinely in-
terpolates between a regular lattice and a random graph.
Another variant of the model that has become popular
was proposed independently by Monasson [289] and by
Newman and Watts [324]. In this variant, no edges are
rewired. Instead “shortcuts” joining randomly chosen
vertex pairs are added to the low-dimensional lattice—
see Fig. 11c. The parameter p governing the density of
these shortcuts is defined so as to make it as similar as
possible to the parameter p in the first version of the
model: p is defined as the probability per edge on the
underlying lattice, of there being a shortcut anywhere
in the graph. Thus the mean total number of shortcuts
is Lkp and the mean degree is 2k(1 + p). This version
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FIG. 12 The clustering coefficient C and mean vertex–vertex
distance ! in the small-world model of Watts and Stro-
gatz [416] as a function of the rewiring probability p. For
convenience, both C and ! are divided by their maximum val-
ues, which they assume when p = 0. Between the extremes
p = 0 and p = 1, there is a region in which clustering is high
and mean vertex–vertex distance is simultaneously low.

of the model has the desirable property that no vertices
ever become disconnected from the rest of the network,
and hence the mean vertex–vertex distance is always for-
mally finite. Both this version and the original have been
studied at some length in the mathematical and physical
literature [309].

A. Clustering coefficient

The clustering coefficient for both versions of the small-
world model can be calculated relatively easily. For the
original version, Barrat and Weigt [40] showed that

C =
3(k − 1)
2(2k − 1)

(1− p)3, (50)

while for the version without rewiring, Newman [316]
showed that

C =
3(k − 1)

2(2k − 1) + 4kp(p + 2)
. (51)

B. Degree distribution

The degree distribution of the small-world model does
not match most real-world networks very well, although
this is not surprising, since this was not a goal of the
model in the first place. For the version without rewiring,
each vertex has degree at least 2k, for the edges of the
underlying regular lattice, plus a binomially distributed
number of shortcuts. Hence the probability pj of having
degree j is

pj =
(

L

j − 2k

)[
2kp

L

]j−2k[
1− 2kp

L

]L−j+2k

(52)

for j ≥ 2k, and pj = 0 for j < 2k. For the rewired
version of the model, the distribution has a lower cutoff
at k rather than 2k, and is rather more complicated. The



Small World Model; Watts and Strogatz

Focuses on the "high transitivity" aspect
Start with a low-dimensional lattice of some form

Most studied: A ring with edges between all nodes within
distance k
For each edge, "rewire" (move one endpoint) randomly
with probability p

If p = 0, then high clustering coefficient (for the ring,
about 3/4)

But no "small world" effect – diameter is too high
If p = 1, then almost random graph

Low diameter, but low clustering coefficient
In between values of p create realistic networks

Clustering coefficient: 3(k−1)
2(2k−1)(1− p)3

Degree distributions not power law
Path lengths low



Model: Preferntial Attachment Model

Barabasi and Albert; Science 1999 (some prior,
forgotten, work)

Popular and leads to power law degree distributions

Prob. a new node attaches to an existing node ∝
degree of the node
Results in a network with power law distribution

With exponent 2.8-3.0

Many variations since (forest fire model can be seen as
a variation on this)



Model: Duplicate Attachment Models

Kumar et al.; FOCS 2000

Originally developed for Web graphs, but also work well
for Biological graphs

A new node copies the neighbors of an existing node
and attaches to that node
Leads to communities??

Saw this mentioned, but did not find a proper analysis



Model: Community Guided Attachment

Nodes are arranged in a community hierarchy

For two nodes u and v , let h(u, v) denote the height of
the least common ancestor
u and v are randomly connected with probability
f (h(u, v))

f (h) = c−h

Leads to densification law
Can be extended to a dynamic setting

Where we need to define how a new node enters the
system

Dynamic model also leads to heavy-tailed distribution of
in-degrees



Model: Forest Fire

The previous model did not capture:
Heavy-tailed out-degree distributions
Shrinking effective diameters

The Basic Model:
Start with a single node graph
A new node v first chooses an existing node w uniformly
at random and connects to it
Two random numbers are generated x and y
x outlinks and y inlinks of w are selected
Outlinks are formed to all those nodes
Process repeated



Model: Forest First

Why properties arise?
Heavy-tailed in-degrees: highly-linked nodes can be
easily reached by v
Communities: v starts by copying
Heavy-tailed out-degrees: reasonable chance of high
number of outlinks
Densification power law: high numbers of links
generated naturally
Shrinking diameter??

Not obvious but supported by analysis



Model: Kronecker Graphs

Leskovec et al.; JMLR 2010

A systematic and principled approach based on the
notion of Kronecker graphs
Basic Idea:

Start with a "seed" graph – usually a very small graph
Multiply with itself to generate large graphs
Kronecker multiplication:

given two matrices A and B of sizes n ×m and n′ ×m′

LESKOVEC, CHAKRABARTI, KLEINBERG, FALOUTSOS AND GHAHRAMANI

3.1 Main Idea

The main intuition behind the model is to create self-similar graphs, recursively. We begin with an

initiator graph K1, with N1 nodes and E1 edges, and by recursion we produce successively larger

graphs K2,K3, . . . such that the k
th graph Kk is on Nk =Nk

1 nodes. If we want these graphs to exhibit a

version of the Densification power law (Leskovec et al., 2005b), thenKk should have Ek = Ek1 edges.

This is a property that requires some care in order to get right, as standard recursive constructions

(for example, the traditional Cartesian product or the construction of Barabási et al., 2001) do not

yield graphs satisfying the densification power law.

It turns out that the Kronecker product of two matrices is the right tool for this goal. The

Kronecker product is defined as follows:

Definition 1 (Kronecker product of matrices) Given two matrices A= [ai, j] and B of sizes n×m
and n′ ×m′ respectively, the Kronecker product matrixC of dimensions (n ·n′)× (m ·m′) is given by

C= A⊗B .=




a1,1B a1,2B . . . a1,mB

a2,1B a2,2B . . . a2,mB
...

...
. . .

...

an,1B an,2B . . . an,mB


 .

We then define the Kronecker product of two graphs simply as the Kronecker product of their

corresponding adjacency matrices.

Definition 2 (Kronecker product of graphs, Weichsel, 1962) If G and H are graphs with adja-

cency matrices A(G) and A(H) respectively, then the Kronecker product G⊗H is defined as the

graph with adjacency matrix A(G)⊗A(H).

Observation 1 (Edges in Kronecker-multiplied graphs)

Edge (Xi j,Xkl) ∈ G⊗H iff (Xi,Xk) ∈ G and (Xj,Xl) ∈ H.

where Xi j and Xkl are nodes in G⊗H, and Xi, Xj, Xk and Xl are the corresponding nodes in G and

H, as in Figure 1.

The last observation is crucial, and deserves elaboration. Basically, each node in G⊗H can be

represented as an ordered pair Xi j, with i a node of G and j a node of H, and with an edge joining

Xi j and Xkl precisely when (Xi,Xk) is an edge of G and (Xj,Xl) is an edge of H. This is a direct
consequence of the hierarchical nature of the Kronecker product. Figure 1(a–c) further illustrates

this by showing the recursive construction of G⊗H, when G=H is a 3-node chain. Consider node

X1,2 in Figure 1(c): It belongs to the H graph that replaced node X1 (see Figure 1(b)), and in fact is

the X2 node (i.e., the center) within this small H-graph.

We propose to produce a growing sequence of matrices by iterating the Kronecker product:

Definition 3 (Kronecker power) The kth power of K1 is defined as the matrix K
[k]
1 (abbreviated to

Kk), such that:

K
[k]
1 = Kk = K1⊗K1⊗ . . .K1︸ ︷︷ ︸

k times

= Kk−1⊗K1
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The result is a nn′ ×mm′ matrix

For graphs, apply to "adjacency matrix"



Model: Kronecker Graphs

Example

KRONECKER GRAPHS: AN APPROACH TO MODELING NETWORKS
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of K1 of K2 = K1⊗K1

Figure 1: Example of Kronecker multiplication: Top: a “3-chain” initiator graph and its Kronecker

product with itself. Each of the Xi nodes gets expanded into 3 nodes, which are then

linked using Observation 1. Bottom row: the corresponding adjacency matrices. See

Figure 2 for adjacency matrices of K3 and K4.

(a) K3 adjacency matrix (27×27) (b) K4 adjacency matrix (81×81)

Figure 2: Adjacency matrices ofK3 andK4, the 3rd and 4th Kronecker power ofK1 matrix as defined

in Figure 1. Dots represent non-zero matrix entries, and white space represents zeros.

Notice the recursive self-similar structure of the adjacency matrix.

Definition 4 (Kronecker graph) Kronecker graph of order k is defined by the adjacency matrix

K
[k]
1 , where K1 is the Kronecker initiator adjacency matrix.

The self-similar nature of the Kronecker graph product is clear: To produce Kk from Kk−1, we

“expand” (replace) each node of Kk−1 by converting it into a copy of K1, and we join these copies
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Model: Kronecker Graphs

The generated graphs can be analytically shown to
follow the properties like power law distributions etc.
The discrete version not sufficiently powerful

Instead, use a small, say 2 by 2 matrix, with real
numbers
Multiply with itself as many times as required
Treat the "numbers" in the result matrix as probabilities
to generate a sample graph

The above is called "Stochastic Kronecker Graphs"



Model: Kronecker Graphs

Interesting question: Given a real graph, can I find the
"seed graph" for it?

Can phrase a maximum likelihood problem
Not easy, but the authors show how to do this

Turns out 2 by 2 seed matrices do very well
In other words, with four parameters we can capture the
real networks



Structure and Evolution of Online Social
Networks

Kumar et al.; KDD 2006
Studied two networks in depth

Flickr and Yahoo! 360
Have entire lifetime, with precise timestamps

Results
Density: rapid growth, decline, then steady growth

Divide the users into three groups
Singletons – signed up, but zero degree
Giant Component
Middle region



Structure and Evolution of Online Social
Networks

Kumar et al.; KDD 2006
Middle region consists largely of "stars"

One or two center individuals with everyone else
connected to them

Over time, small communities and singletons blend into
the giant component
Leads to a graph evolution model where:

A new node is given a role when it comes into the
system
A bunch of edges also arrive, possibly assigned between
existing nodes



Community Structure in Large Networks

Leskovec et al.; WWW 2008
Defined the notion of "network community profile plot"

For each k , find the best community of size k
Defined to be the group of k nodes with the lowest
conductance to the rest of the graph

Observed that the curve bottoms out at around 100
Consistent with social observations that max community
sizes are around 100-150

Whiskers: Group of nodes connected to the rest of the
graph by very few edges

Many 1-whiskers in social networks

Leads to a core+whiskers model
None of the models explain this
Forest Fire model does a pretty good job



Community Structure in Large Networks

Leskovec et al.; WWW 2008
Many other observations

For small networks, we don’t see the above effect
Communities are too small to blend into the core

The core itself is still very sparse
Core itself has a core+periphery structure (self-similar)
Core tends to be like an "expander"



Community Structure in Large Networks

Leskovec et al.; WWW 20086 Leskovec, Lang, Dasgupta, and Mahoney

(a) Typical NCP plot (b) Caricature of network structure

Figure 2: (a) Typical network community profile plot for a large social or information network: networks have
better and better communities up to a size scale of ≈ 100 nodes, and after that size scale communities “blend-in”
with the rest of the network (red curve). However, real networks still have more structure than their randomized
(conditioned on the same degree distribution) counterparts (black curve). Even more surprisingly, if one allows
for disconnected communities (blue curve), the community quality scores often get even better (even though such
communities have no intuitive meaning). (b) Network structure for a large social or information network, as
suggested by our empirical evaluations. See the text for more information on the “core” and “whiskers,” and note
that the core in our real-world networks is actually extremely sparse.

• Even up to the largest size scales, we observe significantly more structure than would be seen, for
example, in an expander-like random graph on the same degree sequence.

A schematic picture of a typical network community profile plot is illustrated in Figure 2(a). In red
(labeled as “original network”), we plot community size vs. community quality score for the sets of
nodes extracted from the original network. In black (rewired network), we plot the scores of communities
extracted from a random network conditioned on the same degree distribution as the original network.
This illustrates not only tight communities at very small scales, but also that at larger and larger size
scales (the precise cutoff point for which is difficult to specify precisely) the best possible communities
gradually “blend in” more and more with the rest of the network and thus gradually become less and less
community-like. Eventually, even the existence of large well-defined communities is quite questionable
if one models the world with an interaction graph, as in point (1) above, and if one also defines good
communities as densely linked clusters that are weakly-connected to the outside, as in hypothesis (2)
above. Finally, in blue (bag of whiskers), we also plot the scores of communities that are composed of
disconnected pieces (found according to a procedure we describe in Section 4). This blue curve shows,
perhaps somewhat surprisingly, that one can often obtain better community quality scores by combining
unrelated disconnected pieces.

To understand the properties of generative models sufficient to reproduce the phenomena we have
observed, we have examined in detail the structure of our social and information networks. Although
nearly every network is an exception to any simple rule, we have observed that an “octopus” or “jellyfish”
model [42, 152, 148] provides a rough first approximation to structure of many of the networks we have
examined. That is, most networks may be viewed as having a “core,” with no obvious underlying geometry
and which contains a constant fraction of the nodes, and then there is a periphery consisting of a large
number of relatively small “whiskers” that are only tenuously connected to the core. Figure 2(b) presents
a caricature of this network structure. Of course, our network datasets are far from random in numerous
ways—e.g., they have higher edge density in the core; the small barely-connected whisker-like pieces are
generally larger, denser, and more common than in corresponding random graphs; they have higher local


